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ABSTRACT

An experiment has been performed, using a simple chaotic model, to compare different ensemble perturbation strategies.
The model used is a 300 variable Lorenz 95 model which displays many of the characteristics of atmospheric numerical
weather prediction models. Twenty member ensembles were generated using five perturbation strategies, error breeding,
singular vectors, random perturbations (RPs), the Ensemble Kalman Filter (EnKF) and the Ensemble Transform Kalman
Filter (ETKF). Based on normal verification methods, such as rank histograms and spread of the perturbations, the RPs
method performs as well as any other method—this illustrates the limitations of using a simple model. Consideration
of the quality of the background error information provided by the ensemble gives a better assessment of the ensemble
skill. This measure indicates that the EnKF performs best, with the ETKF combined with RPs being the next most
skillful. It was found that neither the ETKF, error breeding nor singular vectors provided useful background information
on their own.

Central to the success of the EnKF is the localization of the background error covariance which removes spurious
long-range correlations within the ensemble. Computationally efficient versions of the EnKF (such as the ETKF) cannot
accommodate covariance localization and their performance is seen to suffer. Applying the ETKF to a series of local
domains has been tested, which allows covariance localization whilst remaining computational efficient, and this has

been found to be nearly as effective as the EnKF with covariance localization.

1. Introduction and motivation

The Met Office intends to develop a short-range (<3 d) ensemble
prediction system based on a limited area model. This study aims
to provide guidance on the development of initial conditions
perturbations for that model using a simple model to test various
strategies.

Ensembles provide a pragmatic approach to sampling the
posterior pdf of a numerical weather prediction (NWP) model
forecast. The uncertainties in the forecast are often partitioned
into those arising from uncertainties in the initial conditions and
uncertainties in the model formulation, and here the focus is on
the former of these two.

Over the years a number of methods for the generation of
perturbations to the initial conditions have been developed, such
as error breeding (Toth and Kalnay, 1993, 1997), singular vec-
tors (Buizza et al. 1993; Molteni et al., 1996), the ensemble
Kalman filter (EnKF) (Evensen, 1994), perturbed observations
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(Houtekamer and Derome, 1995) and random perturbations
(RPs) (Houtekamer et al., 1995; Du et al., 1997). Such a va-
riety of methods has arisen because the dimension of the NWP
systems is much greater than the number of ensemble mem-
bers that can be afforded. In addition unbalanced perturbations
(such as white noise) are unlikely to provide structures which
grow into the type of structures observed as forecast error. From
the existing perturbation methods it is necessary to choose one
which will provide adequate performance for the proposed sys-
tem. Recent studies (Wei and Toth, 2003; Buizza et al., 2005)
have aimed to compare global EPS’s from different centres, but it
has proved difficult to disentangle the quality of the NWP model
from the quality of the ensemble generation system. Nonethe-
less, these studies suggest that error breeding may be superior
to singular vectors for short lead times. Studies on the ensem-
ble transform Kalman filter (ETKF) have indicated that this is
superior to error breeding (Wang and Bishop, 2003). Hence, it
would seem that the ETKF is a suitable perturbation strategy to
use for the new ensemble system. Hamill et al. (2000) compared
error breeding, singular vectors and perturbed observations on
a quasi-geostrophic channel model. Perhaps unsurprisingly the
perturbed observation approach was close to ideal, although this
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approach is known to be computationally very costly. Anderson
(1996) used the even simpler Lorenz 63 model to compare sin-
gular vectors, normal modes and error breeding as perturbation
methods, and concluded that error breeding is best. The present
study is similar to that of Hamill et al. (2000), but the focus will
be on the EnKF and ETKF and whether these are superior to the
more established methods of error breeding and singular vectors.

This test is based on the Lorenz 95 model (Lorenz, 1995;
Lorenz and Emanuel, 1998). Care has been taken to implement
ascheme where all the perturbation strategies are treated equally.
The model used is considerably simpler than NWP models and
therefore any results cannot be directly applied to NWP ensem-
bles. However, results from these tests should provide further
guidance on the perturbation strategy to be used at the Met
Office.

The major difficulty in this study lies in the simplicity of the
Lorenz 95 (L95) model, and whether results based on such a
simple model can provide useful insight for ensembles based
on NWP models. This paper is structured as follows. The L95
model is described in Section 2, the 3-D Var analysis scheme is
detailed in Section 3, and the various perturbation strategies are
described in Section 4. In Section 5, the perturbation strategies
are compared using standard verification measures and the de-
ficiencies of the simple model become apparent. In Section 6,
the quality of the background error information provided by the
ensembles is investigated, from which some useful results for
NWP are derived and Section 7 contains the conclusions.

