Mathematical Details S1:
The emergence of HIV transmitted resistance in Botswana:

“When will the WHO detection threshold be exceeded?”

Raffaele Vardavas and Sally Blower

Here we present technical details that describes mathematical methodologies and analytical derivations
used for our results presented in the main text and parameter estimates. In section 1 we present our
mathematical model which describes the dynamics of the emergence of acquired and transmitted drug-
resistant HIV in a population. This is followed by a discussion of the parameters used in the model. We
formulate the ordinary differential equations (ODEs) describing the mean-field population dynamics and
describe the initial conditions for the model. In section 2 we formulate the dynamics of the drug-resistant
population using a Markov chain equation and we discuss the approximations required for this formulation
to produce acceptably accurate dynamics. We then show how this can be used to obtain expressions for the

evolution of the mean, variance and skewness of the cumulative transmitted resistance.
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1 The Deterministic model

1.1 The mean-field dynamics

In Fig.1 we show the flow diagram of the compartmental Markov chain model that we used to describe the
dynamics of the emergence of acquired and transmitted drug-resistant HIV in a population. The model
identifies four population groups: sexually-active susceptible adults X, treatment-naive adults infected with
wild-type HIV strains Y, treated adults infected with wild-type HIV strains YJ', and adults infected with
drug-resistant HIV strains Yr. The drug-resistant group could be subdivided into treated and treatment-

naive classes. In the limit of large population numbers present in all four compartments, the dynamics

Figure 1: Flow diagram illustrating the transmission dynamics of an HIV epidemic in the presence of

antiretroviral therapy (ART).

can be accurately described by mean-field equations. These equations neglect all stochastic aspects present
in the Markov chain model and only focus on the evolution of mean population numbers. The mean-field
population dynamics associated with the continuous time Markov chain compartmental model is described

by the following ODEs:

X(t) = 7—{cAs(t) + Ar(t)] + u} X(t), (1.1)
YJ () = eX(O)X () +95Ys (1) — (05 +v] + Y5 (1), (1.2)
Yi(t) = o.¥§ ()= (gs+7+vl +p)YS (), (1.3)
Yr(t) = rYd () +cAr(t)X(t) — (vr+ p)Yr(t), (1.4)



where

As(t) = NT')[BEYE () + B85S (1)), (1.5)
Ar(t) = N'(t)BrYr(t), (1.6)
N(t) = X(t)+ Y5 () +Ys () + Ya(t). (1.7)

1.2 The parameters: definition and estimation

The parameters that appear in Egs. (1.1)-(1.7) are defined as follows: 7 is the inflow rate of newly sexually

active adults; g~

is the average length of time an adult acquires new sex partners; ¢ is the average number
of new sex partners a susceptible individual acquires per year; o, is the per capita treatment rate per year;
gs is the yearly proportion of patients suspending treatment and r~! is the average time required for a
patient to develop drug resistance when on treatment. The disease progression rate to AIDS for the wild-
type treatment-naive, wild-type treated and drug-resistant populations are respectively described by the
parameters ’Ug, vg and vp; the transmissibility (i.e., fitness) coefficients for the wild-type treatment-naive,
wild-type treated and drug-resistant populations are respectively described by the parameters ﬁg, ﬂg and
Br-

We assume that the expected time that an adult acquires new sex partners in Botswana is on average
34 years. This is exactly the difference in years between the upper (49 years) and the lower (15 years) adult
age group that we consider. The inflow of at-risk susceptible adults, 7, is chosen and calculated such that
in the short term the total population is stationary in the absence of HIV. On the assumption that the
population growth can be ignored over the short term, we obtained that 7 is 49,300 per year. The contact
rate was found to be 1.76 per year on the assumption that HIV prevalence is constant over the short term.
In a similar way the contact parameter, ¢, is chosen and calculated such that in the absence of treatment
(9s = 0 and o5, = 0) YSU is stationary in the short term. We calculated the per capita treatment rate per
year (o) from the projected number of patients that the Botswana ART program plans to treat over the
next four years. The program plans to treat 85,000 patients by 2009 [1] (see Fig. 2). The treatment rate was
found by assuming that it remains constant such that by the year 2009, Botswana will have 85,000 patients
that have received ART. This procedure gave a constant per capita treatment rate of 0.050 per year. For
Botswana, we assumed that u~1 is 34 years (from 15 to 49 years old). We used the values of 10, 18 and 12
years respectively for (v5)™!, (v§)~! and (vg)~' representing the average progression time to AIDS [2, 3].
Thus, individuals that are on treatment remain sexually active for longer than individuals that are not on
therapy, on average, for an additional 8 years. Since our predictions are valid for the short term to 2009,
our results are robust to the values chosen for the average progression time to AIDS. We assumed that the
yearly proportion of treated cases suspending ART, gg, in Botswana is 0.1[4] and that, on average, drug
resistance would develop in 3 to 5 years [5, 6, 7, 8, 9] (see the Main Text for further discussion).

