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A B S T R A C T
We discuss the computation of observation sensitivities and observation impact for incremental variational data assim-
ilation (VDA), accounting for the inner and outer loops. To fully account for the outer loops, a second-order adjoint
of the data assimilation system is required, which makes it impractical for an operational data assimilation system.
However, some approximations can be made that allow useful results to be obtained with multiple outer loop iterations,
in particular, for observation impact studies.
Two algorithms are presented to compute the adjoint of the inner loop minimization, and their merits are discussed.
Validation results are given for both of these algorithms. We show that one algorithm, based on the adjoint of an
approximation of the inverse of the Hessian of the cost function, can also be used to investigate some convergence
aspects of the incremental VDA inner loop. Because it is computationally inexpensive, the proposed algorithm could be
used to monitor an operational system routinely. We give some numerical results illustrating the impact of observations
in successive outer loop iterations.

1. Introduction

As the number of observations being assimilated to produce me-
teorological forecasts has grown almost exponentially over the
years, the data assimilation process has become more and more
complex and expensive. It is important to evaluate the impact
of all these observations, to assess the cost effectiveness of col-
lecting and assimilating them, and to assess the ability of the
data assimilation system to use these observations effectively.
One technique to evaluate the value of observations is by way of
observing system experiments (OSE), but they tend to be very
expensive because they can be performed for only one subset of
observations at a time. Ensemble techniques have also been ap-
plied to assess the potential impact of future observing system,
for example by Tan et al. (2007). This technique also has the dis-
advantage of cost since an ensemble of data assimilation systems
is required. Both techniques have the disadvantage that modify-
ing the observation system can change the value of remaining
observations. For these reasons, these techniques cannot be used
routinely in operational systems.

Recently, Baker and Daley (2000) have shown that observa-
tion sensitivity can be computed using the adjoint of the data
assimilation system. The goal of observation sensitivity studies
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is to evaluate the sensitivity of a measure of an aspect of a fore-
cast to the observations that was used to produce this forecast,
through the data assimilation process. This is often a measure of
forecast quality, but the results apply to any measurable aspect
of the forecast.

More precisely, we are interested here in a scalar measure
F (xf ) of an aspect of a forecast. The forecast xf is issued from
an analysis xa using an atmospheric model M:

xf = M(xa).

The analysis is itself the result of a data assimilation process,
represented by the operator G:

xa = G(xb, y).

where xb represents the background state and y represents the
observations. We define the measure of the forecast aspect F as
a function of the inputs to the data assimilation system xb and y

by:

F(xb, y) = F ◦ M ◦ G(xb, y),

where ◦ denotes the composition of functions. Applying the
usual derivation chain rule and the definition of the adjoint and
gradient of the scalar function F , the sensitivity of F to the
observations is:

∂F
∂y

= GT MT ∂F

∂xf

. (1)
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Another application for the adjoint of the data assimilation
system is the computation of observation impact. The impact of
an observation on the measure F can be defined as the variation
of F that is due to the increment generated by that observation.
This impact can be computed using Taylor series expansions
of various order. There is a very simple relationship between
observation sensitivity and observation impact in a linear data
assimilation system. In a variational data assimilation (VDA)
system with multiple outer loops, there is no direct relationship
between observation sensitivity and observation impact, but the
adjoint of the data assimilation system can still be used to com-
pute observation impact as will be shown in Section 3.4.

The adjoint model MT is well known in meteorology and
used extensively in 4D-Var and other sensitivity applications.
Measures that depend directly on the analysis values can also be
used. In that case, the forecast model is not present in the expres-
sion above, and the sensitivity of the analysis to the observations
is measured. The adjoint of the data assimilation system GT is
more complex, and its properties and use have only recently
started to be investigated.

In observation space data assimilation systems, the adjoint
of the data assimilation system can be computed indirectly, as
was done by Langland and Baker (2004), Xu et al. (2006) or
Pellerin et al. (2006). In model space data assimilation systems,
another approach comprises developing the adjoint of the data
assimilation system, as experimented by Zhu and Gelaro (2008),
with the grid-point statistical interpolation system (GSI, Wu
et al., 2002), which is a 3D-Var model space data assimilation
system. However, recent development of a 4D-Var version of
the GSI made this adjoint obsolete. It would be a difficult and
expansive work to re-write the adjoint of the 4D-Var system. We
are presenting here another approach for computing the adjoint
of a model space VDA system.

The objective of this paper is to propose an algorithm to
compute the sensitivity to observations in model space incre-
mental VDA systems. We present methods for calculating the
data assimilation adjoint indirectly and propose an algorithm
which is computationally very inexpensive. Moreover, most al-
gorithms investigated so far have assumed the data assimilation
system to be linear, even though it is known that in VDA, in 4D-
Var in particular, non-linear effects, accounted for through the
outer loop iterations, are important to improve the analysis and
forecast quality. Therefore, we will also investigate potential ap-
proaches to account for non-linear outer loops and highlight the
approximations that make observation sensitivity computations
possible.

The paper is organized as follows: in the next section, we intro-
duce the incremental VDA algorithm, based on outer and inner
loops. In Section 3 we formulate the adjoint of the outer loop it-
eration. We show that the full adjoint of the outer loops iterations
would be very complex and give some possible approximations.
The computation of observation impact with multiple outer loop
iterations is also discussed. In Section 4, two algorithms are de-

scribed to compute the adjoint of the inner loop minimization
of the incremental data assimilation system. In Section 5 we
give some numerical results, validating the adjoint algorithms
and showing how observations are used in successive inner and
outer iterations, before the conclusion.

2. Incremental variational data assimilation

In this paper, we focus on model space VDA systems such as
3D-Var or 4D-Var. In these systems, the analysis is the result of
the minimization of a cost function:

J (x)=1

2
(x − xb)T B−1(x − xb) + 1

2
(H(x) − y)T R−1(H(x) − y),

where B and R are the background and observation error covari-
ance matrices and H is the observation operator that computes
the observation estimates corresponding to the atmospheric state
x. In 3D-Var, the control variable and observation operator are
three-dimensional. In 4D-Var, the observation operator is four-
dimensional and we assume that the forecast model is embedded
in the observation operator. In weak constraint 4D-Var, the con-
trol vector and observation operator are both four-dimensional.
More details on the various formulations of VDA in model space
are given, for example, by Trémolet (2006). The results given
here are general and apply to any model space VDA system.

In practice, the cost function defined above is non-linear and
difficult to minimize. An iterative Gauss-Newton approach is
used: the increment is chosen as the control variable of the
problem and the observation operator is linearized around the
current state estimate. This defines an approximate quadratic
cost function which is minimized. The process is then repeated
until a satisfactory solution has been found: this is the outer loop
of 3D-Var or 4D-Var. The inner loop designates the iterations
of the minimization algorithm used to minimize the quadratic
cost function within each outer loop iteration. This algorithm
is known as incremental VDA and was introduced by Courtier
et al. (1994).