2. Lorenz 95 Model

The L95 model (Lorenz, 1995; Lorenz and Emanuel, 1998) is
defined by the following system of differential equations

dX;
G =Xip1 — Xi)Xio —X; + F, (D
where the variables X;,i =1, 2, ..., N, are defined on a cyclic

chainsuchthat X | =X y_;, Xg= Xy and X| = X y,. Differ-
ent behaviour is seen depending on the magnitude of the forcing,
F. For small values of F the system converges to a fixed point
(X; — Ofor all i when F = 0) whereas the system is chaotic for
large values of F. In all the experiments here F' = 8 is used, since
this is well into the chaotic regime. The Runge—Kutta 4th order
method was used to perform the time stepping, for intervals of
6t = 0.05. One time unit is taken to be equivalent to 5 d, and a
localized initial perturbation takes around 14 d (2.8 time units)
to propagate around a 40 variable system (Lorenz and Emanuel,
1998).

For these experiments the system size is chosen to be N =
300, since this allows an ensemble of size K = 20, whilst still
maintaining the ensemble size much less than the system size.
The large size of the system means that a localized perturbation
will only propagate around a small portion of the domain within
the time of interest. Other configurations have been tested, in-
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Fig. 1. Example trajectory of the first variable X for the truth run
(solid line) and the 20 ensemble members calculated using the EnKF
(dashed lines). At all points the truth lies within the spread of the
ensemble, and the ensemble spread increases with increasing lead time.

cluding a 40-variable version with larger observation errors, and
a configuration with a well observed land area. The effect of
changing the configuration is discussed in Section 6. Figure 1
shows an example ensemble forecast using the ensemble Kalman
filter. The solid line shows the true trajectory which the ensem-
ble is attempting to capture, and this lies within the spread of the
ensemble (dashed lines) for all lead times.

3. Analysis method

The Lorenz model was run with a time step of 6z = 0.05 for
2000 time steps, the first 1000 being used to allow the system to
‘spin-up’. Every time step observations were assimilated using
a robust assimilation method which is independent of the en-
semble perturbations. After each occasion of observations being
assimilated an ensemble forecast with 20 members was run for
50 time steps. Hence a set of 1000 ensemble forecasts has been
produced, with these forecasts being verified against a ‘truth
run’.

The observations were a perturbed version of the state of the
‘truth run’ with an error standard deviation of 0.1. A set of obser-
vations contains the values of all 300 state variables. The analysis
update is performed using the 3-D Var method, but an exact min-
imization is performed using the serial updating approach (see
EnKF Section 4.3). A control forecast is run, and this is updated
by computing

X =X + PPHT (HP’H” + R)™'(Y — HXY), )

where X is the control analysis, X< is the control forecast, H is
the observation operator (the identity here), P” is the background
error covariance, R is the observation error covariance (diagonal
matrix with elements equal to 0.01), and Y are the observa-
tions. P? is assumed constant, as is normal in operational NWP
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this model does not vary with variable number only a simple
global re-scaling is applied.

4.2. Singular vectors

The singular vector (SV) perturbations are found by calculating
the fastest growing modes of a linearized version of the dynam-
ics. The linearized version of the L.95 model is

dsX;
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Fig. 2. Example row from the constant background error covariance
matrix used in the 3-D Var analysis scheme. The matrix is symmetric
and essentially zero for elements more than two variables away from
the diagonal.

forecasts, and has been estimated from a long run of an EnKF
ensemble. A row from this matrix is shown in Fig. 2 which is
symmetric and essentially quin-diagonal.! P” was also estimated
from a long run of a singular vectors ensemble, but this resulted
in an inferior analysis.

It is possible to improve this data assimilation by allowing a
time-varying P” (see Section 6.3 below). However, a constant P
is used as this is what is used for operational NWP and it provides
an analysis which is independent of the ensemble quality.

4. Perturbation strategies

4.1. Error breeding

To generate an ensemble using error breeding (Toth and Kalnay,
1993, 1997), random perturbations are allowed to grow through
model integrations. At each assimilation time the perturbations
are scaled down by an appropriate factor. This factor is chosen
so that the spread of the perturbations to the analysis is a given
constant, the size of this constant being tuned so that the forecast
ensemble spread at the assimilation time is equal, on average, to
the root mean square (RMS) error of the ensemble mean at that
time. For each assimilation time, the first 10 perturbations are
re-scaled by the appropriate factor. The second 10 perturbations
are chosen to be the negative of the first 10, thus ensuring the
perturbations are centred around the analysis.

The version of breeding used at NCEP also includes a region-
ally varying rescaling factor (Toth and Kalnay, 1997). This aims
to ensure that the perturbation magnitude varies in accordance
with average errors in the analysis. Since all the variables in the
model are equivalent and the magnitude of the analysis error in

'A quin-diagonal matrix contains non-zero entries only in the five ele-
ments that are nearest the diagonal in each row.

=Xi18Xip1 — 86X 2) +8Xi 1 (Xipy — Xi2) — 86X,
3

where terms of order X2 and above have been neglected. From
this, the matrix transformation for the linearized dynamics may

be obtained
. 8X(t +61)
lim ——=

5t—0 St

dt

= L 6X(¢). )

L describes the instantaneous rate of change of a perturbation,
and must be combined with L from different times to account for
the Runge—Kutta 4th order time stepping that is used to update
the model. This propagator matrix is found for each time step up
to a lead time of 0.4 time units (believed equivalent to 2 d of an
atmospheric model). These are multiplied together to give a final
matrix M which describes the evolution of the perturbations over
the next 0.4 time units. In accordance with the ECMWF system
(Molteni et al., 1996) the right singular vectors of M are found.
Unlike SVs for NWP the linearization of the model equations is
exact, but in all other respects the SVs should be similar to those
calculated operationally at ECMWE.

