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Outline

• Geodesic Acoustic Modes – GAM – brief introduction and relation to energetic particle
transport

• MHD and kinetic calculations for the geodesic acoustic continuum.

• Introduction of kinetic effects in the pure MHD code, NOVA.

• Results for the low frequency continuum, with experimental correspondence with global N=0
mode in DIII‐D.
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GAM – Geodesic Acoustic Mode
• GAM are a low frequency electrostatic oscillation, with

toroidal N=0, poloidal M=േ1.

• First predicted by [N. Winsor, Phys. Fluids (1968)] in PPPL this
mode remained for decades without attention.

• The eigenmode can appear with reverse q profile.

• Was observed in the presence of energetic ions, as in [H.L.
Berk NF (2006)] that describe the mode in CASTOR, but not
match the frequency.

• They can appear in the maximum of the GAM continuum, the
accumulation point.
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EGAM – Energetic Geodesic Acoustic Mode

• A new Energetic Particle induced
GAM, called EGAM was
theoretically predicted [G. Y. Fu,
PRL (2008)] and experimentally
observed [R. Nazikian, PRL
(2008)].

• This modes are intimately related
with zonal flows, that can induce
and suppress turbulence and
transport.

• Understanding of these modes can
improve the control in plasma
transport and turbulence.
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G. Y. Fu, PRL (2008)
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NOVA Code

• NOVA calculates the continuum and eigenmodes based on the ideal MHD equations [C.Z.
Cheng, Phys. Fluids (1986) ]:

𝜔ଶ𝜌 ∇ట మ

஻మ 𝜉௦ ൅ 𝑩. 𝛻 ∇ట మ

஻మ 𝑩. 𝛻 𝜉௦ ൅ 𝛾𝑝𝑘௦∇. 𝜉 ൌ 0,
ఊ௣
𝑩మ ൅ 1 ∇. 𝜉 ൅ ఊ௣

ఠమఘ
𝑩. 𝛻 𝑩.ఇ

஻మ ∇. 𝜉 ൅ 𝑘௦𝜉௦ ൌ 0. (1)

where 𝜓 is the poloidal magnetic flux, 𝑝 the plasma pressure, 𝜌 density, 𝜉௦ ≡ క 𝑩ൈ∇ట
∇ట మ  , 𝜉 the

plasma displacement, 𝑘௦ ≡ ଶ𝒌. 𝑩ൈ∇ట
∇ట మ  , 𝒌 the and 𝑩 are vector of magnetic curvature and field.

• The adiabatic index 𝛾, usually 5/3, is a free parameter.
• The code computes all the continua, eigenmodes and the mode structure, and is largely used

to study low frequency branch as in [N.N. Gorelenkov, PLA (2007)].
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The GAM continuum and the k

• Ideal MHD theory predicts the GAM frequency [N. Winsor, Phys. Fluids (1968)] as:
𝜔ீ௠௛ௗ

ଶ ൌ ఊ௣
ఘோమ 2 ൅ ଵ

௤మ (2)

where R the major radius, q the safety factor.
• From kinetic theory [A.G. Elfimov, PP (2015) ]:

𝜔ீ௞௜௡
ଶ ൌ ଻

ସ
൅ 𝜏௘ ൅ 4𝑣଴௜

ଶ ൅ ଶଷାସఛ೐ ସାఛ೐ ାହଽ௩బ೔
మ

ଶ௤మ ଻ାସఛ೐

௩೅೔
మ

ோమ (3)

where 𝜏௘ ൌ 𝑇௘/𝑇௜ is the ratio between electron and ion temperature, 𝑣்௜ ൌ 2𝑇௜ ∑ 𝑛௜ / ∑ 𝑛௜𝑚௜ the 
effective thermal ion velocity, 𝑣଴௜ ൌ 𝑉଴௜/𝑣்௜ the ion rotation velocity.
• So, k is defined were 𝜔ீ௠௛ௗ

ଶ ൌ 𝜔ீ௞௜௡
ଶ :

𝛾௞ ≡ 𝜔ீ௞௜௡
ଶ ௣

ఘோమ 2 ൅ ଵ
௤మ

ିଵ
(4)

• This kwill replace the standard 5/3 in (1), making the MHD continuum matches the kinetic one.