At iteration j of the outer loop, the quadratic cost function
being minimized is:

J (δx) = 1

2
(δx − bj )T B−1(δx − bj )

+1

2
(Hj δx − dj )T R−1(Hj δx − dj ), (2)

where δx = x − xj−1, bj = xb − xj−1, dj = y − H(xj−1) and
Hj is the observation operator linearized around the state esti-
mate xj−1 resulting from the previous iteration. This minimiza-
tion problem is equivalent to solving the linear system ∇J = 0
and the solution of the assimilation problem can be written ex-
plicitly. We define the matrix:

Kj = (B−1 + HT
j R−1Hj )−1HT

j R−1.

The solution at outer loop j is:

δxj = Kj dj + (I − Kj Hj )bj . (3)
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The starting point for the minimization is usually the background
state so we assume here that x0 = xb. The analysis is xa = xm

where m is the number of outer loop iterations.
If the model and observation operators used in the definition

of the cost function are linear, the un-approximated cost function
and the data assimilation problem become quadratic. In that case,
the last term on the right hand side of eq. (3) vanishes, and the
VDA problem is also equivalent to the Kalman filter, and the
associated matrix K is called the Kalman gain matrix. We will
generalize the use of the term Kalman gain matrix to Kj even
though it is associated to an intermediate problem, not to the full
data assimilation system.

In practice the non-linear observation operator H might de-
pend on j if quality control decisions are made during the mini-
mization process, and the set of observations being used in each
outer loop or the observation error variances varies. For sim-
plicity, we assume in the following that H is independent of
j.

In most operational data assimilation systems, an additional
term Jc is added to the cost function to enforce balance in the
analysis. Jc can take the form of a normal mode initialization
term or of the digital filter initialization term for example. Con-
straints to the same effect can also be included in the background
term of the cost function Jb. Thus we will omit this term or as-
sume that it is embedded in the Jb term.

3. Observation sensitivity with multiple outer
loops

3.1. Constant operators

As explained above, the VDA cost function is minimized using
an iterative algorithm which can be represented at iteration j by
an operator Gj such that

(xj , xb, y) = Gj (xj−1, xb, y).

The full data assimilation system can then by represented by
the operator G = Gm ◦ · · · ◦ G1. Since xb and y do not vary,
they could be omitted from the definition of Gj . They are kept
here explicitly as a reminder that they are the inputs to the data
assimilation system.

For this section, the operators Gj are assumed constant rel-
ative to the variables of the problem. This assumption means
that, at a given iteration, although the previous state estimate
might be used to define the operator Gj (often as a trajectory
for linearization), Gj will be considered a constant for all dif-
ferentiation operations. In other words, the terms of the form
∂Gj/∂xj−1 are omitted from the derivations. From eq. (3), which
is a linear expression, the linearized operator corresponding to
the minimization is obtained immediately. However, one itera-
tion comprises two steps: the computation of the departures in
the outer loop and the minimization itself. Iteration j is written

as

dj = y − H(xj−1),

δxj = Kj dj + (I − Kj Hj )(xb − xj−1),

xj = xj−1 + δxj .

To compute the sensitivities, the tangent linear iteration is de-
rived first:

d̃j = ỹ − Hj x̃j−1,

δx̃j = Kj d̃j + (I − Kj Hj )(x̃b − x̃j−1),

x̃j = x̃j−1 + δx̃j ,

where the ˜(.) notation represents the tangent linear variables.
Substituting δx̃j and d̃j in the last equation, the linearized oper-
ator corresponding to Gj is

x̃j = Kj ỹ + (I − Kj Hj )x̃b.

Note that x̃j−1 does not appear in this expression. This is a
consequence of the fact that when the problem is linear, the
solution is unique and independent of the starting point of the
minimization. The adjoint of this operator for iteration j is

y∗ = y∗ + KT
j x∗

j ,

x∗
b = x∗

b + (I − HT
j KT

j )x∗
j ,

x∗
j−1 = 0,

where the notation (.)∗ represents the adjoint variables. The
operator KT

j needs to be applied once per outer iteration. As
described in Section 4, this can be done easily within the VDA
algorithm. The other operator appearing in this algorithm, HT

j ,
is already available in the VDA algorithm. The adjoint of the full
VDA system can thus be obtained with a very limited amount of
code development, at least if the operators involved are assumed
state independent.

Applying the usual chain rule for the adjoint, the adjoint outer
iterations are performed backwards, starting with y∗ = 0, x∗

b = 0
and x∗

m = ∂F/∂xa. However, because there is no sensitivity to
xm−1, the last line of the adjoint of outer iteration m is x∗

m−1 = 0.
That implies that the contributions from the adjoints of all other
iterations are zero. Thus, under the assumptions made in this
section, the computation of the sensitivity to observations only
requires the adjoint of the last outer iteration and yields

∂F
∂y

= KT
m

∂F
∂xa

and
∂F
∂xb

= (I − HT
mKT

m)
∂F
∂xa

.

The intermediate state estimates are only a tool to get to
the solution but have no meaning as such. Once the quadratic
problem being solved in the last outer iteration has been defined,
its solution does not depend on the first guess, that is, xm−1,
but only on the observations and background that define the
problem. One could choose to use xb or any other value as the first
guess for all minimizations and obtain the same analysis. Since
using the result of the previous minimization as the first guess
reduces the computational cost without changing the result, it is
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a better choice to start the minimization. The fact that, with the
assumptions made here, the only role of xm−1 is as a first guess,
explains that there is no sensitivity to it or earlier intermediate
estimates.

In most cases, sensitivity computations are performed as-
suming a single outer loop, often the first one. This first result
shows that, in fact, it is better to use the adjoint of the last outer
loop (This does not involve any additional cost or complexity).
The difference is in the trajectory used to define KT

j and HT
j ,

which is more accurate in the last iteration. The consequence
is that KT

m and HT
m are more representative of the derivatives

at the analysis point whereas, in the first iteration, KT
1 and HT

1

are more representative of the derivatives in the vicinity of the
background.

In this section, strong simplifying assumptions have been
made to present the observation sensitivity problem in its sim-
plest implementation. In the following two sections, we try to
remove these assumptions to compute more accurate sensitivi-
ties.

3.2. Accounting for the outer loop

In reality, the increment from the previous outer iteration has
an impact on the current outer loop iteration since it is used in
the computation of dj and bj . In operational systems, a simpli-
fied linear observation operator is often used in the inner loop.
For example, a common implementation of 3D-Var is the 3D-
FGAT (first guess at appropriate time), where the outer loop
accounts for the time evolution, through the use of a forecast
model, whereas the inner loop ignores the time dimension. In
most 4D-Var systems, simplifications include running the in-
ner loop at lower resolution than the outer loop and, possibly,
simpler physics in the tangent linear model. Let Hlr

j be the sim-
plified observation operator used in the inner loop at iteration
j. For clarity, we explicitly use Hhr to represent the linear ob-
servation operator, corresponding to the non-linear observation
operator used in the (higher-resolution) outer loop. We define
Pj as the interpolation from the resolution of the outer loops to
the resolution of inner loop j. We assume Pj is linear and that
a pseudo-inverse P−1

j exists. In some applications, such as 3D-
FGAT, inner and outer loops might be run at the same resolution.
In that case Pj is the identity. With these notations, the tangent
linear iteration becomes

d̃j = ỹ − Hhr
j x̃j−1,

δx̃j = Kj d̃j + (I − Kj Hlr
j )Pj (x̃b − x̃j−1),

x̃j = x̃j−1 + P−1
j δx̃j ,

where the state estimate x̃j is at outer loop resolution and the
increment δx̃j is at inner loop resolution. In this system, it is not
possible to eliminate x̃j−1 from the tangent linear iteration: the
solution at a given outer loop j is not independent from the first
guess. Some linear algebra shows that the adjoint of iteration j

is

y∗ = y∗ + KT
j P−T

j x∗
j ,

x∗
b = x∗

b + PT
j

[
I − (Hlr

j )T KT
j

]
P−T

j x∗
j ,

x∗
j−1 = x∗

j−1 + [
PT

j (Hlr
j )T − (Hhr

j )T
]

KT
j P−T

j x∗
j .

