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nature’s most 
extreme & exotic 

environments

relativistic jets

Plasmas around black holes & neutron stars

accretion discs

magnetars

pulsars

VLA radio data

GRMHD simulation + GR ray tracing
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Chandra X-ray data



GRMHD simulation + GR ray tracing

nature’s most 
extreme & exotic 

environments

Plasmas around black holes & neutron stars
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Chandra X-ray data

Γ > 100

T > 109 K

B > 1014 G

P ~ 1 ms

all in strong-field
general relativity



GRMHD simulation + GR ray tracing

Plasmas around black holes & neutron stars
VLA radio data artist’s conception (NASA)

Chandra X-ray data

Γ > 100

T > 109 K

B > 1014 G

P ~ 1 ms

conditions place 
new demands on 

computational methods



I — Black-hole plasmas from first principles

October 4, 2018



Worldwide radio interferometry system
Greenland and South Pole telescopes 
shown during April 2018 EHT run



EHT Targets

Galactic Center (Sgr A*) M87

mm VLBI imaging of accretion flows on horizon scales

rg = GMBH/c2 

apparent size

0.05 AU

1.4 x 10-9 °

30 AU

Chandra
(X-ray)

Hubble
(visible)

5.5 x 10-10 °

~ horizon scale



Plasma Descriptions

magneto-
hydrodynamics

(MHD)

force-free
electrodynamics

make fluid 
approximation

assume B² ≫ ρc²

plasma 
kinetics

distribution 
function
f (x,v,t)

E, B

moments of f 
𝜌, 𝜖, v

B

electromagnetic
fields only

E, B



State of the art: GRMHD simulations

Moscibrodzka+ 2009

GRMHD 
simulation

observational prediction
via ray-tracing

Includes all general-relativistic effects…

…but treats the accretion flow as a fluid



Narayan+ 1995

fit of low-density ADAF 
model to Sgr A* 

These flows expected to be collisionless

At low accretion rate, flow can have low-density structure where: 

1. Collision mean free path ≫ system scales ~ rg 

2. Collision timescale ≫ accretion timescale

electrons & protons have different T,
and generally non-thermal distribution

Standard MHD approximation not valid

Holds for

Sgr A* M87
many AGN & XRBs

disc coronae jets

+

no single bulk velocity (anisotropic)



Jet launching by rotating black holes

Blandford & Znajek 1977

e-, e+

evacuated vacuum “gap”

plasma supplied 
by pair production

MHD cannot predict
gap location
jet density

jet composition
etc.



Collisionless physics: plasma kinetics
)tE = ( ù B * J

)tB = *( ù E

( � E = ⇢e

( � B = 0

)fs
)t + vs � (fs + qs

�
E + vs ù B

�
� )fs
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(a)   Continuum dynamics

Solve for distribution function f(x,p,t) 
— Vlasov-Maxwell system

dpi
dt = qi

�
E + vi ù B

�
(b)   Particle dynamics

dxi
dt = vi

s : electrons, 
    ions

i = 1, …, N : particles

Maxwell’s
equations

+

or

Solve for 6 fields: E, B + (3D momentum space or N particles)  
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(b)   Particle dynamics

dxi
dt = vi

s : electrons, 
    ions

i = 1, …, N : particles

Maxwell’s
equations

+

or

Choose particle-in-cell (PIC) method 



GRPIC 1. – electromagnetic field equations

3+1
form

)tD = ( ùH * J

)tB = *( ù E

( �D = ⇢e

( � B = 0

E = ↵D + � ù B
H = ↵B * � ùD Komissarov 2004

Bi, D1
⌅, D

2
⌅

and particles determine current density J

( <
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4D spacetime form

ds2 = g�⌫dx� dx⌫

=
�
�2 * ↵2

�
dt2 + 2�i dxi dt + �jk dxj dxk
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constitutive relations:

𝛼 and 𝛽i are metric functions: 



