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Abstract 

Structural failure is initiated when a material is stressed beyond its strength limit. Determination of failure 
loads and failure location is one of the most important problems in design structures. This paper analyzed 
the failure of the hat-type laminated composite plate under a bending load. Based on the Reissner-Mindlin 
plate theory and isoparametric rectangular plate elements with five degrees of freedom per node, an 
algorithm and Matlab code were established to compute the stresses and bending failure load of the folded 
composite plate according to Tsai-Wu and Maximum stresses criteria. The numerical results are reliable 
when compared with the published results in the literature for some specific cases. 

Keywords: failure analysis, folded composite plate, Tsai-Wu criterion, maximum stress criterion, Mindlin 
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1. Introduction 

Nowadays,* folded laminate composite plates 
are very useful in engineering. Their applications 
have been found in various branches of engineering, 
such as roofs, ship hulls, sandwich plate cores, and 
cooling towers, etc. They are lightweight, easy to 
form, economical, and have much higher load-
carrying capacities than flat plates, which ensured 
their popularity and has attracted constant research 
interest since they were introduced. 

Investigations on isotropic folded plate analysis 
in static and vibration have been presented by many 
researchers [1-4]. And there was very limited 
information regarding the analysis of composite 
folded structures. Haldar and Sheikh [5] presented a 
free vibration analysis of isotropic and composite 
folded plate by using a sixteen nodes triangular 
element. Peng et al.[6] presented an analysis of folded 
plates subjected to bending load by the first-order 
shear deformation theory (FSDT) meshless method. 
In this, a meshfree Galerkin method based on FSDT 
for the elastic bending analysis of stiffened and un-
stiffened folded plates is analyzed. All these works 
are limited, they did not analyze the failure of the 
structure. 

A number of failure criteria are the maximum 
stress, the maximum strain, Tsai-Hill, Tsai-Wu, 
Hoffman, etc. Investigations on the first-ply failure 

 
*Corresponding author:  Tel.: (+84) 949000226 
Email: binhbv@epu.edu.vn 

analysis of composite laminates have been put 
forward by many researchers. Reddy and Pandey [7] 
have presented a finite element procedure based on 
FSDT for first-ply failure analysis of laminated 
composite plates subjected to in-plane and/or 
transverse loads. Ghosh and Chakravorty presented 
the failure behaviour of cross and angle ply, 
symmetrically laminated graphite-epoxy composite 
shell roofs in [8]. Chen et al. [9] presented some 
comparisons between experimental and numerical 
results failure of composite box beams used in wind 
turbine blades. Meng et al. [10] developed a three-
dimensional finite element analysis to investigate the 
effect of fibre lay-up on the initiation of failure of 
laminated composites in bending. Deland et al. [11] 
presented the biaxial failure of woven fabric 
composite plates under the bending standard test. Sun 
et al. [12] presented some comparisons between 
results from three-point bending tests and finite 
element models based on Hashin's criteria,... 
However, there are no previous studies that 
mentioned failure analysis of folded composite plate. 

In this paper, a finite element algorithm and 
Matlab computer code based on FSDT were built to 
present a stress analysis and failure analysis of the 
folded composite plates under bending load. The 
effects of folding angles and boundary conditions will 
be investigated. The Tsai Wu criterion and maximum 
stress criterion is used in failure analysis.  
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2. Theory formulations 

2.1. Displacement and strain field 

According to the Reissner-Mindlin plate theory, 
the displacements (u, v, w) are referred to those of the 
mid-plane (u0, v0, w0) as [13]: 
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where: xθ  and yθ are the bending slopes in the xz- 
and yz-plane, respectively. 

The  generalized  displacement  vector  at  the  
mid-plane  can  thus  be  defined  as  

{ } { }0 0 0 x yu u ,v ,w , ,θ θ=  (2) 

In laminated plate theories, the membrane{ }N , 

bending moment { }M and shear stress{ }Q  resultants 
can be obtained by integration of stresses over the 
laminate thickness. The stress resultants – strain 
relations can be expressed in the form: 
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f=5/6; i, j = 4, 5 

n: number of layers, 1,k kh h− : the position of the top 
and bottom faces of the kth layer. 

[Q'ij]k and [C'ij]k: reduced stiffness matrices of the kth 
layer (see [14]).  
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Fig. 1. Global (x,y,z) and local (x’,y’z’) axes system 
for folded plate element 

In the present study, eight nodded isoparametric 
quadrilateral element with five degrees of freedom 
per nodes is used. The displacement field of any point 
on the mid-plane given by: 
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where:  

( , )iN ξ η are the shape function associated with 
node ith in terms of natural coordinates.  

When folded plates are considered, the 
membrane and bending terms are coupled, as can be 
clearly seen in Fig.1. Even more, since the rotations 
of the normal appear as unknowns for the Reissner–
Mindlin model, so that, a new unknown for the in-
plane rotation (θz) is inserted as a virtual parameter. 
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where: lij  are the direction cosines between the global 
and local coordinates. 

