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ABSTRACT

This report demonstrates the basis for and some applications of an integral method to describe
the statistics of concentration fluctuations in dispersive media. The integral approach is
derived by using and then extending Lagrange’s method for solving the continuity equation.
Illustrative applications of the theory deal with diffusion parallel and perpendicular to the
mean motion of the host fluid, with consequences of different stochastic loss processes, and
with predictions of concentration fluctuations caused by turbulent diffusion and source-

strength variations.

1. Introduction

There has been recent interest in concentration
fluctuations for trace material in the atmosphere
(e.g., see Grandell, 1985). These fluctuations arise
from turbulent motions of the air and from
stochastic sources and sinks of the trace constitu-
ents. Interest in the statistics of concentration
fluctuations has arisen, in part, from new air-
pollution regulations based on concentration
extremes. The purposes here are to demonstrate a
theoretical base for an integral description of
concentration fluctuations and to present some
illustrative applications of the theory.

2. Concentrations in a non-dispersive medium

Let C be the concentration of the trace
material of interest, where ““trace” means that the
material has negligible influence on the dynamics
of the host fluid. In this section, diffusion is
ignored, and therefore, C is assumed to satisfy the
continuity equation
£+vE-VC=G—L, (2.1)
ct
in which wvg(r, 7) is the (Eulerian) velocity field of
the fluid, and G and L are (deterministic)
volumetric gain and loss rates, respectively. For
(2.1), C can be either mass density or mass

mixing-ratio, and the fluid can be compressible
or incompressible: for these different cases, the
only difference in (2.1) is a term in L linear in C,
which will not influence the following analysis
(see Appendix A). Baker (1980) has examined the
statistics of (2.1), for spatially independent v, and
special cases of Gand I, by solving (2.1) using
Fourier-transform methods. In what follows,
Lagrange’s method will be used, and the restric-
tion to spatially independent v, can be relaxed.

Lagrange's solution to Euler’s continuity
equation, (2.1), can be obtained either by using
Lagrange’s method for solving first-order partial
differential equations {see Appendix B) or by first
transforming (2.1) to Lagrangian coordinates and
then solving the resulting ordinary differential
equation (see Appendix C). In either case, we use
the notation wvg[r(z), 1] = v,(¢) for the (Lagrangian)
velocity of fluid particle at r(¢). For the important
special case with the gain rate, G, independent of
C and the loss rate, L, linear in C (viz.,
L = l{r,1)C), then as shown in Appendices B and
C, the solution to (2.1) is

Clr, 1) = Colr — (v >1,0] exp{ —<I>1}
+ J diGlr— (o>t r—tlexp{ =D}, (22

in which the (prior) time average of a quantity ¢
is defined via

@y =1 [ ago.

=T

(2.3)
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i.e., evaluated backward along the “‘trajectory”
that arrives at r at time ¢.

Two special versions of (2.2) will be used
frequently in what follows. First, since any initial
concentration, C,, arises from prior emissions,
then (2.2) can be written as

Clo, t) = j dtGlr— (v > 1.t — ] exp{—<I>1});

° (2.4)
i.e., the sum of the gains at all prior locations and
times, suitably decayed by removal en route.
Second, for the special case of a single,
continuous point source at ry, i.€.,

G(r,1) = g(t)5(r — ro), (2.5)
in which 8 is a Dirac function, then (2.4) yields

colr,t)= jm deg(t—1)e P 8fr — {ry + (v > 7}],

(2.6)

where lower-case ¢ has been used to emphasize
that (2.6) is the solution for a continuous, point
source.

As a simple illustration of these results for a
non-dispersive medium, consider the case of a
uniform wind field v = uof, a constant loss rate
l;, and a constant (subscript zero) point source of
pollution at ry = (x4, 0, 4). Then (2.6) becomes

cr,t)= J drgedlx — xo —uy 1)
1]

x 8(y)d(z—h)e ", 27N

But for any strictly monotonic function of ¢ that
vanishes at £ =g, we have

S =68(C—m/I fE=mI (28

(which follows easily if 6 is interpreted as a
probability density function}; therefore,

8x—xy —uyt]= 1 6[1’ - {ﬂ}]
L) Uy
Also

f 5(t — 10) f(x)dt = f(xo) h(zo),

2.9

(2.10)

where h(1,) is the unit (Heaviside) step function.
Consequently, (2.7) yields

elr, t)=%exp[_lo{x—xo}]

) Uy

X h(x — x0)6(y)é(z ~ h),

(2.11)
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which is transparent. Note that (2.11) does not
describe diffusion, a condition to be rectified in
the next section.

3. Formulation for stochastic processes

For definiteness, consider the case of a single,
continuous point-source (emission rate g(f) in,
say, moles per unit time). Since linearity has been
assumed (e.g., with L =1IC), we can find the
solution for an arbitrary spatial distribution of
sources via superposition. The (deterministic)
result for a single source at r, [cf. (2.6)), viz.

clr,t) = jx drg(t—1)e P 8[r—{ro + (v > 1}},
3.1

can be interpreted as the resulting concentration
for a single realization of a stochastic process,
i.e., with known (deterministic) ¢, /, and »_.. Now
consider a great number (an ‘“ensemble”) of
realizations of (3.1), for each of which

clr,)= r( drg(r - 1)e L [r — {ro + (o > 1},
3.2)

(in which the tildes identify random-variables).
We now seek statistical properties of the random
concentration ¢ (especially its mean and variance)
over the ensemble of realizations, with different
gain and loss rates and with different trajectories,
caused, e.g., by “turbulent diffusion”.

