
Manaure Francisquez§

In collaboration with James Juno∆, Tess N. Bernardo, Noah R. Mandell†, Petr CagasΩ,
Rupak Mukherjee†, Darin R. Ernst§, Ammar Hakim†, Gregory W. Hammett†

Learning long division:
weak operations in a discontinuous 
Galerkin kinetic solver

§ MIT Plasma Science and Fusion Center
† Princeton Plasma Physics Laboratory/Princeton University
o General Atomics
Ω Virginia Tech
∆ University of Maryland, College Park

PPPL seminar, July 8, 2020



10
2

10
3

10
4

10
5

number of cores

10
-1

10
0

10
1

10
2

ti
m
e
p
er

st
ep

(s
)

Edison (1024×8192×256)
Edison (512×4096×128)
Cori (1024×8192×256)
Cori (512×4096×128)

2 mm

!2

Extended edge turbulence modeling capabilities with GDB1,2

1B. Zhu, M. Francisquez, B. N. Rogers, Comp. Phys. Comm. 232 (2018) 46–58.
2M. Francisquez, B. Zhu, B. N. Rogers, Comp. Phys. Comm. 236 (2019) 104–117.

At Dartmouth College we1,2 developed a code, GDB, to study tokamak edge turbulence, 
transport and profile evolution using 3D drift-ordered two-fluid Braginskii equations:
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<latexit sha1_base64="T/lgdxZvM7UMC5HBl2ArGG+p/80="></latexit>

GDB numerics:
• Centered finite-differences.
• Flux-coordinate independent approach.
• Subcycle parabolic terms, i.e.
• Multigrid for field equations, e.g. 
• 3D (asynchronous) MPI domain decomposition.
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<latexit sha1_base64="45vYV6ncyUsuR+i9+uaek0mpCps="></latexit>
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Used GDB to study           profile evolution & compare with C-ModE⇥B
<latexit sha1_base64="L9OCDo+krbpxPZN+i3gQYteyhcg="></latexit>

3B. Zhu, M. Francisquez, B. N. Rogers, PoP 24, 055903 (2017).
4M. Francisquez, B. Zhu, B. N. Rogers, NF 57 (2017) 116049.

1. Term-by-term analysis of the simulations  
->  develop criteria setting            profiles when     or       increases3,4.E⇥B

<latexit sha1_base64="L9OCDo+krbpxPZN+i3gQYteyhcg="></latexit>

)
<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit>

n
<latexit sha1_base64="dIGLzXWpR2AWDz+ALFQo0xYBPE0="></latexit> Ts

<latexit sha1_base64="r9iNydlSrGtHP4d50Jehxrx20n4="></latexit>

2. Examined turbulence statistics4 & compared SOL profiles against 
mirror Langmuir probe (MLP) data from Alcator C-Mod:
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Beyond fluids, an interesting exercise in gyrokinetics:
the        universal mode �Bk

<latexit sha1_base64="CWZltNGhTE3myffwpd/0tka/r88="></latexit>

5B. N. Rogers, B. Zhu, M. Francisquez, PoP 25, 052115 (2018).
6M. Francisquez, APS DPP invited talk (2018).
7M. J. Pueschel, et al., PoP 22 (2015).
8M. J. Pueschel, et al., submitted to PoP (2020).
9B. Zhu, M. Francisquez, B. N. Rogers, submitted to PoP (2020).

5,6 Gyrokinetic study of slab universal modes with �Bk
• No field-aligned variation (             ).kk = 0
• Gradient in density (      ) and/or temperatures (        ).Ln ⌘i,e
• Equilibrium pressure balance �/(2Lp) + 1/LB = 0

<latexit sha1_base64="xhPkanXcA3K8iB+FtCeJm8+bOkg="></latexit>

       Equilibrium pressure balance makes the GDC instability7 unlikely.)
<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit>

3. Performed some preliminary nonlinear simulations with GENE6.
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4. There's been more recent study of the GDC and
            universal instabilities, this time for pair plasmas8,9.�Bk

       Instability requires            or            .)
<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit>