Ten of these SVs are chosen, using the overlap function of
(Molteni et al., 1996) which aims to exclude SVs which are very
similar. Since the SVs tend to be highly localized, the first 10
SVs are typically selected. In this study, the singular vectors
are calculated using a Euclidean norm at initial and final times.
This is a reasonable choice since all the variables of the model
are equivalent and the background error covariance matrix is
nearly diagonal (Fig. 2). Experiments using the analysis error
covariance to provide the initial time norm (often referred to as
Hessian singular vectors) produced very similar results to those
presented here. The SVs are mixed using a rotation matrix, S, so
that the perturbations become

X =VS§, (5)

where the columns of V contain the SVs and the columns of
X* contain the perturbations to be added to the ensemble mean
analysis. S is chosen to minimize the cost function

K [N 1/4
=3 {Z (X;*,i)g} : ©)

i=1

where X, is the resultant perturbation of variable i for member

J. This minimization is performed to produce perturbations that

are similar to the SVs, but have smaller local maxima and a more
uniform spatial distribution. C ; is minimized by examining all
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the pairs of SVs and minimizing C ; for each pair in turn. The
resultant perturbations are scaled so that the ensemble spread at
the assimilation time is equal to the average RMS error of the en-
semble mean forecast. The second 10 perturbations are set equal
to the negative of the first 10 perturbations. This approach is cho-
sen to closely mimic the approach taken by ECMWEF (Molteni
et al., 1996).

The approach used here differs from that used at ECMWF
by two extra features of the ECMWF system. First, ECMWF
combine the initial time singular vectors with evolved singular
vectors (Barkmeijer et al., 1999). This aims to improve the ability
of the ensemble to capture errors that are important in the early
part of the forecast. Second, ECMWEF calculate singular vectors
over a number of regions, the northern and southern hemispheres
and the tropics meaning that the number of singular vectors used
is greater than the number of ensemble members. Both of these
differences would likely improve the performance of the per-
turbation scheme, but are unlikely to have a large effect on the
results seen later in this study (see Section 6.3).

4.3. Ensemble Kalman filter (EnKF)

The Kalman filter (Bozic, 1979; Kalman, 1960) is a data assim-
ilation scheme which provides an optimal estimate of the true
state of the system, given certain conditions. The filter works by
maintaining an estimate of the true state, which is updated by a
forecast of the state from the previous time and by observations.
Errors in the observations, the state at the previous time and the
model for propagating this state forward in time are accounted
for (although here a perfect model framework is being used).
The filter provides an optimal data assimilation system if the
model and observation operator are linear, and all the errors are
Gaussian. These conditions are not met by NWP models of the
atmosphere. For NWP models the ensemble Kalman filter is a
useful approximation of the Kalman filter, which allows the data
assimilation to be computed on the basis of a limited size ensem-
ble. It still assumes that all the errors are Gaussian (which will
not be the case when non-linear models are used) but behaves
well even when they are not.

As input the EnKF requires an ensemble of forecasts of the
current state from which the background error covariance may
be estimated

IA)b_XfoT
T K-1

, @)

where K is the size of the ensemble and the columns of X/ cor-
respond to the difference between an ensemble member and the
ensemble mean forecast. In common with others (Houtekamer
and Mitchell, 1998) a localization function is applied to this co-
variance matrix

J _ pb . .
Pi,/' —P[YjC(|l—j|,D), 8)
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where C is the popular 5th order function of (Gaspari and
Cohn, 1999). Throughout this work a covariance localization
half-width of 24 variables is used, as this produces best per-
formance for the analysis, using background error covariances
from the EnKF (see Section 6.3). The localization excludes long
range correlations in the background error, which are likely to be
spurious. The ensemble mean analysis is calculated using

X* =X/ + G[Y - HX")], )

where the symbols take the meanings given in eq. (2), and G is
known as the Kalman gain, given by

G =P""H" HP"H” + R)". (10

The inversion of the term on the right of eq. (10) can be very
expensive for NWP models which use large numbers of observa-
tions. These equations are identical to eq. (2), the 3-D Var update
equation, except that the background error covariance matrix pr!
is estimated from the ensemble rather than being static.

Equation (9) is correct for performing the update of the ensem-
ble mean, or analysis, but to derive the correct distributions of
analysis perturbations it would normally be necessary to perturb
the observations, Y. However, since R is diagonal it is entirely
appropriate to process the observations serially (Whitaker and
Hamill, 2002). In this case HP?/H7 and R reduce to scalars. To
update the perturbations without perturbing the observations G
is multiplied by

-1
1+ R (11)
o = e E—— .
HP?/HT + R

This algorithm performs better than the standard EnKF with
perturbed observations (Evensen, 2004), and is much faster for
the simple model used here.