If ¢, <!>, and {p,)> are independent tahdom-
variables, then from (3.2) the ensemble- (as
opposed to the time-) average of ¢ is

&} = Lw dr &{g(t — 1)} &{e~<L7}

x &{8lr —ro— (o> 7l}

Similarly, for the autocorrelation of ¢,
${£(’19f1)£(’2,12)}=.[ d‘flj dr, &{g(t, —7y)
¢ ]

x gty — 1;)} fle Ve n}
X 8{0(r, —ro — <2, >7,)8(r, —ro — (2> 12)}-
349
If §, {I>, and (®, ) are not independent random-

variables (e.g., if ¢ describes particle resuspen-
sion and if {I) includes dry deposition, then

(3.3)
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these would be proportional to the velocity), then
in (3.3), for example, correlations between the
variables would be needed. In this report,
however, only the simpler case of independent
random-variables will be considered.

To understand the meaning of the term
&{0(r—ry—(p,>7)} in (3.3), and the similar
term in (3.4), first simplify notation by letting
x=r—ry,and
t=cerr=| o =500) (3.5)

r—t
Then, using Fourier transforms with parameter
k, we see

F.8{6(x —5)} = é“{j dxe* = 5[x —§@, t)]}

=(g9{eik-!x=§]} = j d§f5(§=x)ef""

= ZS(E =), (3:6)

where the second to last equality follows from the
definition of the expected value, in which f, is
the probability density-function (pdf) for the
random variable § = (g, ) r. In words, the result
(3.6) shows that the expected value of this delta
function of the random variable § is just the
probability that the trace material has traveled
from its source at r, to the sampler at r:

E0lr — (g + O} = flE = (r— o)),

which, in hindsight, seems rather obvious.

In a similar manner, by taking a double
Fourier transform of (3.4), it is straightforward to
show that £{d, 6,} is the joint pdf for &, and &,.
Details will be presented in a later section.
Further, there appear to be no conceptual diffi-
culties in extending this method to the evaluation
of moments of any order. The present method
therefore appears able to yield all statistical
moments of the exact solution to the convective-
diffusion equation (diffusion having been in-
corporated not with a diffusivity, but via the
randomness of the trajectories). The method also
explicitly accounts for stochastic gain and
removal. In addition, a distributed source can be
described simply by changing from g(r) to a
function such as g(r,, #)dr,, describing the spatial
distribution of sources, and by integrating over
all source areas, r,. These results are perhaps not
particularly surprising to those who heuristically

3.7)

start from an integral-equation formulation of
dispersion (e.g., for a restricted case, see Pasquill
and Smith, 1983, p. 141), but it is satisfying to see
the general formulation derived directly from the
continuity equation. In the next two sections,
some applications will be presented.

4. Applications to describe mean concen-
trations

In this section, to illustrate the theory, the
ensemble-mean concentration will be calculated
for a few simple cases. In the next section,
illustrative calculations of second moments will
be given.

4.1. Plume model with along-wind diffusion and for
deterministic gain and loss

Consider (3.3), with (3.7), for a steady-state
source at (0,0,4). To bound the cases of plume
reflection versus complete absorption at z =0, we
write (3.3} as

x

&lc(r, )} = J drgoe " ‘[fs{x,y, (z— h)}

+eﬁ5{x,y,(z+h)}], 4.1

with ¢ =1 for perfect reflection and ¢=—1 for
perfect absorption at the surface. To proceed, we
need the pdf for

~§(t,‘r)=f o (t)dr. 4.2)

I—1

A number of assumptions are now introduced.
First, assume that the components of 5 (or at least
the first two moments) are independent of the
absolute time, dependent only on the time since
release, 7. Second, based on the central-limit
theorem (or on data in Monin and Yaglom,
1971), assume that the pdf for &, f;, is Gaussian;
therefore, we need only the mean and variance of
g. Third, assume that the mean-wind is steady
along the x-axis, so that

&g = g{ J ' zL(T’)dT'} = up i, 4.3)

Fourth, assume that the random components of
v, (about the mean) are independent and possess
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the same statistics; therefore, using primes to
identify these components, we need evaluate only

{818 (r)} = f dr f dr; Slu(r) (T3},
4.9

Finally, assume

Su(r)u )} =0l exp{—It, — /T }, (4.5)

where T, is a characteristic (Lagrangian) time-
scale for the fluid’s **‘memory” of velocity fluctu-
ations. With (4.5) in (4.4) and evaluating for
T, =1, = 7, we then obtain

ai(r) = 2o, TL)Z[TL -1+ exp{— Ti}] 4.6)

L L

In summary, for the pdf in (4.1), we take

1
PR AT P —
Sk, @ ¥ )} Qn)?c,0,0,
(x—ut) 2 (Fh?
A 2R AR Ch L R
Xexp[ 267 200 207 ] “7

If (4.7) is used in (4.1), the result is difficult to
integrate, except numerically. For 7> T,

o= 20, T, —;— = 2K, 4.8)

L

217
and this in (4.1) yields
ik
(ot
4K K

: A

+ r—z exp{—q(;;i + ;) 4.9)
with
ri,=x*+p +(Fh) (4.10)

The result (4.10) is the same as can be obtained
from **K-theory” of diffusion (with constant K),
but as shown in Appendix D, the K-theory
approach is not without substantial difficulty
(accounting for along-wind diffusion).

