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ABSTRACT
Transparent lateral boundary conditions are derived for two linear systems of equations which support baroclinic waves.

The first consists of a two-layer model of two superposed immiscible fluids of different densities. The second consists

of a multilevel model of the hydrostatic primitive equations in two (x—z) dimensions. A practical demonstration is

given of the efficacy of these boundary conditions for both system of equations. First, it is shown that the boundaries

are transparent to outgoing waves. Secondly, it is demonstrated that externally imposed incoming waves enter without

distortion.

1. Introduction

For the reasons described in the introduction to McDonald
(2000), the High-Resolution Limited Area Modelling group
(HIRLAM) has initiated a research programme whose objec-
tive is to improve its incumbent boundary coupling scheme, that
described in Davies (1976, 1983). (For an update on the ‘Davies
scheme’, see Marbaix et al., 2003.) As part of that research
programme, this paper addresses the question: can transparent
boundary conditions be constructed for baroclinic waves?

In a seminal paper, Engquist and Majda (1977) described a
method for dealing with ‘open’ boundaries, that is, boundaries
which are not physical, but rather mathematical constructs forced
into the ‘initial boundary value problem’ by aneed to solve iton a
computer over regions of space which are not bounded by phys-
ical barriers. These regions are usually called ‘limited areas’ in
the meteorological and oceanic communities, possibly because
the first models of the atmosphere having open boundaries were
two-dimensional. Although their method is very popular with
other modelling communities (see Tsynkov, 1998), it has gen-
erated only limited interest in the meteorological and oceanic
communities. A possible reason is that although it seems to po-
tentially work well for barotropic waves (McDonald, 2002) or
sound waves, it seems totally inappropriate for baroclinic waves
(see section 3.2 of Durran, 2001).

The purpose of this paper is to argue that there is a way around
this obstacle and that it is possible to construct boundary condi-
tions which handle transparently both outgoing, and if desired,
simultaneously incoming gravity waves. The latter is important
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for two reasons. First, it may be useful in the context of oceanic
modelling, or at some future date in atmospheric modelling. Sec-
ondly, it demonstrates a method of injecting information accu-
rately through the boundary, which is an issue for nested models.
The expectation is that a similar approach will also work for more
sophisticated models which support the dominant ‘slow’ waves
of the atmosphere or ocean.

Thus, Section 2.1 shows how to build transparent boundary
conditions for the simplest possible system of equations that sup-
port a baroclinic wave as well as a barotropic wave, that is, that of
a model describing two superposed immiscible fluids of differ-
ent density. The fact that these transparent boundary conditions
work well is demonstrated in Section 2.3. Section 3.1 shows
how to make transparent boundary conditions for a multilevel
model of the two-dimensional linearized hydrostatic primitive
equations, which support multiple baroclinic waves. The trans-
parency of these boundary conditions is demonstrated in Sec-
tion 3.2 by integrating the equations using 10 vertical levels.

2. Two-layer model

The purpose of this section is (1) to derive transparent boundary
conditions for the simplest possible system of linear equations
which supports a baroclinic wave, and (2) to demonstrate via a
practical integration that these boundary conditions work.

The system of equations that describes two superposed immis-
cible fluids of different density is derived from the conservation
of mass and momentum with the Coriolis force set to zero; see
chapter 6.2 of Gill (1982), whose notation is used with minor
alterations. The equations are
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Here, x and ¢ are the space and time coordinates, g = 9.81 is the
gravitational acceleration, i is a constant advecting velocity, and

! p ! p
g =g~ g =g(1——1> 2.5)
P2 P2

where p; and p, are the densities of the upper and lower fluids,
respectively. The fields n, (x, f) and n,(x, f) describe the displace-
ment of the fluid surfaces from their resting thicknesses, H; and
H,, respectively. Lastly, u;(x, f) and u,(x, ) are the horizontal
velocity components (see fig. 6.1 of Gill, 1982).

2.1. Derivation of the boundary conditions

For a detailed discussion of the following approach to the bound-
ary problem, see chapter 10 of Gustafsson et al. (1995). Taking
the Laplace transform of eqs. (2.1)—(2.4) and using property 15
on p. 210 of Doetsch (1971) yields

AW (x, -
A% T sB(x,5) = (x, 04), 2.6)

X

where W is the vector (1, 92, Uy, u)" (superscript ‘t” denotes
transpose) and

P(x,s) = / e W(x, t)dr. 2.7
0

Also,
i 0 H H
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If a matrix Q can be found which diagonalizes A then eq.
(2.6) can be rearranged into a set of first-order linear differential

equations

Akw + sWi(x, s) = Wilx, 04). (2.9)
Here

wW=Q!¥, (2.10)

and Q~'AQ = A, where A is a diagonal matrix whose non-zero
elements are A;. The solution of eq. (2.9) is given on p. 21 of
Ince (1956):