The untreated and treated wild-type transmissibility (i.e., fitness) coefficients per partnership (8§ and
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Figure 2: Empirical data from the Botswana’s government treatment program are shown by the filled boxes.
The aim of the Botswana ART program is to reach 85,000 patients by 2009 (black dashed line) [1]. The
treatment used by our model uses the linear fit shown by the dashed gray line, this gives a constant per

capita treatment rate of 0.050 per year.

ﬁg) were calculated to be 0.12 and 0.04 respectively [10, 11, 12]. Our values for ﬁg and ﬁg are consistent
with those used by Wilson et al. [13] for South Africa for a similar drug regiment. We assume that 8Y lies

in the range 0.1 to 0.15 [11]. We then calculate 8% from BY using the following expression

BL = (arps +1—ps)BY, (1.8)

where ar is the reduction in HIV transmissibility (i.e., fitness) due to treatment-induced viral load reduction
and pg is the fraction of treated individuals infected that achieve viral suppression on ART. Following Wilson

et al., the calculation of the drug-resistant transmissibility is obtained using the following expression

Br = arfs, (1.9)

where ap is a proportionality constant. Relatively little is known about the fitness of resistant strains of
HIV in vivo. In our paper we assumed apr to be 0.25, 0.5 and 1.0 in different scenarios.

An alternative way of obtaining the values for transmissibility is to use the relationship that each loga-
rithmic increase in viral load (w) is associated with an increase in the risk of transmission by a factor of 2.45

[12]. Explicitly, this relationship is formalized as
Blw) = Bv)2.45'80 /7, (1.10)

where G(w) and B(v) are transmissibilities as a function of viral loads w and v.



1.3 The initial conditions

Our model is integrated starting from the initial conditions that no one is on treatment (YZ'(0) = 0).
Therefore HIV drug resistance has not developed (Yr(0) = 0). We assume that the HIV-infected wild-type
population is at equilibrium with the susceptible population for our initial conditions. These equilibrium
population values are given by:

« - ﬂ'
X(0)=Xx* = e — (1.11)

(v —cBY) +mu
Wf — BT T p)’

Y¥(0) = (v¥) (1.12)

2 Stochastic formulation for the drug-resistant

population dynamics

2.1 Stochastic vs. Deterministic

The ODEs formulated in section 1.1 can be numerically integrated to obtain the mean-field population
evolution. As long as the populations present in each compartment are large, relative stochastic fluctuations
are negligibly small. From the discussed initial conditions (Section 1.3), we are assuming that both the
treated wild-type and the drug-resistant population begin their dynamics from zero. This means that relative
stochastic fluctuations are important in their initial short-term dynamics. However, for the chosen parameters
the initial inflow of individuals into the treated wild-type population is much larger than the inflow into the
drug-resistant population. Thus, the time for which relative stochastic fluctuations are important is much
greater for the drug-resistant population than for the treated wild-type population. Hence, the evolution of
the wild-type population can be approximated by its mean-field dynamics at a much earlier time than the
evolution of the drug-resistant population. For this reason, the forecast of the short-term dynamics of the
drug-resistant population benefits from a stochastic analysis. This analysis provides not only the mean field
evolution of the population numbers, but also the evolution of its variability. Our main interest is in the
variability present in the prevalence and incidence patterns of the drug-resistant population. We therefore
proceed by treating the drug-resistant population stochastically.

A description of the stochastic dynamics is often obtained via computational integration by means of
Monte Carlo methods [18]. This would involve identifying the stochastic processes affecting the drug-resistant
population dynamics and simulating the evolution discretely starting from the initial conditions. Then, in
order to obtain the variability in the dynamics one would have to average over many independent ensemble
realizations of this evolution. An alternative method is to try to solve the stochastic dynamics analytically by

formulating and solving a Master equation [15, 16]. This is an attractive method for proceeding as it produces



exact equations to predict the variability in the dynamics. In problems in mathematical epidemiology, this
can not always be done as transition rates present in the Master equation formulation are nonlinear functions
of the population size. By assuming that the stochastic fluctuations have a predefined distribution (e.g.,
Gaussian or Log-Normal) this problem can be overcome to give an approximate solution via the method
of moment closure [19]. However, in some problems the nonlinear transition rates can be approximated to
linear transition rates that remain valid for the time interval of interest. Our stochastic formulation makes
use of this latter approximation and we proceed in obtaining expressions for the variability of the dynamics

given by time dependent functions of the variance and skewness of the process.