In Fig. 1, the result (4.9) with /, =0 is plotted
along with the familiar Gaussian-plume result (in
which x-diffusion is ignored),

-9 2
X 2niie, 0, exp 20} exp
(z+h)
+ TS b
€ exp{ 207

for the corresponding case with o,=0g,=2Kx/u
and for e=1 (i.e., no deposition). And, although
the desire, here, is more to show applications of
the formalism than consequences of the results,
the comparison in Fig. 1 reveals the following.

_(z—h)z}

202

4.11)

——— With X-Diffusion
— = Gaussian Plume \

Pe = 0.1 ——») ~

100 No deposition /

c/A/(2nKkh))

'
\-«— "Slow Down Singularity "’

Upwind
Distance

Fig. 1. Plots of egs. (4.11) and (4.9), with [, =0 and e= 1.
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(i) x-diffusion can be ignored beyond a few
“stack heights™, A, from the source.

(11) x-diffusion should not be ignored for
x < h. Ignoring x-diffusion is the cause of
the nonphysical “slow-down singularity”
(i.e., x -» oo with #— 0), familiar in assess-
ing accident consequences, e.g., for nu-
clear facilities. Also, ignoring x-diffusion
may cause some of the difficulties in
deriving o-values from concentration data.

(iii) x-diffusion should not be ignored in

the “acid-rain issue”, since the result-
ing concentration is modeled totally
inadequately in the (climatologically
averaged) upwind direction, x <0.

For large travel times, such as for the acid-rain
issue, it would of course be inappropriate to use
the same K or o values for all directions:
horizontal diffusion is then typically very much
larger than vertical diffusion. As an illustration,
if K, is ignorable, then (3.3) evaluated with
constant gain and removal and with

1 (x—uyty 2
= ———exp{-———— -2 @n
Jea 2no, 0, exp { 202 20} “12)
with 67 = 2at and ¢} = 21, gives

{c(xy)}—z\/— {X“"}

wl{(F )|

in which X, is the modified Bessel function of
second kind. If we also have ¢2=2yt, then the
generalization of (4.9) is

gO ek x/(2a) 1 , ué /2
&lelr)} = pm ﬂ[ exp{ r,(10+E
€ 2N\ 12
+—,CXP{—r£<lo+—°> }] (4.13)
r; 4o
with
x2 y2 (z$h)2
e A
(.2 a ] y

4.2. Mean concentration with stochastic loss

For this illustration, we start from (3.3) with
(3.7) and with a steady, deterministic source at
the origin:

Ele(r, 1)} =g, jx dt(f{e‘@‘}fs(g =r). (4.14)

0

W. G. N. SLINN

We note that, since {/) is positive,

e} = J A Sy e 0 = 2, £, (D),
(4.15)

in which £, is the pdf for the random loss-rate
and %, is a Laplace transform with parameter .
Separate subsections are now devoted to cases
with and without diffusion.

4.2.1. Negligible diffusion. If diffusion is negli-
gible, i.e., if

== 8(x ~uy0) 6(3)6(2), (4.16)

then (4.14) with (4.15) becomes

#ley =" Lud fopl} 8D, @.17)
0

As one example of (4.17), suppose {I)> is deter-
ministic. Then

&lct= i—o 8(y) 0(z) exp{ —xly/uy}.

0

(4.18)

As a more informative example, suppose (/>
has a gamma distribution, i.e.,

b+l

be
F(b +1) Te+n e

T = TR, (4.19)
in which A({/)>) is the Heaviside function and the
mean value of () is (b+ 1)/y=1,, say. Then

(4.17) yields

on -1+ 8
] . (4.20)

&ic} =i—o 5()/)5(2)[1 + G+ Du

As an example of (4.20), if b= 1, then

Sle} =2 6()3(2) @21)

l 2
[ 141, x/(ZuO)] ’

which shows that a distribution of {/)-values
results in a very much slower decrease in the
concentration with increasing x (i.e., roughly as
1/x?) compared to the exponential decrease of
(4.18), appropriate when (/) is deterministic.
This result has already been emphasized by
Rodhe (1980) for the case of precipitation
scavenging and follows quite generally from
Jensen’s lemma for a convex removali-function. A
convex function of /, x(/), is one whose chord lies
above or on the graph of y. Jensen’s inequality
(see any advanced statistical text) states that if x
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is a convex function of / (e.g., here, x(/)=e~),
then

slx)} >

Applied in the present case, (4.22) states that the
ensemble average of the concentration is usually
larger than estimates derived using the average
removal-rate.

The reasonableness of this result can be seen
from an alternative definition of a convex func-
tion: its graph is above its tangent. Consequently,
for any point A where the slope is evaluated,

x() =

{3 (4.22)

XA+ (DU - 4L (4.23)
Therefore, if A is taken to be &{!}, then (4.23)
yields

D = deilfl+o.