Note that, contrary to the usual definition in 4D-Var, the adjoint
variable x∗

j is defined at the outer loop (high) resolution. This
result is similar to the result given in the previous section, ex-
cept for the additional interpolations between resolutions and,
more importantly, the fact that x∗

j−1 is non-zero. The correction
to x∗

j−1 comes from the difference between the inner and outer
loops. When the inner and outer loops use the same observation
operator, Hhr

j and Hlr
j are the same, and the additional term van-

ishes as described in Section 3.1. The correction term measures
the sensitivity to the error introduced by reducing the resolution
in the inner loop and possibly other simplifications such as the
omission of some of the linear physics in the minimizations.
In general, when the inner and outer loop agree well, this term
will be small, and the adjoint of the outer loops other than the
last one will have a small contribution to the overall sensitivity.
Under the assumptions made in this section, the adjoint of all
outer iterations is required. The operator KT

j is applied once per
outer iteration, using the algorithms described in Section 4.

3.3. State dependent operators

Reality is in fact even more complex. The operators that define
the inner loop cost function, depend on the current state estimate,
which is used as a linearization state. In that case, Hj and Kj

depend on the trajectory, that is, on xj−1, which itself depends
on the observations and background.

As explained in Section 2, the increment at outer loop j is

δxj = Kj dj + (I − Kj Hj )bj . (4)

To simplify the presentation, we focus here on the first term of
this expression. We write the matrix product explicitly for the
nth component δxj,n of δxj :

δxj,n =
∑

p

kj,n,pdj,p,

where dj,p is the pth component of the observation space vector
dj and the kj,n,p are the coefficients of the matrix Kj (n and m
represent indices in control space, p represents indices in obser-
vation space). The tangent linear expression for each component
of δxj is

δx̃j,n =
∑

p

kj,n,pd̃j,p +
∑

p

(∑
m

∂kj,n,p

∂xj−1,m

x̃j−1,m

)
dj,p. (5)

Re-arranging the sums gives

δx̃j,n =
∑

p

kj,n,pd̃j,p +
∑

m

(∑
p

∂kj,n,p

∂xj−1,m

dj,p

)
x̃j−1,m.
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Let δKj be the tensor whose coefficients are

k̂j ,n,m,p = ∂kj,n,p

∂xj−1,m

,

the product δKj • dj is the matrix whose coefficients are

k̂j ,n,m =
∑

p

k̂j,n,m,pdj,p.

The tangent linear expression corresponding to the first term in
eq. (4) is

δx̃j = Kj d̃j + (δKj • dj )x̃j−1.

Defining δHj in a similar way, the second term in eq. (4) can be
differentiated. The complete tangent linear expression is

δx̃j = Kj d̃j + (δKj • dj )x̃j−1 + (I − Kj Hj )b̃j

−[δKj • (Hj bj ) + Kj (δHj • bj )]x̃j−1.

The adjoint system can thus be written

y∗ = y∗ + KT
j x∗

j ,

x∗
b = x∗

b + (I − HT
j KT

j )x∗
j ,

x∗
j−1 = x∗

j−1 + [
(δKj • dj )T − (δKj • (Hj bj ))T

−(δHj • bj )T KT
j

]
x∗

j .

The terms resulting from the differences and interpolations be-
tween the inner and outer loops (Section 3.2) have been omitted
here for clarity, they should be added to obtain the full adjoint.
The δ notation denotes the derivatives with respect to the state
estimate (or linearization state or trajectory). δKj is a generaliza-
tion of the second-order adjoint described by Wang et al. (1992)
and applied to the data assimilation system. The correction term
to x∗

j−1 measures the sensitivity of the operators definining the
successive minimizations of the incremental VDA system to
previous state estimate and indirectly to the observations.

Equation (5) can be used to provide an estimate of δKj ,

using finite differences to approximate the inner-most term in
the sum. However, like for the approximation of the product of a
Hessian by a vector, using finite differences instead of a second
order adjoint, the accuracy of the approximation depends on
the amplitude of the finite difference and cannot be controlled.
Moreover, this approximation cannot be used as a starting point
to derive an approximate adjoint because some dependences are
hidden. Thus, it is not possible to estimate the adjoint without
developing the second -order adjoint, and its adjoint! This would
be a daunting task for any meaningful data assimilation system,
both in terms of development and computational costs.

The relative amplitudes of the correction terms with respect
to the expressions given in Sections 3.1 and 3.2 depend on
the degree of non-linearity of the operators B and H on the
state estimate. For example, the observation operators for some
observations comprise only interpolations and do not depend
on the state estimate. In that case, the derivatives are zero, and
there is no additional term. In other cases, the state estimate is

used but the sensitivity are not known. In the case of 4D-Var,
particularly strong constraint 4D-Var, the model is embedded
in the observation operator H, and we can expect more non-
linear impact than in 3D-Var or in weak constraint 4D-Var. And,
as described in Section 2, other constraints, such as balance
constraints, can also be built into the B matrix. These constraints
might be state dependent and would make B derivatives non-
zero, although their sensitivity remains unknown.

If the overall sensitivity to the linearization state is weak, outer
loop iterations would probably be unnecessary. Conversely, if the
state dependence is strong, outer loops are necessary and the in-
formation brought by the second-order adjoint also becomes im-
portant. All current operational VDA systems use several outer
iterations and have demonstrated benefits from these iterations,
indicating that accounting for the second-order adjoint infor-
mation is likely to be important. As explained above, this is a
complex and tedious task for a realistic system and will not be
attempted here. This caveat should be kept in mind when inter-
preting observation sensitivity results in the incremental VDA
context.

3.4. Observation impact

3.4.1. First-order observation impact. Evaluation of sensitivity
to observations of the analysis or of quantities related to forecasts
issued from the analysis, requires the computation of ∂xa/∂y.
Another application related to observation sensitivity studies
is the study of observation impact. In that case, the goal is
to estimate the impact observations had on a given measure
of a forecast or analysis aspect. One measure of the impact
of an observation on a given forecast aspect F can be defined
as the difference between the values of F computed with and
without taking that observation into account (This is the impact
as measured by OSEs). Alternatively, assuming that δx is the
increment generated by some observations, a measure of impact
for these observations can also be defined as the variation of
F due to that increment. An approximation of this measure of
impact can be computed as a first-order Taylor series:

I1 = δF = 〈g, δx〉,

where g is the gradient of F at the background point. Although
this first-order approximation is in general not appropriate, it is
examined first to demonstrate the influence of the VDA outer
loops on observation impact.