Standard PIC algorithm for plasma physics

Natural to time-offset and
leapfrog all quantities

2nd order algorithm with good
energy properties

)tE = ( ù B * J

)tB = *( ù E
dx
dt = p

m
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dp
dt = F (E,B,p)
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Bn, Dn+1/2

pn, xnStart of timestep, know:
Bn�1, Dn�1/2and

n - 1 n - ½ n n + ½ n + 1 n + 3⁄2 …

BB D D

p
x

(i) evolve B from n to n+1
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Find Hn+1 using trapezoidal leapfrogs again
Find Dn+3⁄2 using Hn+1 and Jn+1
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• Goes to (energy conserving) leapfrog as 𝛽 → 0

• Gives better energy conservation for nonzero 𝛽

• One particle push per timestep



GRPIC 2. – particles

dxi
dt = ↵

m�p
i * �i

dpi
dt = *m�)i↵ + pj)i�j *

↵
2�m)i(�lm)plpm + q

$
↵Di + ✏ijk(vj + �j)Bk

%
Hamilton’s equations give

gravitational
acceleration

~ extrinsic
curvature

Lorentz force

Start from 4D action: S =  
�
*m ds + qA� dx�

�
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find Lagrangian L = �m↵/�+ qAjv
j + qAt

and Hamiltonian H = ⇡
i
v
i * L

⇡i = pi + qAi

pi vi = dxi
dt

canonical momentum:

kinetic momentum: and



Designing a particle integrator

Ideally want symplectic integrator

preserves symplectic two-form: s�⌫ = x� · p⌫

Standard to use Boris push for Lorentz force

not symplectic, but volume preserving:                    is maintainedx� · p⌫

Qin+ 2013

“Why is Boris Algorithm 
So Good?”

very good energy stability



Particle integrator scheme

1. conserve phase-space volume, ∣x ∧ p∣

Strang split:  Lorentz
force

Lorentz
force

coordinate
terms

+
move particle

½ Δt Δt ½ Δt

2. time-symmetric

Requirements:
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Particle integrator scheme

1. conserve phase-space volume, ∣x ∧ p∣

Strang split:  Lorentz
force

Lorentz
force

coordinate
terms

+
move particle

½ Δt Δt ½ Δt

Boris push in 
local orthonormal frame

volume conserving

implicit symplectic integrator

since H is non-separable

2. time-symmetric

Requirements:

� =
t

1 + �ijpipj_m2 fuses spatial & momentum 
dependence everywhere 



Geodesic tests — B = 0

Rotating black hole
a = 0.995

Prograde orbit with
L = uᵩ = 2

E = -ut = 0.915082

Symplectic integrator (implicit midpoint)
with dt = 0.1 rg/c

horizon

ergosphere 
boundary



Geodesic tests — B = 0

Periodic orbits: Levin & Perez-Giz 2008 



Symplectic integrator @ dt = rg/c



3rd-order Runge-Kutta @ dt = rg/c



Add B and D – particle in “Wald” vacuum field

Kerr metric: a = 0.999

equatorial plane



Kinetic problem set-up

Characteristic quantities

                B0 uniform field strength at infinity

Injection

then: inject particles n ◊  íD � íBíD � íB
B2

<latexit sha1_base64="qFpaeChyxkugZqNTZDTj9XQLLwE=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQZelunBZwV6gqWUymbRDJxdmToolZOtb+AZu9QXciVsX7n0Qp2kW2vrDwMd/zuGc+d1YcAWW9WWsrK6tb2yWtsrbO7t7++bBYVtFiaSsRSMRya5LFBM8ZC3gIFg3lowErmAdd3w1q3cmTCoehXcwjVk/IMOQ+5wS0NbAxI4vCU2dCaPpdeZQL4KcG1mWNu5rGR6YFatq5cLLYBdQQYWaA/Pb8SKaBCwEKohSPduKoZ8SCZwKlpWdRLGY0DEZsp7GkARM9dP8Jxk+1Y6H/UjqFwLO3d8TKQmUmgau7gwIjNRibWb+W1PAHxZ2g3/ZT3kYJ8BCOl/tJwJDhGdBYY9LRkFMNRAqub4e0xHRYYGOs6xjsRdDWIZ2rWprvj2v1OtFQCV0jE7QGbLRBaqjG9RELUTRI3pGL+jVeDLejHfjY966YhQzR+iPjM8fmsCiHg==</latexit><latexit sha1_base64="qFpaeChyxkugZqNTZDTj9XQLLwE=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQZelunBZwV6gqWUymbRDJxdmToolZOtb+AZu9QXciVsX7n0Qp2kW2vrDwMd/zuGc+d1YcAWW9WWsrK6tb2yWtsrbO7t7++bBYVtFiaSsRSMRya5LFBM8ZC3gIFg3lowErmAdd3w1q3cmTCoehXcwjVk/IMOQ+5wS0NbAxI4vCU2dCaPpdeZQL4KcG1mWNu5rGR6YFatq5cLLYBdQQYWaA/Pb8SKaBCwEKohSPduKoZ8SCZwKlpWdRLGY0DEZsp7GkARM9dP8Jxk+1Y6H/UjqFwLO3d8TKQmUmgau7gwIjNRibWb+W1PAHxZ2g3/ZT3kYJ8BCOl/tJwJDhGdBYY9LRkFMNRAqub4e0xHRYYGOs6xjsRdDWIZ2rWprvj2v1OtFQCV0jE7QGbLRBaqjG9RELUTRI3pGL+jVeDLejHfjY966YhQzR+iPjM8fmsCiHg==</latexit><latexit sha1_base64="qFpaeChyxkugZqNTZDTj9XQLLwE=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQZelunBZwV6gqWUymbRDJxdmToolZOtb+AZu9QXciVsX7n0Qp2kW2vrDwMd/zuGc+d1YcAWW9WWsrK6tb2yWtsrbO7t7++bBYVtFiaSsRSMRya5LFBM8ZC3gIFg3lowErmAdd3w1q3cmTCoehXcwjVk/IMOQ+5wS0NbAxI4vCU2dCaPpdeZQL4KcG1mWNu5rGR6YFatq5cLLYBdQQYWaA/Pb8SKaBCwEKohSPduKoZ8SCZwKlpWdRLGY0DEZsp7GkARM9dP8Jxk+1Y6H/UjqFwLO3d8TKQmUmgau7gwIjNRibWb+W1PAHxZ2g3/ZT3kYJ8BCOl/tJwJDhGdBYY9LRkFMNRAqub4e0xHRYYGOs6xjsRdDWIZ2rWprvj2v1OtFQCV0jE7QGbLRBaqjG9RELUTRI3pGL+jVeDLejHfjY966YhQzR+iPjM8fmsCiHg==</latexit><latexit sha1_base64="qFpaeChyxkugZqNTZDTj9XQLLwE=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQZelunBZwV6gqWUymbRDJxdmToolZOtb+AZu9QXciVsX7n0Qp2kW2vrDwMd/zuGc+d1YcAWW9WWsrK6tb2yWtsrbO7t7++bBYVtFiaSsRSMRya5LFBM8ZC3gIFg3lowErmAdd3w1q3cmTCoehXcwjVk/IMOQ+5wS0NbAxI4vCU2dCaPpdeZQL4KcG1mWNu5rGR6YFatq5cLLYBdQQYWaA/Pb8SKaBCwEKohSPduKoZ8SCZwKlpWdRLGY0DEZsp7GkARM9dP8Jxk+1Y6H/UjqFwLO3d8TKQmUmgau7gwIjNRibWb+W1PAHxZ2g3/ZT3kYJ8BCOl/tJwJDhGdBYY9LRkFMNRAqub4e0xHRYYGOs6xjsRdDWIZ2rWprvj2v1OtFQCV0jE7QGbLRBaqjG9RELUTRI3pGL+jVeDLejHfjY966YhQzR+iPjM8fmsCiHg==</latexit>

