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Abstract 

In this study, the finite element method is used to quantitatively explore transient free convection in 

porous cavities in order to understand the flow characteristics and heat conduction processes in the 

square cavities. In comparison to an uniform temperature gradient, the left wall is swiftly heated and 

the right wall is allowed to cool to a specific temperature. The horizontal walls are insulated on both 

sides. Dimensionless representations of the energy, Darcy and continuity equations are solved 

numerically. Equilibrium state between fluid and solid phases in porous material with a low Reynolds 

number and porosity was used to generate the results. To solve the dimensionless basic equations, a 

numerical finite element technique is applied. To solve a set of governing equations, a spatial 

discretization of triangular components with quadratic elements of 6 nodes and an implicit temporal 

integration approach are implemented. it can be concluded that the finite element formulation can be 

successfully implemented to analyze flow and heat transfer characteristics in porous medium with a 

relatively less computational time and coarse grid. 
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INTRODUCTION  

To improve heat transfer and increase the efficiency of energy devices, researchers in the field of 

heat transfer are constantly looking for innovative solutions. Natural convection and internal heat 

generation in voids filled with porous material are two of the strategies adopted for improving the 

thermal performance of power systems. The phenomenon has gained a significant amount of attention 

over the last four decades due to its vast variety of technical and scientific applications, such as fluid 

flow in geothermal energy, insulation material, filtration, petrochemical reservoirs, nuclear reactors, 

and so on. It is impossible to explicitly compare 

flow across porous material to flow via a pipe 

because it is a very complicated process. The 

study of fluids in porous materials has progressed 

through time based on experimental results or 

analytical methods. The distribution of holes of 

different shapes and sizes is random in naturally 

porous substances. Natural porous materials 

include silt, sand, stone, flat-bread, timber, and 

human lungs. It is important to understand that the 

overall thermal conductivity of porous material is 

intricately dependent on the geometry of the 

material [1, 2]. 

 

Note also that there is a difference in the 

calculation of the total conductivity for solid and 

fluid phase heat conduction in parallel and in 
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series. The Darcy modelling approach represents the most fundamental flow model for porous 

material. Permeability of porous materials is matrix-dependent and irrespective of the flowing fluid. 

Described as the functional cross-sectional area transverse to the flow direction and offers a gauge of 

the matrix’s porosity [3]. 

 
This physical system’s mathematical model is developed and regulated using differential equations 

with specific limitations. In order to accomplish this, Darcy’s law is often employed as well as the 
fundamental laws of conservation of mass and momentum. The basic assumption is that the 

continuum model is used with porous matrices. Walled areas heated from the sides are the most 
representative of permeable scaffolds that function in a vertical position, as in building insulation, 

mechanical refrigerators, and cryogenics [1]. Several scholars have reviewed studies on heat transport 
in porous material in recent years [2–11]. Previously, researchers utilised the finite difference and 

finite volume approaches to estimate heat transport via porous material. Minimal work has been done 

on solving the equations using Finite Element Method [12–16]. Several research on flow and heat 
transfer across porous materials have already been conducted during the last two decades [17–21]. 

DNS is used to analyse the most recent breakthroughs in numerical modelling of heat exchange in 
porous materials for microscopic and macroscopic investigation of convective heat porous  

medium [22]. 
 

Anirudh et al. [23] using OpenFoam examined the influence of the Prandtl number on heat transfer 
in porous materials. Kakur et al. [24] put together a mathematical model to better comprehend heat 

transfer and unsaturated circulation in porous materials. Majumder et al. [25] demonstrated that 
reduced Darcy numbers are favoured to improve heat transfer coefficients at higher Reynolds and 

Grashof numbers. Bovand et al. [26] observed that decreasing the Darcy number boosts the drop in 
pressure. 

 
The porous inserts of equivalent diameter within a tube improve convective heat transfer 

significantly, and the corresponding flow resistance increases to a reasonable extent, particularly in 
laminar flow. It demonstrates that core flow improvement is an effective way for increasing heat 

transfer [27]. Increasing heat transfer efficiencies can be accomplished at the tradeoff of an acceptable 

pressure drop by employing porous inserts. The Nusselt number increases essentially linearly with 
increasing Reynolds number based upon pore diameter[28, 29]. 