For a linear data assimilation system or for the first outer
loop of a non-linear incremental system, the increment can be
written as a linear function of the departures (or innovations)
from observations. As a result, the increment can be written as
the sum of partial increments generated by each observation,
and the impact of observations can be evaluated through the
partial increment they generated. More precisely, the impact of

Tellus 60A (2008), 5
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the observations can be written as

I1 = 〈g, δx〉 = 〈g, Kd〉 = 〈KT g, d〉.
The fact that the impact can be expressed as the scalar product
of a constant quantity by the departure vector d has made ob-
servation studies popular since, once the vector on the left-hand
side of the scalar product has been computed, the impact of any
subset of observations can be computed by summing only over
those components of d. As shown by the expression above, in a
linear data assimilation system, the vector on the left-hand side
is the observation sensitivity.

In a non-linear context, there is no agreed method to evaluate
observation impact. Generalizing the method used in the linear
case, it is possible to obtain an approximation of the increment
as

δx ≈
[

∂G

∂y

]
xb

d = K1d,

which leads to

I1 ≈ 〈KT
1 g, d〉.

This is equivalent to measuring the observation impact in the
first outer loop. Note that, contrary to the observation sensi-
tivity approximation, the observation impact approximation is
based on the adjoint of the first outer loop iteration. However,
accounting for non-linearities through the outer loop iteration in
3D-Var or 4D-Var is beneficial to the quality of the analysis and
ensuing forecast. Thus, it is important to quantify the impact of
observations throughout the whole data assimilation process.

In an incremental VDA system, the impact can be defined
as the sum of the impacts in each linear inner problem, using
the fact that the total increment is the sum of the increments
resulting from each minimization. However, as showed by eq.
(3), the partial increments are a linear function of the departure
vectors, only in the first outer loop iteration. From eq. (3), the
total increment after iteration j is

xj − xb = Kj dj + Kj Hj (xj−1 − xb).

Applying this result recursively leads to

xa − xb = ∑m

j=1 Lj Kj dj with

Lj = KmHm . . . Kj+1Hj+1 and Lm = I.

The total increment can be written as a linear combination of
the observation departures from the various intermediate state
estimates, and the impact of observations can be expressed as
the scalar product:

I1 = 〈g, xa − xb〉 =
m∑

j=1

〈KT
j LT

j g, dj 〉.

The vectors that multiplies dj in the expression above can be
obtained in reverse order, using the fact that LT

j−1 = HT
j KT

j LT
j .

Thus, each adjoint operator is needed only once to compute

the observation impact and the adjoints are applied in reverse
order.

The computation of observation impact bears some similar-
ities with the computation of observation sensitivities. As ex-
plained above, if the data assimilation system is linear, there is
a simple relation between the two. If the system is non-linear,
they both involve the same adjoint operators, but they are not
as directly related. Observation sensitivity is a derivative, which
can be computed using the adjoint technique. In the observa-
tion impact computation, the analysis increment is written as the
sum of partial increments generated by each observation (As-
suming such independent increments exist). Once this has been
achieved, the adjoint operator is used to express the impact as a
scalar product of, on one hand, the departure vectors and, on the
other hand, a vector that will be considered independent of the
observation values for the purpose of computing partial sums.
This particular form of the impact is what allows computing the
impact of any observation combination at the cost of a scalar
product.

3.4.2. Second-order observation impact. Depending on the
form of F, and in particular in the case where F is quadratic,
the first-order estimate examined above might not be accurate.
Even with a linear data assimilation system, second- or third-
order Taylor series approximations are required, as shown by
Errico (2007), Gelaro et al. (2007) and Trémolet (2007a). A
second-order estimate of observation impact is thus given by the
Taylor series:

I2 = gT δx + 1

2
δxT Cδx,

where C is the Hessian of the measure F. The first term of
this approximation has been examined above. To be correct, the
estimate of observation impact should be written as the second-
order Taylor series with respect to the observation departures
instead of δx. This involves the second-order derivatives of G,

which, as described in Section 3.3, cannot be computed in prac-
tice. However, contrary to F, which is not well approximated
by a first-order approximation, it is expected that the first-order
approximation of G is meaningful. Thus, the term involving
second-order derivatives of G will be omitted in the following
and δx is expressed as a linear combination of the successive ob-
servation departures, leading to a quadratic expression. To make
observation impact studies practical, the quadratic term in the
expression above must be written as

δxT Cδx =
m∑

j=1

〈KT
j LT

j Cδx, dj 〉.

This term can be combined with the first-order term so that each
adjoint operator only needs to be applied once to compute one
left-hand side vector for the scalar product. As explained earlier,
the impact of a set of observations is obtained by summing the
scalar product only over the components of interest of the depar-
ture vectors. However, in this quadratic term, the contributions
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of the other observations are still present in the other argument of
the scalar product. This amounts to using the product δxT Cδxs ,
where δx is the full increment and δxs is the increment generated
by the selected observations when, in fact, δxT

s Cδxs should be
used.

If the observations of interest generate a partial increment that
is orthogonal to the increment generated by the other observa-
tions (for the scalar product defined by C), the result will not
be affected by this approximation. In practice, the matrix C is
often diagonal, which means that increments will be orthogonal
if they have components in different locations or for different
variables. But, if two observations generate increments along the
same directions, the result might be affected. Several scenarios
can occur

(1) The two observations support each other and generate a
similar increment: the result is unchanged.

(2) The observation of interest dominates the increment (be-
cause it is more accurate and given more weight in the analysis):
the result is unchanged.

(3) The observation of interest has less impact on the incre-
ment (because it is less accurate and given less weight in the
analysis): the diagnosed impact will reflect the larger increment
generated by the other observation and be overestimated.

(4) The two observations have similar weight but generate
increments of opposite signs which cancel each other: the diag-
nosed impact will reflect the small combined increment and be
underestimated.

In practice, Gelaro et al. (2007) have observed that, for subsets
containing large numbers of observations, the global results do
not appear to be affected by this type of problems.

There are other caveats associated with this method for com-
puting observation impact. Especially, in a non-linear data as-
similation system, there are many complex interactions between
the influence of various observations. For example, all observa-
tions have an impact on the successive state estimates that define
the intermediate trajectories and thus the operators used in the
incremental VDA system. When forecast aspects are measured,
the forecast model introduces other higher-order terms in the
observation impact approximation as shown by Errico (2007)
and Gelaro et al. (2007). Finally, when a second- or higher-order
estimate is used, the impact can still be written as the scalar
product of the increment δx times a vector, but in this case, this
vector cannot be interpreted as a derivative, it is not the obser-
vation sensitivity, and it is not independent of δx. It should only
be interpreted as a vector of weights given to each observation.

An accurate computation of observation impact should ac-
count for all these higher order effects, but as shown above
in the sections devoted to observation sensitivity computations,
these are very difficult to estimate. It is expected that the results
obtained by computing the left-hand side weights for the scalar
product once and summing only over the relevant components
of the departure vectors, are nevertheless useful in practice, in

particular, when averaged over large enough subsets of obser-
vations, even though all the pitfalls mentioned above should be
considered when interpreting observation impact results.