2.2 Procedure for failure analysis 
The finite-element procedure described in the 

preceding section can be used to determine the 
stresses in the laminate coordinates at any point of all 
the individual folded laminates plate. Since the failure 
criteria described earlier require the stresses with 
respect to the material coordinates of each lamina, a 
transformation of the stresses from laminate 
coordinates to the lamina material coordinates is 
required.  

The stresses in material coordinates can be 
determined in the way: compute stresses using the 
lamina constitutive equations with stiffness referred 
to the laminate coordinates and then transform 
laminate stresses to lamina stresses. 

The lamina stresses then used in a chosen failure 
criterion to check if each lamina has failed. If the 
failure criterion is satisfied in a ply of an element, 
then the individual contributions, called failure 
indices, of each stress component to the tensor 
polynomial are computed.  
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The failure load calculation according to the 
Tsai-Wu and maximum stress criteria were used in 
this study. 
2.2.1. Maximum stress criterion  

In the maximum stress criterion [7], failure of 
any composite layer is assumed to occur if any one of 
the following conditions is satisfied: 

1 2 4 5 6; ; ; ; ;T TX Y R S Tσ > σ > σ > σ > σ >      (8) 

where: 1σ , 2σ  are the normal stress components, 4σ , 

5σ and 6σ are shear stress components, XT, YT are the 
lamina normal strengths in the 1, 2 directions and R, S 
and T are the shear strengths in the 23, 13 and 12 
local planes, respectively.  
when 1σ , 2σ are of a compressive nature they should 
be compared with XC, YC, which are normal strengths 
in compression along with the 1, 2 directions, 
respectively. 
2.2.2. The Tsai-Wu criterion  

The Tsai-Wu failure criterion of a composite 
layer [7] is assumed to occur if the following 
condition is satisfied: 
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A flow chart of the procedure is given in Fig.2. 

3. Results 

3.1. Validation Example 

In order to verify the present model, the folded 
plate given by Peng et al. [6] is recalculated. The 
folded plate is built up by three identical square flat 
plates and clamped on one side. The flat plates are 
vertical to each other along the joints of the folded 
plate (show in Fig. 3). 

 

  Define the initial and increment load:  
P0 and ΔP 

Calculate the nodal displacement 

Compute the stresses in folded 
laminated composite plates 

i = i+1 
Pi = Pi-1+ΔP 

Compute the failure index and 
identify the maximum index for 

obtained from each failure theory: 
+ Maximum stress criterion 

          + Tsai-Wu criterion 

 
Check failure 

index 

Detected failure load, ply 

If <1 

If >=1 

 
Fig. 2. A  flow chart of the computation procedure 
used to determine the failure loads 
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Fig. 3. A cantilevered two folded plate 
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Young’s modulus and Poisson’s ratio of the 
plates are E= 3.107 Pa and υ=0.3, respectively. A 
concentrated load of P = 0.1(N) is applied to point  
(2, 1, 0), towards the negative direction of the z-axis.  

The deflections along x = 1m of flat plate A, 
calculated by the proposed method and Peng et al. [6] 
are listed in Table 1. The agreement between the two 
sets of results is good. 

Table 1. Deflections (*10-7m) along x =1(m) 

Distance (m) Present Peng et al. [6] 

y=0 0 0 

y=0.5 -0.02492 -0.02489 

y=1 -0.09625 -0.09491 

y=1.5 -0.23667 -0.22959 

y=2 -0.50547 -0.48446 

In the following subsections, we will analysis of 
several folded composite plates 

3.2. Determination of stresses and bending failure 
load 

3.2.1. Hat-type folded composite plate 
In this section, hat type folded composite plates 

were considered (Fig.4) to investigate the effects of 
folding angle (α) on stresses and failure load. 
Geometric parameters of the plate: L1=0.25m; 
L2=0.2m; L3=0.3m; W=0.8m, total thickness 
t=0.02m, and folding angle α is (900, 1200 and 1500). 
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Fig. 4. Multi-folding composite plates subjected to 
uniformly distributed load intensity q0. 

The following material property has been used 
for all composite folded plates in numerical analyses, 
the T300/5208 graphite-epoxy material: 

- Material properties: 

E1 = 132.4 GPa; E2 = E3 = 10.7 GPa; G12 = G13 
= 5.6 GPa; G23 = 3.4 GPa; υ12 = υ13 = 0.24; υ23 = 0.49. 

- Strength properties: XT = 1514,0 MPa;              
XC = 1996.7 MPa; YC = YT = 43.8 MPa;                         
S = T = 87.0 MPa; R = 68.0 MPa. 

The boundary conditions are given in Fig.4:  

+ Case 1: one end is clamped (at y=0) 

+ Case 2: two ends are clamped (at y=0 and y=L) 

+ Case 3: two opposite edges are clamped. 

3.2.2. Convergence study  

To investigate the convergence, the cantilever 
plate having four layers [00/900/900/00] subjected to 
uniformly distributed load of density q0=104 (N/m2) 
on the top surface (I) is used as shown in Fig.4 for 
difference of folding angle α. The results are listed in 
Table 2. It is shown that with a mesh of 160 elements, 
the center deflections of plates are converged.  