 
In a porous medium circle, natural convection has been studied by Prasad and Kulacki [30]. They 

discovered that the localized rate of heat transmission is significantly higher close to the cold wall’s 
top edge. In a longitudinal circle packed with densely saturated porous media, Prasad et al. [31] 

experimental studies of natural convection. The impact of radiation and viscous dissipation in a 
circular porous media has been studied by Badruddin et al. [32]. 

 
Due to the adaptability of the FEM in modelling layered structures and capacity to produce a 

complete field numerical solution, the finite element method technique (FEM) is used to examine the 
numerical solution of the issue [33–35]. In order to use the finite element, difference, and volume 

techniques, each partial differential equation must be transformed into an alternative collection of 
algebraic equations, the degree of which relies on how many elements are divided up into the physical 

domain. As a result, the number of algebraic equations formed increases as the quantity of partial 
differential equations implicated in an event increases. In general, it may be claimed that the quantity 

involved in an event is a multiple of the quantity of partial differential equations implicated. The 

benefits include significantly improved accuracy characteristics that allow integrating with bigger 
time steps and, generally, a more efficient resolution of nonlinear and linear challenges. For structural 

studies and fluid-structure interactions, the technique is currently frequently employed [36]. 
 

A simple mathematical formula known as Darcy’s Law is a concise summary of many well-known 
facts. If there is no pressure drop over some distance, there is no flow. This is known as the 
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hydrostatic condition. In a pressure gradient, flow from high pressure to low pressure flows in the 

opposite direction of the increasing gradient. This is why Darcy’s law has a negative sign. The higher 
the pressure gradient across a particular formation material, the higher the release rate. However, fluid 

release rates often change as the fluid flows through different formation materials. Proposed 
properties of porous material include homogeneity, thermal isotropy and saturation with fluids that are 

in local thermodynamic equilibrium with the solid matrix. Laminar and incompressible fluid flow. 
Both pressure work and viscous dissipation are considered insignificant. High-permeability housings 

produce high-flow circulation, and low-permeability housings produce low-flow circulation. 
Conduction is the dominant method of heat transfer at low Darcy numbers. The buoyancy increases as 

the number of darcy number increases. As a result, isothermal contours are more distorted for higher 
Darcy numbers, but match the shape of the case for lower Darcy numbers. The current study 

investigates the mechanics of fluid and heat flow in a rectangular cavity packed with porous materials 

by employing Darcy’s formula and the momentum and energy equations. According to the findings of 
the preceding research, convective heat transfer with heat generation in rectangular cavities filled 

withuniform and porous materials and fluids has mot yet found a workable solution. As a 
consequence, this study is absolutely unique, and the researchers hope that it will pique the curiosity 

of other experts in the subject. 

 

METHODOLOGY  

Theoretical Analysis and Model Description  

Considering Figure 1 of a two-dimensional rectangular cavity proposed by Saeid et al. [37]. 

Assume the left vertical side of the cavity is instantly heated to a specific temperature Th and the right 

vertical wall is instantly cooled to a specific temperature Tc, and the lateral walls are adiabatic. The 

flow in this research is considered to be in-compressible, steady state, Newtonian, and laminar. All 

characteristics except density are considered constant and the viscosity and energy factors are 

neglected. 

 

 
Figure 1. Diagram of an physical model indicating the adiabatic wall, the temperature difference in 

the vertical walls and the coordinate System. 

 

Governing Equations 

Darcy’s law, a constitutive equation that characterises fluid flow across porous material, is derived 

from phenomenology. Based on the findings of experiments on the flow of water through sand beds, 

Henry Darcy passed laws. The explanation for fluid permeability in hydrogeology and other earth 

sciences is also given. Through his investigations, Darcy established the conservation of momentum 

formula, but it wasn’t until later that the Navier-Stokes equations were homogenised to get Darcy’s 

law. The pressure differential that occurs when a fluid passes through a porous material diminishes as 
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the porosity parameter rises. As a result, the fluid’s mass is decreased, which lowers both the fluid’s 

and the dust particles’ velocity. The temperature and velocity are raised by the Dufour parameter, but 

the concentration profile is barely altered. The velocity increases as the buoyancy parameter is 

increased. The medium is linearly stratified at constant wall temperature and concentration in the 

vertical plane with regard to the thermal conditions there. It is well known that lowering the keywall 

temperature of the cold wall requires increasing either the radiance parameter or the porosity 

parameter. Darcy’s formulation is applicable to porous materials, and the fluid is considered to be a 

standard Boussinesq fluid. It appears logical to omit the viscous drag and inertia parts of the 

governing equations for low Darcy numbers and low particle Reynolds numbers. Equations 1, 2, and 