2.2 The Master equation

Eq. (1.4) can be used to formulate a birth-death-immigration Master equation [15, 16] for the drug-resistant

population:
OPL(t)/0t = 1Yg (1)[Peo1(t) — Pe(t)] + BreX () /N(8) [(k — 1) Pror (1) — kPy(t)]
= (r+p) [EPe(t) = (k+1)Prya (B)] (2.13)

where Py (t) denotes the probability that Yz(t) = k. The set of equations described by (2.13) can be used
to derive other equations describing the evolution of the moments of the probability distribution of Yz (t).
By the standard approach, we multiply Eq.(2.13) throughout by e?* and sum over the k states to obtain the
master equation for the moment generating function M (6,t). In turn, this can be expressed as an equation

for the cumulant generating function defined as K (60, t) = log[M (6, t)].
OK(0,t)/0t =rYd (t)(e” — 1) + [BreX (t)/N(t)(e? — 1) — (vg + p)(1 — e~ 9)] 0, K (0,t) (2.14)
The solution to the master equation allows us to extract cumulants of Yz(t):
({(Yr@®)") = 0"K(6,1)/00"|,_; (2.15)

the mean (((Yr(t)))), variance (((Yr(t)?)))and the third central moment (((Yz(t)*))) are obtained for
n =1, n = 2 and n = 3 respectively. The skewness can be obtained from the third central moment
((Yr(®)*)) / ((Yr (t)2>>3/2). The transition rate SrcX () /N (t) is not constant and depends on the evolution
of Y (t). Therefore, as in most epidemic models this makes this transition rate in the master equation a
nonlinear function of the population size. To proceed we note that our interest is in the early stages of the
dynamics when the susceptible population and the HIV-infected wild-type population have only marginally
changed from their initial equilibrium values. Therefore, for the chosen parameters, the approximation
that X (t)/N(t) stays constant at its equilibrium value is acceptable during the early stage of the evolution.
This approximation is expressed as X (t)/N(t) ~ (X)*/[(X)* + (Y¥)*] = (X/N)* . Making use of this

By comparing the mean evolution of the drug-resistant population predicted by the solution of the Master equation to the
mean-field evolution given by solving the ODE (1.4), we find that this approximation produces at most a 9% error (see Sec. 2.5)
at the sixth and final year of the predictions.



approximation allows us to solve for YST (t) exactly:

v = 2Ny~ Ly (216)

where o = —(gs + 7+ vl 4+ p) and I = rog(YY)*/a. Making use of this solution and using X (t)/N(t) ~
(X/N)* = (v¥ + p)/(cBY) we can solve Eq. (2.14) analytically. By using the method of characteristics [17]

we obtain three equations:
T=t, 0=—{B( —1)—~v(1 -}, K=1I(e*—1)(e’ —1), (2.17)

where 3 = Sre(X/N)* and v = (vg+pu). Solving for 6 and letting our initial constant characteristic f = 6(0)

we obtain

of = (e 1) = (Be? — 7)ePx

= 2.18
BT 1)~ (37 )l P 21
which can be re-written in the form
_ F—1)e(r=0)t
ﬂ(ef — 1)6(7*ﬁ)t — efﬂ —+ o
Substituting this expression in the equation for K (in (2.17)) gives us
t (v — F—1)e(r=0s
, 7= B)e! —De

K(,t) — K(0,0)=1 > -1 ds. 2.20
0.0~ K0.0 =1 [ e —1) 20— (220)

This integral can be evaluated by appropriate substitutions. Finally, we use our initial condition of P (0) =

O, vr(0) Which gives K(0,0) = fYr(0) and we obtain our solution as

K(6,t) = Ygr(0)log {7(60 — 1) — (Be’ — y)e(vﬁ)t} I

B — )=t
Blef —1) = (Bef? —y)elr=Ht + 5 los e } (221

s [6(69 — 1) — (Be? — y)er—B)t

— ~)eB—Nt
+ I(a iﬁv '75))(666 5 {e(a—ﬁﬂ-v)t(eG — 1)F.(0) — (69 _ 1)F2(9,t)} -

Here,

o « Ble? —1

B )
RO = Flgtg ity v Gy (222)
= @ @ e(ﬁ—v)tw
B = F [wm Lo T2 (e%w] ’ (2.23)

where F'[a,b, ¢, d] is the hypergeometric function.