Wix, s) = Wi(xo, s)e™ 004

1 X
+ A_ke—xx/)»k f Wk(é, 0+)eS$/Ak df. (2.11)
X0

The inverse Laplace transform gives the final solution. Consider

the first term on the right-hand side of eq. (2.11). Its contribution

to the solution is given on p. 209 of Doetsch (1971) as

Wilx, 1) = Wilxo, 1 — (x —x0) /]y 1> (x —x0)/A = 0,
(2.12)

Wi(x, 1) =0; t < (x —x0)/Ak. (2.13)

Let the integration region be 0 < x < L and imagine an ob-
server positioned at x = L/2. If A, > 0, then at any time after
L /(2A;) the solution is dictated by the boundary value W, (0, 1),
as can be seen from substituting xo = 0 in eq. (2.12). At any time
prior to that, the boundary value of W does not contribute to the
solution. If A; < 0, there is no contribution from the boundary
at x = 0 because of condition (2.13).

The first implication is that any waves approaching the bound-
ary at x = 0 from the interior will be reflected if the imposed
boundary fields are such that W (0, ¢) # 0, for any ‘k’ such that
Ax > 0. The second implication is that in a nested environment
where the desire is to ensure that only certain types of wave (say
mode m with A, > 0) enter the integration area to the exclusion
of others, then the imposed boundary fields must be such that
W,.(0, 1) is finite and that all other W, (0, ¢) for which A; > 0 are
zZero.

For the boundary at x = L the arguments are formally the
same. The waves entering the area are now characterized by
Am < 0.

The contribution of the initial state to the solution can be
deduced by taking the inverse transform of the second term on
the right-hand side of eq. (2.11); see property 159 on p. 222 of
Doetsch (1971).

The matrix Q™! can be deduced by finding the eigenvalues
and associated left eigenvectors of A — AI, where I is a unit
matrix. The four eigenvalues, written such that 1| > A, > A3 >

Ay, are
Al =il + co; Ay =i+ cy;
(2.14)
A3 =il —cy; Ay =1 — Cy,
where

4g,H1 Hz 172 12
- , (215
8(H1+H2)2] @15

co = [%(H. + Hy) {1+ [1
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The two ‘barotropic’ waves have velocities +c¢ and the two
‘baroclinic’ waves have velocities -c;. The associated left eigen-
vectors up to a normalization give the matrix (ag = 1 — gH| /c(zJ
anda, =1—gH,/c})

ar =1 (Ha/c)) —(gH Ha/coct)

Q‘1= ay —1 (Hyap/cy) _(ngHZ/CIC%) ’ 2.17)
a —1 —(Hiao/c1)  (gHiHy/cic})
ay —1 —(Hai/co) (gHiHy/coc})
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whose inverse is

_ g
@ %H ()
1 —1 —1 1
ay —ay —ay ap
(g/co) —(g/c1) (g/c1) —(g/co)
(coao/Hy) —(crai/Hy) (crai/Hy) —(coao/Ha)
(2.18)

Appendix A describes the practical details of translating the im-
position of W on the boundary into boundary values for the fields
11 and 1.

2.2. Discretization of the equations

For the spatial discretization, the wind fields are staggered from
the height fields, with the height fields at the end points. For
the time discretization, the leapfrog scheme is used. Thus, for
example, eqgs. (2.2) and (2.3) are discretized as

. R At
mi,n+1)=miEn-—1)—-—
Ax
. . 2H, At
X [m@+1,n) —m@ —1,n)] —
Ax

X |:u2 <i + %n) —up (i — %n)] , (2.19)

At
Ax

.3 1
><|:ul (l-i—z,n)—l/ll (l—EJl)]
2g At

———[mG + L,n) —m@, n)], (2.20)
Ax

wherex =i Ax, L =1Ax andt =nAt. Equations (2.1) and (2.4)
are discretized in exactly the same way. The boundary fields,
N0, n + 1), 120, n + 1), (I, n + 1) and 02, n + 1),
must be supplied. How to do this is discussed in Appendix A. A
Robert (1966) filter is used to control the computational mode.
Equation (2.19) is valid from i = 1 to i = I — 1. Equation
(2.20) is valid from i = O (where a right derivative is used for
the advection term) to i = I — 1 (where a left derivative is used
for the advection term).

1 1
u1<l+5,n+l>:u1 l+§,n—l —

2.3. Testing the boundary conditions

In this section a practical demonstration is given of the bound-
ary conditions derived in Section 2.1. First, it is shown that the
boundaries are transparent to outgoing waves: there is no reflec-
tion. Secondly, it is shown that they are transparent to externally
imposed incoming waves: they enter without distortion.

The parameters are Ax = 10km, At =9.0s, g’ =4.09, g" =
5.72, Hy = 5000 m and H, = 5000 m. These result in c¢q =
294.1ms~ ' and ¢, = 107.6 m s~'. The values of g’ and g” result
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from using the International Civil Aviation Office densities at
7500 m (p; = 0.56 kg m~3) and 2500 m (o, = 0.96 kg m~);
see, for example, table A14 of Met.0.1012 (1993). For the tests
described in this section, iz = 0. The complications caused by
non-zero i are probed in Section 3.2.