• The eigenmode will appear for strongly reversed q profile, sufficient to overcome the temperature 
monotonically decreasing profile.
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Drift kinetic Equation applied for N=0 GAM continuum

• In the quasitoroidal coordinates, 𝑟, 𝜗, 𝜁 , high aspect ratio 𝑅 ≫ 𝑟 , and circular surfaces, for small Larmor
radius is possible to write the drift kinetic equation, for N=0, as:

డ௙
డణ

െ ௜ஐ௙
௩೅௪

ൌ ௘
௠௪

௪ா∥
௞బ௩೅

మ െ ଶ௪మି௬మ

ଶ௩೅ఠ೎௞బோ
𝐸௥𝑠𝑖𝑛𝜗 ଵ

௨
డி
డ௨

(5)

where Ω ൌ 𝜔𝑅𝑞, 𝑤, 𝑦 ൌ 𝑣∥,ୄ/𝑣் are the parallel and perpendicular velocity normalized by the thermal velocity,
𝑢 ൌ 𝑤ଶ ൅ 𝑦ଶ, 𝜔௖ is the cyclotron frequency, the wave vector 𝑘଴ ൌ 1/𝑞𝑅, and 𝐸∥,௥ are the perturbed electric
field, 𝐹 and 𝑓 the equilibrium and perturbed distribution function.

• Assuming the perturbation as 𝑋 ൌ 𝑋௦𝑠𝑖𝑛𝜗 ൅ 𝑋௖𝑐𝑜𝑠𝜗, for the poloidal number 𝑚 ൌ േ1.

• Integrating (5) with the proper distribution function, the quasineutrality and resonance condition as
∑ 𝑗௥ఈఈ ൅ 𝑗௣, where 𝑗௣ ൌ െ𝑖𝜔𝑐ଶ𝐸௥/4𝜋𝑐஺

ଶ is the polarization current, with 𝑐஺ the Alfvén velocity.

• With gaussian distribution shifted by rotation velocity we can have the result of (3)
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Slowing down model for energetic particle

• Using slowing down distribution function, similar to analytical in [Z. Qiu,PPCF (2010)] for Dirac angular distribution, and
numerical in [G. Y. Fu, PRL (2008)] for gaussian:

𝐹଴௕ ൌ
𝑛଴௕ 1 െ 𝜆଴

𝑙𝑛ሺ𝑈௕/𝑈௖ሻ 𝜋ଷ/ଶ
𝑒 ି ఒିఒబ

మ/∆ఒబ
మ

∆𝜆଴ 𝑈ଷ ൅ 𝑈௖
ଷ

where 𝜆଴ ൌ 𝑣ୄ
ଶ/𝑣ଶ, ∆𝜆଴ is the width of gaussian distribution, 𝑈 is the velocity, 𝑈௕,௖ the injection and critical energy.

• Solving eq (5), in the limit of 𝑢௕଴ ൐ 𝜔𝑅𝑞/𝑣்௜൐ 𝜏௘. Expanding around 𝜆଴~0.6 and ∆𝜆଴~0.2, the continuum is the solution of:

𝜔ଶ ൌ 𝜔ீ଴
ଶ ൅

𝑛଴௕
𝑛଴𝑙𝑛𝑢௕

቎2𝜔ଶ𝑞ଶ 4.7 െ 19𝜆଴ ൅ 20𝜆଴
ଶ 𝑙𝑛

2
5

𝑈௕
𝜔𝑅𝑞 െ 𝜔ଶ𝑞ଶ 8.4 െ 31𝜆଴ ൅ 31𝜆଴

ଶ ൅ 𝑂
𝜔ସ𝑞ସ𝑅ଶ

𝑈௕
ଶ  … െ

∆𝜆଴
ଶ 2𝜔ଶ𝑞ଶ 29 െ 110𝜆଴ ൅ 111𝜆଴

ଶ 𝑙𝑛 ଶ
ହ

௎್
ఠோ௤

െ 𝜔ଶ𝑞ଶ 54 െ 202𝜆଴ ൅ 198𝜆଴
ଶ ൅ 𝑂 ఠర௤రோమ

௎್
మ  …  ቉ (7)

where in 𝜔ீ଴ is the thermal GAM frequency.

• The result is similar to GAM branch in [G. Y. Fu, PRL (2008)] in analytical form. In the limit ∆𝜆଴ → 0 is consistent with [Z. Qiu ,
PPCF (2010)]. The necessary condition for instability 𝜆଴ ൐ 0.4 .
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TRANSP profile of #159243 – Thermal Plasma
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Mass density profile

• Time evolution:
500ms ‐ Dashed line
700ms ‐ Solid line

• No strong radial variation in temperature, and 
the ratio remains around 0.86.

