Supplementary Material

1 Modeling of variable susceptibility and infectivity

We first build a compartmental model taking variable infectivity and susceptibility into
account, and then prove that variable infectivity is irrelevant, under the assumption
that the two are not correlated (otherwise the statement is false, see e.g. [1]). This is
not surprising, see e.g. [2], but it is still worthwhile to prove within our modeling
framework. Section 2 is the key contribution where we prove that the resulting
susceptibility-stratified model can be further reduced to a basic SIR with ASI.

When modeling variable infectivity and super-spreaders, it is important to
distinguish between super-spreaders in the sense that they have an extremely high viral
load (possibly combined with lack of symptoms [3,4]), and social super-spreaders,
which are persons whose work or behavior puts them in contact with an unusually high
number of people. The latter type was discussed in Section 4.2, so we focus here on the
former type. We refer to [5] and [6] for the basics of mathematical modeling of
infectious diseases.

Let the susceptibles be divided into J subgroups, and let the infectives be divided
into K subgroups. Let S = (S1,...,57)T be a vector such that S = Z}]=1 S; is the
total amount of susceptibles, where the symbol T" denotes transpose, i.e. the operation
that turns a row-vector into a column-vector. (All vectors considered here are to be
column-vectors for the matrix vector formalism to function.) Similarly
I=(I,...,Ix)T will represent the various compartments of I where I = Zle Ip. All
the above quantities implicitly depend also on time ¢ which is a continuous variable.
Hence S(t) and I(t) denotes the total amount of susceptibles and infectives at a given
time ¢, whereas I(¢) and S(¢) contain the amount in each respective compartment. Note
that there is no need to introduce various compartments for R, since once you recover
neither infectivity level nor susceptibility level is important. Let a be the daily amount
of potentially infectious contacts by an average infective during his period of illness and
let p; ; be the probability that an infectious encounter between a member of I;, and one
in S; leads to transmission, and let Mp denote the corresponding matrix. The rate of

— SJ

new infections in group Sj; is then easily seen to be v;(t) = ]'\(,t) Zszl pjrali(t), or in




vector form

a ..
v= NdlagsMpI (11)

where diagg denotes the diagonal matrix with S(¢) on the diagonal and v denotes
(v1,...,v5)T. Since we assume that susceptibility and infectivity are uncorrelated, the
total amount of new infections are distributed over the various Ij’s in proportion to the
fraction of the population that belong to respective group. More precisely, let z; denote
the fraction of the total population that would end up in infectivity group Iy, if falling
ill, and let x = (z1,...,7x)? denote the corresponding vector. The corresponding

SIR-equation system becomes

S =-v
I' =vx—-ol (12)
R =o0l(t)
where v = ijl v (so it is not a misprint that one is bold and the other not). The
initial conditions become
S(0) =wN
I(0) ==xn (13)
R(0) =0
where w = (w1, ...,w;)T is the fraction of the population in the respective

susceptibility group at the onset of the pandemic, n is the total number of import cases
to the population of N individuals, and X a vector containing the fraction of these in
each subgroup of I.

These are the equations we propose for disease spread in a model with variable
(uncorrelated) susceptibility and infectivity. A weak point of such a model is clearly the
difficulty of measuring reasonable values of the transmission probabilities p; j in
practice. However, this is not needed since the main point of this paper is that the
output of any such model is almost identical to the output of the most basic possible
SIR if we include ASI. Given a fixed value of o (i.e. the inverse of the generation time
Tyeneration ), the basic SIR then depends only on two parameters, ASI § and
transmission rate « (or, equivalently, Ry). Hence, as long as we believe that there exist

numbers such that the above system (11)-(13) would be a good model for accurately



forecasting disease spread, we can instead run a basic SIR-model with only two
unknown parameters, which are (more) easily fitted to real data. In conclusion, we do
not need to know the actual transmission probabilities p; z, or the contact rate a. We

now begin to reduce these equation to simpler ones.

1.1 The initial conditions are irrelevant

Even if “x is different from x, it will not remain so for long, for the equation for I'in (12)
ensures that at any time point the new cases are distributed according to x. Hence it
will only take a few generations before the distribution of infected very closely resembles
that of x. This will happen in the very early stages of the disease progression, and
therefore we might as well assume that x = x from the beginning.

More rigorously, we can argue as follows; Given the function v describing the total

incidence, the solution for I; is given by

¢
Lit) = :Ej/ e?CVy(s) ds + e,
0

by which it follows that Z; soon becomes irrelevant, due to the exponential decay of the

corresponding term e~ 7"

1.2 Variable infectivity is irrelevant; S-SIR

We now reduce the above equations to the Susceptibility-stratified model (S-SIR) used
in the main text. Recall that I denotes the vector of all infectivity compartments and I

denotes their sum.