Two sets of integrations were performed with the same Ax
and Atr: one with L = 1000 km, / = 101, and a second ‘host
integration” with L" = 10000 km, I™ = 1001. The latter inte-
gration, whose boundaries are so far removed that no waves can
travel to them and back to the boundary of the guest area during
the length of the integration, is used as the ‘correct integration’
with which the test integrations will be compared. It is also used
to furnish the boundary fields to drive the integration in ‘test 2’
below.

Test 1: are the boundaries transparent for out-going waves?.
The initial state consisted of a bell-shape distortion of the two
surfaces centred at L/2 (see Fig. 1). The bell can be written as

{ [<x—xs>ﬂ
B(x,x,,Iy) =expy— T ,

where x; is the starting position and I'; is the half-width of the
bell. Using this generic formula, the initial state is given by

(2.21)

mx,0) = AB(x, L/2, L/20), n2(x,0) = —ni(x, 0)

u(x,0) =0, ur(x,0) =0, (2.22)

where A = 10 m. For the ‘host integration’ L" /2 replaces L/2 in
eq. (2.22)

This initial state contains a combination of all four waves, the
‘mode 0’ waves having amplitude A(2 — gH /c?) and the ‘mode
1> waves having amplitude A(2 — gH,/c3), as can be seen by
substituting eq. (2.22) into eq. (2.10). Once the integration starts,
the ‘mode 0’ waves travel in the £ direction with a velocity £cy,
and the ‘mode 1’ waves travel in the + direction with a velocity
= ¢;. Thus, for instance, after 23.25 min the apexes of the ‘mode
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Fig 1. The fields n; (top) and 7, (bottom) at the initial time.
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Fig 2. The fields n; (top) and 1, (bottom) after 23.25 min.

amplitude(m)

0’ (‘mode 1°) bell-shapes will have moved a distance 410 km
(£150 km), as is demonstrated in Fig. 2.

The eigenvalues A; and A, are greater than zero (/ = 2 in
Appendix A). Thus, imposing W, and W, ensures the integration
proceeds correctly at x = 0. The eigenvalues A3 and A, are less
than zero. Thus, imposing W3 and W, ensures the integration
proceeds correctly at x = L.

To see whether these waves will exit without reflection as the
integration proceeds, the boundary fields given by eq. (AS8) with
W, = 1., m =1, 2 are used. These are arrived at by replacing
eq. (A1) with

1 1
W] <E,H+I>ZW2(§,H+1>:O

and by replacing eq. (A3) with

[l el s o

The fact that the boundary conditions perform well is demon-
strated in Fig. 3, which shows the rms error for 1, and 7, com-
bined. The rms error at the end of the integration is 0.008 m.

To give an indication of how successful these boundary con-
ditions are, Fig. 3 also shows the rms errors for the ‘radiation
boundary conditions’ (see, for example, Durran et al., 1993),
implemented using the upstream scheme, which, for instance at
x = L looks like

At At
n,n+ D= |1-c"—|nl,n)+c"~—n —1,n)
AXx Ax
(2.23)

for both 1 and 7n,. Three different values of ¢* were tested: ¢,
¢y and (co + c1)/2. As can be seen from Fig. 3, using ¢* =
¢ worked well for the ‘mode 0’ waves, but not so well for the
‘mode 1’ waves, and vice versa. [It may, of course, be possible
to ‘tune’ ¢* to obtain smaller errors, as is discussed in Durran
et al. (1993). It is probably worth remarking that an additional
attractive feature of the boundary conditions being proposed in
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Fig 3. The combined rms error of 1 and 1, using radiation boundary
conditions with three different values of ¢* and transparent boundary
conditions.

this paper is that there are no ‘tuning parameters’.] In Fig. 3
the maxima at 0.94 h and 1.88 h are due to the ‘mode 0’ waves
reflected from the boundaries overlapping as they cross travelling
in opposite directions to generate a large amplitude which the
rms measure of error exaggerates. Similarly, the bump at 2.58 h
is caused by the reflection of the ‘mode 1’ waves.

Test 2: are the boundaries transparent for incoming waves?.
The purpose of this test is to show that waves from an exter-
nal source can be injected accurately into the integration area.
Thus, it is assumed that the following is known from data or
from a larger scale model: a (14+) mode initially positioned out-
side the area at x = —L/2 crosses the boundary at x = 0 dur-
ing the integration and is positioned at x = +L /4 at the end
of the integration. Can the boundary conditions described in
Appendix A accurately model this scenario? [Physically, this
is an unlikely scenario for a meteorological integration, where
gravity waves are regarded mostly as ‘noise’, but not so out-
landish for an oceanic integration (see, for example, p. 126 of
Gill, 1982). Nevertheless, the same parameters are used as in test
1, since the aim is simply to establish the principle that accurate
nesting is achievable for this simple system of equations.]

