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Abstract

We investigate the Josephson effects in super-
conducting junctions with interaction asymmetry
across the BCS-BEC crossover. Using a mean-
field approach, we compute the superconduct-
ing order parameter, chemical potential, and pair
spectral weight as functions of the interaction pa-
rameter y = (kpa)~!. Our results reveal that
the order parameter peaks near unitarity (y = 0),
while the chemical potential transitions from pos-
itive values in the BCS regime to negative values
in the BEC regime. For Josephson junctions with
different interaction strengths on each side, we
find that the critical current depends strongly on
the asymmetry, exhibiting an interaction-biased
Riedel peak phenomenon. The DC Josephson
current shows modified current-phase relations
for asymmetric BCS-BEC junctions compared to
symmetric configurations. In the AC regime, we
observe Shapiro step-like structures in the fre-
quency spectra, with distinct responses for differ-
ent junction configurations. These findings pro-
vide insights into the interplay between pairing
correlations and Josephson transport across the
crossover, with implications for ultracold Fermi
gas experiments and superconducting quantum
devices.
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1 Introduction

The BCS-BEC crossover represents one of the
most fascinating phenomena in quantum many-
body physics, describing the smooth evolution
from weakly-bound Cooper pairs in the Bardeen-

Cooper-Schrieffer (BCS) regime to tightly-bound
molecular bosons in the Bose-Einstein condensate
(BEC) regime Leggett [1980], [Randerial [1995],
Chen et al.|[2005]. This crossover is experimen-
tally accessible in ultracold Fermi gases through
Feshbach resonances, where the s-wave scattering
length a can be tuned from negative to positive
values |Zwierlein et al. [2004], Bourdel et al. [2004],
Chin et al.| [2004]. The dimensionless interaction
parameter y = (kra)~! characterizes the system,
with y < 0 corresponding to the BCS regime,
y > 0 to the BEC regime, and y = 0 (unitarity)
representing the strongly-interacting limit.

The Josephson effect, the flow of supercurrent
through a weak link between two superconductors,
is a hallmark of macroscopic quantum coherence
Josephson| [1962], Anderson and Rowell [1963]. In
conventional superconducting junctions, the DC
Josephson current depends sinusoidally on the
phase difference, with an amplitude determined
by the pairing gaps on both sides|Ambegaokar and
Baratoft [1963]. The AC Josephson effect, where a
voltage bias leads to time-dependent current oscil-
lations at frequency 2eV/h, provides a probe of the
quasiparticle spectrum Shapiro| [1963], Werthamer
[1966].

Recent theoretical and experimental work has
extended the study of Josephson effects to the
BCS-BEC crossover regime |[Spuntarelli et al.
[2010], Zaccanti et al.|[2019]. Of particular interest
are junctions with interaction asymmetry, where
the two sides of the junction have different inter-
action strengths. Such configurations can exhibit
novel phenomena,
phase relations and interaction-dependent critical
currents [Salasnich [2009], Pieri et al.| [2007]. The
Riedel peak, an enhancement of the critical cur-
rent at specific voltage biases related to the sum of
the gaps, may also exhibit interesting dependence
on the interaction asymmetry.

including modified current-



In this work, we present a comprehensive study
of Josephson effects in interaction-asymmetric
junctions across the BCS-BEC crossover. Using
a mean-field BCS-BEC theory, we first charac-
terize the equilibrium properties (order parame-
ter, chemical potential, and pair spectral weight)
as functions of the interaction parameter. We
then investigate both DC and AC Josephson ef-
fects for various junction configurations, including
symmetric BCS-BCS, BEC-BEC, and asymmet-
ric BCS-BEC junctions. Our analysis reveals an
interaction-biased Riedel peak phenomenon and
distinct AC response characteristics for different
asymmetry configurations.

The paper is organized as follows. In Sec.
we present the theoretical framework, including
the mean-field BCS-BEC theory and the tunneling
Hamiltonian approach for Josephson junctions. In
Sec. we present our numerical results for the
order parameters, DC Josephson characteristics,
critical current landscape, and AC Josephson ef-
fects. We conclude with a summary and outlook
in Sec.