Proposition 1.1. Given any solution (S,I, R) to the system (11)-(13) with X = x, the

triple (S, I, R) solves the system

V= %p -SI (14)
S =-v
I' =v-ol (15)



I(0) =n (16)

where - denotes componentwise multiplication, v = ZJ

=1V and p = Mpx.

Proof. Let (S,I, R) be given and let v be defined by (11). Given a scalar solution to
the equation i' = v — o1, i(0) = n, it follows that I;(t) = x;i(t) is a solution to the
corresponding row in the equation I’ = vx — oI. By the uniqueness of such solutions, we
conclude that I(t) = xi(t). Hence, since I denotes the sum of I, we see that i = I. With
p = Mpx it is easy to see that (11) reduces to (14), and that the equation for I in (12)
reduces to the middle equation of (15).

O

Note that the numbers py,...,ps in p are between 0 and 1 and can be interpreted as
the probability of disease transmission when an “average” infective meets a susceptible
in group Sy, ..., Sy, respectively. We can also compute Ry given these transmission

probabilities via the formula
RO = aWTMPXquneTation = a<W7 p>qune7‘ationa (17)

which should be compared with Ry = aTyeneration for the basic SIR (see Section 3.1).
The simplest way to derive this is to note that at ¢ = 0 we have S/N = w so the
equation for I then reads I'(0) = a(w, p)I — oI. This means that an average infective
infects a(w, p) new individuals every day, which in average goes on for Tyeneration
amount of days. Multiplying these two quantities gives (17). The same formula can also
be deduced more rigorously using the formal mathematical definition of Ry as the
spectral radius of the next-generation matrix, see e.g. Sec. 5 in [7].

In the S-SIR model (14)-(16), herd-immunity arise when the derivative I'(t)

becomes negative, i.e. at the point {5 when the equation a(S(Jf,O) ,p) — o = 0. Since it is

not possible to theoretically compute the distribution of susceptibles at this point, we

can not give a closed formula for the herd-immunity threshold. This underlines the



value of the result in the coming section, implying that the value is approximately

( Z;‘Izl wjpj)Q

HIT ~ 7 5
Zj:l w;p;

(1 —=1/Ro)

(obtained by combining (2) and (8)). The fact that the value is lower than the classical
formula (1) is clearly related to the fact that highly susceptible individuals get infected
to a greater extent than the other compartments. However, during a vaccination

campaign there will be an equal fraction of immunity in in each respective group, i.e. a
constant times w. Letting Hyr ,q. denote the vaccine induced herd immunity threshold,

we thus get the equation
a<(1 - HIT,1)ac)W7p> —0o=0
which in combination with (17) implies the classical formula Hip yoc = 1 — 1/Ro.

1.3 Examples with variable susceptibility

To illustrate, we note that if J = 3, then (14) becomes

vi(t) p151(t) ,
nt) | = | msat) | (15)
v3(t) p3S3(t)

and now the total amount of newly infected becomes

_ p151(t) +p255(t) + p3Ss(t)

V(t) =1 (t) + o (t) +vs (t) N

al(t). (19)

To see why this can not be further reduced to a basic SIR, in a similar way as the proof
of Proposition 1.1, note that 14 gets withdrawn from Si, vy gets withdrawn from S
and vz gets withdrawn from Ss. If individuals in S; are much more susceptible than
individuals in S5, who are much more susceptible than those in S3 (so p1 > p2 > p3)
then the fraction vy (t)/S1(t) is much larger than v2(t)/S2(t) and vs(t)/Ss(t), which
means that the group of “super-susceptibles” S; will become depleted faster. But if

p1 > p2 > p3 then the super-susceptibles contribute to the main part of the coefficient



in front of I(¢) in (19), and hence it turns out that the disease starts to recede when S;
becomes sufficiently small, way ahead of what is expected from the standard
(homogenous) SIR-model. In other words, while a standard SIR model needs to get
above the classical herd-immunity threshold 1 — 1/Ry before it starts to die out, the
model here can die out as soon as the super-susceptibles are depleted. Thus, once the
super-susceptibles are depleted, the disease can die out by itself at fractions much lower
than predicted by the classical HIT.