To generate the boundaries for this integration, a forecast was
run on the host area with the initial state consisting of a mode
(1+) bell-shape centred at x" = L"/2 — L. This was integrated
for 116 min, at which time the mode (1+) bell-shape was centred
atx = L"/2 + L /4. The field ¥"(x" = L"/2 — L/2 + Ax/2)
was computed at every time-step and written to a file. During
the nested forecast, this field was read in at each time-step and
used to generate the externally supplied boundary field W, (1/2,
n + 1) in eq. (Al). To make the integration more challenging,
the same initial state was used as in test 1. Thus, W(1/2, n +
1) = O replaces eq. (Al) and [W;[({ — 1/2) ,n+1]=0,i =
3, 4 replaces eq. (A3). Now, four bells will exit and one will
enter during the integration. Also, after 77 min of integration at
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Fig 4. The fields W (top, diamonds), W4 (top, plus symbols), W,
(bottom, squares) and W3 (bottom, times symbols) after 116 min.

x = O there will be a (14-) mode entering and a (1—) mode exiting
simultaneously.

Figure 4 plots the values of the four W fields after 116 min. The
(14) mode has the correct amplitude and is in the correct position
(the apex should be at x = 250 km). All the other modes have
invisible amplitudes, indicating that they have exited without
reflection. The rms error for the height field confirms the picture
painted by Fig. 4. It was less than 0.03 m throughout the run.

It is fair to conclude from the successful outcome of tests 1 and
2 that the transparent boundary conditions derived in Section 2.1
are amenable to discretization. This inspires the confidence to
take the next step, that is, to do the same for a more realistic
multilevel model.

3. Multilevel model

In this section, transparent boundary conditions are derived for a
system of equations, the two-dimensional linearized hydrostatic
primitive equations, which supports multiple baroclinic waves.
Also, a practical demonstration is given of their transparency.

3.1. The equations

The linearized inviscid hydrostatic primitive equations in x—z
coordinates can be written as follows (see Gill, 1982 for a de-
scription of the approximations involved in arriving at this lin-
earization, and, in particular, see section 6.11 of his book for a
discussion of the analytical solutions):

du'(x, z,t ap'(x,z,t
( )+ p'( ):

0, 3.1
o) o Gb
dp'(x, z,t dpo(z
o'(x,z,1) + po(2) w(x,z,0) =0, (3.2)
de dz
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op'(x, z,t ,

WD 4 ez =0, (3.3)
0z

du'(x,z,t ow'(x, z,t

Wz wwan (3.4)
ax 0z

In these equations, the pressure p’, the density p’ and the x- and
z-components of the winds «’ and w’ are small deviations from
an isothermal atmosphere, whose fields are designated by the
subscript zero and whose density is po(z).

There are lateral boundary complications caused by non-zero
horizontal velocities. Defining
d a d
a=5+uoa—x, 3.5)
where u is a constant, allows us to discuss them below.

To reduce typographical clutter later in this section, we define
p=p,p=p,u=pou and w = pow’. Then egs. (3.1)—(3.4)
become

du(x, z,t ap(x,z,t
(30 ot _

0. 3.6

dr ax oo

d 1) Nz

dotr.z0) N@ =0, 3.7
dr

ap(x,z,t

M.}.gl)(x,z,[)zo. (38)
0z

9 t 3 N?

wx, ) | dwez ) (z)w(x’zﬁ,)zo, (3.9

ox 0z

where the Brunt—Viisild frequency, N2, is defined in terms of
the density of the isothermal atmosphere as

g dpo(z)

N*(z) = —
@@=

(3.10)

Discretizing in the vertical and defining the p and u fields on
the ‘full’ levels, and the p and w fields on the ‘half’ levels, gives
rise to the following set of equations:

duy (v, 1) | pulr. 1) _

0, 3.11

dt 0x ( )

dp,(x, t N2

domx 1) Nuw oy =, (3.12)
dr g

Pimt1/(X, 1) = P12 (X, 1)

+ gpm(x, 1) =0. (3.13)

Az,
Oy (x, 1) Wit (172)(X, 1) — W1 /2)(X, 1)
+
dx AZm

NZ

+ S w,(x, 1) =0. (3.14)
8
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It is important to emphasize that p,, and w,, are defined by the
average of the two adjacent half-levels:

—

Pn =3 [Pt D)+ Py (x, D] ;

w,, = % [wm+(1/2)(x, 1) 4+ Wy—q/2)(x, t)] . (3.15)
Also,

Az = Zng(1/2) — Zm—(1/2)- (3.16)

Finally, it is necessary to define boundary conditions at the top
of the atmosphere, z;/,, and at the bottom of the atmosphere,
Zum+(12), where M is the number of full levels. In the absence of
orography, the physical boundary condition at the bottom is

Wpm+1/2) = 0. (317)

At the top of the atmosphere, the boundary condition w,, = 0
kills the external mode (see Kalnay, 2003, p. 46). Consequently,
amaterial boundary is used at the top in order to retain this mode:

dpija(x, 1)

o (3.18)

- gwl/z(x, [) =0.