2.3 Solution for the Mean, Variance and Skewness

By using Eq. (2.15), Eq. (2.21) and our initial condition of no drug-resistant cases (Yz(0) = 0) we obtain

all the cumulants of Yz (t). The mean is given by

(2.24)

-B-1t _1 (a=B+7)t _
0K (0,1)]lg—g = 1?7 (e ‘ ) :

=8  (at+v-8)



our second central moment (variance) is given by

B Te(B=—7)t o
Moo= G (a+7—Ala—28+29)
[P0 4 By — A0 +29)] - [(2 = P8+ 29)(B =) —al( P —1)5-1]] };  (2:25)

OZ[K(0,t { {V(e(a—ﬁ-ﬂ)t -1)+ ﬁ(e(ﬁ—v)t 1| +

and our third central moment is given by
Te(B=7)t
)HG:O B (v — 28+ 2v) (o — 38+ 37)
(8 =72 [6(8 = 7)*82(1 — 3P~ 4 2e2501) — Gy (3¢t — 4) 147+
a?[B%(1 — 6Pt 4 62PNt — 23~(3eP=1t — 2) 4 2] — (2.26)

(B — 1) (5 — 24eB=Vt 1 18¢2B-t) _ 437(6eB~Dt — 5) + 5y ]}}

ORK (0,

{102 +69(8+7) + a8+ 57))-

2.4 Solution for the Cumulative Incidence

From the solution of the Master equation we can also extract the cumulant generating function for the
cumulative incidence of transmitted drug resistance (7°(6,t)). To obtain this we need to solve the following
partial differential equation that relates the rate of change in transmitted incidence to the prevalence of drug

resistance in the population:
KT (0,t) = Bre(X/N)* (e’ —1)0pK(6,1). (2.27)

Therefore, the generating function for the cumulative transmitted drug resistance incidence between times
t1 and to is given by:
to
T(0,ts) —T(0,t1) = Bre(X/N)* (e —1) [ 05K (0,t)dt. (2.28)
t1
By taking the first, second and third derivatives of (2.28) with respect to 6 and evaluating these at 6 = 0
we obtain expressions for the dynamics of the mean, variance and skewness of the cumulative transmitted
drug-resistant population in the interval to —¢;. We use these expressions in our main article to produce the

probabilistic forecasts in the growth of the newly infected transmitted drug-resistant population for different

parameter sets. In our manuscript we used time intervals ¢, 11 — t,, each equal to three months.

2.5 Solution of the Master Equation versus the numerical integration

of the ODEs

We mentioned in Sec. 2.1 that in our stochastic formulation we make use of an approximation whereby
the nonlinear transition rates describing the infectious process is replaced by a linear transition rate. This
approximation will stay valid initially and only for a short period. Therefore, it is of interest to check how the

mean-field predictions obtained by solving the Master equation compare to those obtained by a numerical



integration of the ODE dynamics of Eqgs.(1.1) - (1.4) for the duration of the dynamics of interest. The

percentage error (Er[S]) made by the mean-field solution is given by

S, S,

ErlS] = stochastic — ®numerical (2.29)
Shumerical
where Sgichastic Tepresents the mean-field solution of the dynamic variable S obtained from the master

equation and S} 1 erica] TePresents the corresponding numerical solution. Fig. 3 shows a plot for Er[Yrg(t)]
(shown in blue) and Er[Yr(¢t)/N(t)] (shown in red). Therefore, we compute the percentage difference of both
the mean-field solution for Yr(¢) and Yr(t)/N(t) to that obtained by numerical integration of the ODEs. The
numerical integration was done using Mathematica 5.1 by the default method that automatically switches
between backward differentiation formulas and Adams multistep methods, depending on stiffness of the
ODEs. We see from Fig. 3 that the error in Yz(¢) (shown in blue) increases linearly with time from zero

to 6% by 2009. This means that our predictions for the adult drug-resistant population overestimate the
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Figure 3: Percentage error of the mean-field solution for the prevalence of the drug-resistant adults obtained
via the Master equation compared to the numerical integration of the deterministic equations of the model
(Egs.(1.1) - (1.4)). The red curve shows the error made by the drug-resistant prevalence expressed as a
percentage of the total population (the error of Yz(¢)/N(¢)). The blue curve shows the error in terms of

absolute number drug-resistant adults (the error in Yz (t)).

numerical solution by at most 6% in terms of absoulte numbers. However, since the numerical solution for
N(t) is a increasing function with time during the period (2003 to 2009) the error made by our predictions
for the prevalence of drug-resistant adults underestimates the numerical solution by 9% by 2009. These error
may seem large. However, considering parameter uncertainty that enter Egs.(1.1) - (1.4), this is acceptable

for obtaining an idea of the magnitude of stochastic fluctuations in the short-term dynamics.
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