A fixed inflation factor (Anderson, 2001) is applied to the anal-
ysis perturbations and along with covariance localization helps
to ensure that the perturbations have the correct spread at the next
time step. When using background error covariance information
from the ensemble (see Section 6.3) the perturbations need only
be inflated by 1% to ensure the correct spread. Since using a
static background error covariance matrix degrades the skill, an
inflation factor of 16.2% has to be used when a 3-D Var analysis
scheme is used. This inflation factor is chosen to ensure that the
ensemble perturbations have the right spread for a forecast with a
lead time of 0.4 time units. The variable inflation factor of Wang
and Bishop (2003) would have been used. However, the variable
inflation factor did not behave stably, and made the results much
worse. This is due to the algorithm introducing a feedback into
the perturbation size, creating undesirable oscillations.

4.4. Ensemble transform Kalman filter (ETKF)

The ETKF (Bishop et al., 2001) is equivalent to the EnKF and
allows for rapid calculation of the analysis perturbations. The
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ETKF is approximately 10° times faster than the serial EnKF
for current NWP models. The efficiency of the computation re-
lies on the analysis perturbations being in the subspace of the
forecast perturbations. Hence, covariance localization is not pos-
sible within the ETKF framework. The scheme centres around
calculating a transform matrix, T, which transforms the forecast
perturbations according to

X = X/T. (12)

The analysis perturbations for a given variable are therefore a
linear combination of the forecast perturbations for that variable.
Thus, the ETKF may be seen as being closely related to the error
breeding method.

The transformation matrix is calculated as (Wang et al.,
2004)

T=CT +D2CT, (13)

where C and I are derived from the eigenvectors and eigenvalues

of the matrix

E_ (R‘”QHXf )T (R‘I/ZHXf)
= s .

(14)

Since X/ contains the ensemble perturbations (and therefore
must sum to zero) one of the eigenvalues of E will be zero.
'isa (K — 1) x (K — 1) diagonal matrix containing all the
eigenvalues of E except this zero eigenvalue, and C contains
the corresponding eigenvectors, save the one relating to the zero
eigenvalue. The perturbations thus generated will be orthogonal
to each other in the space of the observations (Wang et al., 2004),
and have the appropriate variance, as dictated by the Kalman
filter formulation.

A fixed inflation factor is used to inflate the ETKF perturba-
tions. Since the ETKF cannot support covariance localization a
much larger factor is required than for the EnKF. An inflation
factor of 96% was found to ensure that the perturbations were
the correct size for a forecast with a lead time of 0.4 time units.

4.5. Random perturbations

The final perturbation scheme considered here is the simplest—
adding white noise to the analysis. The perturbation at one point
is independent of the perturbation at all other points, and condi-
tioned according to

K
> X4, =0 foralli (15)
j=1
and

K
Z (Xj',i)z = 6)12

j=1

for all i, (16)

2
n

average equal to the RMS error of the ensemble mean forecast at
the assimilation time. The distribution of the noise is chosen to fit

where o> is chosen so that the spread of the ensemble is on
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Fig. 3. Frequency distribution of the observed analysis errors for the
3-D Var system. This distribution is approximately the convolution of a
Gaussian with a symmetric exponential distribution, indicating that
large errors in the analysis are more common than in a Gaussian
distribution.

the distribution of the measured analysis error. This distribution
is given in Fig. 3 and is the convolution of a Gaussian and a
symmetric exponential distribution.

To apply the above conditions on the perturbations, a random
sample was first drawn from the appropriate distribution. In gen-
eral the mean and variance of this sample do not meet the above
conditions, so the mean and variance of the sample are found,
and the perturbations are normalized before being applied.

5. Results

In this section, the perturbation schemes are compared using a
number of different methods. The RMS spread of the ensemble,
the skill of the ensemble mean and the rank histogram are used.
The Brier skill score for forecasting the event X ; > 2 for all i has
been considered, but is not presented since this yields no new
information in addition to the other scores.

5.1. Skill of the ensemble mean

The greater the ability of an ensemble forecast to account for the
likely errors in the forecast, the greater the skill of the mean of
that ensemble forecast. Therefore, the skill of the ensemble mean
can be taken as a (crude) measure of the quality of the ensemble.
Figure 4 shows the RMS error of the ensemble mean forecast
for the five perturbation strategies. The skill of the ensemble
mean forecast for the EnKF and RP schemes are similar, with
some suggestion that the EnKF is slightly superior. The ensemble
mean of the ETKF is the next most skillful followed by the SV
ensemble. The error breeding ensemble is substantially worse
than the other methods. These rankings are likely to be largely
due to the results for the spread of the ensemble versus the RMSE
of the ensemble mean at longer lead times (see below).
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Fig. 4. RMS error of the ensemble mean. The EnKF and RPs have the
lowest errors, performing slightly better than the ETKF. The SV
ensemble is next best with the error breeding ensemble performing
worst.