3 respectively give the continuity equation, Darcy formulation, and the energy equations for an 

unsteady 2D flow in an isotropic and homogeneous porous material. 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 (1) 

 
𝜕𝑢

𝜕𝑦
−

𝜕𝑣

𝜕𝑥
= −

𝑔𝛽𝐾

𝑣

𝜕𝑇

𝜕𝑥
 (2) 

𝜎
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) (3) 

 where u, v denoted are the two components of velocity along the x and the y axes and T is denoted 

as the working fluid’s temperature. For the aforementioned equations, the beginning and boundary 

conditions are  

Boundary conditions for the square cavity are given below.  

𝑢(𝑥, 𝑦, 0) = 𝑣(𝑥, 𝑦, 0) = 0, 𝑇(𝑥, 𝑦, 0) = 𝑇0 (4) 

𝑢(0, 𝑦, 𝑡) = 𝑣(0, 𝑦, 𝑡) = 0, 𝑇(0, 𝑦, 𝑡) = 𝑇ℎ (5) 

𝑢(𝐿, 𝑦, 𝑡) = 𝑣(𝐿, 𝑦, 𝑡) = 0, 𝑇(𝐿, 𝑦, 𝑡) = 𝑇𝑐 (6) 

𝑢(𝑥, 0, 𝑡) = 𝑣(𝑥, 0, 𝑡) = 0, 𝜕𝑇(𝑥, 0, 𝑡)/𝜕𝑦 = 0 (7) 

𝑢(𝑥, 𝐿, 𝑡) = 𝑣(𝑥, 𝐿, 𝑡) = 0, 𝜕𝑇(𝑥, 𝐿, 𝑡)/𝜕𝑦 = 0 (8) 

The given formula derives the dimensional version of the governing equations for an isotropic 

homogeneous porous material with stable layered architecture as 𝑇𝑜 = (𝑇ℎ + 𝑇𝑐)/2. Said et al. [37] 

defined the aforementioned formulation, the Nusselt number, and the average Nusselt number as 

physical quantities of interest.  

𝜕2Ψ

𝑑𝑋2 +
𝜕2Ψ

𝜕𝑌2
= −𝑅𝑎

𝜕𝜃

𝜕𝑋
 (9) 

𝜕𝜃

𝜕𝜏
+

𝜕Ψ

𝜕𝑌

𝜕𝜃

𝜕𝑋
−

𝜕Ψ

𝜕𝑋

𝜕𝜃

𝜕𝑌
=

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2
 (10) 

Ψ(𝑋, 𝑌, 0) = 0, 𝜃(𝑥, 𝑦, 0) = 0 (11) 

Ψ(0, 𝑌, 𝜏) = 0, 𝜃(0, 𝑌, 𝜏) = 0.5 (12) 

Ψ(1, 𝑌, 𝜏) = 0, 𝜃(1, 𝑌, 𝜏) = −0.5 (13) 

Ψ(𝑋, 0, 𝜏) = 0, 𝜕𝜃(𝑋, 0, 𝜏)/𝜕𝑌 = 0 (14) 

Ψ(𝑋, 1, 𝜏) = 0, 𝜕𝜃(𝑋, 1, 𝜏)/𝜕𝑌 = 0 (15) 

 

Method of Solution 

The finite element approach is used to numerically solve the governing equations for two-

dimensional transient free convection. You can decide whether to describe the governing equations 

for the reference configuration or the present (or spatially deformed) configuration in a finite element 

analysis of deformation. As a result, operations like gradient (grad) and divergence (div) should only 

be used in one of the two configurations. An operator often uses a letter to designate the current 
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configuration. Otherwise, the six nodal components (square elements) are often capitalised when they 

are employed in the spatial composition in order to discretize space. The equations given above and 

boundary conditions with an implicit time integration technique were utilised to achieve the solution. 

