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Appendix

In this appendix we describe the psychometric function used in this research and the Bayesian procedures used
in the simulations.

Al. Logistic function

In all fittings and simulations presented in this research we have used the cumulative Logistic distribution (see
Fig. A1) (Pentland, 1980; Emerson, 1986; Madigan & Williams, 1987; Serrano-Pedraza et al., 2016b) adapted
from Garcia-Pérez, (1998, see his appendix A):
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where x is the disparity (arcsec) in decimal logarithmic units (logio(arcsec)); y, is the guess rate (i.e Y2a4rc=0.5
and y4arc=0.25); A is the probability of responding incorrectly as a result of a lapse (Kingdom & Prins, 2010),
A = A"(1 —y), where 1" is the probability of making a lapse. Thus, for the same probability of making a lapse,
the value of 4 will change depending if the task is 2AFC or 4AFC. The parameter § controls the steepness of

the psychometric function. This is related to the spread (o) as follows:

B =31n[—1_’1_y_5].
o 6

(A2)

We define the spread (o) or region of support of the psychometric function as
o=yTt1-1-8) -y iy +6) (A3)
where ¢, is used to calculate ¢ with a desired central range (“CR”, in percentage) of the psychometric function:

) =MX(1—A—)/).
200
(A4)

Thus, the spread of the psychometric function is the range of stimulus intensities (in log-decimal units) (the

range being set by lapse rate and guessing rate). Substituting (A4) into (A2), we obtain
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Thus, the relationship between the slope parameter f and the ¢ parameter is independent of the chance
performance rate or of the observer’s lapse rate. We used CR=95 in all simulations and fittings so the spread
value corresponds to the 95% range of stimulus intensities for a particular lapse rate and guessing rate (see

Fig. Al, left panel), in which case:
B =7327/c. (A6)

The location parameter a is defined as follows:
1

a=0+—ln[

; 1—/1—7r]’

T=Y

(A7)
where 7, is the probability of correct responses associated with the threshold 6 (in logio units). We used 7=0.75
for both, 2AFC and 4AFC tasks and for the fittings and the simulations.

Examples of the Logistic function with different parameter values can be seen in Fig. Al.
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Fig. Al. Examples of the Logistic psychometric function with different parameter values. Width of the central
range (CR) CR=95%, o = (7.327/ 3). In all examples, the threshold value is 8 = 1.5 logo arcsec. Left panel
shows two examples with different spread values. Black line (f = 14.654 (¢ =0.5); a =1.5; =
0.61; y = 0.25; A =0.03; 6§ = 0.018); grey dashed line (f =3.66(c =2); a =15 n=0.61;y =
0.25; 1 = 0.03; 6 = 0.018). Right panel shows examples for 2AFC and 4AFC with the same spreads and
thresholds. Black line (f =7.327 (0 =1); a =1.488; # =0.75; y = 0.5; 1 =0.02; § = 0.012); grey
dashed line (f = 7.327 (6 = 1); a« = 1.387; = = 0.75;y = 0.25; 1 = 0.03; § = 0.018).
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A2. Description of the ZEST optimal ¢ staircase procedure

In this section we describe the characteristics of the Bayesian staircases used in the simulations. The procedure

is similar to ZEST (King-Smith, et al., 1994). If the spread value used in this method is the optimal one, then

we will call this procedure ZEST optimal o:

1)

Prior distribution. We used a non-informative prior for the thresholds or a prior of ignorance
(Treutwein, 1995). In particular, we used the uniform distribution u(x) (Emerson, 1986). Where,
u(x) =1 for x € [0,3.556] in steps of 0.0036, where x corresponds to the disparity values in logio
(arcsec). For the simulations comparing procedures we used the range x € [0.477,3.176] in steps of

0.05508 (the same range that was used for ZEST 2D, Psi and Psi-marginal in the comparison study).

2) Model function. This is the assumed subject’s psychometric function. We used the Logistic function

3)

4)

5)

(Pentland, 1980; Emerson, 1986; Madigan y Williams, 1987) described in section A1l of this Appendix
(see equation Al). Odd symmetric functions about threshold are recommended in simulation studies
using Bayesian procedures (Alcala-Quintana y Garcia-Pérez, 2004). Here we will call the model
function M (x, 6) where 6 is the disparity value that is presented in each trial that will be the value of
the disparity threshold in the last trial. The model function has the slope parameter 5, defined as 5, =
—7.327 /oy; the spread value gy,; the position parameter a;,; the guess rate yj,, and the lapse rate Ay,.
Staircase updating. On the first trial we forced the staircase to start at a high level of the stimulus,
0, = 3 (1000 arcsec). After the first trial, the posterior probability distribution is the uniform P, (x) =
u(x), then, from the second trial the posterior distribution is obtained and updated this way:

Piyy (%) = PiCOM(x, 0,)°[1 — M(x,6)]', i € [1,n],

where C=1 and [=0 after a correct response and I = land C = 0 after an incorrect response and # is the
number of trials.