⌘i<0
<latexit sha1_base64="57Fu7e9cqG6QQ2Lgig/HF87+RYY="></latexit>

⌘e<0
<latexit sha1_base64="EV3iyeWfaHsciCHSJIbciAHoRu8="></latexit>

2. Instability vanishes if             and �/(2Lp) + 1/LB = 0
<latexit sha1_base64="xhPkanXcA3K8iB+FtCeJm8+bOkg="></latexit>

⌘s�0
<latexit sha1_base64="RkqH09eyGr6roH7zHozLJ+j8I94="></latexit>

1. Obtain a linear dispersion relation
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How do GDB results compare with gyrokinetic ones?

We simulated the Texas Helimak device with both Gkeyll* and GDB10

10M. Francisquez, et al. PoP (2020), accepted.

m�3
<latexit sha1_base64="OWh6aDMUX61n0RosNkModlzt79Q="></latexit>

eV
<latexit sha1_base64="WlT8APjb3zaOcwsWDEGjLmNtciA="></latexit>

Snapshot of density and electron 
temperature at 10 ms

Lessons & observations from this comparison:10

1. GDB’s geometric simplifications and non-conservative 
implementation leads to significant particle loss.

2. Significant qualitative and some quantitative agreement in 
several diagnostics.

3. Improved realism in both GDB and Gkeyll is called for.
*1st version of Gkeyll (gyrokinetic solver). See T. N. Bernard, et al. PoP 26, 042301 (2019).
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Striving to improve Gkeyll*, we# made several contributions
leveraging the concept of weak equality

Gkeyll   aims to model 
plasmas at all scales.

*Gkeyll was re-written in 2018-2019.
#M. Francisquez & the Gkeyll team.

Provide fluid, gyrokinetic, 
and kinetic models for 
arbitrary dimensions under 
the same framework.

Use state-of-the-art 
high-order discontinuous 
Galerkin methods.

rock opera band (https://spoti.fi/38FenTw)
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Weak operations in a discontinuous Galerkin solver

• Weak division

• Collision operators

• Hermite transforms

• Poisson solvers

• Multiblock geometry

*Gkeyll was re-written in 2018-2019.
#M. Francisquez & the Gkeyll team.
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Discontinuous Galerkin (DG) refresher
A 1D function, f = f(x)   , expanded in a cell-wise discontinuous basis.f=f(x)

<latexit sha1_base64="czz+dmXzMcUkvhhr6ngw7kOI9cU="></latexit>

In a single cell: f =
X
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fk k

<latexit sha1_base64="RG936PSbtDsYRVBFbGnJVaFPKDA="></latexit>
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Piecewise linear basis (p=1)p=1
<latexit sha1_base64="5srqKWi/SVcwnVI/gCqNL/GJdBM="></latexit>
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<latexit sha1_base64="BXijQ54C0NIKIitfQZJbbsOGEEU="></latexit>

Piecewise quadratic basis (p=1)p=2
<latexit sha1_base64="ZwxyTY9fREHicmdjqEvIc9o6QHI="></latexit>

Piecewise constant basis (p=1)

 k 2 {1}
<latexit sha1_base64="1oJSEn6leVKOpaZUVhJZ2lUT7aE="></latexit>

p=0
<latexit sha1_base64="n6F5gBM83MY/s/h8lAfEKZEXC3A="></latexit>
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Discontinuous Galerkin (DG) refresher
A 1D function, f = f(x)   , expanded in a cell-wise discontinuous basis.f=f(x)

<latexit sha1_base64="czz+dmXzMcUkvhhr6ngw7kOI9cU="></latexit>

In a single cell: f =
X

k

fk k

<latexit sha1_base64="RG936PSbtDsYRVBFbGnJVaFPKDA="></latexit>

Suppose we wish to solve @f

@t
+rz · (↵f) = 0

<latexit sha1_base64="VkCRCnWoTZc+ColgKukniZD/eHE="></latexit>
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<latexit sha1_base64="3SCqS8DAMzc3YOJvzfKpBF//P+0="></latexit>

