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A B S T R A C T
Recent developments in applying carbon-isotope information to better understand regional and global methane budgets
infer a strong role by a highly fractionating seasonal sink such as atomic chlorine. Specifically, OH as the predominant
seasonal sink cannot account for the ‘phase ellipses’ based on observed seasonal cycles of methane mixing ratio and
isotope ratio, δ13C. Although a strong role by atomic chlorine is inferred empirically, open questions remain about
the interplay between sources and sinks in determining the properties of phase ellipses. This paper employs a simple
didactic model of the seasonal cycling of atmospheric methane to understand such interplay. We demonstrate that a
single seasonal sink and seasonal source act together to imprint anti-phase seasonalities on atmospheric methane and
δ13C, which lead to phase ellipses that collapse onto a straight line with slope characteristic of that sink. This explains
empirical findings of these anti-phase relationships in three-dimensional modelling studies. We also demonstrate that
multiple seasonal sinks acting with a seasonal source can yield surprising properties for the phase ellipse that not only
explain some features of phase ellipses reported in modelling studies but also have the potential to explain marked
inter-annual variation in phase ellipses based on observation.

1. Introduction

Methane (CH4) is the second most important anthropogenic
greenhouse gas after CO2 with a much higher global warm-
ing potential (Forster et al., 2007). It plays a significant role in
ozone chemistry, which determines the oxidizing capacity of the
atmosphere (Denman et al., 2007). Despite its first-order impor-
tance to climate change and atmospheric chemistry, regional and
global CH4 budgets are still highly uncertain. Furthermore, at-
mospheric CH4 observations reveal inter-annual variability and
trends in the growth rate over the last two decades that are still
poorly understood (Dlugokencky et al., 2003; Rigby et al., 2008;
Dlugokencky et al., 2009; Lassey et al., 2010).

Atmospheric observations of 13C/12C isotopic ratios in CH4

contain information about influential source and sink processes
that are a result of characteristic isotopic signatures of the CH4

sources and isotopic fractionations of the sinks. Measurements
of co-located CH4 mixing ratio ([CH4]) and isotopic ratio (δ13C,
defined later) in the atmosphere have been widely used to im-
prove estimates of CH4 sources and sinks (e.g. Fung et al.,
1991; Mikaloff Fletcher et al., 2004a,b), validate models (e.g.
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Bergamaschi et al., 2001) and interpret drivers of variability
of atmospheric CH4 on synoptic, seasonal and inter-annual
timescales (e.g. Francey et al., 1999; Tarasova et al., 2007). In
addition, detailed analysis of inter-relationships between the sea-
sonal cycles in [CH4] and its δ13C further constrain isotopic sig-
natures and fractionations over large spatial regions (e.g. Lowe
et al., 1999; Bergamaschi et al., 2000; Allan et al., 2001a,b; Platt
et al., 2004; Allan et al., 2005, 2007).

As per convention, isotope ratios 13C/12C are reported numer-
ically in ‘per mil’ (�) notation δ13C defined by

δ13C = (RA/Rstd − 1) × 1000. (1)

Here, RA is the 13C/12C molar ratio in the methane sample and
Rstd is the corresponding ratio in the carbon isotope standard,
Vienna Peedee belemnite (VPDB). The factor 1000 in eq. (1) is
omitted from mathematical expressions, so that a δ13C value of,
say, −47� is treated algebraically as −0.047.

The ‘fractionation factor’ for a specific sink can be defined as

α ≡ 1 + ε = k13/k12, (2)

where kn is the removal rate of nCH4 by that sink. We refer to ε,
expressed also in �, as the kinetic isotope effect (KIE) for the
particular sink. Because k12 > k13, ε is always negative with this
particular definition of α.
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In the Northern Hemisphere (NH) and the tropics, the seasonal
cycles of CH4 and δ13C display strong spatial and temporal vari-
abilities that are driven primarily by seasonal sources that are
more depleted in 13C than atmospheric CH4, compounded by
more irregular 13C-enriched emissions during large-scale burn-
ing of biomass (e.g. Dlugokencky et al., 1994; Miller et al., 2002;
Tyler et al., 2007). Contrastingly, seasonal cycles of CH4 and
δ13C in the extra tropical Southern Hemisphere (ETSH) show
much greater spatial homogeneity (Dlugokencky et al., 1994).
Time series of CH4 and δ13C from two baseline observing sta-
tions in the ETSH and regular observations from Pacific Ocean
ship tracks indicate that the region south of the South Pacific
Convergence Zone (20–30◦S) is well mixed, and their respec-
tive seasonal cycles are largely determined by in situ oxidation
of CH4 (Lassey et al., 1993; Lowe et al., 1999).

Over the last decade, a series of studies (e.g. Allan et al.,
2001b; Platt et al., 2004; Allan et al., 2005, 2007) has revealed
how co-located observations of the seasonal cycles of CH4 and
δ13C in CH4 at stations in the ETSH could constrain the KIE of
CH4 sinks. Allan et al. (2001b) constructed ‘phase diagrams’ by
plotting intra-annual variations in δ13C against the corresponding
variations in [CH4], an approach that had proven fruitful in CO2

studies (e.g. Francey, 1985; Keeling et al., 1989). In the ETSH,
these phase diagrams displayed a characteristic elliptical shape
oriented along a ‘KIE line’ (Section 2).

The dominant sink of atmospheric CH4 is oxidation by the OH
radical. Based on laboratory studies, the KIE for this reaction
has magnitude 3.9–5.4� (Cantrell et al., 1990; Saueressig et al.,
2001), which is too small to explain the slopes of the KIE lines
derived from observations at Baring Head, New Zealand, and
Arrival Heights, Antarctica. Furthermore, the ‘apparent KIE’
deduced from those slopes shows marked inter-annual variability
(Allan et al., 2005). Allan et al. (2001a,b) hypothesized that
the large apparent KIE may be due to an oxidative role by
atomic chlorine in the marine boundary layer (MBL). Atomic
chlorine is distinguished by fractionating CH4 very strongly,
markedly influencing δ13C in CH4 (e.g. Saueressig et al., 1995;
Gupta et al., 1996), even though its global strength is thought
to be relatively small and commonly not considered in CH4

budgets.
With few measurements available of Cl in the MBL, Platt

et al. (2004) and Allan et al. (2005, 2007) constructed spatial
and seasonal Cl patterns that are consistent with available mea-
surements and with likely production mechanisms, and that can
account for CH4 data at Baring Head and Arrival Heights, in-
cluding the apparent KIE. Those studies suggested that atomic
Cl could remove 13–37 Tg CH4 per year globally. The possibil-
ity that the strengths of seasonal sources and their inter-annual
variabilities could account for the apparent KIE and its variabil-
ity was discounted in a modelling study which, by doubling then
zeroing individual source strengths, demonstrated that the ap-
parent KIE in the ETSH is insensitive to such large perturbations
(Allan et al., 2010).

Although phase ellipses provide an intriguing tool for inter-
preting CH4 data and model output, work published to date is
empirical in nature, lacking a deeper mechanistic understand-
ing of the interplay between the seasonal cycles of CH4 and
δ13C. The goal of this paper is to examine the roles of seasonal
sources and sinks in determining the properties of phase ellipses,
including potential causes of variability in those properties.