5.2. Spread—error of the ensemble

Ideally, the spread of the ensemble will be equal to the RMS
error of the ensemble mean at all lead times. Figure 5 shows the
RMS spread of the ensemble, divided by the RMS error of the
ensemble mean. All of the ensembles have been tuned so that this
ratio is equal to unity for the optimization time of the singular
vectors (0.4 time units). Both the EnKF and ETKF show robust
performance with the ensemble spread close to one for all lead
times. There is little difference between these filters for up to
lead time of 0.8 time units. After this time the performance of
the ETKF ensemble deteriorates further. Initially the spread of

Ratio of spread / RMSE of mean

——  Error breeding
sV

L ---- EnKF 1
--—-- ETKF
L T Rp 4
0.0 ! ! I |
0.0 0.5 1.0 1.5 2.0 2.5

Lead time

Fig. 5. Ratio of the RMS error of the ensemble mean to the spread of
the ensemble. All of the schemes are tuned to have the correct spread at
the optimization time of the singular vectors (0.4 time units). For the
ensemble Kalman filters this ratio stays close to 1 for all lead times.
However, the ensemble spread for the error breeding and singular
vectors methods does not grow at the correct rate. The full EnKF
appears to be slightly superior to the ETKF.
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the RPs ensemble decreases, but then levels off to a value very
close to one.

Error breeding is clearly the worst performer amongst the
schemes, showing growth that is much too slow. The poor per-
formance is attributable to the perturbations being very similar,
as is seen later (Section 5.4). The initial growth of spread of the
SV ensemble is rapid. At around the optimization time (0.4 time
units) the growth rate plateaus, after which the growth rate is too
slow.

5.3. Rank histogram

If each ensemble member is an equally probable sample from
the true pdf of the forecast, then the truth should have the same
statistical properties as the ensemble members. For each variable
one can order the ensemble members, and find where the truth
lies within this order. If the ensemble forecast samples the true
forecast pdf, then the truth is equally likely to lie in any of the
K + 1 bins.

The error breeding and SVs schemes do not aim to provide
a random sampling of the forecast pdf, rather they attempt to
identify which errors are likely to grow rapidly. Computation of
a pdf from the ensemble forecast is a non-trivial work. Nonethe-
less, the rank histogram can provide useful information on the
quality of the ensemble schemes. In particular, if the number of
times the truth lies outside the range of the ensemble is larger
than would be expected, then this is a clear sign of problems with
the ensemble.

The rank histogram for forecasts with a lead time of 0.4 time
units (Fig. 6) indicates that the EnKF is superior to the other
methods with its rank histogram being closer to flat than the

0.25[ 1
020+ H
0.5 — Error breeding ]

Iy F SV i

g F ---- EnKF ]

Z Bk - ETKF ]

= F — —- Noise il

= 010k /]

[N
=]

Ensemble member

Fig. 6. Rank histogram for the five perturbation strategies, evaluated
for the optimization time of the singular vectors (0.4 time units). All of
the schemes have the correct spread at this time (see Fig. 5). Error
breeding is clearly inferior to the other methods, and the full EnKF
appears to have the best performance. The peak in the centre of the
diagram for singular vectors and error breeding is due to the use of
+/— pairs in centring the perturbations.
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Fig. 7. The frequency of the excessive number of outliers for varying
lead times. The EnKF and RP ensembles are close to perfect, and for
the other methods the truth too often lies outside the range of the
ensemble. As the spread of the SVs ensemble increases very rapidly
initially, it appears to improve quickly with increasing lead time.

rank histograms for the other methods. The rank histogram for
the random perturbations has too few outliers, indicating that
the perturbations are less similar to each other than a random
draw from the pdf of the forecast. This is because the ensemble
mean of the perturbations is set to zero at every point (see eq. 15)
which introduces a small anti-correlation between the perturba-
tions. There is a peak in the centre of the rank histogram for the
SV and error breeding perturbations which is a consequence of
choosing +/— pairs to centre the ensemble. The ETKF perfor-
mance is superior to error breeding and SVs—even though all
the ensembles have the same spread at this time.

A crucial aspect of rank histograms is the frequency with
which the truth lies outside the spread of the ensemble. This
frequency is a single-variable estimate of the skill of an ensemble,
and the frequency of outliers, relative to the ideal value of 2 /(K +
1) is plotted in Fig. 7. Error breeding has a large number of
outliers for all lead times. The SV ensemble has a quick reduction
in the number of outliers, due to the initially rapid growth of the
ensemble spread. The ETKF varies between having two to three
times the ideal number of outliers, which is always less than for
error breeding or SVs. The EnKF has slightly too few outliers,
but is closer than all the other methods to the ideal frequency for
all lead times. The RPs ensemble has even fewer outliers, for the
reason discussed above. All of the ensemble forecasts have closer
to the ideal number of outliers at longer lead times indicating
that performance at short lead times is more informative than
the performance at long lead times. This is a general feature of
ensemble forecasts, as noted by Wei and Toth (2003).