Placement rule. The stimulus intensity (i.e. disparity) for each trial was selected computing the mean
of the posterior distribution 6; = m Simulation studies have shown that with the same number of
trials, the mean minimizes the variance of the threshold estimate and is less biased than using the mode
or the median of the posterior probability distribution (Emerson, 1986, King-Smith et al. 1994; Alcala-
Quintana y Garcia-Pérez, 2004). The threshold was obtained from the mean of the final probability
distribution P,, 4 (x).

Stopping rule. The staircases stopped after a fixed number of trials (Emerson, 1986; Madigan y
Williams, 1987; Anderson, 2003).
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A3. Bayesian adaptive procedures used in the comparison study

A.3.1 ZEST 2D

This Bayesian adaptive procedure proposed by King-Smith and Rose (1997) is an extension of the original
ZEST procedure (King-Smith et al., 1994) and allows to estimate the threshold and the slope of the subject’s
psychometric function with one staircase. This procedure uses a two-dimensional array of thresholds and
slopes (see examples in Fig. A2) that is updated every trial according to Bayes’ theorem (see also Watson &
Pelli, 1983 and the Appendix of King-Smith et al., 1994). For all simulations we used an array of 50 thresholds
X 50 slopes in log values. The range of thresholds (6) used in the simulations was set from logi¢(3 arcsec) to
logi0(1500 arcsec) in steps of 0.05508 log units (this gives a total of 50 thresholds). The range for the slopes
(B) was set from logi(0.3) to logio(70) in steps of 0.483 log units (this gives a total of 50 slopes). The staircase
updating, and the stopping rule were the same as described in section A2. In particular, for the staircase
updating we will use the 2D model functions shown in Fig. A2B for correct responses and Fig. A2C for
incorrect responses. The procedure ZEST 2D allows us to choose two options for the placement rule (i.e. the
selection of the stimulus intensity for the next trial). In the first one, that we will call ZEST 2D 6, the stimulus
intensity for each trial is chosen from the mean of the posterior distribution (see equation 6 of King-Smith &
Rose, 1997). The slope can also be estimated from the mean of the posterior (see equation 7 of King-Smith &
Rose, 1997). A simulation example of this procedure can be seen in Fig. A3. This option is recommended if

we are only interested in estimating the threshold because the estimation of the slope is very imprecise.
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Fig. A2. 3D plots showing an example of one prior distribution and the model functions used in ZEST 2D,
Psi, and Psi-marginal. A. Prior probability distribution of slopes (logio(f)). For the simulations we have used
two types of distributions for the slope, the uniform (i.e. non-informative distribution) and a distribution based
in our data, in particular, we have assumed a Gaussian distribution with mean and standard deviation obtained
from the data shown in Fig. 4A (2AFC_g, this example) and Fig. 4B (4AFC_g). For the thresholds, we have
assumed a uniform prior distribution in all simulations. B. Two-dimensional model function for correct
responses for a 2AFC task (yy = 0.5, 4y = 0.02). C. Two-dimensional model function for incorrect
responses. Both examples are located in the threshold value of 8 =1.5 logio arcsec for = = 0.75.
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The second option for the placement rule (we will call this procedure ZEST 2D 8, o) is to present the
stimulus intensity at the sweat factors or sweet points (Taylor, 1971; Green, 1990; Green, 1993) for the slope
(B). For the Logistic psychometric function there are two -sweet points (King-Smith & Rose, 1997; Snoeren
& Puts 1997; Shen & Richards, 2012).

In order to obtain the probabilities of the psychometric function associated with the maximum
slope efficiency, we minimized the expected variance using the equation A2 from Shen & Richards
(2012). These probabilities depend on the guess rate (y) and the lapse rate (1). Assuming the Logistic
function (see our equation Al), for the 2AFC task (yy = 0.5, )y = 0.02) the probabilities were 0.587
and 0.926, and for the 4AFC task (y, = 0.25, Ay = 0.03) the probabilities were 0.368 and 0.887.
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Fig. A3. Simulation example of procedure ZEST 2D 0. The left panel shows the stimulus intensities (i.e. mean
of the 2D posterior distribution) for each trial (black dots). The red dot corresponds to the final disparity
threshold estimate that corresponds to the dashed blue line. The right panel shows the psychometric function
(black line) of one modelled subject used in the simulations with a threshold of 65 =1.5 logio arcsec for T =
0.75. The parameters of the modelled subject were ag = 1 (i.e. B = 7.327); as = 1.488; m = 0.75; y5 =
0.5; 4 = 0.02; 65 = 0.012.