First, we briefly review phase diagrams and open questions
about the processes governing them that are raised by Allan
et al. (2001b). We then develop a simple and highly idealized
algebraic model to describe the seasonality in the CH4 budget
and explore the origins of phase diagrams. We apply the model
numerically to explore two didactic cases: a single seasonal
source with a single seasonal sink, and a single seasonal source
with dual seasonal sinks. Finally, we discuss the implications
of this work for the previous studies of Allan et al. (2001a,b;
2005; 2007; 2010), and the future potential of the phase diagram
approach.

2. Phase diagrams and the KIE line

Each phase diagram is a plot through an annual cycle of �δ, the
departure of atmospheric δ13C from its annual mean, δ̄, against
�C/C̄, the corresponding relative departure of atmospheric CH4

mixing ratio or burden from its mean, C̄. Each of �δ and �C/C̄

may be based on co-located observation, or be model output
(most instructively, for a single source type), and may be de-
trended where the trend is comparable to seasonal variation.

Phase diagrams for ETSH sites derived using the TM2 model
(Heimann, 1995) with OH as the sole seasonal sink are nearly el-
liptical in shape and denoted ‘phase ellipses’ (Allan et al., 2001b,
Fig. 1). The following two robust features of phase ellipses were
reported by Allan et al. (2001b): (1) the ellipse is both tilted and
elongated (i.e. has high eccentricity, with the breadth exagger-
ated by the implicit factor of 1000 in the � units) and (2) the
slope of the ellipse major axis (elliptical ‘tilt’) is proportional to
the KIE value for the OH sink and given by the ‘KIE line’:

�δ = {ε(1 + δ̄)}(�C/C̄). (3)

The robustness of these features was checked by repetitively
running TM2 with varied sink details, including different KIE
values.

Allan et al. demonstrated that for any individual source com-
ponent, whether deemed aseasonal (such as livestock) or highly
seasonal (such as biomass burning), a TM2-derived phase ellipse
for any location in either hemisphere collapses onto a straight
line given by the KIE line (3) (Allan et al., 2001b, Figs 6 and 7).
We illustrate this even more strongly in Fig. 1, where at latitude
3.9◦ and longitude 180◦ the TM2-derived mixing ratio and δ13C
time-series are highly variable with little evidence of a smooth
seasonal cycle. Even so, the phase ellipse shown in the bottom
panel of Fig. 1 is indistinguishable from a straight line that is
very close to the KIE line deduced from (3). Thus, �δ and �C
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Fig. 1. The upper two panels show seasonal pattern of the imprint of
biomass burning (45 Tg(CH4) yr−1 globally) on atmospheric CH4

mixing ratio and companion δ13C in the oceanic cell with central
latitude 3.9◦N and longitude 180◦, as simulated by Allan et al. (2001b)
using the TM2 atmospheric tracer transport model (not shown in that
paper). Dashed lines show annual mean values. The lowest panel
shows the corresponding phase diagram with 2-weekly averaged
values, marked with asterisks January to June and diamonds July to
December. The dash–dot line is the KIE line of eq. (3) corresponding
to a single OH sink with εOH = −5.4� as used in the simulation.

are highly anti-correlated for an individual source component.
This feature was unexplained.

Rayleigh distillation provides a description of isotopic enrich-
ment that occurs in a system with an irreversible sink process
(e.g. Rahn et al., 1998; Scott et al., 2004). In our notation, the
Rayleigh distillation equation is

�δ = {(1 + �C/C̄)ε − 1}(1 + δ̄). (4)

In the range of �C/C̄ shown in Fig. 1, (3) is an excellent
approximation to (4). Thus, (3) can be thought of as describing
Rayleigh distillation during periods of sink dominance (left to
right along the KIE line), followed by ‘inverse Rayleigh distilla-
tion’ during periods of source dominance during which the CH4

removed is replenished to recover the initial state.

3. Model specification

We pose the following question. If atmospheric CH4 in a ‘co-
herent’ region of the atmosphere (i.e. a region largely devoid

of spatial gradients) is driven by source(s) and sink(s) whose
strengths have a regular seasonal pattern but no trend, what are
the relationships between those seasonal patterns and the season-
alities that result in atmospheric CH4 and in its δ13C signature?
In this context, we consider ‘seasonalities’ to embrace both sea-
sonal amplitude and phase. The coherent region could be as
small as the smallest-resolved volume in a three-dimensional
(3-D) model or as large as the ETSH or even the full SH.

The seasonal relationships are illustrated using a ‘sinusoidal
model’: a single well-mixed box characterizes the coherent at-
mosphere, in which the CH4 and 13CH4 burdens (or mixing
ratios) are driven by a seasonally varying source strength and a
seasonally varying sink strength that are idealized as sinusoidal
with annual period. Mass balance of total CH4 in the box requires
that

∂C(t)

∂t
= S(t) − λ(t)C(t), (5)

where S(t) is the CH4 source (Tg yr−1) to the atmospheric box
of CH4 burden C(t) (Tg) from which CH4 is removed at a frac-
tional rate of λ(t) per annum (yr−1) by first-order sinks. An
analogous equation applies for 13CH4. The CH4 burden is in
a ‘cyclo-stationary state’, a steady-state perturbed by recurring
seasonality driven by seasonal source and sink that the time
(t) dependence reflects. The source S(t) includes both surface
sources and transport-mediated fluxes to and from adjoining
boxes. This is analogous to the approach of Lassey et al. (1993)
who considered a ‘composite source’ to the SH atmosphere
comprising all indigenous SH sources together with a ‘spillover
source’ due to net exchange with the atmosphere to the north.

Our sinusoidal model isolates a single ‘source type’, S(t),
characterized by a fixed isotope signature δ13C, denoted δS. This
can be thought of as a component of a disaggregated source. A
coarse disaggregation might be biogenic, fossil, and pyrogenic
methane, each with a characteristic δ13C, or, in a finer disaggre-
gation, S(t) could represent all CH4 emissions from, for example
rice agriculture with its δ13C signature. The imprint of S(t) on the
model atmosphere in conjunction with sink λ(t) with fixed KIE ε

is the burden, C(t) and companion δ13C value, denoted δC(t). In
aggregating over component source types, the combined burden
is the aggregate of component burdens, whereas the combined
δ13C value is, to first order, the mean of individual δC(t) weighted
by respective burdens, as per summing source-weighted δ13C
to give δ13C in the global source (e.g. Lassey et al., 2000,
Table 1). Such aggregation of source types is an approach com-
monly adopted in modelling studies (e.g. Fung et al., 1991; Allan
et al., 2001b).