For some dependencies of the concentration on
the removal rate, use of the mean removal-rate
may be an adequate approximation; however, for
a convex functional-dependence on /, use of the
mean removal-rate not only ignores the stochastic
nature of the removal process, but does so with a
consistent bias toward more rapid removal.

4.2.2. Diffusion plus stochastic loss. As an illus-
tration of how this formalism can be used to
model precipitation scavenging, suppose that, in
addition to a deterministic loss-rate /[, (e.g.,
caused by chemical conversion), there is a
Poisson-distributed stochastic loss: with average
frequency 4, (the average frequency with which
the trace material encounters relatively short-
duration precipitation bands), there are random
pulses (at times ¢;) of removal with random
integrated removals g;; i.e.,

(4.29)

I =l +gd—1). (4.29)
Then

n(r)
j 1&)de =le+ Y g, (4.26)

i=1

where n(7) is the (random) number of “‘storms”
(or rain cells) encountered during the time inter-
val (0, 1), considered to be long compared to the
duration (typically ~ 103 s) of an individual rain

Tellus 40B (1988), 3

219

cell. If (4.26) is used in (4.14) and if y- and
z-diffusion are ignored, then (4.14) becomes

n(t}
x b 1
&lc)= dre & =Y et ==

(x = u,ty
X exp =

Before trying to evaluate (4.27), look at the
random variable that appears in (4.27):
nlx)
O=exp[—Zl, withI=) g,

i=|

}5(y) 8(2). 4.27)

which is known as a compound Poisson-process.
As is derived in many statistical texts (e.g., Ross,
1983), the “moment-generating function” of X is

O(s)=¢

s

exp[sZ]}

&{exp(sL)in = n} prob{n = n}

Il
Mx

3
i
<

MR

&lexpls(e, +g,+ - +g)ln=n}

n=ox e " (A, Ty /n! (4.28)
= Z [8{explsg)ie U1yt (429)
= Z CACINCRO LT (4.30)
= e:(p{).pt[qbf(s) -1}, 4.31)

where (4.28) follows from the definition of a
Poisson process, (4.29) follows from the assump-
tion that the statistical distribution is the same
for all ¢, and in (4.30), ¢, is the moment
generating function of ¢: i

6.(5)= &lexp(se)} = f " et fle)de (4.32)

X

For example, if the random fraction, g, is uni-
formly distributed in (0, 1), then

¢£(s)=_[ e‘”ds=~;— e - 1], (4.33)

Now, returning to (4.27), we see that the expected
value in the integrand is the moment generating
function @, with s = —1.
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Eq. (4.27) can now be evaluated for different
distributions of ¢, (and, in fact, for more general
loss-rates). As perhaps the simplest example, if
¢.= 2Kt and if ¢ is uniformly distributed in (0, 1)
{i.e., use (4.33) with s=1), then the resulting
integral is known (e.g., Erdélyi, 1954):

f& l
uy (1 + )7
x exp{—u—o{[(l +8)12 - 1]}
2K ’
L ¥ (4.34)
(36 ) '
»)é@) & 1
ty (1 +8)'"
x exp{+£[(l +6)"2 + l]}
2K ’
L x<0
where
4K A
5=—2[1,,+—"], (4.35)
uj e

which is essentially the inverse of the Péclét
number (the ratio of transport to diffusive
“speeds”).

W. G. N. SLINN

It is informative to examine (4.34) in some
detail. For x> 0 and 0 small,

Uy X "
exp{—ﬁ [(1+6)" - 1]}

A
:exp{—f(lo-kf)},
0

showing that the concentration is reduced at the
rate (/,+ 4,/e), which is slightly slower than the
average removal rate [for &{g} = 1/2] of I, + 4,/2,
where, again, 4, is the average frequency of
precipitation events. This result is therefore
consistent with Jensen's inequality, (4.22). For
x>0 and ¢ large (large diffusion compared to
transport or, e.g., frequent precipitation events),
then (4.34) gives an e-fold length of essentially
(eK/Ap)”Z, which can be substantially larger (viz.,
slower removal) than the value of u,/A, fre-
quently used in Gaussian plume models modified
to account for precipitation scavenging, with A
an average scavenging rate. Fig. 2 summarizes
this case of stochastic scavenging, but with only
x-diffusion. For a more general case (stack of
height 4, image source, diffusivities a, f, y in the
x, y, and z directions), then the result can be
found as for (4.13).

(4.36)

100 —

10”7’ F

1072 =

c'—(1+6) " “exp
{-x/(eK/2;)V'?}, large &

107

Concentration, ¢/ 8{y) 6 (z) go/uo

Increasing
Removal

10 .
Common correction NP
for a Gaussian plume, \\\\Io
10°° with removal length-scale ~
Uo/{La+Ap/ @) AN
10°° | i | ! ! l ) | A
-5 -4 -3 -2 -1 (1] 1 2 3 4 5

Distance, x/(K/u,)

Fig. 2. Plots of eq. (4.34) showing the dependence of the mean concentration on downwind distance for different
levels of stochastic scavenging and compared with the frequently used Gaussian plume model incorrectly

*corrected” for precipitation scavenging.
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S. Applications to describe concentration
fluctuations

We now turn to second-order moments, rather
than just the first-order moments considered in
the previous section, but since calculations of
second- (and higher-) order moments become
quite involved, only two examples will be pre-
sented. In the first, we seek an estimate of the
magnitude of concentration fluctuations arising
from diffusion, alone, without a mean wind. In
the second example, we add a mean wind and a
stochastic gain term. A third example, attempt-
ing to explain Junge’s empirical result relating
concentration fluctuations to pollutant residence
time in the atmosphere, was abandoned when it
was found that Junge’s result depends on a
peculiar definition of concentration fluctuations
(Slinn, 1988).

