
Appendix: Proofs of the Main Propositions

Appendix A. Proof of Proposition 1

According to the incentive compatibility condition, the first-order condition for agent Ai to

optimize their own utility is

βie
−rtki + βie

−rtJi − e−rtciai(t) = 0.

Thus, we have

a∗i (t) =
βi(ki + Ji)

ci
.

From this, we can calculate the following results

The effort cost for agent Ai is∫ T

0

e−rtci
2

a2
i (t)dt =

β2
i (ki + Ji)

2(1 − e−rT )

2rci
.

The total output for agent Ai is∫ T

0

e−rtkiai(t)dt =
βiki(ki + Ji)(1 − e−rT )

rci
.

The competitive revenue for agent Ai is∫ T

0

Jie
−rt[ai(t) − a−i(t)]dt =

Ji(1 − e−rT )

r

[
βi(ki + Ji)

ci
− β−i(k−i + J−i)

c−i

]
.

Substituting the participation constraint into equation (3), we get

Π̃P (T ) =
∑
i

∫ T
0
e−rtkiai(t)dt+ Ji

∫ T
0
e−rt[ai(t) − a−i(t)]dt− Ūi − ρi

2
β2
i σ

2
i

(1−e−2rT )
2r

=
∑
i

βiki(ki+Ji)(1−e−rT )
rci

+ Ji(1−e−rT )
r

[
βi(ki+Ji)

ci
− β−i(k−i+J−i)

c−i

]
−
∑
i

β2
i (ki+Ji)

2(1−e−rT )

2rci
+ Ūi + ρi

2
β2
i σ

2
i

(1−e−2rT )
2r

.

The principal optimizes their own utility by designing the incentive mechanism, i.e., setting
∂Π̃P (T )
∂βi

= 0, we get

ki(ki + Ji) + Ji(ki + Ji) − J−i(ki + Ji) − βi(ki + Ji)
2 − ciρiβiσ

2
i (1 − e−rT )

2
= 0.
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Appendix B. Proof of Proposition 2

According to the incentive compatibility constraint, the agent aims to maximize their own

utility. Similar to the proof of Proposition 1, from equation (5) we have

a∗(t) =
ki[βi(T ) + e−rTJi]

ci
.

From this, we can calculate the following

The total output for agent Ai is∫ T

0

e−rtkiai(t)dt =
k2
i [βi(T ) + e−rTJi](1 − e−rT )

rci
.

The effort cost for agent Ai is∫ T

0

e−rtci
2

a2
i (t)dt =

k2
i [βi(T ) + e−rTJi]

2(1 − e−rT )

2rci
.

Substituting the participation constraint into equation (6), we get

Π̂P (T )

=
∑
i

∫ T
0
e−rtkiai(t)dt−

∫ T
0

e−rtci
2
ai

2(t)dt− ρi
4r

[β2
i (T )σ2

i (1 − e−2rT )

+e−2rTJ2
i (σ2

1 + σ2
2)(1 − e−2rT )]

=
∑
i

k2i [βi(T )+e−rT Ji](1−e−rT )

rci
− k2i [βi(T )+e−rT Ji]

2
(1−e−rT )

2rci

−
∑
i

ρi
4r

[β2
i (T )σ2

i (1 − e−2rT ) + e−2rTJ2
i (σ2

1 + σ2
2)(1 − e−2rT )].

The principal optimizes their own utility by setting up the incentive mechanism, i.e., ∂Π̂P (T )
∂βi

=

0, thus we can solve for

β̂i(T ) =
2k2

i (1 − e−rTJi)

2k2
i + ciρiσ2

i (1 + e−rT )
.
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