5.4. Average eigenvalues

The average eigenvalues of the normalized forecast perturbations
(Fig. 8) can provide useful information on the independence of
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Fig. 8. Sum of the eigenvalues of the forecast perturbations in
normalized observation space measured for a one time step forecast
(the assimilation time). This indicates the extent to which the forecast
perturbations are independent of each other. The SVs method uses
+/— pairs for centring the ensemble, and it can be seen that one half of
these pairs is very similar to the other half. Both ensemble Kalman
filters show good independence of the perturbations.

the perturbations from one another (Wang and Bishop, 2003).
These are the eigenvalues of the matrix given in eq. (14) which
are routinely calculated as part of the ETKF computation. These
are therefore an assessment of a single time step forecast. The
sum of these eigenvalues is related to the spread of the ensemble
at this time. At this point it is not the values that are of interest,
but the slope the eigenvalue with ensemble member. For error
breeding there is a great deal of similarity between the ensem-
ble perturbations, indicated by the first eigenvalue being much
larger than all the others. The singular vector perturbations show
amuch more even distribution of the eigenvalues, but the second
10 perturbations are very similar to the first 10, as might be ex-
pected. The EnKF, ETKF and RPs generate a broad spectrum of
independent perturbations, with increased independence for the
ETKEF perturbations, presumably due to the orthogonalization
that has been applied to this set.

6. Discussion

6.1. Performance of singular vectors, error breeding
and random perturbations

In this study, the two most established methods of initial condi-
tion perturbations appear to be the worst performing methods.
For error breeding this is due to the perturbations being very sim-
ilar (as is seen in Fig. 8). It is less clear why the SVs ensemble
performs poorly.

The SVs identify those structures which will grow most
rapidly during the forecast. However, there is no guarantee that
the analysis error projects significantly onto these vectors. The
rank histogram suggests (Fig. 6) that the singular vectors are
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often dissimilar to the analysis error. The SVs tend to be local-
ized perturbations at initial time. Since a localized perturbation
propagates over slightly less than 40 variables in the forecast
time considered here, 10 independent localized perturbations
will struggle to cover a 300-variable domain in the time. Hence,
the rank histogram may be showing the fact that the SV ensemble
has not perturbed all grid-points.

Changes to the configuration of the L95 model can lead to sub-
stantial improvements of the performance of the SV and ETKF
ensembles. Tests have been performed with a 40-variable ver-
sion of the model, using the standard observation errors (0.1),
observation errors 10 times larger, and a configuration with a
well and poorly observed region, simulating a land—sea contrast.
For these tests the ratio of the ensemble mean error to ensem-
ble spread was much closer to one for all perturbation methods.
The SV and ETKF ensembles had far fewer outliers than for
the 300-variable model. The error breeding ensemble performed
much worse than the other systems. It was better for the case
with small observation errors than for large, indicating that the
scaling of the initial perturbations effects the quality of the error
breeding ensemble. The performance of the RP ensemble did not
change, still providing near-perfect forecasts. The EnKF was not
tested for these configurations since the localization scale used in
the 300-variable version is similar to the size of the 40-variable
system.

Apart from the ‘n’ shaped rank histogram, Fig. 6, the RPs
ensemble appears to perform extremely well. Since the aver-
age background error covariance has nearly all its weight at the
origin, the errors in the analysis are typically uncorrelated, and
hence white noise would be expected to closely reproduce the
errors observed in the analysis. This, and the insensitivity of the
L95 model to imbalance, mean that the random perturbations
ensemble performs well.

For an NWP model one does not expect a RPs scheme to
perform well. An NWP model has a vast state space (~108 vari-
ables) which dwarfs the number of ensemble members which
are normally run. Methods such as SVs and error breeding aim
to sample only those initial condition perturbations that grow
rapidly and therefore dominate the forecast error. For models
as large as NWP models the efficient sampling of fast grow-
ing initial condition perturbations is important and RP methods
are likely to lead to unreliable estimates of uncertainty, as was
discussed by Lorenz (1965).

The RP ensemble performs extremely well for the all the
configurations which have been tested here. Thus, one may be
tempted to discard the Lorenz 95 model, concluding that it is too
simple to have any relevance to NWP systems. However, by con-
sidering the background error covariance information derived
from ensemble integrations (below) it is possible to construct
tests for which random perturbations are considerably inferior
to filtering methods, and it is on the basis of such tests that the
conclusions of this work are based.
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6.2. Adding noise to the perturbations

If it is chosen to run the EnKF without localization then one
may take advantage of the considerable computational speed
increase of the ETKF. However, from the good performance of
the EnKF above it is evident that covariance localization brings
considerable improvements to the ensemble, especially when
the background error covariance estimate is used in an analysis
scheme.

The effect of covariance localization is to ensure that the anal-
ysis update for distant points in the system are performed inde-
pendently. Therefore, it is expected that the average background
error covariance, P?, between distant points will be zero (as is the
case, see Fig. 2). However, due to random sampling using a lim-
ited size ensemble the RMS of the background error covariance
between distant points should be 1/+/K times the average value
of the background error variance. This is seen for the EnKF with
localization (Fig. 9), which also shows a noticeable suppression
of the variability in P? within the localization area. It may be
possible to improve the localization by fitting a correlation func-
tion to P?, rather than multiplying by another function. However,
this would require knowing the appropriate function to which to
fit.