Defining af = [1 + Az,,N2,/(2g)], multiplying eq. (3.14) by
Az,,,and summing over m yields arecursive relation for w i 2):

1 ouy(x, 1) n
Wh—1/2)(X, 1) = = AzmT + A Wip12)(x, 1) |

m

(3.19)

This, combined with eq. (3.17), facilitates the replacement of
eq. (3.14) with the following two equations:

M
duj(x,t
wy (e, 1) =~ me,jM,

3.20
N2 £ 0x (3.20)
m j=1
1 & Buj(x, 1)
) =—— —=. 3.21
wiya(x, 1) gZV] or (321

j=1

The matrix 7 and the transposed vector v are functions of Az,
N? and g only. Although algebraically complicated, they are
rather easy to generate in a computer program because of their
recursiveness. The factors in front of eqgs. (3.20) and (3.21) are
included to make eqs. (3.27) and (3.28) look more elegant.

Multiplying eq. (3.13) by Az,, and summing from the bottom
up results in

AZ» u
Pm(X, 1) = pyyap) + g(—lpm + Z AZ,'P,'), (3.22)

2 Jj=m+1

and acts as a reminder that the pressures at the top and bottom
of the atmosphere are not independent quantities:

M
P12 = Pm+ap) + 8 Z Azjp;. (3.23)

j=1

Introducing the vector notation v = (vi, va, ..., V)" and
defining of v and 7 via
M
YO =g(%vm+ > Az,»v,), (3.24)
Jj=m+1
M
nv=—gy Azv;, (3.25)
j=1

the equations to be solved become eqs. (3.26)—(3.29):

du(x,7) =~ op(x,f)
dr ax

0, (3.26)

dp(x,t) du(x, 1)
=0, 3.27
dr tT ox ( )
dpip(x, t) o du(x, 1) _

0, 3.28
dr 0x ( )

p(x, 1) = pip +1-p(x, 1) +p(x, 1). (3.29)

To arrive at a solution, differentiate eq. (3.29) with respect to
t and substitute eqs. (3.27) and (3.28) in the resulting equation
to obtain

dp ou(x, 1)

— +M , 3.30
dr + ox ( )
where

M=v.+nt1.+~vT. (3.31)

Here, the ‘dot’ conveys the fact that, if v is any vector, then both
v . v and T . v are scalar quantities whereas y7v is a vector.
Assume there exists a matrix E which diagonalizes M

E'ME = C?, (3.32)

where the diagonal matrix has been written as C for later conve-
nience. The diagonal elements are defined as C,, ,, = ¢,,. Using
eq. (3.32), egs. (3.26) and (3.30) can be rewritten as

dE '), IEp),
( )+( p)

=0, 3.33
dr dx ( )
dE'P) | , IE W),
=0. 3.34
a9 ax (-39
Defining

Wi =+E "), + L(E’lp)m (3.35)

m

enables the transformation of egs. (3.33)—(3.34) into a form

ow= ow=
4 (g £ cw)—" =0, (3.36)
Jat 0x

such that its Laplace transform is given by eq. (2.9).

Thus, at the western boundary for instance, if any of the fields
Wi(x, t) such that uy = ¢,, > 0 are non-zero at any time f,
then L/[2(uo £ ¢,)] seconds later this value of the field will
have been transported to the centre of the integration area. Since
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in a meteorological context this is usually undesirable, it is in-
cumbent to make sure that the boundary conditions are imposed
in such a way that Wﬁ(x, t) = O for these values of m. It is
possible to envisage scenarios, particularly in an oceanographic
context, where it was known that particular modes were entering
the integration area. Then, the particular WZ(x, 1) associated
with these modes must be assigned their known values and the
others associated with incoming waves put to zero.

To put the solutions in the form of eq. (2.10), first, order the
eigenvalues suchthatcy > ¢, > ... >cy>—cy > —cy_1 >
... — cy; secondly, write ¥ = (p, u); and finally, use eq. (3.35)
to obtain the characteristic looking combinations for m = 1, M

W, =W =(C'E'p+E'u),, (3.37)

Warrs1-m = W,, = (C'E"'p—E 'w),, (3.38)

from which the matrix Q! can be built. The matrix Q can be
built using eqgs. (3.37) and (3.38):

1 M
Q@W)ynj = pu = 5 D B (W) + Wasrs1);
j=1
m=1M (3.39)
1 M
QW) =ty = 3 Z E, j(W; — Waprp1-j);
j=I1
(3.40)

m=1,M.

For instance, W is the field associated with &z + ¢, and Wy, is
the field associated with &z — ¢;.

3.2. Testing the boundary conditions

In this section, a practical demonstration is given of the trans-
parency of the boundary conditions derived in Appendix A. First,
itis shown that the boundaries are transparent to outgoing waves:
there is almost no reflection. Secondly, it is shown that they are
transparent to an externally imposed incoming wave: it enters
almost without distortion.