4. Computing the adjoint of the inner loop

4.1. General observation sensitivity algorithm

In this section, we assume that the data assimilation system
is linear. This hypothesis has been made in most observation
sensitivity studies. It also corresponds to an incremental varia-
tional system with one outer loop iteration and can be used as a
building block to construct the adjoint of a complete incremental
system with several outer loop iterations, as described in Section
3. For clarity of the presentation, we omit the outer loop index j
throughout this section.

As shown in Section 3, the remaining difficulty in obtaining
the sensitivity to observations is the computation of KT . For
convenience, we introduce the matrix:

A = B−1 + HT R−1H i.e. K = A−1HT R−1.

A is the Hessian of the variational cost function J , and if the
operators are linear and the data assimilation system is optimal,
A is also the inverse of the analysis error covariance matrix.

From the definition of A, we get KT = R−T HA−T . However,
since B and R are covariance matrices, they are self adjoint. As
a consequence, A, and its inverse, are self adjoint and KT =
R−1HA−1.

The operators R−1 and H are already available in the VDA
system, thus, the only difficulty is to compute the product of
a vector by A−1 or to solve the linear system generated by the
matrix A.

Taking the derivative of eq. (2), the gradient of the quadratic
cost function being minimized in the inner loop of the VDA
system is

∇J = B−1(δx − b) + HT R−1(Hδx − d).

Minimizing the quadratic cost function J is equivalent to solv-
ing the equation ∇J = 0 which, with the notations introduced
above, is the linear system

Aδx = HT R−1d + B−1b. (6)

This shows that the minimization performed in the inner loop is
equivalent to solving a linear system generated by the matrix A.
Thus, the linear system that has to be solved to compute KT , is
already being solved, with a different right-hand side, in the data
assimilation process. The basis for computing KT is to use the
same algorithm, replacing the right-hand side where necessary.
Two possibilities for inverting A are described in the next two
paragraphs. After this linear system is solved, the solution is
multiplied by R−1H to obtain the product by KT and the contri-
bution to the sensitivity of F with respect to observations or to
the observation impact.
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4.2. Inversion by minimization

Many algorithms can be used to solve the linear system resulting
from the incremental VDA inner loop minimization. As the ma-
trices involved in operational data assimilation cannot be stored,
operators giving the value of the cost function and its gradient
at a given point are usually the only tools available. Given this
limitation, conjugate gradient and quasi-Newton algorithms are
the most commonly used to solve the VDA problem.

For example, the conjugate gradients algorithm to solve the
linear system Ax + g = 0 requires the ability to compute the
product of the matrix A by the vector x. In practice, the only
operator easily available gives the gradient of the VDA cost func-
tion, which, in terms of linear system, is also Ax + g0, where g0

is the gradient computed at the origin. The gradient can be com-
puted with d = 0 and b = 0 in eq. (6), which gives the product
Ax directly where needed in the minimization algorithm. Or, the
gradient of the data assimilation cost function in the direction x

can be computed without modification, and the original gradient
at the origin g0 can be subtracted from it. Although there is no
significant difference in the computational costs of these meth-
ods, ease of implementation might make one or the other more
suitable in a given system.

In quasi-Newton algorithms, the problem is treated as a min-
imization problem rather than a linear system, and the full gra-
dient of the function to be minimized is required. Adapting the
minimization algorithm to compute the observation sensitivity
comprises modifying the definition of the cost function to ac-
commodate the new right-hand side. Again, this only requires
subtracting the gradient of the original VDA cost function at the
origin and adding the new right-hand side at the end of each gra-
dient evaluation. This requires only very limited modification of
the data assimilation code.

This procedure implies that the linear system is solved to
convergence so that the product by A−1 is effectively obtained.
The cost of the minimization should be the same as the cost of
the minimization of the direct VDA cost function, since both
problems have the same conditioning, and more than that, their
entire spectrum is the same. It is similar to algorithms such as
the one developed by Baker and Daley (2000) in observation
space data assimilation systems or Cardinali and Buizza (2004)
and Cardinali (2008) in 4D-Var.

4.3. Adjoint of the approximate Hessian inverse

The method described above is valid at convergence of both
the direct and transpose minimizations. However, if a conjugate
gradient or a related minimization algorithm is used, at any given
iteration i of the inner loop, the estimate of the solution by the
minimization algorithm takes the form

δxi = Ãig0,

where Ãi represents the combined effect of the accumulated
iterations up to that point. As the number of iterations increases,

the matrix Ãi becomes a better approximation of A−1, and the
iterates converge towards the analysis increment.

Moreover, when the Lanczos algorithm is used, the matrix Ãi

can be formed explicitly and takes the particular form

Ãi = Qi(LiDiL
T
i )−1QT

i ,

where Qi is the matrix formed by the i Lanczos vectors and
Di and Li are rank i matrices, respectively, diagonal and lower
bi-diagonal. (See, for example, Golub and Van Loan, 1996 for
details.) Because Di and Li are small matrices, and because of
their particular sparse structure, the product LiDiL

T
i can very

easily be inverted and at very low cost. Thus, Ãi can easily be
accessed and applied to any vector.

This specificity of the Lanczos algorithm opens the way for
another method for computing the sensitivities to observations.
In practice, after i iterations of the minimization algorithm, we
have not computed the increment implied by eq. (3):

δx = A−1(HT R−1d + B−1b),

but only an approximation of it

δxi = Ãi(H
T R−1d + B−1b).

We define

K̃i = ÃiH
T R−1.

This partial Kalman gain matrix can easily be transposed us-
ing the decomposition of Ãi described above if the Lanczos
algorithm is used in the minimization. Thus, one can obtain the
sensitivity to observations of the partial increment at iteration i
of the inner loop minimization. At the end of the minimization,
after n iterations, the solution is multiplied by R−1H to obtain
the sensitivity of F with respect to the observations:

∂F
∂y

= K̃n

T ∂F
∂xa

.

If the minimization has properly converged, this should yield
the same result as the method described in Section 4.2. How-
ever, regardless of the convergence or non-convergence of the
solution of the linear system, this algorithm always generates the
adjoint of the gain matrix actually used in the assimilation. If the
sensitivity to observations is to reflect the operator effectively
used in the data assimilation process, this algorithm allows the
use of an exact adjoint of this operator. Other potential uses for
this algorithm are described in Section 5.3.

5. Numerical results

5.1. Adjoint validation method

For faster convergence of the data assimilation algorithm, the
minimization of the inner loop cost function, defined by eq. (2),
is usually pre-conditioned. To that effect, a change of variable
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is applied and the cost function is re-written as a function of
the new control variable χ defined by δx = Eχ , where E is the
pre-conditioner:

J (χ ) = 1

2
(Eχ − bj )T B−1(Eχ − bj ) + 1

2
(Hj Eχ − dj )T

R−1(Hj Eχ − dj ).

The pre-conditioner E is chosen as a square root of the back-
ground error covariance matrix, such that EET = B. With that
choice, the gradient of the cost function in control space is

∇J (χ ) = χ − E−1bj + ET HT
j R−1(Hj Eχ − dj ).

The solution of the pre-conditioned problem is the solution of
the linear system

(I + ET HT
j R−1Hj E)χ = ET HT

j R−1dj + E−1bj .