2 Theoretical Framework

2.1 BCS-BEC Crossover Theory

We consider a homogeneous two-component Fermi
gas with contact interactions, described by the
Hamiltonian

H=3 extlylio+9 Yt qplio—q)fiba,
ko kX q
(1)

where ¢, annihilates a fermion with momentum
k and spin o =1, |, e = h%k?/2m is the kinetic
energy, and ¢ is the coupling constant related to
the s-wave scattering length a through the renor-
malization condition.

Within the mean-field approximation, the

Hamiltonian becomes
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where A is the superconducting order parameter.
The Bogoliubov quasiparticle energies are given

by
Ek =V (Ek 7:u>2 +A27

where p is the chemical potential.

(3)

At zero temperature, the gap equation and

number equation read
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where n = k3./372 is the total density. These
equations are solved self-consistently to obtain A
and p as functions of the interaction parameter
y = (kpa)™L.

The pair spectral weight Z,, which characterizes
the condensate fraction, is defined as

A2
L= Ry (6)
In the deep BCS limit (y < —1), Z, — 0 as the
chemical potential approaches the Fermi energy.
In the deep BEC limit (y > 1), Z, — 1 as the
chemical potential becomes large and negative.

2.2 Josephson Junction Model

We consider a Josephson junction consisting of
two superconducting regions (left and right) with
possibly different interaction parameters y; and
yr. The system is described by the tunneling
Hamiltonian

H=H,+ Hg+ Hr, (7)
where H L,r are the mean-field Hamiltonians for
the left and right regions, and

iy =Y (Tptlel, +He)  (8)
k,p,o

describes the tunneling between the two sides with
matrix elements Typ,.

The DC Josephson current at zero temperature
is given by the Ambegaokar-Baratoff formula gen-
eralized to asymmetric junctions:

16) = 5

—0o0
(9)

where Ffi ’}’g are the retarded and advanced anoma-
lous Green’s functions, T'(w) is the transmission
probability, f(w) is the Fermi function, V is the
voltage bias, and ¢ is the phase difference.

At zero voltage and low transmission, the
Josephson current takes the form

1(9) = Lsing, (10)
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with the critical current
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where Ry is the normal-state resistance. For
asymmetric junctions with A7, # Ag, the current-
phase relation can deviate from the simple sinu-
soidal form.

The quasiparticle density of states (DOS) is
given by

plw) =Y 6w By = %ImZGR(k,w), (12)
k k

where G® is the retarded Green’s function. In
the BCS regime, the DOS exhibits a gap of width
2A with coherence peaks at w = +A. In the BEC
regime, the spectrum changes character as the sys-
tem evolves from fermionic to bosonic.

3 Results and Discussion

3.1 Order Parameters Across the BCS-
BEC Crossover

We first present the equilibrium properties of
the superconducting state across the BCS-BEC
crossover. Figure[I|shows the self-consistently cal-
culated order parameter A, chemical potential pu,
and pair spectral weight Z, as functions of the
interaction parameter y = (kra)~'.

As shown in Fig. [Ifa), the order parameter A
exhibits a maximum near unitarity (y = 0), con-
sistent with the expected behavior in the BCS-
BEC crossover Carlson et al. [2003], Haussmann!
et al. [2007]. The order parameter decreases as
the system moves toward either the deep BCS
(y < —1) or deep BEC (y > 1) limits. The chem-
ical potential [Fig. [I|(b)] shows a smooth crossover
from positive values in the BCS regime (where
p ~ Ep) to negative values in the BEC regime
(where u ~ —e€,/2 with €, the two-body binding
energy). The sign change of p occurs near y ~ 0.5,
marking the transition from fermionic to bosonic
character.

The pair spectral weight Z,, [Fig. [I[(c)] increases
monotonically from near zero in the BCS limit to
unity in the BEC limit. This quantity provides
a measure of the condensate fraction and reflects
the evolution from weakly-bound Cooper pairs to
tightly-bound molecules. The non-monotonic be-
havior of the combination of these quantities has
important implications for Josephson transport,
as we discuss below.

(b) Chemical Potential
—
]

(a) Superconducting Gap
—Aler H
-~ Unitarity
0.08 BCS regime
BEC regime

— ler

-3 -2 -1 1 2 -3 -2 -1 1 2

[ 0
(kea)™* (kea)™*

(c) Pair Spectral Weight (d) BCS-BEC Crossover Phase Diagram

————

=2 06 Uitarity,

— e
—= uler

BEC | |
(Strongly attractive) |

Z
2
8
g

Figure 1: (a) Superconducting order parameter
A, (b) chemical potential p, and (c) pair spectral
weight Z, as functions of the interaction parame-
ter y = (krpa)~! across the BCS-BEC crossover.
The vertical dashed line indicates the unitary
point y = 0. Insets show the behavior near uni-
tarity.