Equations (3.11)—(3.14) are solved using the leapfrog scheme
to discretize in time. For the horizontal spatial discretization, the
wind fields are staggered from the density and pressure fields,
with the latter two fields at the end points:

u,,,(i—{-l,n—l—l) =um<i+l,n—1)—ﬁ—m
2 2 Ax
.3 . 1
X |:um <1+5,n> — Uy (z —§n>i|

- & [pmC +1,n)— pu(i,n)], (3.41)
Ax

Tellus 57A (2005), 2

. . At
pm(ls n—+ 1) = pm(ls n— l) T AL
Ax

. ) 2At

X [pm(l + 17 I’l) - pm(l - lv I’l)] = A

Ax

o1 .1
X |:[Tu]m (l + Ea n) - [Tu]m (l - Ev n>:| 5

(3.42)
, , iAr
pipli,n+1) = pipi,n—1)— Ax
. . 2At
X [prai+1,n) = pipl — 1,n)] — Ar

Jou(is b -vm(i- 2]

(3.43)

(i, n) = p1p(i, n) +n.pG, n) +vp(, n). (3.44)
The boundary fields, p,,(0,n + 1), p1,2(0,n + 1), p,u(I,n + 1)
and p (I, n + 1), must be supplied. How to do this is discussed
in Appendix A. A Robert (1966) filter is used to control the
computational mode. Equation (3.41) is valid from i = 0 (where
aright derivative is used for the advection term) to =/ — 1 (where
a left derivative is used for the advection term). Equations (3.42)
and (3.43) are valid fromi =1toi =1 — 1.

For an isothermal atmosphere, N> = g2 /(RT), with Ty a con-
stant. The value Ty = 250 K was used; R = 287.04 J kg~! K~
For the discretization, Ax = 10 km, At =9.0s, 71, = 10 km;
M = 10 and the levels are equally spaced; thus Az,, = —1 km.
These result in ¢; = 281.6, ¢, = 101.2, ¢c3 = 54.2, ¢4 = 35.3,
c5=249,c6=182,¢c7 =13.2,¢c3 =9.3,¢c9 =5.9,c190 = 2.9,
all of these having units of m s™'.

The advecting velocity was chosen to be it = 25 m s~!. This
furnishes a more severe test of the boundary strategy because at
x = 0, modes 1-16 will be entering and modes 17-20 exiting
the area and at x = L, modes 17-20 will be entering and modes
1-16 exiting the area.

Test 1: are the boundaries transparent for outgoing
waves?. The initial state contains four modes: W3(it 4+ ¢3 =
79.2), W(it + ¢7 = 38.2), Wig(ii — c; = —76.2) and Wy(ii —
¢; = —256.6). In the x-direction, the fields are bell-shaped and
centred at L/2. We define

Pi' = Qum, ' = Qiimm
[=1,M, m=1,2M, (3.45)
where Q is defined via egs. (3.39) and (3.40) and
M
P =) _ITECTE),; ). (3.46)
j=1
M
Py =Y [VECE™']; " (3.47)

j=1
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The initial state, for which the «’ field is displayed in Fig. 5, is
given by

wi(x,0) = (Asii; + Aqit] + Ayoit)’ + Axii°)
x B(x, L/2, L/10),
o(x,0) = (143,513 + A7/5,7 + 1419,5,19 + Azof?fo)
x B(x, L/2, L/10),
pi(x,0) = (A3 + A7) + Awp)” + A p;°)
x B(x, L/2, L/10),
P12, 0) = (A3 P} + AP o + APl + An i)

x B(x, L/2, L/10), (3.48)

where the amplitudes A,, were chosen such that the maximum
(x, 0)| equals 10 m s~'. (Recall that w' = u/p,.)
The sole reason for choosing this initial state is to generate

value of |u;,
reasonably clutter-free and interpretable figures. (Modes 615
move at similar speeds and they contain between five and nine
nodes. Including large numbers of these modes makes for hope-
lessly cluttered figures.)

Since, for the purpose of this test, all incoming waves are being
regarded as undesirable ‘noise’, it is necessary to ensure none of
them is excited by the boundary treatment. This is accomplished
as follows. Modes 1-16 are travelling in the 4+x-direction. Thus,
as was argued in Section 2.1, imposing W—W ¢ at the western
boundary ensures the integration proceeds correctly there. To
ensure none of these modes enters the area, replace eq. (A1) with
W, = 0; m = 1, 16, and build the boundary fields as described
there (with [ = 16). Also, modes 17-20 are travelling in the
—x-direction, and imposing W;—W,, at the eastern boundary
ensures the integration proceeds correctly there. To ensure none

0
T T T
700 800 900 1000

Fig 5. The wind anomaly v’ at the initial
time.

of them enters the area, replace eq. (A3) with W; = 0; j = 17,
20 and follow the derivation there.