The form of this problem implies that all its eigenvalues are
greater than or equal to 1. Furthermore, since the size of the
control variable (and of the identity matrix in the system above)
is at least one order of magnitude larger than the number of
observations, it means that the matrix to be inverted has a major-
ity of eigenvalues equal to 1, which makes this pre-conditioner
very efficient. E might not be invertible, which would make
the term E−1bj problematic. However, this term can usually
be computed, without explicitly applying E−1, as a by-product
of the minimization algorithm—it is the estimate, in control
space, of the solution at the end of the previous minimization:
E−1bj = −wj−1, with wj = ∑j

k=1 χ k .
We define Âj as the inverse of the Hessian for the pre-

conditioned system

Âj = (I + ET HT
j R−1Hj E)−1.

The solution in the pre-conditioned space is

χ j = K̂j dj − Âj wj−1, (7)

where K̂j = Âj ET HT
j R−1. Taking the scalar product of the last

equation by ∂Fj /∂χ j gives〈
∂Fj

∂χ j

, χ j

〉
=

〈
∂Fj

∂χ j

, K̂j dj

〉
−

〈
∂Fj

∂χ j

, Âj wj−1

〉
.

We now define the measure F̂ as half the squared norm of the
increment generated by outer loop j in the norm associated to
the background error covariance matrix

F̂j (δxj ) = 1

2
〈δxj , B−1δxj 〉 = 1

2
〈χ j , χ j 〉.

Using the definition of an adjoint and the fact that Âj is self-
adjoint leads to

〈χ j , χ j 〉 =
〈
K̂j

T ∂F̂j

∂χ j

, dj

〉
− 〈Âjχ j , wj−1〉.

Thus,

〈χ j , χ j 〉 =
〈
∂F̂j

∂y
, dj

〉
− 〈Âjχ j , wj−1〉. (8)

These scalar products can be computed and compared. The term
Âjχ j is an intermediate result, available during the computation
of ∂F̂j /∂y and does not introduce any additional difficulty or
cost to the computation. In a linear VDA system, or in the
first minimization of a non-linear VDA system, bj = 0 and the
formula simplifies to

〈χ j , χ j 〉 =
〈
∂F̂j

∂y
, dj

〉
.

This is the usual adjoint test applied to the adjoint of the data
assimilation system. This formula has been used by Zhu and
Gelaro (2008) to validate sensitivity calculations based on the
line by line adjoint of the GSI data assimilation system.

5.2. Implementation and numerical adjoint validation

The data assimilation system used for the experiments presented
here is the grid-point statistical interpolation (GSI) system (Wu
et al. (2002)). This is a 3D-Var system, currently used opera-
tionally at NCEP and GMAO. A 4D-Var version of the GSI is
currently being developed at GMAO. The implementation of
the algorithms described in this paper is straightforward and in-
dependent of the definition of the observation operator H and
thus of the three or four-dimensional aspects of the VDA. More
accurately, since the adjoint of the VDA system makes use of
the operators used in the direct VDA system, the observation
sensitivity algorithm inherits all the changes made in the direct
VDA system. This aspect was one of the primary motivations for
this work, since writing the adjoint code of the 4D-Var version
of the GSI would require major developments, even though the
adjoint of the 3D-Var system had already been developed (Zhu
and Gelaro, 2008).

The validation tests described in the previous section have
been performed in both the 3D-Var and 4D-Var versions of the
GSI. Examples of numerical results obtained, when the adjoint
is computed by replacing the right-hand side term in the min-
imization (Section 4.2), are given in Table 1 where, based on
equation (8), relative error is defined as

e = ∣∣〈∂F̂j /∂y, dj 〉 − 〈Âjχ j , wj−1〉 − 〈χ j , χ j 〉
∣∣ /〈χ j , χ j 〉.

The table shows that the results depend on the convergence of the
minimizations and that the accuracy improves with the number
inner loop iterations. The results are in agreement with results
obtained by Xu et al. (2006), who implemented a similar algo-
rithm in an observation space VDA system and showed that the
same test was accurate to five digits. This is better than the ac-
curacy obtained by Zhu and Gelaro (2008) in their validation of
the adjoint code of the 3D-Var GSI (errors of the order of a few
percents, Yanqiu Zhu, personal communication, 2007) because
some parts of the code were ignored or simplified in the devel-
opment of the tangent linear system upon which the line by line
adjoint is based. In the present case, because the code of the di-
rect assimilation system is used, there are no such discrepancies.
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Table 1. Validation test of the adjoint of the 3D-Var and 4D-Var GSI obtained by minimization (algorithm described in Section 4.2). The number of
inner iterations n is the same for the direct and adjoint minimizations in each case

n j 〈∂Fj /∂y, dj 〉 〈Âjχ j ,χ j−1〉 〈χ j , χ j 〉 Relative error

1 3.802 × 104 0.0 3.507 × 104 8.4 × 10−2

3D-Var 50 2 2.742 × 104 4.535 × 103 2.215 × 104 3.3 × 10−2

3 1.951 × 104 4.699 × 103 1.444 × 104 2.6 × 10−2

1 4.493 × 104 0.0 4.482 × 104 2.3 × 10−3

3D-Var 100 2 2.473 × 104 3.234 × 103 2.149 × 104 3.5 × 10−4

3 1.825 × 104 3.460 × 103 1.479 × 104 2.9 × 10−4

1 4.150 × 104 0.0 3.853 × 104 7.7 × 10−2

4D-Var 50 2 2.767 × 104 1.781 × 103 2.538 × 104 2.0 × 10−2

3 1.918 × 104 1.186 × 103 1.764 × 104 2.0 × 10−2

1 4.775 × 104 0.0 4.770 × 104 1.0 × 10−3

4D-Var 100 2 2.437 × 104 −1.971 × 103 2.634 × 104 8.3 × 10−5

3 1.847 × 104 −1.193 × 102 1.859 × 104 7.4 × 10−5

Fig 1. Validation test of the adjoint of the
3D-Var and 4D-Var GSI obtained using the
adjoint of the approximate inverse of the
Hessian (algorithm described in Section 4.3).
The results are shown for three outer loop
iterations with 100 inner iterations in each
minimization.

A property of the algorithm comprising the transposition of
the approximate gain matrix (Section 4.3) is that it can be ap-
plied at any stage during the minimization process (This is also
true of a line by line adjoint). In this case, the validation test
described above is valid at every iteration during the inner loop
minimization. The relative error achieved in 3D-Var and 4D-Var
at every iteration is shown in Fig. 1. In this implementation, the
accuracy is of the order of 12 to 13 digits. This result conforms
to expectations, since in this case, the adjoint is the exact adjoint
(to machine precision) of the linear operator effectively used
within each iteration and is independent of the convergence of
the minimization.

5.3. Observation impact during the minimization

The observation space scalar product 〈∂F̂j /∂y, dj 〉 used in the
validation of the adjoint can also be interpreted as the contribu-
tion of observations to the current partial increment. It is related
to the observation impact on the measure Jb, considering the
impact only in the current minimization. Like other measures of
observation impact, it can be computed for any subset of obser-

vations. And, when the adjoint of the data assimilation system
is computed as described in Section 4.3, this contribution can be
computed at every iteration of the inner loop.