Project onto the basis in one cell      . Obtain the discrete (or weak) formKi
<latexit sha1_base64="AyE9FJNgrmoKxqHnZhAAZrMh6as="></latexit>

n̂
<latexit sha1_base64="sZXuRqmhgA8am/XnSWNdEfuOf1c="></latexit>

: unit vector normal to @Ki
<latexit sha1_base64="pFtk/gsUMaLauVcKWonBGZ8zF5I="></latexit>
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�
<latexit sha1_base64="kPWsp0+1+64mBRPSdfU1OUt4uG0="></latexit>
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<latexit sha1_base64="aK0pmDiZz5d9ksJYr261moRqTxw="></latexit>

numerical flux
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What are these equations                             ?@f

@t
+rz · (↵f) = 0

<latexit sha1_base64="VkCRCnWoTZc+ColgKukniZD/eHE="></latexit>

Vlasov equation: @f

@t
+r · vf +rv · q

m
(E+ v ⇥B) f = 0

<latexit sha1_base64="Iuaou0vu3LConCy/b9oqDEV1tr8="></latexit>

Fluid equations:
@n

@t
+r · nu = 0,

@nu

@t
+r · P

m
=

q

m
n (E+ u⇥B) ,

...
<latexit sha1_base64="f5C15F8Ku0Pqv5GXeSW8Cul9v4c="></latexit>

Gyrokinetics: @J f

@t
+r · J Ṙf +

@

@vk
J v̇kf = 0

<latexit sha1_base64="TyzudTiOhkB5iDXK62g1JShWTJY="></latexit>

I will focus on these
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What are these equations                             ?@f

@t
+rz · (↵f) = 0

<latexit sha1_base64="VkCRCnWoTZc+ColgKukniZD/eHE="></latexit>

Fluid equations:
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+r · nu = 0,

@nu

@t
+r · P

m
=

q

m
n (E+ u⇥B) ,

...
<latexit sha1_base64="f5C15F8Ku0Pqv5GXeSW8Cul9v4c="></latexit>

Suppose DG is used to evolve number and momentum densities:

n = M0 =
X

k

M0,k k

<latexit sha1_base64="1OUVwKMT67+E89ZDv06YgchxMso="></latexit>

nux = M1x =
X

k

M1x,k k

<latexit sha1_base64="4oWQoF7Y5A2FtY+VNASH3chuMVc="></latexit>

How do we compute the DG expansion of the velocity                   ?ux =
M1x

M0
<latexit sha1_base64="1zrFiEgifvUp0g43kUoci4MAVNo="></latexit>

discontinuous Galerkin
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Weak operations in discontinuous Galerkin solvers

• Weak division

• Collision operators

• Hermite transforms

• Multigrid Poisson solvers

• Mapped multiblock geometry
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Learning to divide in a discontinuous Galerkin (DG) solver

Recall these two have a
DG (polynomial) expansion

DG division needs to yield a DG expansion, i.e. in 1D

u =
M1

M0
<latexit sha1_base64="I3wNWzkajWLbZfHdkk3K0rViMTU="></latexit>

Two “naive” forms of DG division:

1.Nodal division:

2.Project         onto the basis:M1

M0
<latexit sha1_base64="1dGJpoPU9GVpjFUrBWXLZyTrp2w="></latexit>

uk =

Z
 k

P
`  `M1,`P
`  `M0,`

dx
<latexit sha1_base64="1Ov+t4cVX3mfYbXo26XpE7BqV3E="></latexit>

¡ In general these can lead to aliasing & non-conservation !

u =
X

k

uk k

<latexit sha1_base64="VLkuF7Q9fCFu+ai8IgWQiH7rLoM="></latexit>

distribution function

M0 =

Z
f (x,v, t) dv

<latexit sha1_base64="6nJT4aTtbfaVdIw5TD5ge8s76jE="></latexit>

a
<latexit sha1_base64="PgigMHzFASAraDskEgNA3wJ9tpg="></latexit>

�a
<latexit sha1_base64="FgyRCO2P4h7eHoaHBGe5HIxn1v0="></latexit>

0
<latexit sha1_base64="pXRlgXJ9nXiRlOLs6QQuTNDQ2ss="></latexit>

u =
u(x=a) + u(x=�a)