In developing first the case of a single seasonal sink in con-
cert with a single seasonal source (Section 4), and then a dual
seasonal sink and single seasonal source (Section 5), we relegate
to appendices mathematical detail that might otherwise distract
the logical model development. Sinusoidal sources and sinks are
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Table 1. Parameter values used to illustrate the sinusoidal model,
approximately representative of a hemispheric-mean sink together with
a nominal source

Parameter Single-sink case Dual-sink case

Source
S0 (Tg yr−1) 100 105
S1 (Tg yr−1) 20 21
θS (rad) π/12 π/12
δS (�) −60 −60

Primary sink

λ10 (yr−1) 0.11 0.11
λ11 (yr−1) 0.04 0.04
ε1 (�) −4.0 −4.0

Secondary sink
λ20 (yr−1) 0.05λ10

λ21 (yr−1) 0.9λ20

ε2 (�) −62
Derived sinusoidal output

C0 (Tg) 909.09 909.09
C1 (Tg) 2.84 3.39
θC (rad) 1.276 1.276
δ0 (�) −56.225 −53.601
δ1 (�) 0.012 0.048
θδ (rad) −1.866 −1.698
ε̄ (�) −6.76
ε̃ (�) −10.39

illustrated using values approximately representative of the SH
mean (Table 1).

4. Single seasonal sink

Consider first the relationships imposed by mass balance of
total methane, followed by relationships between isotope ratios
developed through mass balance of 13CH4. For simplicity and
with minimal error, the ratios 13C/12C and 13C/(12C+13C) are not
distinguished. The mathematical framework is adapted in part
from Lassey et al. (1993).

4.1. Seasonality of total methane

The model atmosphere of (5) is driven by source and sink of the
form

S(t) = S0 + S1 cos(ωt + θS)

λ(t) = λ0 + λ1 cos(ωt) (6)

in which ω = 2π yr−1, S0 and λ0 are annual mean values, and S1

and λ1 are non-negative seasonal amplitudes that cannot exceed
the respective annual means. The absence of an explicit phase
in λ(t) merely defines ‘time zero’ without loss of generality, so
that θS is the phase angle between source and sink. Fig. 2(a)
illustrates the functional forms (6).

The analytical solution for C(t) is not tractable. However, it
is possible to isolate the leading harmonic for C(t) of the form

C(t) = C0 + C1 cos(ωt + θC) (7)

and solve for its parameters, C0, C1 (non-negative) and θC. This
is achieved by back-substituting (6) and (7) into (5) and treat-
ing the result as an identity in time, with second and higher
harmonics ignored (Appendix A). Separating time-independent
components from the identity yields:

S0 − λ0C0 = 1

2
λ1C1 cos(θC). (8)

Separating first harmonic components yield:

C1ω cos(θC) = S1 sin(θS)

C1ω sin(θC) = λ1C0 − S1 cos(θS). (9)

The former of eqs (9) enables the right-hand side (RHS) of
(8) to be expressed in terms of its source–sink drivers:

S0 − λ0C0 = 1

2

λ1

ω
S1 sin(θS) (10)

with λ1/ω < λ0/ω ≈ 0.02 for CH4, as long as S1/S0 is sufficiently
small the RHS of (10) can be ignored to yield

S0 = λ0C0. (11)

Equation (11) is the customary relationship for a steady source
and sink in equilibrium with an atmospheric burden. It is usually
taken also to relate the means of seasonally varying entities.
However, (10) indicates that a correction should in principle
apply unless either the source or sink is aseasonal, or they are
in phase or antiphase (θS = 0 or π ). Furthermore, numerical
experimentation reveals that when (11) is used to estimate C0, the
error made through ignoring RHS of (10) may be of comparable
magnitude to the amplitude C1 (one can show that this error has
upper bound (1/2)(S1/S0)C1).

Equations (9) and (11) can be thought of as providing so-
lutions, C0, C1, θC, for atmospheric seasonality in CH4 (see
Appendix A for explicit expression). For an aseasonal source,
S1 = 0, atmospheric seasonality is necessarily fully sink driven
with parameters

θC = π/2, C1 = (λ1/ω)C0. (12)

Conversely, for a dominant source seasonality, S1/S0 �
λ1/λ0 (which could apply in tropical regions with emissions
driven by seasonal hydrological cycles), then

θC → θS − π/2, C1 → S1/ω. (13)

In between these extremes, relative amplitude C1/C0 is never
less than (λ1/ω)|sin(θS)|. (This lower bound leads to the up-
per bound on the ‘error in C0’ mentioned following eq. 11).
Nonetheless, eqs (9) and (11) confirm that atmospheric C(t) will
be aseasonal (C1 = 0) in the event that source and sink are
both in phase (θS = 0) and have identical relative amplitudes
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Fig. 2. Simulations with the ‘sinusoidal model’ with a single source and single sink, using the parameters of Table 1. Panel (a) shows the driving
source and sink of eq. (6). Panels (b) and (c) show the imprints of that combination on the atmospheric burden and on its δ13C, respectively. Each of
the lower two panels reports both the numerical integration of the mass balance equations (‘Integrated’: the last year of 150-yr spin-up of eqs (5) and
(14) with 14-day time step), and the sinusoidal approximation (‘Sinusoidal’) of eqs (7) and (15).

(S1/S0 = λ1/λ0). Under those circumstances, source and sink
seasonalities completely counteract each other.

Solutions for C0, C1, θC corresponding to the source–sink
parameters of Table 1 are shown also in Table 1.

Fig. 2(b) illustrates C(t). In that figure, C(t) is computed by
numerically solving (5) and (6) (with 150-year spin-up time to
remove a dependence on initial state), yielding a seasonality that
is barely distinguishable from the sinusoid (7) with (9) and (11),
also shown in Fig. 2(b).

4.2. Seasonality of δ13C

The analogue of (5) for 13CH4 can be written as

∂

∂t
[(1 + δC(t))C(t)] = (1 + δS)S(t) − αλ(t)(1 + δC(t))C(t).

(14)

In this equation, 12CH4 is not distinguished from CH4 (and
as a result the isotope ratio in the international VPDB standard,

Rstd, does not enter the equation); α = 1 + ε is the isotope frac-
tionation factor of eq. (2) for the particular sink.

Just as in the ‘total methane’ case, the solution to (14) with
(6) is made tractable by isolating the lead harmonic analogously
to (7):

δC(t) = δ0 + δ1 cos(ωt + θδ) (15)

with δ1 non-negative.
Through back-substitution into the mass-balance eqs (5) and

(14), counterparts of (8)–(11) can be developed (Appendix B),
with the resulting counterpart of (8):

(μ − ν)S0 = 1

2
αλ1δ1C0 cos(θδ). (16)

Here μ and ν emerge as natural abbreviations (both negative):

μ = δS − δ0, ν = ε(1 + δ0). (17)

As with (8), the RHS of (16) would normally have very much
smaller magnitude than μS0 and νS0 (but may still be comparable
to the amplitude |μ|S1), leading to the more common ‘isotope
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mass balance’ constraint

μ = ν or δ0 = (δS − ε)/α. (18)

The latter is often applied in an approximate form, δ0 ≈ δS − ε,
which views sink fractionation as imposing an isotope ‘shift’ on
δS to yield an atmospheric δ13C of δ0. Such a view can obscure
recognition of (18) as the more accurate expression (Lassey
et al., 2000).