This phenomenon is clearly visible in Figure 2 in the main text (dashed curves). For
that experiment, we assumed that S; consists of the super-susceptibles, for which
p1 = 1, and further that these constitute 30%, i.e. w; = 0.3. Similarly we assumed that
the average group Sy constitutes 60% and that only one in 10 contacts leads to disease
transmission, i.e. po = 0.1. Finally we supposed that the remaining 10% are
well-protected with ps = 0.02. Clearly, the group of super-suseptibles have a huge attack
rate of around 80% (compared with 72% for the whole population in the standard SIR
using the same Ry = 1.66), but as a consequence, the other two groups have attack
rates of around 15% and 5%, respectively. This illustrates why traditional estimates for
Herd-Immunity Threshold may be overly pessimistic.

To underline that the behavior of S-SIR seen in Figure 1 and 2 is representative, we
provide a second example with only 10% super-spreaders and 30% well protected (i.e.
we flip the amount in group S; with the amount in group S3). The result is displayed in
Supp. Fig. 1. As is plain to see, not much changes; the tiny group of super-susceptibles
still “protects” the rest, in the sense that once they are depleted the disease dies out
naturally. This group now has a 92% attack rate, as opposed to previously 80% in Fig.
2. Looking at the graph of recovered, we also see that it looks almost as either of the
curves in Fig. la, only the final size of the pandemic changes to 23%, from 33% for the
previous S-SIR and 72% for standard SIR, respectively. Intuitively, it should be possible
to find a setting of parameters where the disease burns out among the
super-susceptibles, but lives on a bit longer in the “average” group. However, the main

finding of this paper is that this intuition is wrong, as we establish in the next section.
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Supp. Fig 1. Comparison graphs of R and S for alternative compartment
sizes. (a) Graphs of recovered as fraction of the population for SIR and S-SIR with a
fixed value of Ry = 1.66, along with estimates for the Herd-Immunity Threshold. As
expected, S-SIR reaches a final size of the pandemic way below the classical HIT, but
about twice that of the HIT as computed according to formula (2) suggested in this
paper. (b) Corresponding graphs for susceptibles, which should be compared with
Figure 2 in the main text. The model assumes 10% super-spreaders and 30% well
protected, as opposed to the situation with 30% super-spreaders and 10% well protected
depicted in Figure 2.

2 Variable susceptibility is almost equivalent to ASI

We now motivate the claims made in Section 3 in the more general setting of the
Susceptibility-stratified SIR (14)-(16). We first introduce some notation and explain the
intuition behind the formula (8). First consider standard SIR (3)-(5), and let

(S0, Io, Ro) be a particular solution. We introduce the normalized functions

so(t) = So(t)/N, io(t) = In(t)/N, ro(t) = Ro(t)/N. These functions solve the system

/

s = —ast
i = asi—oi (20)
r =01

with $(0) = w, i(0) = n/N =: ¢ and r(0) = 0. Note that sg(t) +io(t) + ro(t) = w + .
Next, we reduce (20) by using the well-known fact that ¢ can be replaced by r as the
independent variable. Let 5y and %y be functions defined via so(t) = 5¢(ro(t)) and

i9(t) = @o(ro(t)). By the chain rule the functions (S, %) are solutions to the system

ds/dr = —as/o (@1)
di/dr =as/o—1



Fraction infective (i)

which is easily solved. Since r¢(0) = 0 we have that §,(0) = s9(0) = So(0)/N = w, by

which we infer that

go(o)efar/a — wefar/o — %fo(r)

where fo(r) := 22e=°"/7 = Rye~Ror/ Returning to (21) we see that

Integrating both sides and using the initial condition 7p(0) = ig(0) = ¢ gives the solution

where Fy(r) = [ fo = w(l — e f07/«). See Supp. Fig. 2 for an illustration.

di _
dip _aSo_y_ g
dr o

lo(r)=e+ Fo(r) —r,

(23)
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Supp. Fig 2. Graphs of iy and ;. The figure shows the solution 7; (black) and g
(blue) using the choice of o and w stipulated by (8) (and values from Figure 1-2 in the
main text).

We now solve the equation for ro(¢) in (20), which is separable and can be written

d’l“o/dt

cio(ro(D)

Integrating both sides with respect to ¢ and making the change of variables x = ro(t)

ro(t) dr
- =1t.
/0 oio(z)

Letting to be the primitive function of 1/(c7g) satisfying t9(0) = 0 we thus obtain the

gives

implicit solution to(ro(t)) = ¢. Hence, t( is also the inverse of 7y (which exists since

r4(t) > 0 for all ¢ > 0), and so

rolt) = 17 (), m@r=%rdm. (24)

oip(x)

By differentiating (23) we see that 7 is concave. Let 7o, be the positive solution of the
equation 2y(r) = 0, which thus is unique. By standard calculus this gives rise to a
non-integrable singularity in (24), and hence lim,_,,__ to(r) = co. Since 7 is the inverse
of tg, we see that ro, equals the limit lim;_, o, ro(¢), known as the final size of the
pandemic. We therefore refer to this number simply as r¢(c0) in what follows.