2
+ x

u(x=a) � u(x=�a)

2
<latexit sha1_base64="Z6xCRTr8esQZ0VIrbIkjZvBzfXc="></latexit>

)
<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit>

Given                      and                    ,M1(x = ±a)
<latexit sha1_base64="fgjZ1vTUIxRw0250qexKxOUq2GI="></latexit>

M0(x = ±a)
<latexit sha1_base64="hrnzz55BJl9tegO9fExo4b0ic9w="></latexit>

u(x=±a) =
M1(x = ±a)

M0(x = ±a)
<latexit sha1_base64="BTbwliG8e/LMMKOi5MMH2qxVsTA="></latexit>

)
<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit>

M1 =

Z
vf(x,v, t) dv

<latexit sha1_base64="eyXrgeYJ0QZLZ7Yd0FViqlox/h8="></latexit>
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DG (weak) division leads to small linear problems

Use the concept of weak equality from finite element theory:

f
.
= g )

Z

Ki

 k(f � g) dx = 0
<latexit sha1_base64="OxU88Rq91iLh+m5Y+GpYhErKyo0="></latexit>

A small linear problem for the coefficients      , to be solved in each configuration-space cell.ul
<latexit sha1_base64="dbxdzZi+BrSbfyivikzCRjx8MKo="></latexit>

¡for any dimensionality and polynomial basis!

1st Gkeyll contribution: Ability to perform weak operations A*B, A/b, v.w,   v.w.v ·w
<latexit sha1_base64="AmHOO9ztw864gYyAMefK8N4ZcvE="></latexit>

g · h
<latexit sha1_base64="0b0BytndrYx48uKLer3mwTHBt5g="></latexit>

g/h
<latexit sha1_base64="E0+XEJo7UFm+SLPFhstzRFfWeHM="></latexit>

v/g
<latexit sha1_base64="WN0gvIZb5D1bb9Qc6UTdidAtiEw="></latexit>

uM0
.
= M1Pose calculation of     asu

<latexit sha1_base64="u3HyVgFR0+z2iKGHZsMVGQ49OxY="></latexit>

distribution function

M1 =

Z
vf(x, v, t) dv

<latexit sha1_base64="L1Pfi6rE7Al0ryXdoTIub4r07Eo="></latexit>

M0 =

Z
f(x, v, t) dv

<latexit sha1_base64="lBXGoR64qcinPdeKnAePVqO65m4="></latexit>
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X

l

M1,l l dx
<latexit sha1_base64="5ec6Fl1mgOwHWB1RqX92g0S+uyA="></latexit>

vectors of expansion 
coefficients

Can write this as (T ·M0) · u= M ·M1
<latexit sha1_base64="aDgweGqZWI6GSgRQBR92KzGidx4="></latexit>

Tklm =

Z
 k l m dx

<latexit sha1_base64="JbKbhOK7j8NJ85Zc731zDd0aejk="></latexit>

Mkl =

Z
 k l dx

<latexit sha1_base64="dXjcIkWl58r8md17rj3OLDkV5sw="></latexit>
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Weak operations in discontinuous Galerkin solvers

• Weak division

• Collision operators

• Hermite transforms

• Multigrid Poisson solvers

• Mapped multiblock geometry
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Weak division is needed for a conservative Dougherty collision operator

Some plasmas of interest have finite collisionality.

Vlasov equation: @f

@t
+r · vf +rv · q

m
(E+ v ⇥B) f = 0

<latexit sha1_base64="Iuaou0vu3LConCy/b9oqDEV1tr8="></latexit>

Gyrokinetics: @J f

@t
+r · J Ṙf +

@

@vk
J v̇kf = 0

<latexit sha1_base64="TyzudTiOhkB5iDXK62g1JShWTJY="></latexit>

C[f ]
<latexit sha1_base64="ZL/aLSSpGaDCvNdvTg+/h/neEDk="></latexit>

Introduce a collision operator

J C[f ]
<latexit sha1_base64="qUnqAf9c8Tz7iS7FyPUQZXnf/OM="></latexit>

For simplicity, affordability, and as a learning exercise we chose the Dougherty operator:

C[f ] = ⌫
@

@v
·

(v � u) f + v2t

@f

@v

�

<latexit sha1_base64="0PkPAKyys4b9DoJNaO9cQtlIsU8="></latexit>

computed through weak division

J C[f ] = ⌫
@

@vk

�
vk � uk

�
J f + v2t

@J f

@vk

�
+ ⌫

@

@µ


2µJ f + 2

mv2t
B

µ
@J f

@µ

�

<latexit sha1_base64="ahdkGGjwPdjBb+MA0E4qEF2nNo4="></latexit>
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Dougherty collisions can be formulated conservatively11

In 1 velocity dimension: C[f ] = ⌫
@

@v


(v � u) f + v2t

@f

@v

�

<latexit sha1_base64="MvlpSKzSZQbH5szjXQjycLN8Wts="></latexit>

⌫ 6= ⌫(v)

Its weak form (projection onto the basis in one cell) is
Z

Kj

 k
@f

@t
dz =

Z

@Kj

⇢
 k


(v � u) f + v2t

@f

@v

�
� @ k

@v
v2t f

�vj+1/2

vj�1/2

dz

�
Z

Kj


@ k

@v
(v � u) f � @2 k

@v2
v2t f

�
dz

<latexit sha1_base64="5K3XaYIZKoWhrqxhyshyfUorD3c="></latexit>

vjvj�1/2 vj+1/2

Kj
<latexit sha1_base64="pp/NWLakUmvlW5RJhXDjl6Y83FI="></latexit>

Sum over all cells and…

Set  k = 1
X

j

Z

Kj

@f

@t
dz = 0

<latexit sha1_base64="r4ka4vnvY+5lrFCZbrQR59I4gJs="></latexit>

X

j

Z

Kj

v
@f

@t
dz = 0

<latexit sha1_base64="Not7OgK+vU/T6Iy8AQ9SPE+noIw="></latexit>

Set  k = v
if uM0

.
= M1

<latexit sha1_base64="kVPW7w0kpL54wzWNe2gRV7E1W8E="></latexit>

11A. Hakim, M. Francisquez, J. Juno, G. W. Hammett, JPP (2020), accepted.

Set  k = v2

if uM1 + v2tM0
.
= M2

<latexit sha1_base64="34cQj54FdpbQbZ6grhEBkHCkPmE="></latexit>

X

j

Z

Kj

v2
@f

@t
dz = 0

<latexit sha1_base64="1hJKcNhtCqt33nJt4tsKJmFW/Xk="></latexit>

M2 =

Z
v2f(x, v, t) dv

<latexit sha1_base64="tmmg+KmGjGP1Y1OaxROPTw3yh10="></latexit>
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Dougherty collisions can be formulated conservatively11

Z

Kj

 k
@f

@t
dz =

Z

@Kj

⇢
 k


(v � u) f + v2t

@f

@v

�
� @ k

@v
v2t f

�vj+1/2

vj�1/2

dz�
Z

Kj


@ k

@v
(v � u) f � @2 k

@v2
v2t f

�
dz

<latexit sha1_base64="QTc6EfkPhLjesn/7mUwgVQCGasE="></latexit>

In summary:

1. Requiring the discrete form

11A. Hakim, M. Francisquez, J. Juno, G. W. Hammett, JPP (2020), accepted.

uM0
.
= M1

<latexit sha1_base64="kVPW7w0kpL54wzWNe2gRV7E1W8E="></latexit>

uM1 + v2tM0
.
= M2

<latexit sha1_base64="34cQj54FdpbQbZ6grhEBkHCkPmE="></latexit>

to conserve momentum leads to a natural definition of weak division as

u
<latexit sha1_base64="cGvZPs3gesfFyJYQeuIamK5VSNU="></latexit> v2t

<latexit sha1_base64="gorul3DfJoUi58hiYSy1gHDZ0dY="></latexit>

in order to compute    . Likewise, energy conservation defines        through 

2. Not shown: the definition of boundary derivatives                  (recall     is discontinuous 

at cell boundaries) is also inherited from the concept of weak equality.