This provides a measure of the observation usage as the min-
imization progresses and provides useful diagnostics of the data
assimilation process. Figure 2 shows this observation partial im-
pact as the minimization progresses in 3D-Var and 4D-Var. In
addition to the diagnosis of the observation usage, this type of
plot can provide useful information about the data assimilation
system. For example, during the development of the 4D-Var ver-
sion of the GSI, such plots showed several abnormal behaviours,
such as the non-convergence of one of the curves, which pointed
to errors in the handling of a particular observation type that
would have taken much longer to identify otherwise.

It can be seen from the figure that the impact of radiance data
is generally larger in 4D-Var for all iterations. This is expected
since radiance data is evenly distributed in time, and 4D-Var
should be able to make better use of asynoptic data than 3D-
Var. The figure also shows that the curves tend to flatten sligthly
earlier in the second and third minimizations in 3D-Var than in
4D-Var. This might be related to the results of the next section,
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Fig 2. Partial impact of observations in
inner loop iterations in 4D-Var (plain lines)
and 3D-Var (dashed lines) with a 6-h
assimilation window. The results are shown
for three outer loop iterations with 100 inner
iterations in each minimization.

which indicate that outer loop iterations are less important in
3D-Var than in 4D-Var and implies that it would require less
iterations in the inner loop to reach convergence and could be
used to define a stopping criterion for the minimization. This
measure of observation impact is related to the notion of degrees
of freedom for signal (DFS) as presented by Fisher (2003).

This technique does not give directly the total observation
impact unless the data assimilation system comprises only one
outer iteration. Adding the impacts from all the outer loops
obtained in this manner is different from the total impact for the
reasons discussed in Section 3.4.

5.4. Observation impact with several outer loops

Following the results given in Section 3.4, the second-order ap-
proximation of observation impact on a measure F can be written
as the sum of scalar products of weight vectors with the obser-
vation departures from the successive outer loop state estimates.
As in the previous paragraphs, and for illustrative purposes, Jb is
used as the measure for which observation impact is computed.
This choice is motivated by the fact that Jb can be interpreted
as a measure of the information that has been transferred from
the observations to the analysis. For this choice of analysis as-
pect measure, the first order approximation of the sensitivity
to the analysis ∂F/∂xa is zero. This illustrate the necessity to
use at least second-order approximations for observation impact
computations, as shown by Gelaro et al. (2007) and Trémolet
(2007a), even for measures of aspects other than forecast error.
Accounting for the pre-conditioning, the increment is given by
eq. (7). Applying the result given by this equation recursively
gives

wm =
m∑

j=1

L̂j K̂j dj ,

where L̂j = (I − Âm) · · · (I − Âj+1) and L̂m = I.
Given the particular form of Jb, the second-order approx-

imation of observation impact is I2 = 1/2 < wa, wa > where

wa = wm is the total increment in control space; thus,

I2 = 1

2

m∑
j=1

〈wa, L̂j K̂j dj 〉,

which leads to the second-order approximation of the observa-
tion impact on Jb:

I2 = 1

2

m∑
j=1

〈R−1Hj EÂj zj , dj 〉,

with

zm = wa and zj−1 = (I − Âj )zj .

The product Âj zj can be computed once and used to compute
the contribution to the impact and the input to the adjoint of the
previous minimization. This formulation is more efficient than
the formulation involving HT

j KT
j given in Section 3.4 and can be

used for any measure which gradient can be expressed in control
space.

The observation impact of several observation types in 3D-
Var and 4D-Var with 1, 2 and 3 outer loop iterations are shown
in Fig. 3. Two main results can be observed on the figure. First,
the outer loop iterations seems to have more impact in 4D-Var
than in 3D-Var. This corresponds to the fact that non-linearities
from the outer loop affect the 4D-Var minimization through the
trajectories for the tangent linear and adjoint models much more
than in 3D-Var, where the only non-linearities come from the
instantaneous observation operators and do not evolve through-
out the assimilation window. The observation operators that rely
the most on the state estimate are for radiance data through the
radiative transfer model, in agreement with the figure which
shows an impact of the outer loop for radiance data even in
3D-Var.

The second result highlighted by Fig. 3 is that the overall
observation impact is smaller in 4D-Var than in 3D-var. This is
obtained despite the fact that more observations where used in
4D-Var, as shown by Table 2. The table also shows that the initial
value of Jo was lower in 4D-Var, despite the fact that more ob-
servations were used. This shows that the analyses produced by
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Fig 3. Observation impact per observation type for 3D-Var (left-hand side) and 4D-Var (right-hand side) with 1, 2 and 3 outer loop iterations.

Table 2. Initial Jo values for the 3D-Var and 4D-Var experiments
corresponding to the impact presented on Fig. 3

nobs Jo Jo/nobs

3D-Var 813 217 807 297.1 0.993
4D-Var 968 216 679 954.3 0.702

the 4D-Var experiment are better, providing a better background
for the following cycle, thus requiring smaller corrections in
subsequent analyses.

This points to another caveat of observation impact studies:
observations are often considered valuable if they have a large
impact. The fact that observations have a small impact could in-
dicate that the data assimilation system is not extracting enough
information from the observations, but also that the background
is good and requires little correction. However, even that does
not mean that the observing system is of little value since other
observations, usually from the same observing system, were
used to estimate the background. Ideally, a very good data as-
similation system would produce very accurate analysis, and
thus, background states that require very small corrections. The
impact of observations in a given data assimilation cycle might
be very small but it would be incorrect to conclude that observa-
tions have little value since it is the impact of observations over
many data assimilation cycles that determines the level of per-
formance of the data assimilation system. To make a judgement
about the overall value of the observing system would require
running the adjoint of the whole cycling data assimilation sys-
tem over long periods and considered as a single operator for
which the input is the entire set of observations for that period
and the output, the time-series of analyses. That should be done
for a period of at least 10 d since this can be considered to be
the period after which an atmospheric data assimilation system
has forgotten the initial background, and thus, the observations
prior to that, as shown by Fisher et al. (2005).

Although observation impact studies are useful to compare the
impact of observations within a given data assimilation system,
the result above shows that comparisons of impact in different

Fig 4. Average impact per observation for each bin within the 6-h
assimilation window with 3D-Var, 4D-Var and weak constraint 4D-Var.
The impacts are normalized so that the impact in the bin centred
around the synoptic time is 1.

data assimilation systems can be misleading, or at least difficult
to interpret. Finally, the measure used here does not allow to
conclude whether the impact of observations is beneficial or
detrimental to the quality of the analysis. Forecast error impacts
studies will be necessary to answer that question.

5.5. Time within the assimilation window

The observations can be gathered in groups other than observa-
tion type. For example, they can be grouped by time slots within
the assimilation window. Figure 4 shows histograms of obser-
vation impact for time slots centred around each hour in the
assimilation window for 3D-Var, 4D-Var and weak constraint
4D-Var (similar to the algorithm described by Trémolet, 2007c,
with the model error covariance matrix proportional to B) and
where, for illustrative purpose, the background term Jb of the
cost function is chosen as the measure for which the impact
of observations are computed in 3D-Var and 4D-Var. In weak
constraint 4D-Var, the measure for which observation impact is
computed also includes the model error term. Because of this and
because of the difference between 3D-Var and 4D-Var described
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in the previous section, the impacts have been normalized so that
the impact in the bin centred around the synoptic time is 1.