The isotope counterpart of (9) is

δ1ωC0 cos(θδ) = μS1 sin(θS)

δ1ωC0 sin(θδ) = νλ1C0 − μS1 cos(θS). (19)

On applying (18) to (19) it is immediately clear that eqs (9)
and (19) are proportional, with the corollary (recalling that μ,
ν < 0):

δ1/ |ν| = C1/C0, θδ = θC ± π. (20)

The first equality in (20) indicates that the amplitude δ1 is as
small when compared to |ν| as C1 is when compared to C0. Thus,
|ν| plays the role of a scale against which amplitude δ1 can be
compared, noting that δ13C values themselves have an artificial
zero governed by the isotope standard. The second equality in
(20) reports the important finding that C(t) and δC(t) are always
in anti-phase for a single source type and a single seasonal sink.

This robust anti-phase relationship was observed in numerical
modelling studies by Allan et al. (2001b, Figs 6 and 7), even
under circumstances of seasonally complex source types and a
single seasonal OH sink in source-rich regions (Fig. 1).

The circumstance in which a seasonal source counteracts a
seasonal sink to leave an aseasonal C(t) = C0 (viz. θS = 0,
S1/S0 = λ1/λ0) also leads to an aseasonal δC(t) = δ0.

Figure 2(c) illustrates δC(t), using the parameters of
Table 1. As for C(t), δC(t) is computed by numerically solv-
ing (5) and (6) and (14) with 150-yr spin-up time, yielding a
result that is surprisingly well simulated by the sinusoid (15)
with (18) and (19). Parameters of that sinusoid are shown in
Table 1.

4.3. Phase diagrams

The phase diagrams of Allan et al. (2001b; 2005), when plotted
for an individual source type as per Fig. 1, would be represented
by a plot of x = (C(t) − C0)/C0 versus y = δC(t) − δ0. With
the single-harmonic approximations of (7) and (15)

x = (C1/C0) cos(ωt + θC)

y = δ1 cos(ωt + θδ). (21)

The sinusoidal parametric equations (21) describe a tilted el-
liptical shape in (x, y) space as t progresses through an annual
period. However, it is clear that, due to (20), the elliptical shape
collapses to the straight line y = νx, with slope characteristic
of the KIE (viz. ν of eq. 17), exactly as described by Allan

et al. (2001b, Appendix). Figure 4(a) shows the phase diagram
corresponding to Fig. 2. In finer detail, the phase diagram ac-
tually resembles an ellipse of very high eccentricity that is not
apparent in Fig. 4, which is a result of C(t) and δC(t) departing
slightly from their sinusoidal idealizations of (21). The TM2
simulations of Allan et al. (2001b) would not have distinguished
such high eccentricity from linearity in their Figs 6 and 7 (and
Fig. 1 herein).

We now extend our analysis to accommodate multiple sea-
sonal sinks, which Allan et al. (2001b) infer as being respon-
sible for large phase-ellipse tilts based on data from the ETSH
atmosphere.

5. Multiple seasonal sinks

The formalism of Section 4 is extended to include multiple sea-
sonal sinks, each with its individual seasonality and KIE. How-
ever, to avoid excessive mathematical complexity, we restrict to
the case where all sinks are in phase (or in anti-phase). Such a
restriction recognizes that all sinks that are strongly seasonal are
likely to have their seasonal phase driven to first order by that
in solar irradiance, that is, by the seasons themselves. Because
it is intended that this formalism should capture the effect of
including a highly seasonal, highly fractionating chlorine sink,
it could be observed that constructions of this sink are close to
being in phase with the principal OH sink (Allan et al., 2001a,
2007).

5.1. Seasonality of total methane

The driving source and multiple sinks take the form

S(t) = S0 + S1 cos(ωt + θS)

λ(t) ≡
∑

k

λk(t) =
∑

k

{λk0 + λk1 cos(ωt)} (22)

in which λk1 may be negative to accommodate a sink in anti-
phase with the primary sink (k = 1). It is immediately obvious
that multiple in-phase sinks behave exactly like a single sink with
summed annual mean and summed amplitude. Consequently, the
results of Section 4.1, including (8)–(11), transfer to this case
upon replacing λ0 and λ1 with �0 and �1 respectively, defined
by

�0 =
∑

k

λk0, �1 =
∑

k

λk1. (23)

Thus,

S0 = �0C0

C1ω cos(θC) = S1 sin(θS)

C1ω sin(θC) = �0C0 − S1 cos(θS). (24)

Just as with the single-sink case, C(t) will be aseasonal (C1 =
0) for counteracting source and total sink that are both in
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Fig. 3. As for Fig. 2, but for single source and dual sinks using the parameters of Table 1. Panel (a) shows the source and combined sink of eq. (22),
and panels (b) and (c) report the counterparts of Fig. 2, but panel (c) has a different scale in δ13C than Fig. 2(c) in light of the much bigger seasonal
amplitude.

phase (θS = 0) and have identical relative amplitudes (S1/S0 =
�1/�0).

In the illustrative example of Fig. 3, the highly fractionating,
highly seasonal second sink strengthens the combined sink by
5% and also increases its relative seasonal amplitude (Table 1).
The source is scaled up (both mean and amplitude) by 5% to
restore balance (Fig. 3a). [This approach is analogous to estimat-
ing the global source on the basis of top-down budget closure
such as is done in IPCC assessments (Denman et al., 2007,
Table 7.6)]. The illustration of C(t) in Fig. 3(b) is little different
from that in Fig. 2(b) other than its relatively greater seasonal
amplitude, and is again little distinguished from the sinusoid (7)
with (24) whose parameters are reported in Table 1.

5.2. Seasonality of δ13C

The multiple-sink counterpart of (14) for 13CH4 contains the
replacement

αλ(t) →
∑

k

αkλk(t). (25)

Here αk = 1 + εk is the isotope fractionation factor and εk is the
KIE, for the kth sink.

The counterparts of (16)–(19) can be derived in a similar
manner (Appendix C). For this purpose it is useful to define a
mean KIE, ε̄, in which εk of each sink is weighted by its annual
mean

ε̄ =

(∑
k

λk0εk

)

�0
(26)

together with the corresponding ᾱ = 1 + ε̄ and ν̄ ≡ ε̄(1 + δ0).
The mass-balance counterpart of (18) is

μ = ν̄ or δ0 = (δS − ε̄)/ᾱ. (27)

Thus, to a good approximation, multiple sink fractionations
impose an isotope shift on atmospheric δ13C given by the
weighted mean ε̄ of (26), as would be intuitively expected.

However, in balancing seasonality, the counterpart of (19)
depends on a mean KIE that is weighted instead by the seasonal
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amplitudes of the individual sinks (Appendix C) as defined by

ε̃ =

(∑
k

λk1εk

)

�1
. (28)

We distinguish ε̄ from ε̃ by designating them ‘mass-balance
KIE’ and ‘seasonal KIE’, respectively. With the correspondingly
defined α̃ and ν̃, the counterpart of (19) is

δ1ωC0 cos(θδ) = μS1 sin(θS)

δ1ωC0 sin(θδ) = ν̃�1C0 − μS1 cos(θS). (29)

Contrary to the single-sink situation, the role played by multi-
ple seasonal sinks in isotope mass balance differs from their role
in determining atmospheric seasonality: the former is controlled
by ν̄ (or ε̄), the latter by ν̃ (or ε̃). As a corollary, the seasonal
amplitudes of C(t) and δC(t) are no longer as simply related as
for the single-seasonal sink case of (20), nor are those season-
alities in strict anti-phase. A result of this is a broadened phase
ellipse. The particular circumstance of an aseasonal source is an
exception for which

δ1/ |ν̃| = C1/C0, θC = π/2, θδ = −π/2. (30)

The single-sink formalism is resurrected when atmospheric
seasonality is dominated by source seasonality (S1/S0 �
�1/�0) whereupon the term ν̃�1C0 in (29) becomes negligi-
ble.