@f

@v

���
vj+1/2

vj�1/2
<latexit sha1_base64="/iNuL/Rn6Wb+xcmNtx/BssjP2I8="></latexit>

f
<latexit sha1_base64="O1lYkTYTdu6r6U5w+2E4jC2OmNg="></latexit>
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Gkeyll’s (long-wavelength) gyrokinetic solver

J C[f ] = ⌫
@

@vk

�
vk � uk

�
J f + v2t

@J f

@vk

�
+ ⌫

@

@µ


2µJ f + 2

mv2t
B

µ
@J f

@µ

�

<latexit sha1_base64="ahdkGGjwPdjBb+MA0E4qEF2nNo4="></latexit>

Also implemented a gyro-averaged Dougherty collision operator12

@J f

@t
+r · J Ṙf +

@

@vk
J v̇kf � @

@vk
J q

m

@Ak

@t
f = J C[f ]

<latexit sha1_base64="Bj7C92jFooDK//9zFX+hKIavZog="></latexit>

Conservation leads to similar weak definitions

ukM0
.
= M1

<latexit sha1_base64="NOLy+k7wYPXZMYXBCxix33EeKIE="></latexit>

ukM1 + v2tM0
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= M2
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12M. Francisquez, T. N. Bernard, N. R. Mandell, G. W. Hammett, A. Hakim, NF (2020), accepted.

This (electromagnetic) gyrokinetic-Dougherty system was used to examine profile 
evolution and turbulent fluctuations in an NSTX-like scrape-off layer.13

13N. R. Mandell, A. Hakim, G. W. Hammett, M. Francisquez, JPP 86 (2020), 905860109 .
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Benchmarks demonstrate exact conservation (not shown)
& agree with analytic theory11,12

Benchmark 1: Collisional Landau damping of ion acoustic waves14,15

11A. Hakim, M. Francisquez, J. Juno, G. W. Hammett, JPP (2020), accepted.
12M. Francisquez, T. N. Bernard, N. R. Mandell, G. W. Hammett, A. Hakim, NF (2020), accepted.

@J fi
@t

+r · J Ṙfi +
@

@vk
J v̇kfi = J C[fi]
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fi(x, vk, µ, t)
<latexit sha1_base64="CV/kTLR0DWG9yEsHQRe46HKX1Vo="></latexit>

Initialize an ion sound wave, use adiabatic electrons, and evolve                         via

in 3D (             ) with                                    .x, vk, µ
<latexit sha1_base64="duLGzdltJZqTOvBcTkCOT2E212c="></latexit>

J = B = b̂ ·B = ẑ ·B
<latexit sha1_base64="jPwuzitTaVCnGJyEtEu+PotvxJk="></latexit>

See wave damping through the electrostatic energy:

14C. S. Ng, A. Bhattacharjee, F. Skiff, PRL 83 (1999), No. 10, 1974-1977.
15M. W. Anderson, T. M. O’Neil, PoP 14, 112110 ( ︎2007 ︎).

Following earlier works14,15, one can obtain a linear 
dispersion relation by expanding the perturbed 
distribution function in a Hermite-Laguerre basis, 
and truncating the Hermite spectrum.
)

<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit>

Implementation in Gkeyll agrees with this 
analytic dispersion relation across several 
decades of the collision frequency12.



Evolve electrons and ions solving
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Benchmarks demonstrate exact conservation (not shown)
& agree with analytic theory11,12

Benchmark 2: Heating via magnetic pumping11.

11A. Hakim, M. Francisquez, J. Juno, G. W. Hammett, JPP (2020), accepted.
12M. Francisquez, T. N. Bernard, N. R. Mandell, G. W. Hammett, A. Hakim, NF (2020), accepted.
16E. Lichko, J. Egedal, W. Daughton, J. Kasper, ApJ 850:L28, (2017).
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drives an oscillating B-field, on top of                 .B0 = ẑB0
<latexit sha1_base64="TOPcmzoi+ViBcO5Kk2AyCyE1Dso="></latexit>

A similar system was studied with PIC simulations to 
explore particle heating in the solar wind.16

Eth :
<latexit sha1_base64="4iUnkphkdSPAvt/9k5UKSfNCyes="></latexit>

thermal energy

At low   , simulations agree with standard magnetic 
pumping theory. Gkeyll also recovers the high       
scaling, in which (for the parameters used) one
must account for viscous heating .