✏D�B<latexit sha1_base64="ddOm+Df88FBKIBTjXx55YgON/lU=">AAACDnicbZDLSsNAFIYnXmu9Rbt0M1gEVyURQZdFXbisYC/QhDKZTNqhk0yYORFD6Dv4Bm71BdyJW1/BvQ/itM1CW3848PGfcziHP0gF1+A4X9bK6tr6xmZlq7q9s7u3bx8cdrTMFGVtKoVUvYBoJnjC2sBBsF6qGIkDwbrB+Hra7z4wpblM7iFPmR+TYcIjTgkYa2DXPJZqLgwWNx4NJeCrycCuOw1nJrwMbgl1VKo1sL+9UNIsZglQQbTuu04KfkEUcCrYpOplmqWEjsmQ9Q0mJGbaL2bPT/CJcUIcSWUqATxzf28UJNY6jwMzGRMY6cXe1Py3p4E/LtyG6NIveJJmwBI6Px1lAoPE02xwyBWjIHIDhCpuvsd0RBShYBKsmljcxRCWoXPWcA3fndebzTKgCjpCx+gUuegCNdEtaqE2oihHz+gFvVpP1pv1bn3MR1escqeG/sj6/AH19Jxr</latexit><latexit sha1_base64="ddOm+Df88FBKIBTjXx55YgON/lU=">AAACDnicbZDLSsNAFIYnXmu9Rbt0M1gEVyURQZdFXbisYC/QhDKZTNqhk0yYORFD6Dv4Bm71BdyJW1/BvQ/itM1CW3848PGfcziHP0gF1+A4X9bK6tr6xmZlq7q9s7u3bx8cdrTMFGVtKoVUvYBoJnjC2sBBsF6qGIkDwbrB+Hra7z4wpblM7iFPmR+TYcIjTgkYa2DXPJZqLgwWNx4NJeCrycCuOw1nJrwMbgl1VKo1sL+9UNIsZglQQbTuu04KfkEUcCrYpOplmqWEjsmQ9Q0mJGbaL2bPT/CJcUIcSWUqATxzf28UJNY6jwMzGRMY6cXe1Py3p4E/LtyG6NIveJJmwBI6Px1lAoPE02xwyBWjIHIDhCpuvsd0RBShYBKsmljcxRCWoXPWcA3fndebzTKgCjpCx+gUuegCNdEtaqE2oihHz+gFvVpP1pv1bn3MR1escqeG/sj6/AH19Jxr</latexit><latexit sha1_base64="ddOm+Df88FBKIBTjXx55YgON/lU=">AAACDnicbZDLSsNAFIYnXmu9Rbt0M1gEVyURQZdFXbisYC/QhDKZTNqhk0yYORFD6Dv4Bm71BdyJW1/BvQ/itM1CW3848PGfcziHP0gF1+A4X9bK6tr6xmZlq7q9s7u3bx8cdrTMFGVtKoVUvYBoJnjC2sBBsF6qGIkDwbrB+Hra7z4wpblM7iFPmR+TYcIjTgkYa2DXPJZqLgwWNx4NJeCrycCuOw1nJrwMbgl1VKo1sL+9UNIsZglQQbTuu04KfkEUcCrYpOplmqWEjsmQ9Q0mJGbaL2bPT/CJcUIcSWUqATxzf28UJNY6jwMzGRMY6cXe1Py3p4E/LtyG6NIveJJmwBI6Px1lAoPE02xwyBWjIHIDhCpuvsd0RBShYBKsmljcxRCWoXPWcA3fndebzTKgCjpCx+gUuegCNdEtaqE2oihHz+gFvVpP1pv1bn3MR1escqeG/sj6/AH19Jxr</latexit><latexit sha1_base64="ddOm+Df88FBKIBTjXx55YgON/lU=">AAACDnicbZDLSsNAFIYnXmu9Rbt0M1gEVyURQZdFXbisYC/QhDKZTNqhk0yYORFD6Dv4Bm71BdyJW1/BvQ/itM1CW3848PGfcziHP0gF1+A4X9bK6tr6xmZlq7q9s7u3bx8cdrTMFGVtKoVUvYBoJnjC2sBBsF6qGIkDwbrB+Hra7z4wpblM7iFPmR+TYcIjTgkYa2DXPJZqLgwWNx4NJeCrycCuOw1nJrwMbgl1VKo1sL+9UNIsZglQQbTuu04KfkEUcCrYpOplmqWEjsmQ9Q0mJGbaL2bPT/CJcUIcSWUqATxzf28UJNY6jwMzGRMY6cXe1Py3p4E/LtyG6NIveJJmwBI6Px1lAoPE02xwyBWjIHIDhCpuvsd0RBShYBKsmljcxRCWoXPWcA3fndebzTKgCjpCx+gUuegCNdEtaqE2oihHz+gFvVpP1pv1bn3MR1escqeG/sj6/AH19Jxr</latexit>