After 32.4 min of integration time had elapsed, the apexes of
the mode 3, 7, 19 and 20 waves had travelled distances of 154,
74, —148 and —499 km, respectively, as can be seen in Fig. 6,
which shows the ' field. The apex of mode 20, which has no
nodes, has reached the western boundary; notice the absence of
reflections. Mode 19, which has one node, is easily recognizable;
its apex is at x = 352 km, as it should be. Modes 3 and 7 are still
intertwined.

After 108 min of integration time had elapsed, the apexes
of the mode 3, 7, 19 and 20 waves had travelled distances of
514, 248, —494 and —1663 km, respectively. Consider Fig. 7,
which displays the «’ field at that time. Mode 20 has successfully
exited the area with no visible reflections. The apex of mode 19,
which has one node, has just reached the western boundary;
notice the absence of reflections. The apex of mode 3, which
has two nodes, has just passed the eastern boundary; notice the
absence of reflections. Mode 7, which has six nodes, is now
easily recognizable; its apex is at x =747 km, as it should be.

After 237.6 min of integration time had elapsed, the mode 3,
7, 19 and 20 waves had travelled distances of 1130, 545, —1086
and —3658 km, respectively. Fig. 8 displays the u’ field at that
time. Modes 20, 19 and 3 have successfully exited the area with
no visible reflections. The apex of mode 7, which has six nodes,
has already passed through the eastern boundary; notice that
if there were any reflections their maximum value is less than
0.5 m s~! because the contouring package rounds upward.

A discussion of the quantitative size of the errors is given after
test 2 has been described in order to avoid repetition.

Test 2: are the boundaries transparent for incoming waves?
The purpose of this experiment is to show that waves from an

Tellus 57A (2005), 2
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Fig 6. The wind anomaly u’ after 32.4 min.

external source can be injected accurately into the integration
area. Thus, it is assumed that the following is known from data
or from a larger-scale model: a ‘mode 4 bell” initially positioned
outside the area at x = —L/2 crosses the boundary at x = 0
during the integration. Can the boundary conditions described
in Appendix A accurately model this scenario?

Two sets of integrations were performed: one with L =
1000 km, I = 101, and a second ‘host integration’ with L"
= 10000 km, I™ = 1001. The latter integration furnished the
boundary fields describing an incoming mode.

Distance (km)

To make the integration more challenging, the same guest area
initial state was used as in test 1. Thus, there were five waves
exiting and one entering the guest area during the integration. To
generate its boundaries, a forecast was run on the host area with
the initial state consisting of the same four modes as in test 1
centred at x" = L"/2 plus a mode 4 bell-shape centred at x" =
L"/2 — L. This was integrated for 9 h, at which time the mode
4 bell-shape was centred at x" = L"/2 + 1954 km. The field
Wh(xh = L"/2 — L/2 + Ax/2) was computed at every time-
step and written to a file. During the guest forecast, this field was

e
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0 1 \ \ \ \ \ T \ \ 0
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Fig 7. The wind anomaly " after 108 min.
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read in at each time-step and used to compute the field W, (1/2,
n + 1) for eq. (Al). All the other W,, associated with incoming
waves were put to zero, as described in test 1.

The chart of the «’ field after 237.6 min is shown in Fig. 9. In
it, the mode 4 field, correctly situated at x = 360 km, is easily
recognizable from its three nodes. Comparing Fig. 9 with Fig. 8
it is clear that the added complication of the entering wave has
not visibly corrupted the integration.

\
800
Fig 8. The wind anomaly u’ after 237.8 min.

In order to gain more insight into the level of transparency of
the boundaries, the rms difference between the W,, and zero

1
D W2, m/,

i=l1

for each mode m = 1, 20, was stored at each time-step. The
result is shown in Fig. 10. As can be seen, mode 4 has entered
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Fig 9. The wind anomaly u’ after 237.8 min.
0 0 100 500 200 400 o 00 700 ato 900 WOD[[J] now showing that mode 4 has successfully
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entered the integration area.
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———— made = all others
—— made = 3
—=— mode = 4
—=— mode = 7
—+— mode = 19
——<— made = 20

rms error for each mode

i 2 3 4 5 6 1 8
Forecast length in hours.

Fig 10. The rms difference between the each of the mode fields W,,,
m =1, 20 and zero.

and exited without exciting any visible spurious errors. Also,
each of the modes 3, 4, 7, 19 and 20 has exited without exciting
visible reflections in any of the potential incoming modes. In
fact, at the end of the forecast, after 9 h, the largest reflection is
into mode 14 (‘mode 7_’, so to say); the value is 0.033 modal
units. Since the initial value is 7.71 modal units, then by this
measure only 0.4% of mode 7 is reflected.