⌫
<latexit sha1_base64="K7o2QJjH2aRvTwCrTpNU2FoyKfs="></latexit>

⌫
<latexit sha1_base64="K7o2QJjH2aRvTwCrTpNU2FoyKfs="></latexit>

)
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Weak operations in discontinuous Galerkin solvers

• Weak division

• Collision operators

• Hermite transforms

• Multigrid Poisson solvers

• Mapped multiblock geometry
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Hermite transforms of DG data formulated via weak equality12

Previous diagnostics & benchmarks show fields & moments of    behave correctly.
But what about the distribution function itself?

f
<latexit sha1_base64="O1lYkTYTdu6r6U5w+2E4jC2OmNg="></latexit>

12M. Francisquez, T. N. Bernard, N. R. Mandell, G. W. Hammett, A. Hakim, NF (2020), accepted/to appear.

It simplifies the Dougherty collision operator into @fm
@t

= �⌫mfm
<latexit sha1_base64="4vyMUxBdqGjwzjKyz4VwR5WYI9g="></latexit>

fm(t) = fm(t = 0)e�⌫mt
<latexit sha1_base64="4lhl3WykdrtSe914sXHMgr9K5Sk="></latexit>

)
<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit>

Initialize                                                              ,
else              , and evolve     with

fm=0 = fm=5 = fm=10 = fm=20 = 1
<latexit sha1_base64="eREnZ7iBK7lBF05rkXTOVASyIt0="></latexit>
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For a DG expansion, perform a Hermite transform to compute      via the weak equivalence: fm
<latexit sha1_base64="V3bxZO3maASJs5fFTNA7MHBhIF0="></latexit>
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Consider a Hermite expansion of   :f
<latexit sha1_base64="O1lYkTYTdu6r6U5w+2E4jC2OmNg="></latexit>
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<latexit sha1_base64="LWxVbVljEusLckt+vmBHfGHgjP4="></latexit>

Time evolution of Hermite moments in DG follows theory

a large linear problem
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Aside: multi-species Dougherty collisions also supported in Gkeyll18

The cross species velocities and thermal speeds,        and         , now require more 
complicated weak operations. For example, conservation requires:

17I. Pusztai, J. Juno, A. Brandenburg, J. M. TenBarge, A. Hakim, M. Francisquez, A. Sundstrom, PRL 124, 255102 (2020).
18M. Francisquez, J. Juno, A. Hakim, G. W. Hammett, D. R. Ernst (in preparation).
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This multi-species collision operator has been used, for example, in studying the generation 
of magnetic fields in 6D kinetic dynamo simulations.17 
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Weak operations in discontinuous Galerkin solvers

• Weak division

• Collision operators

• Hermite transforms

• Multigrid Poisson solvers

• Mapped multiblock geometry

(work in progress)



Goal: design + implement a robust, highly accurate and efficient FPO algorithm*.

* Work lead by P. Cagas (VT), A. Hakim (PPPL), B. Srinivasan (VT).
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Rosenbluth-Fokker-Planck collisions demand solution to Poisson problems

Rosenbluth FPO: C[f ] = � @
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Discrete form of 1D Poisson                     :@xx� = �⇢
<latexit sha1_base64="4uDxkWUWO0Et1i4iP9BJtBRHrL8="></latexit>

As in the Dougherty operator, compute define boundary derivatives           via weak recovery.@�
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���
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<latexit sha1_base64="bocfS6H4IW5ec9XQYhORDV1bFWY="></latexit>

This is different from established approaches via lower order equations or penalty forms19,20

19B. Cockburn, B. Dong, J. Guzman, 77, Math. Comput. 264 (2008), 1887–1916.
20M. F. Wheeler, SIAM J. Numer. Anal. 15 No 1 (1978).

