
STM gradients

Here we derive the log-likelihood gradients for the parameters of the STM as defined by

p(y = 1 | x,τ) = σ( f (x,τ)) ,

f (x,τ) = log
∑k α1kN (x;µµµ1k,ΣΣΣ1k)

∑k α0kN (x;µµµ0k,ΣΣΣ0k)
+ log

h1τ

h0τ

+ log
π

1−π
,

where N (x;µµµ,ΣΣΣ) is the density of a Gaussian with mean µµµ and covariance ΣΣΣ. We replace covariances ΣΣΣsk
by Cholesky factors of precision matrices,

ΣΣΣsk =
(

LskL>sk

)−1
,

for s ∈ {0,1}, where the Lsk are lower triangular, and optimize Lsk instead of ΣΣΣsk. For a single data point
(y,x,τ) and arbitrary parameter θ, the log-likelihood gradient is given by

∂

∂θ
log p(y | x,τ) = (y−σ( f (x,τ))) · ∂

∂θ
f (x,τ).

For any of the mixture component parameters θ0k ∈ {α0k,µµµ0k,ΣΣΣ0k} and θ1k ∈ {α1k,µµµ1k,ΣΣΣ1k}, we have

∂

∂θ1k
f (x,τ) = γ1k(x)

∂

∂θ1k
(logα1k + logN (x;µµµ1k,ΣΣΣ1k)) ,

∂

∂θ0k
f (x,τ) =−γ0k(x)

∂

∂θ0k
(logα0k + logN (x;µµµ0k,ΣΣΣ0k)) .

where

γsk(x) =
αskN (x;µµµsk,ΣΣΣsk)

∑k′ αsk′N (x;µµµsk′ ,ΣΣΣsk′)
.

Further, we have that

∂

∂αsk
logαsk = 1/αsk,

∂

∂µµµsk
logN (x;µµµsk,ΣΣΣsk) = LskL>sk(x−µµµsk),

∂

∂Lsk
logN (x;µµµsk,ΣΣΣsk) = diag

(
1/Lii

sk
)
− tril

(
(x−µµµsk)(x−µµµsk)

>Lsk

)
,

where the Lii
sk are the diagonal entries of Lsk, diag

(
1/Lii

sk

)
is the diagonal matrix whose diagonal entries are

1/Lii
sk, and tril(A) is the lower triangular part of the matrix A.

Finally, the gradient of h1τ is given by

∂

∂h1τ

f (x,τ) =
1

h1τ

.

The parameters h0τ and the parameter π are redundant and we did not optimize them.
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Factored STM gradients

Here we derive the log-likelihood gradients for the parameters of the factored STM as defined by

p(y = 1 | x,z) = σ( f (x,y)) ,

f (x,z) = log∑
k

exp( fk(x))+v>z,

fk(x) =
N

∑
n=1

βkn(u>n x)2 +w>k x+ak.

For a single data point (y,x,z) and arbitrary parameter θ, the log-likelihood gradient is given by

∂

∂θ
log p(y | x,z) = (y−σ( f (x,z))) · ∂

∂θ
f (x,z).

If θk is any parameter of component k, we have

∂

∂θk
f (x,z) = γk(x)

∂

∂θk
fk(x)

where

γk(x) =
exp

(
x>Kkx+w>k x+ak

)
∑k′ exp

(
x>Kk′x+w>k′x+ak′

) .
For the individual parameters, we get

∂

∂βkn
fk(x) = (u>n x)2,

∂

∂wk
fk(x) = x,

∂

∂ak
fk(x) = 1.

Finally, for un and v, we have

∂

∂un
f (x,z) = 2∑

k
γk(x)βkn(u>n x)x,

∂

∂v
f (x,z) = z.

2