5.1. Random walk from a continuous point-source

A familiar analogy for the random-walk
problem is in terms of a single, inebriated
pedestrian. For the present problem, imagine a
continuous stream of drunkards leaving a saloon,
the drunkards take random steps along a
sidewalk (the y-axis), some fall into the street,
and the problem is to find the mean concen-
tration of drunkards still on the sidewalk, plus a
measure of the fluctuations in the concentration,
at any point.

Mathematically, we start with (3.3), which for
a constant loss rate, /), a constant gain rate, g,,
and the origin of the y-axis at the saloon door,
becomes

Slel =g | deets(aly —g(ol, .1)
with 7= (v, > 1. Now use
&y —nl} = fln=y)

! _r

= \/57_10'}‘(17) exp{ 20)2}, (5.2)

with 67 = 2fr. The resulting integral is available
in Laplace-transform tables; the resuit is

252,73 CXP{ B [%]‘”} '

Tellus 40B (1988), 3
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As two asides, note that there is no steady-state
solution unless there is loss, and note that if
af = constant, then the solution would have been

& 1 »?
Elcy = ———exp{— 5.
=% G, 212

To obtain a measure of the concentration
fluctuations, we evaluate [cf., (3.4)]

SlentIcon ) =gi [ dnets [ gt
¢ 0

x 8181y, ~ 1(z)18Ly, — (@)l
with

(5.4)

&{dly, “ﬂ(]é[)'z _Lh]: jé,,,:y:(ﬂl =Vl =)

1 i
= expy ———————
2no, 0,1 —r p{ 21-r?)

22 2, 2
. ;‘L___le’Z_’_ﬁ ,
o} 0,0, o3

in which o] = 2f1,, 6 = 2f1,, and, for a Wiener-
Levy process (integral of white noise, consistent
with taking the large-time approximation for o),
the correlation coefficient is given by (e.g., see
Papoulis, 1965)

r2={rl/72=

TZ/tl’

(5.5)

L€

[

(5.6)

T, €1,

It is possible to perform the integrations in
(5.4), but a simpler method is to work with a
double Fourier transform of (5.4) and use the
characteristic function for the joint normal:

Dk, ky) = exp{— o1 ki + 2ro, 0,k k, + 03 k3]}.

By either route, the result (evaluated at the same
yandt)is

£ 2y y*]"
5{sz(y,t)}=5\—/—2‘1—ﬂexp{—[ 8 ] } (5.7

Consequently, the square of the normalized stan-
dard deviation (or ‘‘coefficient of deviation™),
one measure of the concentration fluctuations, is

a. _le{e) - &el)
2y }
ﬂ .

F= g™ P

(5.8)

=—1+ﬁexp{(ﬁ_1)
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For the case of more practical interest
(corresponding to (4.13), with three dimensions,
diffusivities o, f, and y, and with both a mean
wind and loss), algebra leads to

2 @*vol2a

Elclr, Delr, 1)} = ny oy
M ul
X [L dt,{exp(—lo + E) ‘L’,}
dr,e b 1, = dr,
.[ [fz(ﬁ - 1’2)]3/2 p{ - 4__2 ’ 2} - L TIVZ
" e""{ } j [rz GRS
2
conf- ()]

with (')} = x%a+y2/B+ (z ¥ h)?/y. Unfortu-
nately, though, these integrals do not converge.
The root problem is the incorrect use of 2 ~ 1 for
small time. However, a more reasonable time
dependence of o (e.g., 4.6) leads to analytically
intractable integrals. Consequently, there appears
to be no alternative but to proceed numerically, a
task left for future studies. In the meantime, the
plots of (5.8) in Fig. 3, inconsistently comparing
(5.8) with data collected during cases when the

Coef. of Deviation, f.

Crosswind Distance, y’

Fig. 3. Plots of eq. (5.8), with normalized “crosswind™
distance y* = (y/,/B)"*y. Data for concentration fluctu-
ations for plumes in the atmosphere (I) from Ramsdell
and Hinds (1971) and in a lake (®) from Murthy and
Casandy (1971).

fluids (air and water) had mean motion, never-
theless suggest that the theory does contain the
major feature demonstrated by the data: an in-
crease in the coefficient of deviation with
increasing distance from the plume centerline.

5.2. Along-wind diffusion plus stochastic gain

The complexities of the integrals encountered
in the previous subsection, in the evaluation of
second moments, force retreat to another rela-
tively simple case (one-dimensional along-wind
diffusion plus a stochastic gain-term), which
nevertheless is of practical interest. For this case,
the mean value is the same as in (4.34) (derived
using 67 = 2Kr, for 7> T ), with 4, =0, leaving a
deterministic loss rate /,. For the second moment,
cf. (3.4), we assume a stochastic gain term, with

&{g(,

lr] - T2\}a
(5.9

and a jointly normal pdf for £, and £, similar to
(5.5), but with mean values u, 1. Thus the double
Fourier transform of the pdf is

O, (ki ky) = explinlk, 7, + k7, ]}

X exp{ —'g[a_fl ki+2ro o, kk,+al k%]},(s )
.10

—1)g(t,— 1)} =0, exp{—y

with ¢, as before and the correlation coefficient,
r, as in (5.6).