In each ftrial, the threshold and the slope were estimated from the means of the two-dimensional
posterior distribution (see equations 6 and 7 of King-Smith & Rose, 1997), then, after a correct or incorrect
response, the 2D model function (see Figs. A2B and A2D) was located in the threshold value that corresponds
to T = 0.75, and the stimulus intensity for the next trial was chosen randomly from one of the two B-sweet
points of the Logistic function using the estimated slope. A simulation example of this procedure can be seen
in Fig. A4. The upper-leftward panel shows the stimulus intensities (black dots) and the threshold estimates in
each trial (red dots). The lower-leftward panel shows the slope estimates (transformed to o values) (see more

details in the legend of Fig. A4).
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Fig. A4. Simulation example of procedure ZEST 2D 0, 0. The upper-leftward panel shows the stimulus
intensity (i.e. disparity) presented in each trial (black dots). Red dots show the estimated threshold from the
mean of the posterior distribution. The last red dot corresponds to the final threshold estimate that corresponds
to the dashed blue line. The upper-rightward panel shows the psychometric function (black line) of one
modelled subject used in the simulations with a threshold of 85 =1.5 logio arcsec for m = 0.75. The parameters
of the modelled subject were o5 = 1 (i.e. S = 7.327); ag = 1.488; © = 0.75; ys = 0.5; 45 = 0.02; 65 =
0.012. The lower-leftward panel shows the estimated slopes (transformed to ¢ values) from the mean of the
posterior distribution. The black line represents the value of the spread of the model (¢ = 1). The last red dot
is the final slope estimate that corresponds to the dashed blue line. On the lower-rightward panel, the model
psychometric function is represented in black and the psychometric function estimated from the staircase is
represented with a dashed blue line with y = 0.5 and 4 = 0.02.

A3.2 Psi

This Bayesian adaptive method was proposed by Kontsevich & Tyler (1999) to estimate the threshold and the
slope of the psychometric function. Here, we will call this method Psi 8, . This procedure uses the same two-
dimensional array of thresholds and slopes used by ZEST 2D (see examples in Fig. A2) and the posterior
probability distribution is updated according to Bayes’ theorem. The range of the thresholds and slopes used
here for constructing the two-dimensional array of 50 thresholds X 50 slopes is the same as described for the
procedure ZEST 2D (see section A3.1). The staircase updating, and the stopping rule were the same as
described in section A2. However, the placement rule in Psi (i.e. the selection of the stimulus intensity for the
next trial) is different from ZEST 2D. For Psi, the stimulus intensity that will be presented in the next trial is
the intensity that has the minimum expected entropy (using the Shannon entropy) in the posterior distribution
that will result for a correct or an incorrect response (Pelli, 1987; see steps 3, 4 & 5 of the Method’s section of
Kontsevich & Tyler, 1999; or equations 5, 6 and 7 of Watson, 2017). Although Pelli (1987) suggested to

calculate the entropy for all future possible trials, Psi method minimizes the expected entropy only at the end



Serrano-Pedraza et al. (2020). PLOS ONE

Efficient estimation of stereo thresholds: what slope should be assumed for the psychometric function?

of the next trial. This decision is based on the study of King-Smith et al., (1994) that suggested that minimizing
the expected variance of the posterior distributions (an alternative way of selecting the intensity of the next
trial) at the end of the next trial (i.e. looking only one trial ahead) was as good as looking two trials ahead. The
range of stimulus intensities used to calculate the expected entropy was set from logio(3.16 arcsec) to
logi0(1000 arcsec) in steps of 0.0862 log units (in total, 30 different stimulus disparities). The estimation of
the threshold and the slope is based on computing the mean of the two-dimensional posterior distribution
accordingly (see equations 6 and 7 of King-Smith & Rose, 1997). An alternative procedure called QUEST +
(Watson, 2017) is similar to Psi but uses the mode of the posterior distribution to estimate the parameters of
the psychometric function.

If the slope of the psychometric function is known by the experimenter, Psi method can be used with
the version “slope-constrained” Psi (i.e. only one slope parameter is used, so there is no more two-dimensional
array). Kontsevich & Tyler (1999) showed that the slope-constrained Psi and ZEST give similar results, thus,
our suggested ZEST-optimal o method will give similar results to the method slope-constrained Psi with the
optimal o.