Unexpectedly, the circumstance of counteracting source and
sink seasonalities that leads to an aseasonal burden C(t) = C0

(viz. θS = 0, S1/S0 = �1/�0) no longer leads to an aseasonal
δC(t). This is a direct result of μ = ν̄ being unequal to ν̃. Con-
versely, there can be circumstances in which δC(t) but not C(t)
becomes aseasonal, namely θS = 0 together with

ν̄S1/S0 = ν̃�1/�0. (31)

These various circumstances can be expected to correspond
to unusual phase ellipses with tilts that can be zero [aseasonal
δC(t)] or infinite [aseasonal C(t)].

Figure 3(c) illustrates δC(t) for the dual-sink parameters of
Table 1. As with Fig. 2(c), δC(t) is surprisingly little distinguished
from its sinusoidal approximation (15) whose parameters are
shown in Table 1. However, its seasonal amplitude is enlarged
appreciably (by a factor of 4) by the addition of the highly
fractionating second sink.

5.3. Phase diagrams

Because of the inequality of ν̃and ν̄, the phase diagram based on
(21) does not in general collapse onto a straight line. Figure 4(b)
illustrates the elliptically shaped figure based on the parameters
of Table 1, and shows also the tilt of that ‘ellipse’ (using a linear
regression line as proxy for the major axis). It is clear that for
these parameters the tilt, νA, is neither ν̃ nor ν̄, nor even an

intermediate value, so that the inferred ‘apparent KIE’ given by

εA = νA/(1 + δ0) (32)

is also neither ε̃ nor ε̄ nor even an intermediate value.
Analytical and numerical exploration suggests that νA results

from complex interplay between the seasonalities of source and
sinks (Appendix D). This implies that not only does εA not act
as indicator of either ε̃ or ε̄, but may in fact have a somewhat
bizarre value when the circumstances for aseasonal C(t) or δC(t)
are nearly met. Figure 5 illustrates this by plotting εA calculated
from (32), as a function of S1/S0 for various choices of phase θS,
with other dual-sink parameters taken from Table 1. This figure
illustrates some non-intuitive features of εA that are confirmed by
an analytical derivation εtheor of εA developed in Appendix D:
(i) εA is independent of δS, implying that the δS dependence
of νA is removed by the divisor (1 + δ0) in (32); (ii) for an
aseasonal source (S1/S0 = 0), εA = ε̃ (necessarily independent
of θS), then is again independent of θS at S1/S0 = �1/�0 (=0.389
in Fig. 5) where Appendix D confirms its value to be 1/2(ε̃ + ε̄);
(iii) for θS = 0 (not shown) εA becomes singular (infinite slope)
at S1/S0 = �1/�0 as a result of C(t) becoming aseasonal, which
gives rise to a highly non-monotonic function of S1/S0 for small
θS (e.g. for θS = π /24 in Fig. 5); (iv) εA is zero, as a result of
aseasonal δC(t), wherever (31) and S1 < S0 can be simultaneously
satisfied, as is demonstrated for θS = π /24 in Fig. 5.

The high sensitivity of εA to values of S1/S0 near �1/�0 occurs
for only a narrow band of θS less than about π /6 in magnitude,
that is for a source out of phase with sinks by less than about
1 month. When these conditions are satisfied, the phase ellipse
of Fig. 4(b) becomes much shorter in its extension on the x-
axis due to the near-aseasonal C(t). Indeed, as S1/S0 approaches
and passes through �1/�0, the ellipse turns anti-clockwise (i.e.
the tilt approaches the x-axis); as S1/S0 further increases it may
then turn clockwise. If θS is small enough, a positive tilt will
be attained for a range of S1/S0, as exemplified in Fig. 5, where
εA > 0 for a range of S1/S0 with θS = π /24.

6. Discussion

We have demonstrated that the imprint of a distributed CH4

‘source type’ (fixed δ13C signature) on a coherent region of the
atmosphere exposed to multiple seasonal CH4 sinks comprises
a characteristic seasonal pattern on both atmospheric burden
(or mixing ratio) and companion δ13C. For source and sinks
that have idealized sinusoidal seasonality, both those seasonal
patterns are surprisingly close to sinusoidal. From the seasonal
patterns can be constructed phase ellipses as described in Sec-
tion 2, and the ‘apparent KIE’, εA, of the combined sinks can
then be inferred from the ‘tilt’ of the phase ellipses (slope of
the major axis), νA, after Allan et al. (2001b, 2005), according
to (32). Just how εA relates to the KIE in individual sinks de-
pends in a complex way upon the relative strengths and seasonal
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Fig. 4. Phase ellipses based on the simulations of (a) Fig. 2 and (b) Fig. 3. Both panels are on the same scale, and both show the tilted major axis
calculated as a regression line of points on the ellipse equally spaced in time (dash–dot line). The ‘apparent KIE’ values, denoted εA in the text and
calculated from the major axis slope νA as per eq. (32), are reported in each panel. Note that the apparent KIE in panel (b) is larger in magnitude
than either ε̃ or ε̄ in Table 1.

amplitudes of the contributing sinks. Some of these possibilities
are as follows:

(i) Imprint of single seasonal sink. The seasonalities im-
printed on the atmospheric burden and on its companion δ13C
are in robust anti-phase, and the ellipse collapses to be indistin-
guishable from its major axis. The slope of that axis is directly
proportional to the KIE of the sink [as per (3) or (32)], regard-
less of the amplitude and phase of source seasonality. This is
illustrated in simulations reported by Allan et al. (2001b) us-
ing the 3-D model TM2 with OH as the only seasonal sink and
εOH = −5.4�. Those simulations with a single source type
(called a ‘building block’ by Allan et al.) featured collapsed
ellipses with slopes that recovered εA = −5.4�, irrespective
of whether that source type was aseasonal or seasonal (Allan
et al., 2001b, Figs 6 and 7; Fig. 1 herein). This does not nec-
essarily mean that aggregated seasonal sources in combination
with a single seasonal sink would exhibit collapsed ellipses, for
then the isotopic signature of the aggregate source could itself
vary seasonally. But aggregated aseasonal sources in combina-

tion with a single seasonal sink would exhibit a collapsed ellipse
with slope consistent with the sink KIE.