The evaluation of (3.4), even for this case of
only x-diffusion, is rather tedious: using Fourier
transforms, there are eight poles (within the
contour integration) at which residues must be
found. For x>0, x;, =x,=x, and ¢, =¢,, the
result is

i’y _ 2

(gofu) [+ £)(1 + 2077

x exp{—x'[(1 + 2&)"* — 1]}

o, \’ 1+ 12
x 1+<—“) {—8} , (5.11)
% l+e+¢
in which
4, K ( g, )2 T, 4K Uy X
&= S = 4 — —_— 8( ’ X’ =
u; U T, ul K
(5.12)

where T,=1/;' is a measure of the material’s

r

residence time in the atmosphere. In contrast,
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(4.34) yields for the square of the mean [for x > 0
and in the notation of (5.11)]

ey 1
(8ot (1 +8)

exp{—2x[(1 +¢)'*—1]}.

(5.13)

There are several interesting features of these
results.
(A) For o,= 0 (see Fig. 4)
(A.1.) Noloss

Even without loss (viz., /[, =0=¢), there is a
steady-state solution (if there is a ventilating
wind):

<=8} /golue) = 1, (5.14a)
(> =8{cMgo/u =2, (5.14b)
f=0Ke) =y —<DNey = 1. (5.14c)

The result (5.14c) predicts that, for all x>0,
there are large fluctuations when there is no loss
term: the standard deviation is equal to the mean
value.
(A.2) Large loss

If ¢ o0, both the first and second moments
decrease exponentially with increasing distance,

()& exp{—2ex’} (5.15a)
(&>~ V2e " exp{—2ex}, (5.15b)
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but the coefficient of deviation, f, increases with
x:

1+ 12 = (DKe) = V2 exp{2 = 2) JJex'},
(5.15¢)

in essence because the mean concentration falls
more rapidly with x than does {¢*). Because of
this sensitivity of f* on {c), which is not easy to
obtain accurately (either experimentally or theor-
etically), it is hoped that future experimental
studies would report not only f* (e.g., Deardorff
and Willis, 1984), but also {¢*).
(A.3.) No wind

With #,— 0, it can be seen that (5.11), with
o, =0, reduces to (5.7).

(B) g, #0
For variations in the source strength and for ¢
and ¢ small, then

] 2
el

£
essentially independent of x. As a practical appli-
cation of (5.16), suppose that this theory were
describing modeling uncertainties (rather than
natural variabilities) and that ¢, was a measure of
uncertainties in specifying source strengths. Then
(5.16) gives, for example, that if (g,/g,) =50%,

(5.16)

10°
1:2
f+1=2 ( Tve exp ) -x’ 1-2(1*:)‘2+(1+25)"2]
105 | 1+2¢
o e _ 41K _ 40T, £=30
= 10— €7 3 F)
c Us us T,
£ .
E o Increasing
(=] Residence
S 102 |- Time. T,
o 10 e=10
3
(5]
10’ -
£=1
10°
=0
10”' ) | I ] ) | ) ] )
o 1 2 3 4 5 6 7 8 9 10

Downwind Distance, x° = (uox)/(2K)

Fig. 4. Plots of the coefficient of deviation, derived from egs. (5.11) and (5.13), as a function of downwind distance,

for different residence times, 7, and for ¢, =0.
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then with little loss from a well-mixed layer, with
no cross-wind variations, and with major fluctu-
ations caused by x-diffusion, f,=(0.5)>=0.25.
More realistically, if emissions were known to
within 109, then this first measure of the uncer-
tainty in the calculated concentration gives
f.~ 1%, which certainly is negligible compared
with other uncertainties, e.g., in the “acid-rain
issue”.

6. Conclusions

The foliowing conclusions can be made:

® An integral formulation for concentration fluc-
tuations can be derived directly from the
continuity equation, using Lagrange’s method.

® To describe diffusion by this method, use was
made of the result that the expected value of a
delta function of (x—¢§), with § a random
variable, is the pdf for C evaluated at x.

@ Gaussian plume models i ignore along-wind dif-
fusion, which many times is ill advised.

® When there is randomness in pollution re-
moval, less pollution is removed, downwind of
a point source, than would be expected if
Jensen's inequality were not appreciated.

@ In the examples investigated, the concentration
fluctuations (e.g., as measured by the standard
deviation) generally did not decrease so rapidly
with distance as did the mean concentrations.

® Uncertainties in modeling the source strengths
in the acid-rain issue are not expected to have
such a significant influence on overall uncer-
tainties as those derived from randomness and
uncertainties in transport, diffusion, and
removal processes.

