A Theory of Discrete Hierarchies
as Optimal Cost-Adjusted Productivity Organisations:
Supplementary Information

Picking up the notations from the main paper, we show here various additional results
that have been mentioned there.

1 Recursive optimal group sizes

In this section, we optimise the output of the hierarchically structure
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analytically for a fixed number of hierarchical levels p € {0, ..., pmax}. To this end, we first
rewrite (1) in terms of the number of people in the r-th super-group N, where ¢, = N, /N, _1,

which gives
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We now find the optimum by setting the derivative of (2) with respect to N, to zero, i.e.
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Multiplying by N, and restoring the notation ¢, = N,/N,_1, we then find
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which, after rearranging terms, yields the recursive equation
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For general 3, this iterative equation has to be solved numerically. Additionally, the con-
straints

€(2,N/2°) and N = ﬁqr (5)

apply. Hence, it is easier to just optimise (1) numerically, as described in the next section.
A special case (“military hierarchy”) is treated analytically in section 3.



2 Numerical optimisation of the production

In this section, we describe how we have optimised expression (1) numerically. For fixed
p € {0,...,Pmax}, we are looking for the optimal vector of group sizes (qo, ..., qp), subject
to the constraints (5). To this end, we have used a Sequential Least Squares Programming
(SLSQP) function, as first described in [2] and implemented in Python’s SciPy [1], as it can
handle both constraints and variable bounds. To avoid being stuck in local minima, we first
sample some 100 initial guesses, subject to constraints (5). We then call SLSQP for each of
these 100 initial values in parallel, and finally select the global maximum.

We repeat this procedure for every p € {0,...,pmax}- Through direct comparison, we
finally find the optimal p* = p that maximises expression (1).

3 Analytical treatment of the “military hierarchy”

In this section, we treat the case of a “military hierarchy” analytically, i.e. we consider
the configurations that maximise production (1) with u, = wdy, Ay = p". The fact that
tr>0 = 0 should not be construed as meaning that the higher levels of the hierarchy are
useless because they do not contribute directly to production. As we shall see, the higher
levels are needed to minimise coordination costs as in Ref.[3], so that the higher levels of the
organisation can be interpreted as helping optimise resource allocation and management to
empower the bottom level in its production tasks.

In contrast to general geometrical hierarchies, the military hierarchy allows for an ana-
lytical treatment, as long as we are working with the approximation ¢,(¢q, — 1) ~ ¢2, which
is valid for ¢, not too small. For fixed p, and recalling that ¢, = N,./N,_1, we find the value
N, =[I;_, ¢ that maximises
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resulting in the recursive relation
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Plugging (8) into (6), we obtain the following expression for the overall production:
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Since Ny = qo, the maximal production for fixed p is thus given by

(p) = NN = NoN — N [1 - (;)p] [No (B l)wNOB_l} .

(10)

We check that for p = 0 we recover wN? — N2. The size of the base group Ny = ¢q is not a



free parameter, but fixed by N. To calculate the relation between Ny and N, note that
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for » > 1. Hence,
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This equation can be solved numerically to determine Ny as a function of IV, p,w and 3. To
avoid encountering huge values in the numerical solver, it is useful to rewrite (12¢) as
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A special case for which (13) can be solved analytically is § = 1, in which case
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We also note that, when 5 = 1, the recursive relation (8) reduces to the optimal configuration
that minimizes the communication overhead. In this case, for N = 4096, Ng = 16 for p =1,
Ny = 3.28 for p =2, Ny = 1.74 for p =3 and Ny = 1.27 for p = 4.

We shall see in the next section that, when cost is minimized, the optimal number
of hierarchies p* scales like log(N). Plugging p* ~ log(NN) into (14) we see that Nj is
asymptotically independent of N, since limy_,oo NY/V = 1. Thus, in the limit where Ny is
independent of N, and 1> 27P, the production (10) simplifies to

II(N) = (ﬁwN(?‘l - 2N0) “N. (15)

For the case 8 = 1.5,p = 0.5,w = 6, N = 4096, the optimal production is IT = 40'447 with
p* = 4 and the optimal structure is given by (qo =~ 9.1,¢1 ~ 2.8,¢2 ~ 2.8,q3 ~ 6.5, q4 ~ 8.9).