(ii) Imprint of multiple seasonal sinks in phase, aseasonal
source. A strong anti-phase relationship between imprinted at-
mospheric burden and δ13C prevails in this case also, with the
slope of the collapsed ellipse corresponding to the ‘seasonal
KIE’, ε̃, defined in (28). The effect of augmenting the major
OH sink with a weaker (∼5%) atomic chlorine sink that is both
highly fractionating (εCl ≈ −62�) and more strongly seasonal
(Allan et al., 2001a, 2007) is to modify ε̃ more markedly than
the ‘mass-balance KIE’, ε̄, of (26). Because ε̃ does not depend
on δ13C in the source, δS, these same considerations would ap-
ply to the combination of multiple seasonal sinks and multiple
aseasonal sources.

(iii) Imprint of multiple seasonal sinks in phase, seasonal
source. As the source seasonal amplitude increases the anti-
phase relationship progressively weakens and with it the ellipse
eccentricity (e.g. Fig. 4b). The tilt of the ellipse corresponds to
a value for εA that in the extreme of source-driven seasonality
approaches the mass-balance KIE ε̄ of (26), but otherwise can
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Fig. 5. A plot of εA versus relative source seasonality, S1/S0, with four representative choices of θS (shown in legend) for the sinusoidal dual-sink
model. All parameters except S1 and θS are taken from Table 1. For each S1/S0, εA is calculated from the slope νA of the tilted major axis as per
Fig. 4. For θS > π /3, the plot becomes increasingly flat. Note that all curves pass through the common point where S1/S0 = �1/�0 = 0.389. In
addition, εA is an even function of θS so that negative θS adds no new information.

vary markedly, even outside the range defined by ε̄ and ε̃. This
unexpected finding arises because εA is proportional to the ratio
of seasonal amplitudes δ1/C1, and for multiple sinks C1 can be
unusually small or even vanish while δ1 remains ‘normal’ (or
vice versa), due to counteracting source and sink seasonalities
(Fig. 5, Appendix D).

(iv) Multiple seasonal sinks, multiple sources. In general, a
phase diagram deduced from aggregated sources may be highly
distorted and poorly resembling an ellipse (Allan et al., 2001b).
Even for seasonal idealizations such as eq. (6), the ‘ellipse’
would be broadened and shape-distorted, due in part to multiple
seasonal sinks (e.g. Fig. 4b), and in part due to superposed
imprints of multiple source types, each with its own seasonality
and δ13C signature. Such superposed sources have a seasonally
varying δ13C in their aggregate that is not addressed in this paper.

All of the above except (iv) consider individual source types
(aseasonal δS), which are only accessible from model output.
When applied to observed mixing ratios and co-located atmo-
spheric δ13C, as well as to model output for the full aggregation
of sources, ellipses can be highly distorted with a ‘major axis’
difficult to isolate (e.g. Allan et al., 2001b, Figs 2 and 3; Allan
et al., 2005). This is particularly applicable to sites in source-rich
regions such as most NH and tropical sites. It has reduced appli-
cability to remote sites such as in the maritime ETSH (e.g. Allan
et al., 2001b, Fig. 1), although not always so (Allan et al., 2005,
Fig. 2). This is because of the relative isolation of such ETSH
sites (e.g. Baring Head, New Zealand, at 41◦S) from source re-
gions and especially from highly seasonal sources, and is the

principle reason for the ETSH having regular seasonal patterns
of atmospheric mixing ratio (Dlugokencky et al., 1994). Indeed,
latitudes south of 30◦S are likely to account for only ∼2% of
global emissions (Fung et al., 1991).

Through examinations of observation-based phase ‘ellipses’
at Baring Head, Allan et al. (2005, 2007) have argued that air
masses in the marine boundary layer at such southern mid-
latitudes are affected by atomic chlorine to an extent that can
vary markedly from year to year, resulting in elongated shapes
that correspond to εA varying in the range −17 to −6� for
1992–2003. Since 2003, εA appears to have been less variable
(Lassey et al., 2010).

However, Fig. 5 raises the possibility that such inter-annual
variability could be partly a result of a particular mix of circum-
stances: if in a particular well-mixed region of the atmosphere
an individual source type is nearly in phase with the combined
sink (phase difference less than ∼1 month) and their relative
seasonal amplitudes nearly match, then the corresponding εA

can be extraordinarily sensitive over an essentially unbounded
range to the degree of mismatch in phase and amplitude. This
in turn can make that source disproportionately influential in the
tilt of the phase ellipse for that region.

As an indicator of a plausible value for S1/S0, the relative
amplitude in the global CH4 source is about 0.18, a value based
on aggregating all constant and seasonally varying sources de-
scribed by Allan et al. (2010, Tables 1a and b, Fig. 1). A particular
source type within a hemisphere could have a much larger S1/S0,
with pyrogenic sources from seasonal biomass burning likely
to be prominent among these in the SH, even if its seasonality
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is ∼3 months or more out of phase with the sink (Allan et al.,
2010, Fig. 1d).

The sources that Baring Head in the ETSH ‘sees’ would be
sources indigenous to the SH plus net ‘spillover’ sources due to
seasonally varying transport between the hemispheres. Lassey
et al. (1993) have estimated that annual indigenous and spillover
sources are comparable in magnitude. Because air is exchanged
between hemispheres on a timescale of order 1 year, Baring
Head would likely see spillover sources with much-diminished
seasonality despite spillover transport varying seasonally. Thus,
relative seasonality of the spillover is likely to be less than 0.18,
with consequent εA of around −11� (Fig. 5), a value which
accords well with derivations for the ETSH based on distribu-
tions of atomic Cl on which the ‘secondary sink’ of Table 1 is
based (Allan et al., 2007). It is the sources indigenous to the SH
that would be seen as the most seasonal at Baring Head, with
pyrogenic CH4 prominent as noted. However, while that source
has large seasonality, it is also largely out of phase with the sinks
(|θS| ≈ π /2) so that its individual εA is insensitive to both sea-
sonality and θS (Fig. 5). This probably explains the model result
by Allan et al. (2001b, Fig. 5) that varying the pyrogenic source
strength affected the eccentricity of the ellipse in the ETSH but
had no discernible effect on its tilt.

In a global modelling study with model ‘UMeth’ (Allan et al.,
2007), Allan et al. (2010) examined the sensitivity of εA to global
source inventory. With OH as the sole seasonal sink having
εOH = −3.9�, doubling or zeroing individual global source
strengths could change the value derived for εA at the location
of Baring Head only by up to ±1� about εOH. This is consistent
with (i) above, in that εA would reflect the KIE of the single
sink involved. Allan et al. concluded that a highly fractionating
second seasonal sink is required to explain the large magnitude
of εA arising from observations at Baring Head.

That same study (Allan et al., 2010) also explored the two-
sink case representing OH and Cl sinks. The same marked ad-
justments in global source strengths resulted in variations in εA

also of up to ±1� but about a central value of −11� (Allan
et al., 2010, Table 3). Although that value is fully consistent with
Fig. 5 at small S1/S0 and/or |θS| > π /3), and compatible with
observation-derived values at Baring Head (Allan et al., 2007),
the latter vary interannually by much more than ±1�. As dis-
cussed earlier, such large variations could be partly explained
by sensitivity of εA to relative source amplitude (S1/S0), rather
than to source magnitude as investigated by Allan et al. (2010).
A more detailed comparison of the analytical results obtained in
this paper with the model results of Allan et al. (2010) requires a
consideration of seasonal transport and aggregation of seasonal
sources that is outside the scope of this paper.