• The reverse q profile is not strong enough to 
create a maximum in continuum as analyzed 
in [H.L. Berk, NF (2006)].

• The time variation is important to analyze 
the time dependence of the GAM frequency. 

• Carbon impurities  correction are important 
especially near the center.

500ms: Dashed line
700ms: Solid line



TRANSP profile of #159243 – Energetic Ions
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Pressure profile

Energetic Ion Distribution

• Correction of anomalous losses in the
pressure for classical profile is needed to
match neutron data.

• The reduced profile are similar to kick model
profile.

• Injection angle can be estimated between,
𝜆଴~0.5 to 0.65 and ∆𝜆଴~0.2.

• Energy of injection is 70 to 80keV.

• Critical velocity was used as
5.5. 𝐴௕

ଵ/ଷ 𝑇௘/𝑚௕, where 𝐴௕ and 𝑚௕ are the
mass number and mass of beam particles.

1
െ

𝜆 ଴

N. Gorelenkov, NF (2018)
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Classical

Kick model profile
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• The GAM continuum for 700ms, 𝜆଴ ൌ 0.6.

• The “coupling” with energetic ions transit
frequency𝑓௧௥ ≡ 𝑈௕ 1 െ 𝜆଴/2𝜋𝑞𝑅 produce
a maximum in the continuum, for:

𝜓௣௢௟ ൎ 0.32 for classical
0.24 for kick model profile.

• The eigenmode can be found on the top of
the continuum, that is the accumulation
point.

• The frequency is similar for both energetic
ion profiles.



GAM Eigenmode calculated by NOVA
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• The mode structure is plotted, similar to
[Berk H.L. NF (2006)]. Calculated by
CASTOR code for strongly reversed q profile
in JET, with no frequency correspondence
due limitations in MHD theory.

• For 𝑚 ൌ േ1, responsible for the acoustic
oscillation, dominates between the center
and the maximum of continuum, its phase is
inversed to the edge.

• F or 𝑚 ൌ േ2, has its maximum at the
maximum of continuum. This component
correspond to magnetic oscillations [Lakhin,
PLA (2014)] often observed by Mirnov coils.

• 𝛾௞ does not affect the mode structure, that
can be modified due to passing and trapped
ions, so the mode structure may change.
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Consistency with N=0 oscilations observed in DIII‐D
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• The results match the observed N=0
mode by Mirnov coils on #159243 in
DIII‐D.

• The evolution in time is related
mainly due to decreasing of q
profile, that directly affected the
GAM continuum and transit
frequency.

• X means that there is no maximum
in the continuum and no
eigenmode is formed.

• For the kick model just the time
window between 700 – 800 was
available.

Classical profile
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Consistency with N=0 oscilations observed in DIII‐D
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Kick model profile
• The results match the observed N=0

mode by Mirnov coils on #159243 in
DIII‐D.

• The evolution in time is related
mainly due to decreasing of q
profile, that affect direct the GAM
continuum and transit frequency.

• X means that there is no maximum
in the continuum and no
eigenmode is formed.

• For the kick model just the time
window between 700 – 800 was
available.



Generalizing for higher N – Lowest branch

• In case of generalization of
the previous results for N=2
and N=5.

• Effects can be important in
the center.

• More applications of these
modifications are to be
analyzed.

• Other models for the
energetic ions can also be
used to match different
situations.
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N=2
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Aplication to NSTX – rotation correction
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GAM continuum

Pressure profile Temperature and q profile Mass density profile

• Here is plotted the influence in the
continuum created by the rotation in
NSTX

• Small value of q and high energy of
injection decrease the coupling between
the GAM continuum and the transit
frequency.

no rot



Analysis of results
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• The eigenmodes found can be identified as a GAM excited just above the maximum in the m
continuum modified by EPs, which is strongly coupled with energetic particles transit
frequency.

• In the case of #159243, this results are consistent with [Z. Qiu, PPCF (2010)] and [G. Y. Fu, PRL
(2008)], which predict that energetic ions can modify the GAM continuum.

• NOVA sideband corrections have substantial influence on the mode, and the code modification
is important to correct the frequency and find the eigenmode.

• Effects of trapped energetic ions, more accurate energetic ions distribution function, FLR, FOW
and others can be included for better agreement and more complete analyses.
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