Summing up, to is only defined for values of r in [0,7r¢(c0)). Note also that as a



consequence we also obtain

lim ig(t) = 0 (25)

t—o0
since ig(t) = p(ro(t)) so the above limit becomes iy(rg(c0)) = 0.
Applying the same arguments to (14)—(16) we obtain first a system in terms of

normalized variables

sh = —apjsji 1<j<J
i = Z}]:1 ap;sji — oi (26)
r =01

and then an equivalent reduced system of the form

dsj/dr = —ap;sj/o 1<j<J

! 1)
diy/dr =375 apjsj/o — 1.

Let (81,...,57,%1) be a solution to (27) with 7;(0) = ¢ and 5;(0) = S,(0)/N = w; for
j=1,...,J. We will write 1 (¢) to denote the function described by (24) with 7y

swapped for 7;. As in (22)—(23) we obtain the solutions

5i(r) = wje”®i"T 1< j<J (28)
J

i(r)=e+ Y wi(l—e /%) —r (29)
j=1

See Supp. Fig. 2 (black curve) for an illustration (using the same values as in Figure 1-2
in the main text). In particular note that it meets the z-axis slightly above 0.3, which
coincides with the final size of the pandemic seen for the black graph in Figure 1 (main
text).

The philosophy behind formula (8), is that we want to pick the parameters o and w
so that (23) becomes approximately equal to (29). Then, due to (24) we will have ry(t)
approximately equal to ro(t) and therefore i1 (71 (t)) approximately equal to ig(ro(t)).
Now, by Taylor’s formula we have

~ e} la
o(r)=c—r +w<gr — 5;7’2 + O(r3)>



and

J 2
s (api 1(@p)® 5 50s
W= w5 B v oe)
where O is the big-O notation of Bachman-Landau. Comparing Taylor coefficients we
set wa = ijl wjap; and wa? = Z}‘]=1 w;(ap;)? so that the Taylor polynomials of
order two of 7y and 7; coincide. Solving for o and w gives (8), i.e.

J J 2
_ Zj:l wjp? - (Zj:l wjpj)
a=ag—t—"", w=-—1—"""

J ) J
D=1 WiD; Y1 Wb}

Note here that we always have w < 1. In fact, since 37

qwj=land 0 <wj,p;<1
for all j it follows that . w;p; < 1, which implies that

J J J 2 (ZJ W 4)2
j=1 WjPj
ijp? > ijpj > (ijpJ) — 1> {,72 =w (30)
j=1 j=1 j=1 Zj:l w;pj
(with strict inequality since at least one p; is strictly less than one). These formulas can
be put in somewhat neater form by introducing Ry = a/o, i.e. the Ry-value one would
have at the beginning of the pandemic if everyone were a super-susceptible. We then get
J J
wa Ay g W;p;
Ry = — = == 7 _R Wi
0 p 12 iPj

o °
Jj=1

SO Z}]:1 w;p; is the reduction-factor due to variable susceptibility. Introducing

fi(r) =Ry Z}]:1 wipje”Pi" and Fy = [ f1 = Z‘j]:l wj(1 — e f1PiT) we can write
u(r)=e+ Fi(r)—mn, (31)

which should be compared with (23). Note that F} is engineered to have same first

three Taylor coefficients as Fy. Moreover, introducing

ti(r) = /0 L (32)

oi1(x)

we obtain 7 as t; ! and subsequently | = 7.
To summarize this section, we argue that if Fy ~ F; and rg & r1, then it should

follow that iy ~ 41 since i;(t) = 7;(r;(t)), s = 0,1, and % and ?; are given by (23) and



(31), respectively. To formalize this statement a bit, consider now the more general ODE
r'(t) = G(r(t),8), r(0)=0, (33)

where

G(r,0)=oc(e+ (1 —-0)Fy(r)+0Fi(r)—r), deR.

Then 7¢(¢) is the unique solution to (33) for 6 = 0, while r(t) is the unique solution to
(33) for 6 = 1. Since G(z,d) is independent of ¢ and continuous in ¢ for every fixed z, it
follows that the solution r(t) = r(¢, d) of (33) is continuous in §, uniformly in ¢ € [0, T'] for
any T> 0, see for example [8] and the references therein. We collect these observations in

the following theorem.