The ETKEF (or equivalently EnKF without localization) also
provides a good estimate of the average background error co-
variance between distant points (indistinguishable from Fig. 2).
However, the variability in P?, as measured by the RMS, is much
reduced for distant points and much enhanced for nearby points,
see Fig. 9. Therefore, the spurious long-range correlations in-
troduced by the small sample size are squashed by the EnKF
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Fig. 9. The RMS of the background error covariance between a given
point and variable number 150, W, estimated from the EnKF
(solid line) and ETKF (dashed line) ensembles. The dotted line shows
the value that would be expected for the EnKF at long distances, based
on the updates of distant points being performed independently. The
value of this quantity for distant points from the ETKF ensemble is
suppressed due to spurious long-range correlations in the ensemble.



546 N.

0.0012 T — T — T — T 7

ETKF with noise
Ideal
0.0010

0.0008

0.0006

RMS covariance

0.0004

0.0002

00000 0w
100 120 140 160 180
Distance (variables)

N
s}
S

Fig. 10. The RMS background error covariance with variable 150 for
the ETKF with added noise, parameters tuned as in Table 1. Also
plotted is the ideal value this would take if the analysis update for
distant points were independent. The value seen for the ETKF is still
slightly suppressed.

processing, reducing the variability in P? at long range. The ef-
fect of localization is to restore the variability in the background
error covariance estimated from the ensemble. This squashing
of the variability may be the effect responsible for the suppres-
sion of the variability for the EnKF with localization within the
localization area.

To improve the quality of the ETKF perturbations without the
cost of localization, Corazza et al. (2002) considered combining
the ETKF with RPs and found considerable benefits. Since RPs
are uncorrelated they may increase the variability of P’ at long
range for the ETKF. Fig. 10 shows P’ for the ETKF combined
with RPs and that the background error covariance derived from
this ensemble can closely resemble the shape one would ideally
expect.

6.3. Quality of the analysis

Given the near-perfect performance of the RP ensemble seen
above it is difficult to assess the relative quality that the pertur-

Table 1.

E. BOWLER

bation methods would have for an NWP model. Additionally it
would be difficult to assess the benefits of combining the ETKF
with RPs. However, the quality of the analysis that is produced
when using the ensemble estimate of P” in the 3-D Var scheme
may used to measure the quality of the ensemble forecasts. The
average RMS error of the analysis produced when calculated
using the background error information from the ensemble is
shown in Table 1. All these ensembles perform excellently when
verified using the methods in section 5. However, it can be seen
that the background error information provided by RPs is con-
siderably inferior to that provided by the other methods.

Although the ETKF is incompatible with covariance localiza-
tion, the P? estimated by the ETKF may be localized before it is
used as input to the analysis scheme. The results in Table 1 indi-
cate that the EnKF with covariance localization is the best pertur-
bation strategy, followed by the combined ETKF-RPs scheme.
For this scheme, the RPs contribute around 7% of the variance
of the total perturbations. The performance of error breeding is
much improved by combining with RPs. This may explain why
error breeding has not been seen to be clearly inferior to SVs for
NWP models, since deterministic parameterizations with their
numerous switches may provide some of the noise required to
keep the bred modes distinct from each other.

It should be noted that using either the ETKF or error breed-
ing alone did not provide adequate information and lead to the
analysis irrevocably diverging from the true solution. However,
if the ETKF or bred perturbations are ‘refreshed’ using RPs then
considerable benefit is seen with an analysis having as little as
60% the error of the 3-D Var case. It is the interaction of the RPs
with the dynamics that allows them to closely resemble struc-
tures seen in the analysis error. The EnKF is the only method
that does not benefit from the addition of noise, with the analysis
being superior to that obtained using other methods.

Combining SVs with RPs did not provide an improved analy-
sis compared with the RPs alone. This indicates that the singular
vector perturbations, even when combined in the complex way
described in Section 4.2 do not provide an estimate of the anal-
ysis error. This is in agreement with the results found for NWP
models (Fisher and Andersson, 2001).

The best analysis which can be found for the various perturbation schemes

when combined with the RPs. The EnKF with localization is clearly superior to the

other methods. Combining singular vector perturbations with RPs produced an

analysis which was inferior to using RPs alone. The analysis made when using the

ETKEF or error breeding alone diverged irrevocably from the truth

Method Noise 7, Localization D Mean spread Analysis error
Static P? 0 N/A N/A 0.0400
EnKF 0 24 0.0173 0.0174
ETKF + RP 0.0064 7.5 0.0241 0.0249
Breeding + RP 0.0120 5 0.0277 0.0296
RP 0.0453 3.5 0.0400 0.0369

Tellus 58A (2006), 5



COMPARISON OF PERTURBATION STRATEGIES ON A SIMPLE MODEL 547

6.4. Localization and the ETKF

Another approach to improve the ETKF perturbations is to apply
the ETKF over a series of local areas, similar to the local EnKF
(LEKF) proposed by (Ott et al., 2004). They calculate the analy-
sis for a given grid point as the solution of the EnKF over an area
centred on that grid point. Only observations and model fore-
casts local to that point are considered in updating the ensemble
at the point in question, so this is an effective form of covariance
localization. Since the area over which the EnKF is solved only
changes one grid-point at a time, the solution produced by this
algorithm will vary smoothly over the model domain. However,
this scheme is still potentially rather expensive—it requires that
the EnKF is solved for every grid point and scales with the fourth
power of the horizontal resolution.