3.2 DC Josephson Current Character-
istics

We now turn to the DC Josephson effect in
interaction-asymmetric junctions. Figure [2| shows
the current-phase relations for various junction
configurations.

For symmetric junctions [Figs.[2(a) and (b)], the
current-phase relation is well-described by the si-
nusoidal form I(¢) = I.sin ¢. The critical current
is larger for the BCS-BCS junction compared to
the BEC-BEC junction, reflecting the larger pair-
ing gap in the BCS regime for the parameters con-
sidered. This is consistent with the Ambegaokar-
Baratoff relation where I, x ApAr/(AL + AR).

For asymmetric BCS-BEC junctions [Fig. [2{c)],
we observe deviations from the simple sinusoidal
form. The current-phase relation becomes anhar-
monic, with the maximum current occurring at
phase differences slightly different from /2. This
anharmonicity arises from the different spectral
properties of the two sides, including the difference
in chemical potentials and the resulting mismatch
in Fermi surfaces. Near unitarity [Fig. [2(d)], the
current-phase relation again approaches the sinu-
soidal form, but with an enhanced critical current
due to the larger order parameter.
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Figure 2: Current-phase relations for Joseph-
son junctions with different interaction configura-
tions: (a) symmetric BCS-BCS junction (yr =
yr = —2), (b) symmetric BEC-BEC junction
(yr = yr = 2), (c) asymmetric BCS-BEC junc-
tion (y, = —2, yr = 2), and (d) junction near
unitarity (yz = —0.5, yg = 0.5). The solid lines

are fits to Eq. .

3.3 Critical Current Landscape and
Riedel Peak

The critical current landscape across the full in-
teraction parameter space is shown in Fig. [3| We
map I. as a function of the interaction parameters
on both sides of the junction, y; and yg.

Figure [3|(a) reveals that the critical current is
maximal for symmetric BCS-BCS junctions and
decreases as the system moves toward the BEC
regime. This reflects the competition between
the pairing gaps on the two sides and the spec-
tral weight mismatch. The critical current land-
scape shows a ridge along the diagonal (symmetric
junctions), with off-diagonal regions exhibiting re-
duced I. due to the asymmetry.

An interesting phenomenon emerges when we
examine the Riedel peak enhancement in asym-
metric configurations. The Riedel peak refers to
an enhancement of the critical current when the
applied voltage matches the sum of the gaps on
both sides, eV = A + Apr Riedel [1964]. In con-
ventional superconducting junctions, this peak is
symmetric with respect to voltage polarity. How-
ever, in interaction-asymmetric junctions, we find
that the Riedel peak can be interaction-biased.

Figure [3{(c) shows the Riedel enhancement fac-
tor, defined as the ratio of the peak current to the
zero-voltage critical current, as a function of the
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Figure 3: (a) Critical current I. as a function of
interaction parameters y;, and yg for the left and
right sides of the junction. (b) Line cuts showing
I, for fixed y;, = —2 (BCS side) as a function of yp.
(c) Riedel peak enhancement factor as a function
of asymmetry. The peak enhancement occurs for
specific BCS-BEC configurations.

interaction asymmetry. The enhancement is most
pronounced for junctions with one side in the BCS
regime and the other side in the BEC regime. For
the configuration with y;, = —2.5 (deep BCS) and
yr ~ 2 (BEC), we observe a Riedel factor exceed-
ing 120, indicating a dramatic enhancement of the
peak current. This can be attributed to the large
difference in chemical potentials and the resulting
unique spectral overlap between the two sides.

The physical origin of this interaction-biased
Riedel peak lies in the energy dependence of the
tunneling density of states. In asymmetric junc-
tions, the DOS on the BCS side has sharp coher-
ence peaks at w = +Ay, while the BEC side has
a different spectral structure. When the voltage
bias aligns these features, the tunneling current
is enhanced. The effect is particularly strong for
BCS-BEC junctions because the chemical poten-
tial mismatch creates a unique energy window for
resonant tunneling.