Theorem 2.1. Let r(t,0) be the unique solution of (33). Then for any T > 0, the
solution r(t,d) is a continuous function of 6, uniformly in t € [0,T]. Moreover, we have

r(t,0) = ro(t) and r(t,1) = r1(¢).

Our numerical simulations have confirmed that indeed, the difference between iy and
i1 is small. To illustrate, we divided the population into 100 (equal size) subgroups (as
opposed to 3 in the previous examples), and assigned probabilities according to the
formula p; = (1 — %)p where p is a parameter to be chosen. This means that we
assume a monomial distribution of individual transmission probabilities with exponent
p. In Supp. Fig. 3 we show the curves for p =4, 2 and 1 with respective values of ASI
(obtained using (8)) equal to 64%, 45% and 25%. Note that basic SIR with ASI

becomes a special case of S-SIR if we choose a function p that is either 0 or 1 with a

sharp drop at 100w. These curves are also seen in the embedded pictures.
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Supp. Fig 3. p-curves. Top: Curves displaying the probability of transmission when
a susceptible person from group j meets an infective. The blue curves correspond to
different p-values and the black curves display the corresponding binary immunity
curves with AST obtained from (8), yielding 64%, 45% and 25%, respectively. Bottom:
corresponding waves of prevalence for S-SIR and SIR with ASI, (using parameters
obtained from (8); an even more perfect overlap is possible with free parameters o and
w for SIR with ASI, similar to Figure 1 in the main text.)
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Supp. Fig 4. Envelope foliation. Line between pairs (ro(t),i0(t)) and (r1(¢),41(t))
for a grid of t-values, using the same parameters as in Fig. 2 for S-SIR and parameters
from (8) for SIR. Note that the inner and outer envelope is given by 7y and 7; (cf. Fig.
2), and that the slopes are decreasing but positive.

2.1 Further results and a conjecture

It remains to establish proper estimates proving that the resulting solution (ig,7¢) is
near (i,71). We first establish the following important inequality, which is the
explanation behind that the black curve (from S-SIR) always seems to be a bit higher
than the blue one (from SIR).

Proposition 2.2. It holds that f1 > fo. Consequently Fy > Fy, 11 > 19 and
dil/dr Z dio/d?‘

Proof. The choice of w and « is designed so that f1(0) = fo(0) and f](0) = £5(0).

Moreover we have
1 J
f1(r) = fo(r) = = [ D wjapje= P77 —wae=*/°
o
j=1

Multiplying with e®"/? we obtain Z}']:1 wjapje(a_“pf)’"/” — wa which is a strictly
convex function (unless a = ap; for all j, which means that all probabilities are the
same and the model collapses to the standard SIR model, and there is nothing to prove)
that in addition equals zero and has derivative zero at » = 0 by construction. By
convexity it follows that the function is non-negative, giving diy /dr > dip/dr with strict
inequality for r > 0. Convexity also implies that the function and its derivative are
increasing. The desired inequality follows by integrating di; /dr > dig/dr, keeping in
mind that 71 (0) = 7(0). O

Proposition 2.3. Let o be the solution to (20) and ry the solution to (26). Then

T1 Z To.

Proof. Let g(x) = otg(x). Then r{(t) = g(ro(t)) while 7} (t) > g(r1(¢)) by Proposition
2.2. Since r1(0) = 7(0), standard theory of ordinary differential equations then dictates

that 71 (t) > ro(t) for t > 0. O

However, we believe there is more to say than what is captured in the above two



propositions. Supp. Fig. 4 gives an illustration of how the pairs (io(t), 70(t)) and
(i1(t),r1(t)) evolve with time. Note how the distance seems to be gradually increasing
and always points in the north-east direction. We have not been able to prove this nor
the closely related following observation, which in a more concrete way would imply

that ¢; and iy are close.

. . . J . . .
Conjecture 2.4. We have i1 > ig and furthermore, sqg — ijl s; 15 an increasing

function.

To understand the implications of the conjecture, recall that the final size of the
pandemic solves 7;(r;(c0)) = 0, j = 1,2, and that these two points tend to be quite
close, see for example Supp. Fig. 2 where the difference 11 (00) — 79(c0) is around 0.02 or

2%. Since so — 3.7

i=18j =w — 1+ (i1 +71) — (io + 70) and r1(c0) — ro(c0) is the limit

of (i1 +r1) — (ig + ro) as t = oo, the conjecture implies that both the difference

r1(t) — ro(t) as well as i1 (t) — io(t) are bounded by r1(c0) — r¢(c0).
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