4. Conclusion

Additional urgency has been brought to the question, can the
boundary coupling be improved, by the increased use of nested
systems in which the innermost area is quite small. If it is small
enough for a rapidly moving meteorological feature to cross it
during the forecast period, the forecast error in the verification
area will be dominated by the errors coming from the inflow
boundary after a short time. In such a scenario, if the boundary
coupling is inaccurate, the coarser mesh ‘host’ model forecast
will be obviously superior to that of the nested finer mesh ‘guest’
model. Termonia (2003) gives a nice illustration of the problem.
He shows an example in which the host model correctly fore-
casts severe winds whereas the guest model fails to do so because
of boundary errors. In a central forecast office, a model that is
inferior in a dramatic forecasting situation, such as a devastat-
ing storm, becomes totally discredited even if it is superior in
predicting small-scale features in more routine forecasting situ-
ations.

This study is part of a programme within the HIRLAM group
whose ultimate objective is to find the best possible boundary
conditions for a nested non-hydrostatic model. The results pre-
sented here are sufficiently encouraging to retain faith in the
approach of Engquist and Majda (1977). A concluding quota-
tion from p. 431 of Oliger and Sundstrom (1978) seems apposite.
‘For the hydrostatic equations well-posed problems can only be

Tellus 57A (2005), 2

obtained if the boundary conditions are formulated in terms of
local eigenfunction expansions . ...’
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6. Appendix A: Transforming W" to ¥

This appendix explains how to transform the externally sourced
mode fields, W", into boundary values for the physical fields,
W. For example, consider the situation for the two-layer model
when &2 = 0. At the western boundary only two boundary fields,
W, and W,, are permitted. However, each of these is a linear
combination of the four fields, 1y, 12, #; and u,. The question to
be addressed is: how can these externally sourced fields W, and
W, be transformed into boundary values for 1, and 7, that knit
together seamlessly with #; and u,, which are internal fields on
the staggered grid?

In general, let A; be tabulated such that A} > A, > - -
(For the two-layer model K = 4, but the argument is general.)
Suppose A; > Ofor=1,/andA; <Ofor j =1+ 1, K.

Thus, at the western boundary the ‘/” fields W;, j = 1, [,
associated with the incoming waves are imposed. In order to
translate the imposition of these mode fields into conditions on
the physical fields, first build the fields W such that they are the
correct combination of externally imposed fields, designated by
the superscript ‘h’, and internal fields:

'>)‘~K~

=

=05, j=1L (A1)

i—1

WJ.=ZQ;}\1/,., j=1+1K. (A2)

i=1

Here, ¥ = (1, u)' for the two-layer model and ¥ = (p, u)' for
the multilevel model.

At the eastern boundary, where the ‘K — I’ fields W;, j =1 +
1, K, associated with the incoming waves are imposed, the same
procedure is applied with the appropriate alterations to eqs. (A1)
and (A2):

K

W= Qjiwl, j=I1+1,K; (A3)
i=l1
K

W_,:ZQ;%\IJ[, j=1L (A4)

i=1

Now that the correct modes have been designed for the bound-
aries it only remains to reconstitute the model fields

¥ = QW, (A5)
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where the superscript ‘r’ indicates that the physical fields have
been ‘reconstituted’ as a combination of interior and exterior
fields.

There remains the problem of how to handle the staggering of
the grid. The least extrapolations are required if W is constructed
at the u points immediately adjacent to the boundaries. Consider
the western boundary. To make V,,(Ax/2, n + 1) form =1,
M, an interpolation is required for the external host fields and an
extrapolation for the internal guest fields. The simplest possible
are used in eqgs. (A1)—(A4):

A wh (o, 1 wh(Ax, 1
‘I’::, _x’n_’_] _ O, n+1)+ Wi (Ax,n+ )’ (A6)
2 2
A 3Y,,(Ax, -V, 2Ax, 1
w(ﬂ(_x’m_l): (Ax,n+ )2 @Ax,n+1) (A7)

On the c-grid no extrapolation is required for W; (Ax/2, n +
1) fori = M + 1, K since u(Ax/2, n + 1) has already been
updated.

For m = 1, M the fields V,, (Ax/2, n + 1) reconstituted in
eq. (AS) are extrapolated to x = 0 via

A
W, 0,n41)=2¥" (Tx n+ 1) — W, (Ax,n+1). (A8)

This completes the task for the two-layer model. For the mul-
tilevel model there is an additional problem, that of deriving the
values of p and p,,. To see how to do this, multiply eq. (3.27)
by 7!, multiply eq. (3.34) by EC~2 and subtract

d
3 (7P —ECTETP) =0, (A9)
a solution of which is

p=TECE 'p. (A10)
Also, multiply eq. (3.34) by E C~2 and substitute the resulting
value of du/dx in eq. (3.28). This yields an equation which has
as a solution

pip =vEC?E'p. (A11)

It is easy to show that these are compatible with eq. (3.29).

In the integrations described in Section 3.2 p"(Ax/2, n +
1) and p{/z(Ax/Z, n + 1) were generated via eqs. (A10) and
(A11) and subsequently extrapolated to x = 0 using the same
extrapolation as in eq. (A8).

The extrapolations at the eastern boundary are performed in
the same way.
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