If: >
<latexit sha1_base64="RcJUNXWMoq7IkVq3B+4VuZYRiAk=">AAAB+3icbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCTFLx4rGJroQ1ls920SzebsDsRS+gbeNUX8CZefRjvPoibNgdt/WDgxzczzPAFiRQGXffLKa2srq1vlDcrW9s7u3vV/YO2iVPNeIvFMtadgBouheItFCh5J9GcRoHkD8H4Ou8/PHJtRKzucZJwP6JDJULBKFrr7qrSr9bcujsTWQavgBoUavar371BzNKIK2SSGtP13AT9jGoUTPJppZcanlA2pkPetahoxI2fzT6dkhPrDEgYa1sKycz9vZHRyJhJFNjJiOLILPZy89+eQfG0cBvDSz8TKkmRKzY/HaaSYEzyIMhAaM5QTixQpoX9nrAR1ZShjSuPxVsMYRnaZ3XP8u15rdEoAirDERzDKXhwAQ24gSa0gEEIz/ACr87UeXPenY/5aMkpdg7hj5zPH4vklH8=</latexit><latexit sha1_base64="RcJUNXWMoq7IkVq3B+4VuZYRiAk=">AAAB+3icbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCTFLx4rGJroQ1ls920SzebsDsRS+gbeNUX8CZefRjvPoibNgdt/WDgxzczzPAFiRQGXffLKa2srq1vlDcrW9s7u3vV/YO2iVPNeIvFMtadgBouheItFCh5J9GcRoHkD8H4Ou8/PHJtRKzucZJwP6JDJULBKFrr7qrSr9bcujsTWQavgBoUavar371BzNKIK2SSGtP13AT9jGoUTPJppZcanlA2pkPetahoxI2fzT6dkhPrDEgYa1sKycz9vZHRyJhJFNjJiOLILPZy89+eQfG0cBvDSz8TKkmRKzY/HaaSYEzyIMhAaM5QTixQpoX9nrAR1ZShjSuPxVsMYRnaZ3XP8u15rdEoAirDERzDKXhwAQ24gSa0gEEIz/ACr87UeXPenY/5aMkpdg7hj5zPH4vklH8=</latexit><latexit sha1_base64="RcJUNXWMoq7IkVq3B+4VuZYRiAk=">AAAB+3icbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCTFLx4rGJroQ1ls920SzebsDsRS+gbeNUX8CZefRjvPoibNgdt/WDgxzczzPAFiRQGXffLKa2srq1vlDcrW9s7u3vV/YO2iVPNeIvFMtadgBouheItFCh5J9GcRoHkD8H4Ou8/PHJtRKzucZJwP6JDJULBKFrr7qrSr9bcujsTWQavgBoUavar371BzNKIK2SSGtP13AT9jGoUTPJppZcanlA2pkPetahoxI2fzT6dkhPrDEgYa1sKycz9vZHRyJhJFNjJiOLILPZy89+eQfG0cBvDSz8TKkmRKzY/HaaSYEzyIMhAaM5QTixQpoX9nrAR1ZShjSuPxVsMYRnaZ3XP8u15rdEoAirDERzDKXhwAQ24gSa0gEEIz/ACr87UeXPenY/5aMkpdg7hj5zPH4vklH8=</latexit><latexit sha1_base64="RcJUNXWMoq7IkVq3B+4VuZYRiAk=">AAAB+3icbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCTFLx4rGJroQ1ls920SzebsDsRS+gbeNUX8CZefRjvPoibNgdt/WDgxzczzPAFiRQGXffLKa2srq1vlDcrW9s7u3vV/YO2iVPNeIvFMtadgBouheItFCh5J9GcRoHkD8H4Ou8/PHJtRKzucZJwP6JDJULBKFrr7qrSr9bcujsTWQavgBoUavar371BzNKIK2SSGtP13AT9jGoUTPJppZcanlA2pkPetahoxI2fzT6dkhPrDEgYa1sKycz9vZHRyJhJFNjJiOLILPZy89+eQfG0cBvDSz8TKkmRKzY/HaaSYEzyIMhAaM5QTixQpoX9nrAR1ZShjSuPxVsMYRnaZ3XP8u15rdEoAirDERzDKXhwAQ24gSa0gEEIz/ACr87UeXPenY/5aMkpdg7hj5zPH4vklH8=</latexit>