These results are obtained from the numerical optimization using the exact number ¢, (g, —1)
(instead of ¢2) of interactions and thus are slightly different from the analytical formula,
because the approximation ¢2 ~ ¢-(g- — 1) does not hold very well for the smallest group
sizes. Note also that these numbers (g9 ~ 9.1,¢1 =~ 2.8,¢2 ~ 2.8,¢q3 ~ 6.5,q4 =~ 8.9) do
not multiply exactly to N = 4096 due to rounding errors as we use only one digit after the
comma.

Figure 1 shows the total production II(p) as a function of the number p of hierarchical
levels minus one for four different values of the production parameter w for a total population
of 212 = 4096 collaborators. The case w = 6 is represented in green and is qualitatively
similar to the solution obtained for a larger production parameter w = 10: in both cases,
larger subgroups are favoured, especially at the bottom and top levels, with relatively fewer
levels (p* = 4 and 3 respectively). In contrast, for smaller production parameters w = 0.5
and 2, whose legends are shown on the left of the figure, the optimal structure consists in
having maximally fragmented hierarchical structures with a maximum number of levels and
smallest group sizes (all ¢,’s are equal to the minimum size 2). The qualitative differences
between the hierarchical structures for large versus low production parameter w illustrate
the fight between having large groups at the bottom to enhance productivity and the cost
of coordination.

military organization with 22 = 4, 096 individuals and B=1.5, p=0.5
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Figure 1: Same as figure 2 in the main text for the military hierarchy defined by u, = wdyg
and \, = p".

Production II(p) as a function of p (number of hierarchical levels minus one) for four different
sets of parameters for a total population of 2!2 = 4096 collaborators. For each of the four pa-
rameter set indicated in the four legends along the vertical axis, we obtain the optimal group
sizes {qo, - .., qp}, and calculate the corresponding total production II(p) from expression (6)
in the main text. The function II(p) exhibits a maximum at some p = p* indicated with an
open circle. For each of the four optima, the corresponding optimal group sizes {qo, . .., gp }
are given in the form of a stack of rectangles put on top of each other. The four different
sets of parameters span different regimes and thus hierarchical designs. Non-integer values
of ¢,’s should be interpreted as a combination of group of integer numbers of collaborators,
with numbers within one unit from the quoted ¢, and such their average value is as close as
possible to the g,. For instance, ¢, = 3.7 or 3.8 should be interpreted as corresponding to
three groups of 4 and one group of 3.



4 Scaling of the communication overhead

In this section, we consider the asymptotic scaling of the communication overhead as a
function of the number of individuals. So instead of maximising production, defined as
output minus cost, here we just minimise the cost. This can be seen as a continuation of
the work of Toulouse and Bok [3], who calculate the optimal configuration that minimises
cost of communication as a function of the base-group size Ny, and for fixed number of
hierarchies p. Instead, we find it more natural to consider N as given, and then to ask
what is the optimal hierarchical configuration that maximises production. We calculate the
communication overhead I' over p + 1 hierarchical levels as
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For fixed p (with p > 1), the communication difficulty I" can be minimized with respect to
the group size N,. Repeating the calculation (7) from section 3 but omitting the output
term, we find
2
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Using that N, = [[;_,¢r, the communication difficulty is calculated by plugging (17) into
(16), giving (cf. also (9) for intermediate steps)
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Similarly to the calculations (11) and (12), the total number of individuals reads
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which we can invert to find
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Plugging (20) into (18) finally yields
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In particular, for p = 0 we recover I'(0) = N2, as anticipated, and as long as 2P*! > p, we
may approximate (21) by
I'(p) ~ 4pN, (22)

meaning that the initially quadratically scaling communication difficulty is asymptotically
reduced to a linear scaling relation, as long as there are enough hierarchical levels (cf. also
the example in section 2 of the main paper, where already for p = 1 we find I'(1) ~ N4/3).

