
S3 Appendix. CSP Methodology.
Assume that we have an N -dim. biological system, the evolution of which is

described by the system of ODEs

dy

dt
= g(y) (3.1)

where y = [y1, y2, ..., yN ]→ and g(y) =

[
dy1

dt
,
dy2

dt
, ...,

dyN

dt

]→
are the N -dim. column

state vector and vector field. According to CSP, any multi-scale system in the form of
Eq. (3.1) can be cast into a form where the vector field g(y) is decomposed into N

different terms that are defined by the CSP basis vectors an that span the fast and slow
subspaces of the tangent space [1, 2]:

dy

dt
= g(y) =

N∑

n=1

anf
n
, f

n = bn · g(y) (3.2)

where each anfn term is called a CSP mode and is a linear combination of all processes
and variables of the system. an = an(y) and bn = bn(y) are the N -dim. CSP column
and row, respectively, basis vectors of the n-th mode, and f

n = f
n(y) is the amplitude

of the n-th mode. The CSP basis vectors satisfy the orthogonality conditions
bi(y) · aj(y) = ω

i
j [1, 3], and proper adjustment of their signs sets f

n always
positive. Each CSP mode describes subprocesses that act in different time scales and
have different impact in the vector field. In particular each CSP basis vector an
provides the direction along which a subprocess is evolving according to the n-th fastest
time scale, and the amplitude f

n measures how much the vector field is projected along
the an direction; i.e. it measures the impact of the n-th CSP mode on g(y). The basis
vectors that construct order by order the expressions in Eq. (3.2) are provided by CSP
in an algorithmic manner [4, 5].

In the absence of the expolicit expression of the equations of the system in Eq. (3.1),
the calculation of the CSP basis vectors is not always possible. Instead, approximations
of the CSP basis vectors can be used to identify the fast/slow directions. Assuming that
we have a dataset of N variables yi (i = 1, ..., N), the derivatives g(y) of which are
calculated using finite differences, the Jacobian Matrix J of the system can be then
estimated using the combination of NODE [6] and the NN of [7] described previously.
Then, we can use the right, ωn, and left, εn, eigenvectors of the calculated Jacobian
matrix as a leading order approximation of the CSP basis vectors to span the fast and
slow subspace of the vector field [1, 2]; an → ωn and bn → εn. The time scales of the
system in Eq. (3.1) can be approximated by the inverse modulo of the eigenvalues of J:

εn =
1

|ϑn| , (n = 1, ..., N), (3.3)

where ϑn are the non-zero eigenvalues of J. A zero eigenvalue refers to processes of
infinite time scale. A negative (possitive) real part of the eigenvalue indicates a time
scale of dissipative (explosive) nature.

Due to its nature, the system is expected to be evolving in different time scales, and
it is assumed that the fastest of them, say M , are [i] of dissipative nature (i.e., the
components of the system that generate them tend to drive the system towards
equilibrium) and [ii] much faster than the rest, then the vector field g(y) can be
decomposed into its fast and slow component:

dy

dt
= gfast(y) + gslow(y) =

M∑

r=1

arf
r +

N∑

s=M+1

asf
s
. (3.4)
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The fast gfast (y) and slow gslow(y) components relate to the M fast and N ↑ M

slow, respectively, time scales. After the fast dissipative time scales act, they become
exhausted and their related modes have no impact on the evolution of the system; i,e.
the corresponding amplitudes become negligibly small. Then, a reduced model can be
constructed as:

f
r → 0 (r = 1, . . . ,M),

dy

dt
→

N∑

s=M+1

asf
s
. (3.5)

The left relation describes an M -dim. system of algebraic equations that define a
low dimensional surface in the phase-space, called the Slow Invariant Manifold (SIM),
where the system is confined to evolve under the influence of the M fast exhausted time
scales. These constraints refer to forming equilibria among fast reactions of the fast
variables, and, thus, are characterized by the M fastest timescales, which are inherently
dissipative in nature. The right relation is an N -dim. system of ODEs that governs the
slow evolution of the system on the SIM, the dynamics of which are determined either
by the fastest among the N ↑ M slow, dissipative timescales or by explosive timescales,
when the latter are present. The explosive timescales, in particular, are the time scales
that tend to drive the system away from equilibrium. Such cases arise in all combustion
systems [8–11], but also in oscilating biological systems [12], population dynamics [13]
and in systems describing cancer evolution [14].

CSP Pointer

Among the several developed algorithmic tools in the context of CSP, the CSP Pointer
(Po) is an index that identifies the variables related the most to the a CSP mode.
Through iterative analysis, Po assigns a numerical value to each variable and the CSP
modes, reflecting its contribution to the fast or slow dynamics of the system [15]. The
relation of the the i-th variable to the m-th CSP mode (m = 1, . . . ,M) is calculated as:

Dm = diag [ωmεm] =
[
ϖ
1
mϱ

m
1 ,ϖ

2
mϱ

m
2 , . . . ,ϖ

N
mϱ

m
N

]
(m = 1, . . . ,M), (3.6)

where, due to the orthogonality condition εi ·ωj = ω
i
j , the sum of all N elements of Dm

equals unity, i.e.
∑N

i=1 ϖ
i
mϱ

m
i = 1 [3, 16, 17]. The geometrical interpretation of the Po

is presented in [18].
Each variable is associated differently to each CSP mode; A relatively large value of

ϖ
i
mϱ

m
i indicates that the i-th variable is strongly associated to the m-th CSP mode and

the m-th timescale. For fast exhausted modes, the CSP Pointer identifies the variables
related to fast dynamics; i.e. fast variables. In addition, a value of Dm

i close to unity
suggests that the i-th variable is in a quasi-steady-state [17].

The CSP Pointer tool is a critical extension of the CSP method, designed to
systematically identify fast variables and processes within stiff systems. This allows us
to quantitatively identify the dominant fast variables, facilitating the subsequent
application of model reduction techniques such as Quasi-Steady State Approximation
(QSSA) and Partial Equilibrium Approximation (PEA) [17, 19]. By using the CSP
Pointer tool, it is possible to localize the regions in the system where model reduction
can be applied most effectively, providing a powerful means of simplifying complex
biological or chemical systems while retaining the essential dynamical features.
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