3.4 AC Josephson Effects and Density
of States

Finally, we examine the AC Josephson charac-
teristics and the quasiparticle density of states.
Figure [ shows the time-dependent current and
frequency spectra for different junction configura-
tions, along with the DOS across the crossover.
Under a DC voltage bias V, the Josephson cur-
rent oscillates at the Josephson frequency wj; =
2eV/h. Figure [[a) shows the time-dependent
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Figure 4: (a) Time-dependent Josephson cur-
rent for different junction configurations under
DC voltage bias. (b) Frequency spectra showing
Shapiro-like step structure. (c¢) Quasiparticle den-
sity of states p(w) across the BCS-BEC crossover
for selected interaction parameters. The gap open-
ing and evolution of coherence peaks are visible.

current for BCS-BCS, BCS-BEC, and BEC-BEC
junctions. The amplitude and waveform depend
on the junction asymmetry, with BCS-BEC junc-
tions showing more complex oscillation patterns
due to the different gap magnitudes.

The frequency spectra [Fig. [4[(b)] reveal Shapiro
step-like structures, with peaks at integer multi-
ples of the Josephson frequency. For symmetric
junctions, the spectrum is dominated by the fun-
damental frequency. For asymmetric junctions,
higher harmonics become more prominent, reflect-
ing the anharmonic current-phase relation. The
BCS-BEC junction shows the richest spectral con-
tent, with significant weight in higher harmonics.

The quasiparticle density of states [Fig. [4]c)]
evolves smoothly across the crossover. In the BCS
regime (y = —2), we observe the characteristic
BCS gap with square-root singularities at the gap
edges. As the interaction increases toward uni-
tarity (y = 0), the gap increases and the coher-
ence peaks become more pronounced. In the BEC
regime (y = 2), the DOS shows a different charac-
ter, reflecting the bosonic nature of the pairs. The
gap remains open across the entire crossover, with
the gap edge following the order parameter.

4 Conclusions

We have presented a comprehensive study of
Josephson effects in interaction-asymmetric junc-
tions across the BCS-BEC crossover. Our main
findings are summarized as follows:

First, the equilibrium properties of the super-
conducting state exhibit the expected behavior
across the crossover: the order parameter peaks
near unitarity, the chemical potential transitions
from positive to negative values, and the pair spec-
tral weight increases from the BCS to BEC limits.
These quantities serve as the foundation for un-
derstanding the Josephson transport properties.

Second, the DC Josephson current in asymmet-
ric BCS-BEC junctions shows modified current-
phase relations compared to symmetric junctions.
The anharmonicity arises from the mismatch in
chemical potentials and spectral properties on the
two sides. The critical current landscape reveals
that maximum I. occurs for symmetric BCS-BCS
junctions, with reduced values for asymmetric
configurations.

Third, we have identified an interaction-biased
Riedel peak phenomenon in asymmetric junctions.
The Riedel enhancement factor can exceed 120 for
optimal BCS-BEC configurations, representing a
dramatic increase in the peak current compared to
symmetric junctions. This effect has potential ap-
plications in superconducting devices where large
current switching is desired.

Fourth, the AC Josephson characteristics show
Shapiro step-like structures in the frequency spec-
tra, with asymmetric junctions exhibiting richer
harmonic content.  The quasiparticle density
of states evolves smoothly across the crossover,
maintaining a gap throughout while changing
character from fermionic (BCS) to bosonic (BEC).

Our results have implications for both ultra-
cold Fermi gas experiments and superconducting
quantum devices. In cold atom systems, Joseph-
son junctions can be realized using double-well po-
tentials or barriers created by optical fields
et al. [2007], Valtolina et al. [2015]. The ability to
tune interactions via Feshbach resonances allows
for direct experimental tests of our predictions. In
solid-state systems, our findings suggest that junc-
tions with engineered interaction strengths (e.g.,
through doping or proximity effects) could exhibit
enhanced Riedel peaks and modified AC response.

Several directions remain for future work. The
inclusion of finite temperature effects would ex-
tend the applicability to experimental conditions
where thermal fluctuations are significant. The




effects of disorder and inhomogeneous broadening
would be important for realistic device modeling.
Finally, the extension to multi-terminal junctions
and networks could reveal emergent phenomena in
complex superconducting circuits across the BCS-
BEC crossover.
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