We aim at minimising (21) with respect to p. Instead of taking the derivative with respect
to p, we first write (21) as
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and introduce the variable x = 2P, leading to
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Introducing furthermore y = 1 — 1/(2x) gives
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Because y = 1 — 1/2P*L ¢ varies from 1/2 to 1 for p varying from 0 to infinity. Already for
p = 2 we have y(p = 2) = 0.875 which is only 12% below 1. Thus, the range of interest is
y =1—¢, where € < 0.1, typically. Replacing y by 1 — € in (25) yields
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which is, to first order,
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The second order derivative 86% is indeed positive, confirming that ¢* corresponds indeed

to a minimum of I'. Because ¢ = 2~ (1 the optimal p* is given by

. log(2)
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which scales like log(N), as alluded in the end of the previous section.

5 Estimation of the coefficient «

As explained in the main paper, and derived for a special case in the previous section,
the optimal number of hierarchical levels scales logarithmically as p* ~ a - (n — 1), where
n = logy N. Consider Figure 3 in the main paper. We see that the asymptotic regime
(7 is constant) starts roughly around N = 25, at the beginning of the p* = 4 layer. The
p* = 5 layer then only occurs at N = 2'', such that we estimate a linear slope of o ~
(5—4)/((11 —=1) — (5 —1)) = 0.17. Let us denote this estimate as &(p* = 4,p* = 5) or
just a(4,5) for short. Then, we derive a more robust estimate of o by averaging across pairs
a(i, j) for all i # j that lie in the asymptotic (constant 7) region.



6 Isolated structures

In the main paper, we have compared the output of an optimal arrangement of N individuals
into a hierarchical structure against the output of N isolated individuals. But there may be
yet another branch of optima, which generate an even larger output. That solution consists
of some K isolated companies, that do not interact with one another. Specifically, we can
write

My = ZH(Ni), (31)

where Zfi 1 Ni = N and each II(V;) is the production that results from the optimal config-
uration of N; individuals. We call the II(N;) the production of the i-th (isolated) hierarchy.

A sufficient condition to check for the existence of such isolated solutions is by observing
whether II is concave or convex in N. From figure 2, we can see that II is convex for small
N, then turning concave and reaching asymptotical linearity, such that we may not draw a
conclusion yet. We denote by N* the first point at which II”(N) = 0, i.e. where the function
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Figure 2: The left panel shows II as a function of N for a military hierarchy (cf. section 3)
with parameters g = 1.5, p = 1 and different w values. The right panel shows the second-
order derivative II” (obtained by applying a Savitsky-Golay filter). We can see from the
right figure that II is first convex, then turns concave, then briefly convex again before it
asymptotically reaches linearity. (The minor last humps before reaching IT” = 0 in the right
figure are not due to a change in sign but just a numerical fluctuation induced by the filter.)

switches from convex to concave. For instance, in figure 2, this would be at roughly N* = 35
for the w = 16 line. For N < N*, isolated structures are sub-optimal, as II is convex. We



thus consider a point N > N* and write

N
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We cannot increase II by splitting below N*. But can we increase by splitting it above N*7
The answer boils down to the question whether

N—-N*

/(um@ifmw@. (33)
pa

0

If (33) holds true, then a unified organization is preferred over two isolated firms. We have
checked numerically this condition (33) in figure 3. Interestingly, we can see that isolated
economies can be beneficial, however, only at the transition to the case of overall negative
output. As such, this case is of less relevance.
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Figure 3: We have checked condition (33) for a military organization with § = 1.5 and
various values of w and p. Specifically, we have calculated II(N) from N = 1 up to N =
400. We then approximate II' and I1” using a Savitzgy-Golay filter (cf. figure 2). The
second derivative is used to determine N* numerically, and II’ is used to carry out the
integration in (33). Three regimes are distinguished: (1) The overall output is negative (green
regime), which is a somewhat degenerate case, since hierarchies are not preferred to begin
with. However, isolated individual firms may still lead to a positive output, if re-structured
correctly. We do not investigate this here further. (2) Structuring all N individuals into one
hierarchical structure leads to greater overall output as compared to isolated substructures
(blue regime). (3) Isolated substructures increase overall output, as compared to case (2)
(orange regime). This case if only of relevance in the transition regime to negative overall
output.
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