With the ETKF, a rather helpful enhancement to the LEKF
scheme presents itself. The solution of the ETKF gives a trans-
form matrix, in which the analysis perturbations for some vari-
able at a point are written as a linear combination of the fore-
cast perturbations for that variable at the same point. By solving
the ETKF over local areas one may produce the same solution
as for the LEKF scheme. However, it is possible to solve the
ETKEF at a sparse set of points, and interpolate the transform
matrix between these points. The difficulty is that the trans-
form matrix calculated at one point needs to be consistent with
the transform matrix calculated for all adjacent points. The de-
termination of the transform matrix by the spherical simplex
method (see above and Wang et al., 2004) may give the required
consistency, since this necessarily requires that all the diago-
nal elements of the matrix are positive. Provided the areas over
which the ETKF is solved are sufficiently large and the points
are not too sparse, then the interpolation should not cause serious
problems.

To demonstrate the effect of the interpolation of the transform
matrix, the local ETKF scheme is run using an area size of 41
variables (very similar to a localization half-width D of 20 vari-
ables) for various numbers of points. Where the scheme is run
for 300 points this corresponds to the original LEKF scheme,
and where it is run for 150 points the transform matrix is cal-
culated at every other point. The background error covariance
matrix from this ensemble is calculated, localized in the stan-
dard manner, and used by the 3-D Var scheme. Table 2 gives the
performance of the analysis when the local ETKF approach is
used. There is little difference between the approaches for all the
number of points used. If the local areas of adjacent points do
not overlap, then the scheme is unstable, but it appears to work
well in all other circumstances. Furthermore, since the quality
of the analysis does not deteriorate with increased interpolation
these results indicate that the transform matrix obtained in one
region is very similar to that obtained in the adjacent regions.
Given as areas for the LEKF with an NWP model are given at
around 1000 km across for an ensemble of size 40 (Szunyogh
et al., 2005), the local ETKF could safely interpolate between
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Table 2. Performance of the 3-D Var analysis scheme when the local
ETKEF scheme is used to specify the background error covariance. For
all configurations local areas of 41 variables were used, and covariance
localization applied to the P” calculated from the ensemble. The
interpolation does not appear to adversely affect the system, and the
differences in performance are not believed to be significant.

Number of points Localization D Mean spread  Analysis error

300 20 0.0182 0.0179
100 20 0.0182 0.0178
60 20 0.0182 0.0178
20 20 0.0181 0.0177
10 20 0.0181 0.0179

points separated by less than this distance, thus 200 local areas
over the earth would probably suffice.

7. Conclusion

Five ensemble perturbation schemes have been tested on a simple
model in an environment without model error. Although these
tests are on a simple model, it is hoped that they will provide
guidance on which schemes are likely to provide the best en-
semble perturbation strategy for short range weather forecasting.
The standard verification scores indicated that RPs was at least as
good as any other method. This result is not expected to be repro-
duced in NWP models so a different verification approach was
developed, based on assessing the quality of an analysis which
uses the ensembles to provide background error covariance in-
formation. These tests indicate that the ensemble Kalman filter is
the best framework for generating initial condition perturbations
for an ensemble. The localization of the background error co-
variance is central to the performance of the EnKF. Combining
either the ETKF or error breeding with RPs brings considerable
improvements on any of these perturbation schemes alone.

The potential problems introduced by covariance localization
or adding noise does not appear to affect the results for this sim-
ple model. Although imbalance is an important issue in NWP
models it has been shown (Mitchell et al., 2002) that covariance
localization may be used without introducing serious imbalance.
Model error must also be accounted for in NWP models, and
one way of doing this is a ‘stochastic physics’ parameterization.
Such schemes may improve the performance of the filtering per-
turbation methods (ETKEF, error breeding) in the same way that
combining these schemes with RPs has produced improved per-
formance here. However, other authors (Mitchell et al., 2002)
have found it difficult to devise a good model error parameteri-
zation.

This study has been limited to a simple model without model
error and with a size of the model state much less than that
used for NWP models. However, the system is sufficiently large
that it is not a trivial matter to provide an accurate ensemble
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forecast. This limitation on the system size may make the ETKF
and EnKF appear more attractive than they would otherwise,
since the size of the ensemble affects the determination of the
perturbations. Model error (and its parameterization) is likely
to make the perturbation schemes appear more equal (since the
ensemble quality will depend sensitively on the parameterization
quality).

Therefore, it is worth investigating the performance of the
ETKEF on atmospheric NWP models as this should prove to be
a quick and effective method for generating ensemble perturba-
tions. An EnKF which permits the localization of background
error covariances is likely to be superior to the simple ETKF,
and a cheap method for achieving this has been shown to exhibit
good performance.
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