The element stiffness matrix must be converted into a global system of equations in this stage, which 

calls for a transformation matrix. The pressure at the corner nodes and the velocity components in 

both mutually orthogonal directions are both contained in the global stiffness matrix. The second 

portion of the stiffness matrix contains the velocity component. The Jacobian matrix’s element 

solution vector and determinant are calculated. 

𝑑2Ψ

𝑑𝑋2 +
𝜕2Ψ

𝜕𝑌2
+ 𝑅𝑎 ⋅

𝑑𝜃

𝑑𝑋
= 𝜎 (16) 

𝑑𝜃

𝑑𝜏
+

𝑑Ψ

𝑑𝑌
⋅
𝑑𝜃

𝑑𝑋
−

𝑑Ψ

𝑑𝑋
⋅
𝑑𝜃

𝑑𝑋
−

𝑑2𝜃

𝑑𝑋2 −
𝑑2𝜃

𝑑𝑋2 = 𝜎 (17) 

∫ (𝑑𝑖𝑣(𝑔𝑟𝑎𝑑Ψ) + 𝑅𝑎 ⋅
𝑑𝜃

𝑑𝑋
) 𝛿𝜃𝑑𝑉 (18) 

= ∫ [−𝑑𝑖𝑣(𝑔𝑟𝑎𝑑Ψ ⋅ 𝛿𝜃) + 𝑔𝑟𝑎𝑑𝛿Ψ𝑔𝑟𝑎𝑑Ψ + 𝑅𝑎 ⋅
𝑑𝜃

𝑑𝑋
⋅ 𝛿𝜃] 𝑑𝑉 (19) 

= ∫ [−𝑔𝑟𝑎𝑑Ψ𝑔𝑟𝑎𝑑(𝜕Ψ) + 𝑅𝑎 ⋅
𝜕𝜃

𝜕𝑋
⋅ 𝑑𝜃] 𝑑𝑉 − ∫ 𝑔𝑟𝑎𝑑(Ψ) ⋅ 𝜕𝜃 ⋅ 𝑎 ⋅ 𝑑𝜃 (20) 

∫ 𝑔𝑟𝑎𝑑(Ψ) ⋅ 𝜕𝜃 ⋅ 𝑎 ⋅ 𝑑𝜃 = 𝜎 (21) 

∫ [−𝑔𝑟𝑎𝑑(Ψ𝑖+1) ⋅ 𝑔𝑟𝑎𝑑(𝛿Ψ) + 𝑅𝑎 ⋅
𝜕𝜃

𝑑𝑋
⋅ 𝛿𝜃] 𝑑𝑉 = 𝜎 (22) 

∫ [−𝑔𝑟𝑎𝑑(Ψ𝑖+1)|𝑗 ⋅ 𝑔𝑟𝑎𝑑(𝛿Ψ) + 𝑅𝑎 ⋅
𝜕𝜃𝑖+1

𝑑𝑋
|𝑗 ⋅ 𝛿𝜃] 𝑑𝑉 = 𝜎 (23) 

∫ [−𝑔𝑟𝑎𝑑ΔΨ𝑖+1|𝑗 ⋅ 𝑔𝑟𝑎𝑑𝛿Ψ + 𝑅𝑎 ⋅
𝜕Δ𝜃𝑖+1

𝑑𝑋
|𝑗 ⋅ 𝛿𝜃] 𝑑𝑉 = 𝜎 (24) 

Deriving further we get,  

𝛿𝜃

𝜕𝜏
+

𝜕Ψ

𝑑𝑌
⋅
𝜕𝜃

𝑑𝑋
−

𝜕Ψ

𝑑𝑋
⋅
𝜕𝜃

𝑑𝑌
−

𝜕2𝜃

𝑑𝑋2 −
𝜕2𝜃

𝑑𝑋2 = 𝜎 (25) 

𝜃𝑖+1 = 𝜃𝑖 + ℎ ([1 − 𝜂]
𝜕𝜃𝑖+1

𝑑𝜏
+ 𝜂 ⋅

𝜕𝜃𝑖

𝑑𝜏
) (26) 