A simulation example of the method Psi 6, o is shown in Fig. AS. The upper-leftward panel shows the
stimulus intensities and the threshold estimation. The lower-leftward panel shows the spread estimation as a

function of the number of trials.
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Fig. AS. Simulation example of procedure Psi 8, o. The upper-leftward panel shows the stimulus intensity (i.e.
disparity) presented in each trial (black dots). Red dots show the estimated threshold from the mean of the
posterior distribution. The last red dot corresponds to the final threshold estimate that corresponds to the dashed
blue line. The upper-rightward panel shows the psychometric function (black line) of one modelled subject
used in the simulations with a threshold of 85 =1.5 logio arcsec for m = 0.75. The parameters of the modelled
subject, in this example, were o5 = 1 (i.e. S5 = 7.327); as = 1.488; m = 0.75; ys = 0.5; As = 0.02; &5 =
0.012. The lower-leftward panel shows the estimated slopes (transformed to ¢ values) from the mean of the
B-posterior distribution. The black line represents the value of the spread of the model (¢ = 1). The last red
dot is the final slope estimate that corresponds to the dashed blue line. On the lower-rightward panel, the model
psychometric function is represented in black and the psychometric function estimated from the staircase is
represented with a dashed blue line with y = 0.5 and 4 = 0.02.
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A.3.3 Psi-marginal

This Bayesian adaptive method, proposed by Prins (2013), is a flexible modification of the original
Psi method that can be used to estimate the three parameters (e.g. threshold, slope, and lapse rate) of the
psychometric function, or estimate one or two parameters and marginalize the non-interested parameters (i.e.
nuisance parameters). For example, if we are interested in estimating the threshold (6) and the slope (i.e.
spread, o) in a 2AFC task, we can fix the guess value to y,; = 0.5 and marginalizing the lapse rate (in Prins’
terminology Psi 8, 6 (4)). The advantage of marginalizing the lapse rate, is that this method can present stimuli
at particular intensities in order to obtain information about the marginalized parameter but only if those
intensities reduce the uncertainty regarding the estimation of the threshold and the slope (Prins, 2013). Thus,
this method can also estimate the value of the marginalized parameters although they will not be very precise.
The Psi-marginal method works exactly in the same way as the original Psi method described in A.3.2.
However, in order to marginalize one parameter, we have to reduce the n-dimensional posterior distribution to
n-1 dimensions. This is done simply by summing across the marginalized dimension (see equation 4 of Prins,
2013). In order to implement the Psi-marginal we used the Palamedes Matlab routine PAL Entropy.m
(Palamedes version 1.6.3; Prins & Kingdom, 2018).

The Psi-marginal also allows the experimenter to fix the nuisance parameter (e.g. lapse rate or slope)
with a known or an assumed parameter. Thus, the Psi-marginal with fixed lapse and guess rates corresponds

to the original Psi method.
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Fig. A6. Simulation example of Psi-Marginal, Psi 6, a(4). Same details as in Fig. A5. Note that although the
lapse rate (1) was marginalized, it can be estimated, 1=0.039.
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In the simulations presented here, we used three configurations of the Psi-marginal method. In all
cases, we fixed the value of the guess rate for both tasks 2AFC (yy, = 0.5) and 4AFC (yy = 0.25). One
configuration is, to estimate the threshold and the slope marginalizing the lapse rates (Psi 8, 0(1)), the second
configuration is to estimate the threshold and marginalizing the slope and the lapse rate (Psi 6, (g, 1)), and the
third configuration is to estimate the threshold, marginalize the slope, and fix the lapse rate (Psi 8(o)). In the
first two configurations we used a three-dimensional array composed of 50 thresholds X 50 slopes X 11 lapse
rates (between 0 and 0.1 in steps of 0.01 for 2AFC, and between 0 and 0.15 in steps of 0.015 for 4AFC task).
In the third configuration we fixed the lapses rate for the 2AFC task (yy = 0.5, 4y = 0.02) and for the
4AFC task (yy = 0.25, 1 = 0.03), so we used a two-dimensional array of 50 thresholds X 50 slopes but
we marginalize the slope parameter. The range of thresholds and slopes was the same as described for the
procedure ZEST 2D and Psi method (see sections A3.1 and A.3.2). The range of stimulus intensities used to
calculate the expected entropy was set from logio(3.16 arcsec) to logio(1000 arcsec) in steps of 0.0862 log units
(in total, 30 different stimulus disparities). An example of a simulation using the configuration Psi 6, g (1) can

be seen in Fig. A6.
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