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Supporting Information

S1 An Alternative Discretization Method

In our paper, we presented a method for translating an ODE model into a discrete
model. The update functions in the discrete model were derived from an Euler-like
step. In this section, we describe an alternative discretization method that leads to the
same update functions but allows for a different interpretation, as addressed in the
discussion of the paper.

Discretization by Limit Considerations. Similar to the method described in the
paper, continuous variables yi, ..., y, in the right hand side function f(y) are replaced
by their discrete counterparts 1, ..., x, to map the right hand sides f;(y) to their
discrete counterparts le(:zr) This time, however, an exception is made for variables y;
in the right hand side functions f;(y): monotonically increasing functions F; ;(y;) are
replaced by y;, whereas monotonically decreasing functions F; ;(y;) are replaced by

1 — y;. The mapping thus takes the form

filFia(n), - Fin(yn)) = fi(TFia(21), .. . TFE (i), TFin(x)) = hi(zy, .. yis ... 2)
N—— N—— SN——
x1 or 1—xq y; or 1—y; Ty Or 1—xy
for i =1,...,n. The right hand sides f; : R" — R of the ODE system are thus
mapped to functions h; : {0,1}" ! x R = R, i = 1,...,n. This leads to n linear ODEs
in the form

y{ = Bi(xlv s Li—1,Yiy Tit 1, - - -,In) = Ci1 — Ci2 " Yi, yi(tO) = yioa (1)

with constant terms ¢;; and ¢;5. These constants depend on the values of the discrete
variables x1,...,2;—1,%i+1 ..., 2, and the model parameters p.

These linear ODEs are now solved analytically and, for all combinations of values
c;1 and ¢;2, the limit as ¢ — oo is considered to derive the update rule. The initial
value y? is identified with the current state of the discrete system, z¥. In particular,
for ¢;2 # 0, the analytic solution for such a linear ODE is given by

%@=52+@ﬁ@—2>mmﬁmp%m.

Ci2 Ci2
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For ¢;5 = 0, we have y, = ¢;1, and thus the analytic solution
yi(t) = car(t — to) + vilto).

Now, to get rid of the time-dependence, we consider the limit of y;(t) as ¢ tends to
infinity. Depending on the values of ¢;1, ¢j2 (smaller than, equal to, or larger than
zero), and y;(to) (0 or 1), 18 different cases must be considered, compare S1 Table [Al
The update rule for the Boolean variable z¥ in step k + 1 is then chosen according to

1 if limyeo wilt) > 2%,
o =% ek lime pi(t) = yilto) = o, (2)
0, if limy oo yi(t) < 2P

Comparison with the Euler Method Note that in the Euler method, the right
hand sides f; : R™ — R of the ODE system are mapped to functions h; : {0,1}" — R.
For comparison with the alternative method, these functions can be written as

h/i('rlv" '7In) = CGi1 — G2~ X,

where the constant terms ¢;; and ¢;o are the same as above.

In S1 Table[A] the transformation from an ODE to a discrete model is performed
with both methods. One can observe that, in any case, both methods lead to the same
update. Thus, for the ODE models that fulfill the assumptions described in Step 0 of
our paper, the two discretization methods lead to the same binary model.
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Table A. Comparison of the results of the two discretization methods for the update rule of a discrete

variable z*.

Cases Limit method Euler method
¢ [ ( tn) — C_l) —c2(t—to)
a o Yy fa g d | ety sgn(h(at)) o
or Cl(t—t0)+y(t0), lf C9 :O
0 =0 0 0 0 0
0 0 y(t) = y(to)
1 =1 1 0 0 1
0 . 0 0 0 0
0 >0 y(t) = y(to)e 2=t0) =X
1 0 —C2 <0 0
0 =0 0 0 0 0
0 <0 y(t) = y(to)efq(t’t“)
t—o00
1 - 1 —cy >0 1
0 . 1 Cc1 >0 1
>0 0 y(t) = c1(t —to) + y(to) = o0
1 1 Cc1 >0 1
>0
0 1 Cc1 >0 1
c cq —co(t— t—oo ¢
> 0 > 0 é + (y(to) - a)\e 2(t tU)/ — é =1, cg=c2 1 =0, c1=cy 1
1 t=ooq >1, a>c 1 c1 — C2 >0, ¢ >co 1
<l, a<c 0 <0, a1 <c 0
0 B = ey (y(t) — L) eme2lt—to) 2% 1 c1 >0 1
o =2+ (slto) - 2 ,
_\’_/ tﬂocoo
1 >0 - 1 |c1—co >0 1
0 . 0 c1 <0 0
< 0 0 y(t) = Cl(t — to) =+ U(to) 30 —00
1 0 c1 <0 0
0 c c —c — t—o0 c 0 O O
<0 >0 u(t) = &+ (ko) - )20 2T - R
1 =0 0 |er—e <0 0
t—o00
—5 —0
0 0 c1 <0 0
<0 <0 c C1 —eo(t—t
o T (y(to) - g) e—c2(t—to) CF a1 ol =l 1 =0, |a|=lca] (1
1 ——— 2 2% oo, ler] > |eal 0 €1 —C2 <0, e > ez 0
0, or >0, or <0 2% o ley] < lesl 1 >0, |a|<|el 1
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