7. Conclusions

We have provided simple analytical support for several empirical
features encountered during 3-D modelling of atmospheric CH4,

and insight into their origin. Allan et al. (2001b) found that
the atmospheric imprint of a disaggregated source (which they
called a ‘building block’) subjected to a single seasonal sink was
a mixing ratio and δ13C contribution that were always in anti-
phase, regardless of the seasonal complexity of that building
block. A result of this was a straight-line phase diagram that
closely matches the ‘KIE line’ of eq. (3) with slope proportional
to the KIE ε of the particular sink.

The anti-phase property is explained here and shown to be
robust, not only when a single seasonal sink is operative with
a seasonal source (eq. 20), but also when multiple in-phase
seasonal sinks act in concert with an aseasonal source (eq. 30).
In the latter case, the KIE predicted by the slope is the ‘seasonal
KIE’ of eq. (28), rather than the sink-weighted KIE of eq. (26)
that is implicated in isotope mass balance.

For the case of multiple such sinks acting in concert with a
source that varies seasonally, the imprints on mixing ratio and
on δ13C are no longer in anti-phase. This results in a phase di-
agram that is no longer a straight line, broadening instead into
an elliptical shape with reoriented alignment. Unexpectedly, the
‘apparent KIE’, εA, corresponding to that alignment can differ
markedly from both the seasonal and mass-balance KIEs, being
essentially without bounds when source and sinks are nearly in
phase. Appendix D analytically confirms these unexpected fea-
tures of εA, attributing them to counteracting interplays between
source and sink seasonalities.

At a particular site in a source-rich region, a phase diagram
based either on observation or on output from a 3-D model can
bear little relationship to an ellipse (e.g. Allan et al., 2001b,
Figs 2 and 3). This can be due to the aggregated effects of
multiple seasonal sources, each with its characteristic δ13C sig-
nature, as well as to a succession of different air parcels with
trajectories that have experienced different sources. Although
CH4 in the ETSH has more spatial uniformity than north of it
(Dlugokencky et al., 1994), such non-elliptical phase diagrams
can nevertheless be encountered there too (Allan et al., 2005,
Fig. 2). To infer εA from such phase diagrams, Allan et al.
(2005) applied separate single-harmonic fits to mixing ratio and
δ13C and derived εA from the ratio those single-harmonic am-
plitudes (their eq. 2). For ETSH sites such as Baring Head,
New Zealand, such assessed εA not only had larger magnitude
(∼11�) than OH acting alone would suggest, but that magni-
tude also exhibited surprisingly high variation from year to year
(6–17� for 1992–2002). Allan et al. attributed this variation to
a variable role of the highly fractionating atomic-chlorine sink.
Our analytic derivations reveal unexpected features of εA that
can include a strongly non-monotonic dependence on source
seasonality with the potential to partially explain the observed
variability.

Phase ellipses have proven instructive in elucidating the roles
of seasonal sinks of atmospheric CH4. Indeed, without such
an approach the role of chlorine in the marine boundary layer
of the ETSH would likely not have been uncovered or would
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have been inferred only qualitatively. There is scope to better
understand the determinants of the shapes that emerge in phase
diagrams, including the role played by aggregation of multiple
isotopically distinct sources, to better elucidate the properties
revealed by Allan et al. (2001b, 2005, 2007, 2010).

The formalism developed here has potential application to
other long-lived species that are principally removed by OH
and with known isotope fractionation. For such species, phase
diagrams could be a useful tool for investigating a secondary
seasonal sink that has a distinctive fractionation.
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Appendix A: Mass balance for total methane

This appendix outlines the mathematical derivations of eqs (8)
and (9) from (5) to (7).

Back-substitution of (6) and (7) into (5) provides the identity
(in time):

−ωC1 sin(ωt + θC) ≡ S0+S1 cos(ωt + θS)−{λ0 + λ1 cos(ωt)}
× {C0 + C1 cos(ωt + θC)}. (A1)

Use of standard trigonometric identities provides:

cos(ωt) cos(ωt + θC) = 1

2
{cos(θC) + cos(2ωt + θC)} . (A2)

Upon dropping terms of higher than first harmonic, (A1) can
be rewritten as

[S0 − λ0C0 − 1

2
λ1C1 cos(θC)]

≡ [C0λ1 cos(ωt) − S1 cos(ωt + θS) + λ0C1 cos(ωt + θC)

− ωC1 sin(ωt + θC)]. (A3)

Identity (A3) is in the form U cos(ωt) + V sin(ωt) + W ≡ 0
in which U, V , W are time independent, and the three functions
cos(ωt), sin(ωt), unity are orthogonal over 0 < ωt < 2π . Thus,
all of U, V , W can be separately set to zero. The left-hand
side (LHS) of (A3) is W which when set to zero immediately
leads to (8). The last two terms of the right-hand side (RHS) of
(A3) involve cosine and sine of the same angle, and standard
trigonometry allows them to be combined into

−C1

√
ω2 + λ2

0 sin(ωt + θC − η), where tan(η) = λ0/ω

= −ω′C1 sin(ωt + θ ′
C) where ω′=

√
ω2 + λ2

0, θ ′
C = θC − η.

(A4)

In practice, because η ≈ λ0/ω ≈ 0.02, θ ′
C cannot be distin-

guished from θC, nor ω′ from ω, with the result that the com-
bination (A4) effectively reduces to just the last term in (A3).

Equated to zero, RHS (A3) then becomes the identity:

ωC1 sin(ωt + θC) ≡ C0λ1 cos(ωt) − S1 cos(ωt + θS). (A5)

On expanding the cosine and sine functions in (A5) the co-
efficients U and V of the orthogonal cos(ωt) and sin(ωt) can be
separately set to zero. The resulting expressions are just eqs (9).
Equivalently, eqs (9) follow from setting ωt to 0 and π /2 in (A5).

Equations (9) can be ‘solved’ for C1 and θC, although the
‘solution’ is usually less useful than (9) themselves. By squaring
and adding the two eqs (9), θC is eliminated to result in

(C1ω)2 = (λ1C0)2 − 2λ1C0S1 cos(θS) + S2
1 . (A6)

The phase angle θC is determined from the ratio of the two eqs
(9):

tan(θC) = (λ1C0/S1) cosec(θS) − cot(θS) (A7)

subject to cos(θC) having the same sign as sin(θS).

Appendix B: Mass balance for stable isotope,
single sink

This appendix outlines the mathematical derivations of eqs (18)
and (19) from (5) to (7), (14) and (15).