Table 2. Comparison of deflection (w) at center 
points for convergence study 

Number 
of 

elements 

Center deflections, w (mm) 

α =900 α =1200 α =1500 

66 -0.032142 -0.040723 -0.098467 

160 -0.031381 -0.039276 -0.097822 

264 -0.031312 -0.039217 -0.097765 

Therefore, in the following studies, the plate is 
divided by 160 eight-nodded isoparametric 
rectangular elements. 

3.2.3. Effect of folding angle α on stresses.  

To investigate the effect of folding angle on 
stresses, hat type folded plates are subjected to 
uniformly distributed load of density q0=104 (N/m2) 
on the top surface (I). The two ends of plates are 
clamped; and the folding angle α is 900, 1200 and 
1500, respectively; the plates consist of four layers, 
[00/900/900/00].  

The stresses (σx, σy) through the thickness are 
calculated at the center point of the face (I) and 
presented in Fig.5 and Fig.6, respectively.  

It can be observed that all the stresses for the 900 
and 1200 folding angles are close to each other, the 
stresses (σx, σy, σxy) increased when the folding angle 
decreased from 900 to 1500 but not much. 

The stresses (σx, σy, σxy) and (σxz, σyz) through the 
thickness are presented in Fig.5 have been compared 
with various folding angle. 
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Fig. 5. σx (α = (900, 1200, 1500)) through the thickness  
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Fig. 7. Comparison of σx along y-axis 
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Fig. 6. σy (α = (900, 1200, 1500)) through the thickness  
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Fig. 8. Comparison of σx along y-axis 

 
The stress σx and stress σy on the surface of the 

plate along y-axis (Line 1) are presented in Fig.7 and 
Fig.8, respectively. 

From Fig.7 and Fig.8 we can see that the 
stresses for the folding angle of 1500 are higher than 
the others. 

3.2.4. Effects of folding angle α and boundary 
conditions on failure load.  

In order to investigate the effects of folding 
angle and boundary conditions on the failure load, the 
same plate has eight layers [600/-600/600/-600]s 
subjected to uniformly distributed load on top of one 
individual plate (Fig.4) have been considered. The 

Tsai-Wu and maximum stress failure criteria are used 
in the analysis. The failure loads are reported in Table 
3 and Table 4 for various folding angle α =900, 1200, 
and 1500. 

From Tables 3 and 4, we can see that for all 
laminated composite plates considered here, the 
failure occurred in the top layer. The location of 
failure in the plate also varies depending on the 
failure criterion used, boundary conditions, and 
folding angles. For example, for a folding plate with 
α = 1200 and let us consider case 1, according to the 
Tsai-Wu criterion, the failure occurs at point 1 
(Fig.9), while, according to the maximum stress 
failure criterion, the failure happens at point 3. 
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Table 3. Failure loads (N/m2) according to Tsai- Wu 
failure criterion of hat-type folded laminate composite 
plate under uniformly distributed load. 

Folding 
angle α 

Tsai- Wu criterion 

Case 1 Case 2 Case 3 

α =900 
951125 

*(Point 1) 
1409045 

*(Point 2) 
269285 

*(Point 4) 

α =1200 
895815 

*(Point 1) 
1308135 

*(Point 2) 
269815 

*(Point 5) 

α =1500 
787115 

*(Point 1) 
1138015 

*(Point 2) 
270115 

*(Point 5) 

(*): Failure location appeared in the 8th layer. 

Table 4. Failure loads (N/m2) according to maximum 
stress failure criterion of hat-type folded laminate 
composite plate under uniformly distributed load. 

Folding 
angle α 

Maximum stress criterion 

Case 1 Case 2 Case 3 

α =900 
1032235 

*(Point 1) 
1358965 

*(Point 2) 
272185 

*(Point 4) 

α =1200 
968055 

*(Point 3) 
1264815 

*(Point 2) 
272705 

*(Point 5) 

α =1500 
844675 

*(Point 3) 
1100125 

*(Point 2) 
273045 

*(Point 5) 

(*): Failure location appeared in the 8th layer. 
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Fig. 9. Failure locations 

For case 2, according to the two above failure 
criteria, for all plates with various folding angle α, the 
failure locations are the same, at point 2. For case 3, 
with folding angle α =900, failure location occurred at 
point 4 according to both failure criteria, and failure 
location happened at point 5 for α =1200, 1500. 

4. Conclusion 

In the present study, based on the first-order 
shear deformation theory, a finite element algorithm 
and home-made Matlab computer code have been 
developed to analyse the stresses of folded composite 
plates under bending loads. For the first time, 
according to Tsai-Wu and maximum stress failure 
criteria, the failure bending loads and failure locations 
of some folded composite plates are determined. The 
effects of folding angle, boundary conditions on the 
stresses and failure bending loads are examined and 
discussed in detail. These new results are tabulated 
and illustrated in various figures and show that: 

• The folding angle influenced considerably the 
stresses in folded composite plates. 

• The location of failure in the folded composite 
plate depends on the failure criterion used, 
boundary conditions and folding angles. 

The result of this study will serve as a 
benchmark for future research for designing folded 
composite structures and sandwich structures made of 
composite materials. 
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