Figure 4 shows that, as the observations are further away from
the synoptic time, they have relatively more impact in 4D-Var
than in 3D-Var and even more impact in weak constraint 4D-
Var. As 3D-Var does not take into account time information, it
cannot make the most accurate use of data that is distributed in
time; thus, the fact that observations away from the analysis time
have less impact, is expected. In 4D-Var, the tangent linear and
adjoint models propagate the information brought by asynoptic
observation to the analysis time, thus giving more impact to
these observations. But, 4D-Var is affected by model error, which
deteriorates the propagation of information. Weak constraint 4D-
Var, accounting for model error, should, in principle, be able to
use all observations with the same efficiency. In practice, this
is limited by the various simplifications, which are necessary to
make weak constraint 4D-Var practical. We also point out that
4D-Var and weak constraint 4D-Var are still in development. The
diagnostics proposed here should be considered as part of the
tuning and validation; thus, these results should be considered
as illustrative of these systems and not as final.

5.6. Practical use and computational cost

The practical use of the algorithms proposed in Section 4 de-
pends on their cost, both in terms of computations and storage.
The evaluation of observation impact and forecast sensitivity
comprises several steps: the data assimilation is performed; the
forecast model is integrated; the aspect measure and its gradient
are computed; the adjoint model is integrated backwards to anal-
ysis time and, finally, the adjoint of the data assimilation system
is applied. Some information from the forward data assimila-
tion run is needed in the adjoint and must be either stored or
recomputed. For example, in both algorithms, the linearization
trajectories and the observations characteristics are needed. All
the required observation related information is already archived
in most data assimilation systems and can be re-used without dif-
ficulty. The linearization trajectories are usually not stored and
can represent very large volumes of data. They can be stored or
re-computed by re-running the outer loop forecast if the inter-
mediate outer loop increments are saved.

The computational cost of the minimization-based algorithm
is of the same order as that of the forward data assimilation
process. The minimizations have the same condition number,
and even more, their full spectrum is the same as the same
matrix is inverted. Thus, the convergence rate should be identical
and the minimizations have the same cost. Since the non-linear
(high-resolution) evaluation of the observation operator is not
necessary in the adjoint, the overall cost might be lower than
that for the full direct assimilation, unless the trajectories are
recomputed in which case the overall costs are similar.

The computational cost of the adjoint-based method is very
low: less than the equivalent of one inner iteration. The linear

algebra is less than in a direct inner iteration and the applica-
tion of R−1H is approximately half of the cost of the gradient
evaluation, which is performed at each inner iteration of the di-
rect assimilation and involves HT R−1H. Thus, the overall cost
of the adjoint is, at most, of the order of a few percents of the
cost of the direct assimilation. This algorithm uses the Lanczos
vectors, which were computed in the direct assimilation. They
can either be stored or re-computed at the cost of re-running the
analysis, in which case, the cost of the adjoint of the assimi-
lation operator is the same as the cost of the analysis itself. In
the specific case where this algorithm is used to diagnose the
sensitivity of the increment to observations, as was the case for
some numerical results presented in this paper (Section 5.3), the
adjoint can be computed immediately, during the minimization,
at the cost of approximately half an inner iteration, and without
any additional storage requirements. This makes it affordable to
use as a systematic diagnostic of the data assimilation system if
necessary.

Observation impact studies are related to OSE. One differ-
ence is that OSEs easily allow the estimation of one observing
system impact on several forecast aspects measures, whereas ob-
servation impact studies can easily provide the impact of many
observing system combinations on one forecast aspect measure.
The algorithms presented in this paper allow the combination
of both. After the forward analysis and forecast have been per-
formed, several aspects of the forecast can be evaluated and their
gradients produced. Then, the forecast adjoint integration has to
be performed for each gradient, which can be expensive. How-
ever, once the gradients with respect to the analysis are known,
and especially if the adjoint of the approximate Kalman gain
matrix is applied through the use of the Lanczos vectors, the
cost of applying the adjoint of the assimilation system to multi-
ple gradients is low. Thus, observation impact can be computed
for multiple forecast aspects and multiple observing systems at
a reasonable cost.

6. Conclusions

We have shown how the outer loops of an incremental varia-
tional model space data assimilation system affect observation
sensitivity and observation impact computations and how this
effect could be accounted for. To fully account for this effect,
the second-order adjoint of the data assimilation system is re-
quired, which is not practical for any meaningful system. This
is unfortunate, since the outer loops of 4D-Var bring signifi-
cant improvement to the analysis quality, which implies that
the observations have a meaningful impact throughout all the
outer iterations. Experiments in a simplified system would be
of interest and should be pursued in the future to quantify the
errors introduced by ignoring those higher-order terms. With
some approximations in the treatment of outer loops, observa-
tion impact and observation sensitivity studies are, nevertheless,
possible.

Tellus 60A (2008), 5



COMPUTATION OF OBSERVATION IMPACT IN INCREMENTAL 4D-VAR 977

In that context, we have developed and tested two algorithms
to compute the adjoint of the inner loop minimizations. The first
algorithm, based on inverting the matrix Aj by way of using the
minimization algorithm with a different right-hand side (Section
4.2), requires convergence of both the direct and adjoint mini-
mizations. In practice, the minimizations don’t always converge
and the adjoint of the data assimilation system is not always
exact. Moreover, the data assimilation process itself is prone
to convergence issues (see Andersson et al., 2000 or Trémolet,
2007b for examples). Investigation of observations impact in
these cases can be useful, for example, to understand the lack of
convergence.

By contrast, the second algorithm, based on transposing the
linear operator, effectively applied inside the minimization algo-
rithm (Section 4.3), always yields the exact adjoint of the inner
loop minimization. This algorithm is specific to the Lanczos
minimization algorithm but can be applied at any stage during
the minimization and regardless of convergence. This allows for
the study of the convergence of the minimization algorithm in
observation space, which is a new application. It also allows for
the study of the impact of observations on the forecast issued
from any specific analysis, which might be useful to diagnose
bad forecasts, even in the case of a failure of the minimization.
This is different from diagnostics that evalute statistical proper-
ties of observing systems and often rely on the assumptions that
the data assimilation system is linear and optimal and is also a
new application. The algorithm proposed here can be used both
to diagnose the properties of the observing system and for di-
agnosing and understanding the data assimilation system itself,
about which, it provides more relevant and detailed information.

Both algorithms immediatly reflect changes in the data assim-
ilation system since they make use of the same operators and do
not require additional maintenance. Some results in 3D-Var, 4D-
Var and weak constraint 4D-Var were presented in this paper.
Since the 4D-Var system is still being developed and validated,
the results presented in this paper should not be considered as
final, but as part of the validation process for this new data as-
similation system. This would not be possible with a line by line
adjoint since any modification or new development in the data
assimilation system would require changes in the adjoint, which
would be extremely tedious and costly and is another advantage
of the approach proposed in this paper.

Many approximations are necessary to make observation im-
pact computations practical and have been highlighted in this
paper. Some might make observation impact studies difficult to
interpret, and all these approximations should be considered,
since in most cases, their actual influence is unknown. Studies
in simplified setups, where all the higher-order terms could be
computed, would be useful, for example, to examine the im-
portance of the second-order adjoint information with multiple
outer loop iterations. Comparison of results with OSE results
might also be useful in that respect, for more complex systems.
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