It is clear that many additional applications of

the theory presented here could be investigated.
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8. List of frequently used symbols

Subscripts

E = Eulerian
L = Lagrangian
0 = constant value

Special notation

C identifies £ as a random variable
(C) = time average of { except as defined
_ inegs. (5.14) and (5.15)
¢ = average of { over some other variable
(e.g., x)

Symbols and functions

¢ = concentration for a continuous, point
source
C = concentration (mass density, ML™3,
or mass mixing-ratio, MM ")
é] )= Dirac delta function
8{§} = expected value (ensemble average)
of §
fg= r) = probability density function for the
random variable § evaluated at { =r
%l 1= Fourier transform (with wave num-
ber k)
g = gain (or production) rate (MT™")
G = volumetric gain rate (ML*T"!)
Al 1= Heaviside step function
| = first-order loss rate (T"")
L = volumetric loss rate (ML 3T!)

£ 1= Laplace transform (with parameter p)

9. Appendix A

The purpose of this appendix is to justify the
statement in the text that C in eq. (2.1) can be
either mass density or mass-mixing ratio and that
the fluid can be compressible or incompressible.
Toward that goal, let y be the mass density of the
trace species of interest. Let P and R respectively
be the rate at which the substance is produced
and removed per unit volume. Then in the

Tellus 40B (1988), 3



CONCENTRATION STATISTICS FOR DISPERSIVE MEDIA

continuum approximation (or treat y as an
unnormalized statistical density-function), y satis-
fies the continuity equation
&x

— . \
-~ =—=V-flux+ P—-R.

ar (A1)

If the host medium does not disperse the sub-
stance (assumed for eq. 2.1) and if, relative to the
fluid velocity »;, the substance has a “slip
velocity” v, (e.g., caused by gravity or diffusio-
phoresis), then the flux in (A.1) is given by

—
flux =ox=[v,+ 0]y (A2)
With (A.2), (A.1) becomes

—(1+v'Vx=15—[R+xV~v]. (A.3)

Ct

The reader is asked to notice that y V-vin (A.3) is
an effective removal (or production) of g, linear
in y, and therefore, as stated in the text, this
additional removal-term does not influence the
analysis.

Now introduce the mixing ratio M = y/p,
where p is the mass density of the host medium.
If there are no volumetric sources and sinks of
this host fluid, then its continuity equation is
p

= =~V (pr,).

2 (A4)

If (A.4) i1s used in (A.3), then it becomes
M , .
p[~5t—+v~VM]=P—[R+MV~(pvs)]. (A.S)

For the case that v, =0, then (A.5) becomes the
same as (2.1) in the text, which completes the
justification that C can be either mass density or
mass-mixing ratio and that the fluid can be
compressible or incompressible, if the gain and
loss terms are defined suitably.

10. Appendix B

The purpose of this appendix is to use
Lagrange’s method to obtain the solution to
Euler’s continuity equation (2.1). To simplify
notation, consider the one-dimensional version of
(2.1):

oc éoc

“tug—=6G-L. (B.1)
CcX
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Lagrange’s result (see many textbooks on first-
order partial differential equations) is that the
general solution to (B.1) is

Ja=F(f1)

where F is an arbitrary function (later to be
determined from initial conditions) and where
filx,t,C)=a and fi(x,t,C)=p (with o and B
constants) are solutions of the ‘characteristic
equations™

(B.2)

dt d dc
L . (B.3)
1 u(x,t) G—L

The first equality in (B.3) gives f(x,1)=aq,
which describes the trajectory of each fluid
element (and similarly for three dimensions); the
second equality in (B.3) gives /.

Consider, then, the first equality in (B.3):
d—'t = ug(x, ).
On the right-hand side of (B.4), x=x(t), and
therefore ug[x(2), ] 1s the Eulerian velocity evalu-
ated at time ¢ as a ““‘marked fluid-particle” passes
point x{z). Using alternative notation, let

ug{x(r), 1] = u (1), (B.5)

where u (1) is the (Lagrangian) velocity experi-
enced by the particle. Then (B.4) has the solution

(B.4)

x(1)=x(0) + J, u (1)dr (B.6)
[
or
[x(t) — 'f u(v)dr j=x(0)=a =f(x,1), (B.7)
0 -

and similarly for other dimensions.

Solving the second equality in (B.3) requires
specifications of G and L. For the important case
with G independent from C and L linear in C,
viz., L = I(r,1) C, then the solution is easily found
to be

filx,1,C)=B=C(x,1) exp{j’ Hx(1), t']dt'}
1]

- f ' dr' Glx(), vl exp{ f ' Hx(”), t”]dt”}.
0 [}
(B.8)
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Consequently, Lagrange’s solution,
Euler’s continuity equation is

C exp{_[)l 1dt’} - L arG exp{ L ' ldt”}
= F[x - J’ uL(r)dt],
0

in which F is an arbitrary function, but which
can be defined by the initial conditions. Thus, for
=0, (B.9) gives

Flx]=C(x,0) = Cy(x), (B.10)
and therefore, with (B.10) in (B.9), for three
dimensions, and for time measured positive when

backward from current values, the result is as
given in (2.2) in the text.