𝜎 = 𝜃𝑖 + ℎ ⋅ 𝜂 (
𝜕𝜃−𝑖

𝑑𝜏
) + ℎ(1 − 𝜂) (

𝑑𝜃𝑖+1

𝑑𝜏
) − 𝜃𝑖+1 (27) 

= ∫ 𝜃𝑖 ⋅ 𝛿𝜃 + [ℎ ⋅ 𝜂
−𝑑Ψ𝑖

𝑑𝑌
⋅
𝑑𝜃𝑖

𝑑𝑋
⋅ 𝛿𝜃 +

𝜕Ψ𝑖

𝑑𝑋
⋅
𝜕𝜃𝑖

𝑑𝑌
⋅ 𝛿𝜃 + 𝑑𝑖𝑣(𝑔𝑟𝑎𝑑𝜃𝑖)] ⋅ 𝛿𝜃. ..  

. . . −𝜃𝑖+1
𝑗

⋅ 𝛿𝜃 + ℎ(1 − 𝜂)[
−𝑑Ψ𝑖+1

𝑗

𝑑𝑌
⋅
𝜕𝜃𝑖+1

𝑗

𝑑𝑋
⋅ 𝜕𝜃

𝛿Ψ𝑖+1
𝑗

𝑑𝑋
⋅
𝑑𝜃𝑖+1

𝑗

𝑑𝑌
𝛿𝜃 + 𝑑𝑖𝑣(𝑔𝑟𝑎𝑑𝜃𝑖+1

𝑗
)𝛿𝜃]. . ..  

. . . −Δ𝜃𝑖+1𝛿𝜃 + ℎ(1 − 𝜂)[(
−𝛿ΔΨ𝑖+1

𝜕𝑌
⋅
𝑑𝜃𝑖+1

𝑗

𝑑𝑋
−

𝑑Ψ𝑖+1

𝑑𝑌
⋅
𝜕Δ𝜃𝑖+1

𝑑𝑋
+

𝜕ΔΨ𝑖+1

𝑑𝑋
⋅
𝜕𝜃𝑖+1

𝑗

𝛿𝑌
. . ..  

. . . +
𝜕Ψ𝑖+1

𝑗

𝑑𝑋
⋅
𝜕Δ𝜃𝑖+1

𝑑𝑌
⋅ 𝑑𝜃) + 𝑑𝑖𝑣 (𝑔𝑟𝑎𝑑(𝜃𝑖+1

𝑗
)) 𝛿𝜃𝑖+1]𝑑𝑉 (28) 

∫ [𝜃𝑖𝛿𝜃 + ℎ𝜂(−
𝑑Ψ𝑖

𝑑𝑌
⋅
𝑑𝜃

𝑑𝑋
𝛿𝜃 +

𝑑Ψ

𝑑𝑋
⋅
𝑑𝜃

𝑑𝑌
𝛿𝜃 − 𝑔𝑟𝑎𝑑𝜃𝑖 ⋅ 𝑔𝑟𝑎𝑑𝛿𝜃). ..  

. . . −𝜃𝑖+1
𝑗

⋅ 𝛿𝜃 + ℎ(1 − 𝜂)[−
𝛿Ψ𝑖+1

𝑗

𝑑𝑌
⋅
𝑑𝜃𝑖+1

𝑗

𝑑𝑋
⋅ 𝛿𝜃 +

𝛿Ψ𝑖+1
𝑗

𝑑𝑋
⋅
𝜕𝜃𝑖+1

𝑗

𝑑𝑌
𝛿𝜃 − 𝑔𝑟𝑎𝑑𝜃𝑖+1

𝑗
⋅ 𝑔𝑟𝑎𝑑𝛿𝜃]. .. (29) 

−Δ𝜃𝑖+1 ⋅ 𝛿𝜃 + ℎ(1 − 𝜂)[(−
𝜕ΔΨ𝑖+1

𝑑𝑌
⋅
𝑑𝜃𝑖+1

𝑗

𝑑𝑋
−

𝑑Ψ𝑖+1
𝑗

𝑑𝑌
⋅
𝑑Δ𝜃𝑖+1

𝑑𝑋
+

𝜕ΔΨ𝑖+1

𝑑𝑋
⋅
𝛿𝜃𝑖+1

𝑗

𝑑𝑌
. ..  