Expand the LHS (14) to yield (omitting for brevity the deno-
tation of explicit time dependences):

Cδ̇C + (1 + δC)Ċ = (1 + δS)S − αλ(1 + δC)C (B1)

in which the over-dot signifies time derivative. From (B1) sub-
tract a multiple α(1 + δC) of eq. (5) to cancel the last term in
(B1) yielding

Cδ̇C − ε(1 + δC)Ċ = (δS − ε − αδC)S. (B2)

Equations (6), (7) and (15) can be back-substituted into (B2).
Some simplicity is afforded by the abbreviations μ and ν of
(17), and higher harmonics can be dropped following standard
trigonometry that relates products of sine and cosine to sine or
cosine differences. Then, proceeding as in Appendix A, orthog-
onality of cos(ωt), sin(ωt), unity allows the time-independent
terms to be set to zero:

(μ − ν)S0 = 1

2
αδ1 {ωC1 sin(θC − θδ) + S1 cos(θS − θδ)} . (B3)

The dependence on C1 and θC can be removed by either expand-
ing the sine function in (B3) and substituting (9), or, more simply,
by setting ωt = −θδ in identity (A5), immediately yielding (16).

The harmonic terms arising from (B2) can be expressed as

δ1 {ωC0 sin(ωt + θδ) − αS0 cos(ωt + θδ)}
≡ νωC1 sin(ωt + θC) − (μ − ν)S1 sin(ωt + θS). (B4)

It follows from using (11) and from arguments analogous to
those surrounding (A4) that the second term on the LHS (B4) can
be ignored compared to the first. Furthermore, the dependence
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upon C1 and θC can be removed by substituting (A5) into the
first term on RHS (B4), yielding

ωC0δ1 sin(ωt + θδ) ≡ νC0λ1 cos(ωt) − μS1 cos(ωt + θS) (B5)

from which (19) follow by exploiting the orthogonality of
cos(ωt) and sin(ωt).

‘Solutions’ to (19) follow analogously to (A6) and (A7).

Appendix C: Mass balance for stable isotope,
multiple sinks

This appendix outlines the mathematical derivations of eqs (27)
and (29) from (5), (7), (14), (15) and (22). The derivation largely
parallels that of Appendix B.

Equation (B1) applies here, except that the last term is more
complex:

αλ(1 + δC)C → (1 + δC(t))C(t) {ᾱ�0 + α̃�1 cos(ωt)} (C1)

in which ᾱ = 1 + ε̄ and α̃ = 1 + ε̃ with ε̄ and ε̃ given by (26) and
(28), respectively. From (C1) subtract a multiple α̃(1 + δC) of
eq. (5) to cancel the last component of the term in (C1) yielding

Cδ̇C − ε̃(1 + δC)Ċ = (δS − ε̃ − α̃δC)S − (ε̄ − ε̃)�0(1 + δC)C.

(C2)

The last term is the new addition relative to the single-sink case,
and arises only because of the inequality of ε̄ and ε̃.

Proceeding as in Appendix B, (7), (15) and (22) are back-
substituted into (C2) and higher harmonic terms dropped, en-
abling the segregation of time-independent and harmonic terms
into two separate equations. The time-independent equation,
simplified by dropping the negligible ‘cross-product’ terms such
as the RHS of (B3), is

(μ − ν̃)S0 = (ν̄ − ν̃)�0C0 (C3)

in which ν̄ and ν̃ are defined analogously to ν of (17). On
applying the first of eqs (24), (C3) reproduces (27).

The harmonic terms arising from (C2) can be processed ex-
actly as in Appendix B to yield the following analogue of (B5):

ωC0δ1 sin(ωt + θδ) ≡ ν̃C0�1 cos(ωt) − μS1 cos(ωt + θS)

(C4)

from which eqs (29) follow.

Appendix D: Tilt of the ‘ellipse’

This appendix outlines an analytical derivation of the major axis
slope (‘tilt’) of the phase ellipse, thereby providing analytical
support for Fig. 5. The mathematical formulation is borrowed
from the regression of y on x in statistical theory, treating points
equally spaced in time around the elliptical perimeter as if they
were scattered data. In statistical theory, the y-on-x regression
line is formally derived by minimising the sum of squares of y-
separations between each data point and that line. As long as the

seasonal range of y(t) = δC(t) − δ0 values (i.e. the magnitude
of δ1) is much smaller than the range of x(t) = (C(t) − C0)/C0

(i.e. the magnitude of C1/C0), the y-on-x regression line will be
nearly parallel to the x-axis and should be an excellent proxy for
a geometrically centred tilt.

From statistical theory, the regression line of y on x for a data
set of N(x, y) pairs has slope p/s2

x , in which s2
x is the variance of

all N x values and p is the covariance between the x and y paired
values. Our approach here considers a continuum of equally
spaced times, so that the sums over N become integrals over
time rendering N infinitely large. Thus, s2

x and p are evaluated
as

s2
x = (2π )−1

∫ 2π

0
x(t)2d(ωt)

and

p = (2π )−1

∫ 2π

0
x(t)y(t)d(ωt) (D1)

The zero-centred x(t) and y(t) can be closely approximated by
the sinusoidal functions (21), enabling the integrals in (D1) to
be easily evaluated, to yield

s2
x = 1

2
(C1/C0)2 and p = 1

2
(C1/C0)δ1 cos(θC − θδ) (D2)

from which the regressed tilt, p/s2
x , immediately follows, leading

to the ‘theoretical’ apparent KIE from (32):

εtheor = (1 + δ0)−1 δ1

(C1/C0)
cos(θC − θδ). (D3)

Although εtheor can be calculated from (D3) using values such
as in Table 1, this simple analytic form belies the complexities
evident in Fig. 5. It is therefore instructive to re-express (D3) in
terms of the source–sink drivers. This can be accomplished by
expanding the cosine and then using expressions (24) and (29),
including the analogue of (A6). It is instructive also to introduce
the relative seasonal amplitudes

fS = S1/S0 and f� = �1/�0. (D4)

Some manipulation leads to the following re-expression:

εtheor = f 2
S ε̄ − (ε̄ + ε̃)fSf� cos(θS) + f 2

�ε̃

f 2
S − 2fSf� cos(θS) + f 2

�

. (D5)

Numerical experimentation using our sinusoidal model with
numerically integrated C(t) and δ(t) confirms that (D5) closely
reproduces the actual regression-based fit to the elliptical tilt for
a broad range of parameter values. Thus, in general εtheor is a
linear combination of ε̃ and ε̄, being equal to the former for
an aseasonal source, f S = 0, and approaching the latter when
f S � f �. Equation (D5) also confirms features discussed in
Section 5.3. Specifically, the denominator of (D5) vanishes (due
to C1 = 0), leading to a singularity in εtheor, whenever (and
only whenever) θS = 0 and f S = f �. For cases with C1 ≈ 0,
the conditions of applicability of y on x regression break down
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because the tilt, measured by εtheor, is no longer closely parallel
to the x-axis and/or the ellipse is no longer highly eccentric.

The particular case f S = f � in (D5) leads to the simplifica-
tion that εtheor = (1/2)(ε̃ + ε̄) for non-zero θS as Fig. 5 demon-
strates numerically [i.e. every curve passes through the point (f S,
εA) = (f �, (1/2)(ε̃ + ε̄))].

For the particular case of θS = 0 (i.e. source and sinks are in
phase) εtheor of (D5) simplifies to (provided f S �= f �)

εtheor = ε̄fS − ε̃f�

fS − f�

, (D6)

which not only confirms a singularity at f S = f �, but also em-
phasizes that εtheor vanishes (due to δ1 = 0) when ε̄fS = ε̃f�,
which restates (31).
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