(B.2), to

(B.9)

11. Appendix C

The purpose of this appendix is to demonstrate
how (2.2) can be obtained by transforming (2.1)
to Lagrangian coordinates and then solving the
resulting ordinary differential equation. In the
next paragraph it will be shown that, n
Lagrangian coordinates (i.e., in a non-inertial
coordinate-system that, at each point, moves with
the (Lagrangian) velocity »,(r) = vg(r,1) of the
fluid at that point), Euler’s continuity equation,
(2.1), becomes

ocC

ar @nN=G6E¢ nN—-LEn (c.n
in which ¢ is a parameter defining each “‘fluid
particle” (e.g., its location at ¢ = t;). For L linear
in C (viz., L=1IC), the solution to (C.1) is
obviously

c@E.n= [A(C) + j dr' 6@, 1)

X exp{J‘h] dar’ (¢, t”)}] exp{ - L dri(g, t’)},
(C.2)

where A({) is an arbitrary function of &. If £ gives
the location of all fluid particles at t = ¢y, and if
C(§,0) = Co(§), then from (C.2), A(§)=C,, and
(C.2) can be seen to be the same as (2.2) in the
text.

W. G. N. SLINN

For some readers, the demonstration in the
previous paragraph may be sufficient. Thus, for
readers familiar with the use of Lagrangian co-
ordinates in fluid mechanics, (C.1) may seem
quite obvious. For other readers, however, it may
be useful if additional details were provided. The
next few paragraphs present a derivation of (C.1)
and then some details about different choices for
4

To obtain the continuity equation (C.1) from
first principles, consider the fluid ‘particle”
in the volume element A = Al AL, ALy =AY,
about & at some arbitrary time ¢,. From a simple
geometric argument (for a non-dispersive fluid),
it can be seen that at time 7, the same fluid
element occupies the volume element

X15X2,X3

Ax = Ax, Ax, Ax EAV=J<
LR &, 6.8

)AVO,

(C3)

where J is the Jacobian of the transformation
x = f(&), which also depends on the velocity field
and the elapsed time. Meanwhile, the amount of
host fluid contained in this identified volume is
conserved ; hence,

pAV =pJ AV, = py AV,. (C.9)
Consequently, for the host fluid, mass conser-
vation requires J = po/p, which is the host fluid’s
continuity equation in these moving (Lagrangian)
coordinates.

Meanwhile, for some constituent carried with
this non-diffusing host fluid, then during each d¢,
there is a net gain of the material (concentration,
%, say in moles/m?)

dx AV =[P — R]dtAV =[P — A)dtJAV,. (C.5)
Consequently, an inventory of the constituent’s
mass, for the time interval 1, to 7, gives

FAV=1J AV, =y AVy + j dr' J[? — A)AV,.
(C.6)

In terms of mixing ratios (M = x/p) and using
J = py/p, (C.6) becomes

M=M0+J dr%[gum (C.7)
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This result is seen to be the same as (C.1) by
examining the differential form of (C.7):

M _Lip-al,
at p

and use C=M, G=2P/p, and L=R/p=1x/p
=M.

The final goal for this appendix is to demon-
strate some details associated with the choice to
“tag” fluid particles with their location at the
current time rather than at some earlier time. To
assist in this demonstration, label the current
time by T and let the current location of a fluid
particle be x(T)= X(T). Measure earlier time
with the positive variable t:

(C.8)

t=T-1 (C9)
The motion of a fluid particle is given by

dx(s) dx(T—1)
T_;—UL(t)—’——dt——:vL(T—T). (CIO)
Therefore,

x(T-—t)=x(r=0)—J o (T —1')dr, (C.11)
Q

with x(t =0)= X(T). Thus, the current location
of the fluid particle is

X(T)y=x(7)+ J‘ v (T—1)dr". (C.12)
[}

With use of this ‘“‘backward time-variable™, t,
and with use of the current location, X, rather
than an earlier location, &, to identify fluid par-
ticles, then (C.1) becomes

- %ﬂ =G X, T—-1)—-I(X,T-1)C(X, T— 1),
X
(C.13)
whose solution is
CX,T—-1)= [A - J. dt'G(X, T—1")
0
X exp{-— j ldt”}:‘
0
P exp{j I(X,T—t’)dr’}. (C.14)
Q

By setting =0 in (C.14), the integration con-
stant A is seen to be C(X,T), ie., the
concentration at the current time, which is what
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is sought. Finally, to complete the solution, we
return to Eulerian variables via

CUX, T—1)-> Ce[x(T~7), T~ 1], (C.15)

with

x(T'—1t)=X(T) - frvL(T—t')dt’, (C.16)
0

and return to the notation in the text, wherein the
current position and time are labelled by r and «.
Thereby, (2.2) is obtained.

12. Appendix D

The purpose of this appendix is to sketch how
(4.9) in the text can be obtained via K theory.
Toward this end, consider the simpler problem in
unbounded space

¢ .
TS =KVic+ 06(r).

éx
A Fourier transform of (D.1), with parameters
(&, n.), gives

[§2+Ef/.:.<2 2
getn +{ ]

(D.1)

é:

) (D.2)

and therefore,
eﬂx/(ZK) +x +x + o
e B A
) i€ x + 0y +{2)
x—QIKe - (D.3)
Ny g2 1y Y
(@]

clr)=

The integrals in (D.3) can be performed by
transforming to spherical coordinates (k, 0, ¢);
after integrating over ¢ and 6, the remaining
integral is

0
2n2 Kr

o .
or) = exp{——;]x(} j dk o sin kr,
0
(D.4)

which 1s a known integral. The result for this
simple case is therefore

Y ex {_‘_‘_"_}ex {“1}
ankr P12k PUT 2k S

which is essentially the same as (4.9) in the text.

cor)= (D.5)
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