S1 File. Convergence of FIST.

We follow the convergence analysis in our previous work Li et al. 2019 to show that
FIST can converge under the updating rules in Equations (11)-(13).

As the objective function J in Equation (3) is bounded from below by zero, we can
prove the convergence of FIST by showing that J is non-increasing under each of the
updating rules in Equations (11)-(13). Here, we only show that J is non-increasing
under Equation (11). The proof is directly applicable to Equations (12) and (13).

We first expand the derivative in Equation (6) as
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DA,
where X1 = (M) ® T(1))(A, © 4,), Xa = A(®, ® O} + &, ® V), X3 = \(0, ® ),
Xy= My @Tn)(A: ©Ay), and X5 = A\(®, ® 0] + ¢, ® OF).

Theorem 1. Lee and Seung, 2001: A function J(h) is non-increasing under the
update h* < argmin G(h,h) if G(h,h) is an auxiliary function for J(h), such that the
h

=X, — Ay Xy — W, A, X5+ X4+ Ay X5+ DA, X3,

following conditions are satisfied:
Based on Theorem [1} J is non-increasing under the update in Equation (11) if it is
an update of one proper auxiliary function of J(A,), which is defined in Theorem

Theorem 2. The following function

G([Aplaps [Aplas) = T (Aplas) + T ([Aplap) (A — Aplas) + (1)
[Xa+ A X5 + DpApXslaw 5 5
Q[Ap]a,b ([Ap Ap]a,b)2

is an auziliary function of J([/lp]a,b) and has its global minimum.

Proof: First, it is obvious that G([Ap]as, [Aplas) = T([Aplas). To show

G([Aplaps [Aplas) > T([Aylas) we obtain the second-order Taylor expansion of

J([Aplap) at the point [A,], as
T (Aplas) = T ([(Aplap) + T (Aplas) ([Aplas — [Aplas)
43T Uigle) ((Aylas — Aglas)”
with the second-order derivative given below:
T"([Aplap) = —[Xalos — Wpla.alXslos + [Xslow + [Dplaa[Xslos
Thus, the inequality G([Ap]as, [Aplas) = T ([Apla,s) holds if
[Xa+ 1‘1qu+ DpApXslap
[Aplas
which can be demonstrated by the facts that

Dy Ay Xslap = Y [DplailAplim[Xslmps > [DylaalXslss[Aplas,

lm

and [ApXslap = > [Ap]aalXslis > [Xslos[Aplasp. (End of Proof)
l
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As the auxiliary function G([Apla.s, [Ap]as) in Equation (1)) is a quadratic function
on variable [Ap], b, its minimum can be easily obtained in a closed-form as

[Ap]:;,b = arg min G([Ap]a,b, [Ap]a,b)
[Ap]a,b

_ [Ap}a,b[Xl :" APXQ + VYPAPXB]a,b
[X4 + ApXS + DpApXS](Lb

)

which leads to the updating rule in Equation (11).
To analyze the optimality of the fixed point after convergence, we first define
{Ap e R™*7 A, € R™ X7 A, € R"*"} to be the matrices of Lagrange multipliers with
the Lagrange function
L=7- Y (A

ic{p,z,y}

% to be zero, we obtain A, = {?Tj' Furthermore, when A® is a fixed point
P P
under the updating in Equation (??) we have

Setting

[~ X, — Ay Xy — WA, X3 + X4+ Ay X5 4+ DpApXslap[Aplas = 0,

which implies the KKT complementary slackness condition [Ap]ss[Ap]es = 0 is satistied.
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