Larmor (gyro)
radius:
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“low plasma supply”
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strongly 
magnetized

rL,0 ~ �0 ~ rg
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rL,0 = 10*3rg
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Scale hierarchy:

plasma skin depth



Initial state: vacuum Wald EM steady-state solution — a = 0.999

A� = m� + 2ak�

m� = )�
k� = )t

where

Wald 1974
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High Plasma
Supply



Collisionless plasma instabilities in full GR

positron density



Low Plasma
Supply

✏D�B = 10*2
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“energy at infinity”:

“negative energy” 
regions



Particle acceleration

100 101 102 103

�1

0

1

2

3

4 h��i h�+iHigh Plasma Supply

�3 �2 �1 0 1 2 3

�1

0

1

2

3

4 h��i h�+iLow Plasma Supply

100 101 102 103

�1

0

1

2

3

4 h��i h�+iHigh Plasma Supply

�3 �2 �1 0 1 2 3

�1

0

1

2

3

4 h��i h�+iLow Plasma Supply

Average particle Lorentz factor

~ full potential 𝛤max



Energy at infinity flux: integrated over horizon

High Plasma Supply Low Plasma Supply

electromagnetic extraction of 
black hole energy

Blandford-Znajek (1977) mechanism 
for relativistic jets



Energy at infinity flux: integrated over horizon

High Plasma Supply Low Plasma Supply

extraction of black hole 
energy by particles

variant of Penrose (1969) process
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Dissipation map – reconnection-heated X-ray corona?

prograde simulation,
small magnetic loops

Reconnection dissipation concentrated at small radii
quasar microlensing limits size of emitting region to ~ 10 rg

Morgan+ 08; Chartas+ 09; Chen+ 12



How important are the particles’ curvature terms?
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Constitutive relations:

Maxwell’s
equations

Particle equations
of motion

Set metric derivatives to flat spacetime values



No “gravity” on 
particles



Future Directions

– Add radiation field to model pulsing ultra-luminous X-ray sources 

– Directly compare black hole and neutron star accretors

– 3D simulations: jets from general non-axisymmetric magnetic fields?

– Where does coronal magnetic dissipation occur?

– Add realistic pair-creation physics: how do vacuum gaps behave?

– Full simulation of a collisionless accretion flow

Neutron star accretion

Black hole coronae and jets

Black hole plasma simulations



Questions?
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Staggered Chebyshev method

Solution points

Flux points

Sun+ 2007

Gauss points ————–

Gauss-Lobatto points —

spectral transforms



Staggered Chebyshev method

Wang+ 2007

Mach contours

Equivalent to the spectral difference method



Well suited to cubed sphere geometry

3D spherical mesh via gnomonic cubed sphere

good results with closely related
discontinuous Galerkin method

Nair+ 2005 

No solution or flux points at corners



Wider plasma simulation community

Jacobs & Hesthaven 2006

Discontinuous Galerkin-based
 PIC codes 

Stindl+ 2011



1D pathfinder code — PIC & FFE
Example:   transverse EM wave driven through plasma 

6 x 16-point elements
flat spacetime

transverse
 magnetic field defined by fields: ∇⋅E

defined by particles

charge density

GLM constraint damping
driving wall reflecting wall

Constraint equations: hyperbolic-parabolic generalised Lagrange multipliers 
Munz+ 2000, Dedner+ 2002



Twist ring 
between 9 & 12 
times rot. flux