𝛿Ψ𝑖+1
𝑗

𝑑𝑋
+

𝛿Δ𝜃𝑖+1

𝑑𝑌
⋅ 𝛿𝜃) − 𝑔𝑟𝑎𝑑(Δ𝜃𝑖+1) ⋅ 𝑔𝑟𝑎𝑑𝛿𝜃]𝑑𝑉 (30) 
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Implementation 

Finite element method was used for the spatial discretization, 6 noded tet elements (quadratic 

elements) were used. Equations derived above along with boundary conditions along with an implicit 

scheme for the time integration were used. Figure 2 shows a schematic flow chart of the 

implementation of the solution. 

 

 
Figure 2. Flow Chart of the solution implementation. 

 

During this step the transformation matrix is needed to transfer the element stiffness matrix into the 

global equation system. The global stiffness matrix contains the velocity components in both direction 

orthogonal to each other and then the pressure of the corner nodes. The velocity components are 

stored in the first and second section of the stiffness matrix. The solution vector for the element and 

the determinant of the Jacobian matrix is computed. The detail of the implementation of the algorithm 

is depicted in the flowchart shown. 

 

RESULTS AND DISCUSSION 

A rectangular porous cavity’s streamlines (Figures 3 and 4) and isotherms of heat transfer caused 

by fluid flow are shown at different time steps from the first transient to the end steady state while 

boundary conditions are shown in Figure 5 and 6. 

 

  
(a) (b) 
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Figure 3. Streamlines for Ra = 1000 (a) Streamlines for Ra = 1000 and S = 0.0025, (b) Streamlines 

for Ra = 1000 and S = 0.005, (c) Streamlines for Ra = 1000 and S = 0.01. 

 

  
  

 

 

Figure 4. Streamlines for Ra = 1000 Streamlines for Ra = 1000 (a) Streamlines for Ra = 1000 and S = 

0.02, (b) Streamlines for Ra = 1000 and S = 0.04, (c) Streamlines for Ra = 1000 and S = 0.08. 
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(a) (b) 

(c) 

(a) (b) 



 

 

Numerical Simulation of Transient Free Convection                                                             Jyosthna and Kalapala 

 

 

© STM Journals 2023. All Rights Reserved S8  
 

 

 

Figure 5. Isotherms for Ra = 1000 (a) Isotherms for Ra = 1000 and S = 0.02, (b) Isotherms for Ra = 

1000 and S = 0.04, (c) Isotherms for Ra = 1000 and S = 0.08. 

 

  
  

 

 

Figure 6. Isotherms for Ra = 1000 (a) Isotherms for Ra = 1000 and S = 0.0025, (b) Isotherms for Ra = 

1000 and S = 0.005, (c) Isotherm for Ra = 1000 and S = 0.01. 

 

Since the fluid is at rest during the initial stages of heat tranfer, heat conduction is crucial to the 

process. As a result, the isotherm distribution is even and almost parallel to the cavity’s walls where 

the fluid density is held. The fluid starts to rise and the flow starts to recirculate close to the hot wall. 

We can see that the flow circulation enlarges to fill the cavity’s centre in the next time step. 

Convection starts to become significant in the heat transmission process at this point. Thermal and 

velocity boundary layers can also be seen. When the isotherms essentially parallelism, a conduction 

phenomenon happens. If the isotherm has a nearly symmetrical shape at low temperatures, the 

medium is homogeneous. The isotherms tend to remain parallel even when the thermal layers are 

thick. Isothermal pattern is significantly deformed in the cavity’s centre and looks almost parallel to 

the cavity’s insulated walls. Additionally, we are aware that low Rayleigh numbers produce steady 

state more slowly than high Rayleigh numbers, and vice versa. 

(c) 

(a) (b) 

(c) 
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CONCLUSION 

The objective of this study is to provide a FEM (finite element method) formulation and solution 

for inconsistent heat transfer across porous materials. It is shown how to solve for a rectangular 

cavity. The simulation results demonstrate that the solution found using the finite volume approach 

given by Saeid et al.[37] is in good agreement with the contours of streamlines and isotherms at 

various time steps of Ra = 1000 by integrating the equations across the control volume via a fully 

implicit, unconditionally stable technique. Even with a coarse mesh and lower computational time and 

space similar results to the work by Saeid was achieved. 
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