)
<latexit sha1_base64="wKtkdbw6nfI9gUQxtOcpqwkYVLM="></latexit> More accurate and does not have adjustable/undetermined coefficients.
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A (recovery) DG multigrid solver may provide optimal computational scaling

Consider a multigrid solution of 

21H. Ibeid, L. Olson, W. Gropp, “FFT, FMM, and Multigrid on the Road to Exascale” (2018), https://arxiv.org/abs/1810.11883.

Ax = b
<latexit sha1_base64="zP5Db5PbmB3ojdcIhEg4gwe0oCY="></latexit>

Taken from
 21.

Conceptually, it requires transferring fields 
between different grids and performing (linear) 
operations on each grid.

How to transfer DG fields between two grids?

Answer: weak equality provides natural      
aaa      ainter-grid operators
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Weak operations in discontinuous Galerkin solvers

• Weak division

• Collision operators

• Hermite transforms

• Multigrid Poisson solvers

• Mapped multiblock geometry (future work)
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Figure 3: Mapped multiblock decomposition of the edge geometry (left) and the correspond-
ing locally rectangular computational domain (right). The arrows indicate the inter-block
connectivity, and the gray regions indicate physical boundaries.

flux-surface-aligned, mapped-multiblock (MMB) coordinate system (Figure 3) is used to
accommodate strong anisotropy in the direction of magnetic field lines, similar to fluid edge
codes such as UEDGE [29–31] and SOLPS-ITER [34]. We formulate a high-order spatial
discretization to reduce the phase space grid size needed for a specific level of accuracy relative
to a lower-order approximation, as well as to reduce numerical dissipation in long-time
integrations. In particular, we employ a semi-discretization based on a general formalism
[7,27] for the creation of arbitrarily high-order finite-volume spatial discretizations in mapped
coordinates. This formalism is summarized in Sections 3.1 and 3.3. A unique feature of the
edge geometry application is that a key requirement of the formalism, namely, that the
block mappings are smooth up to and some distance beyond block boundaries, cannot be
satisfied by a completely flux-surface-aligned mapping due to the singularity of the metric
factors at the X point, where the magnetic separatrix intersects itself and the poloidal field
component vanishes. As discussed in Section 4, some dealignment is therefore necessary in
a neighborhood of the X point to enable high-order di↵erentiation there.

Since the phase space velocity in gyrokinetic models is developed via Hamiltonian equa-
tions of motion, the zero velocity divergence implied by the area-preserving property of such
dynamical systems is an important constraint that must be maintained during discretization
to avoid the accumulation of truncation error in long-time integrations. For the gyroki-
netic model [19] addressed here and presented in Section 2, we demonstrate in Section 3.2
how the divergence-free property can be satisfied to machine precision in the context of our
high-order, MMB, finite-volume discretization. Specifically, in calculating the phase space
cell averages of the gyrokinetic flux divergence, the velocity enters through integrals of the

4
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We are evaluating the use of mapped multi blocks for complex geometries

22M. R. Dorr, et al. “High-order Discretization of a Gyrokinetic Vlasov Model in Edge Plasma Geometry” (2017), https://arxiv.org/abs/1712.01978.

Taken from
 22.

For example, COGENT22  uses 10 blocks for a diverted edge plasma.

• different resolutions.

Blocks have different grids with:

• different mappings between computational and physical space.

Initial tests* suggest that if coordinate mappings between two blocks 
are the same (i.e. similar metric) but resolutions are different, the 
weak equality formulation of intergrid operators for multigrid

* In collaboration with R. Mukherjee (PPPL).

)
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may also work for exchanging fields between two blocks.
Future work: test current inter-block transfers (same metric), formulate transfers between 
aaaaaa           blocks with different metric, explore more complicated geometries.

https://arxiv.org/abs/1712.01978
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Summary

Gkeyll provides a platform for fluid and kinetic studies of plasmas. In its development we 
have made several contributions (to the code and to DG literature) which leverage weak 
equalities:
• Weak division gets defined by the (kinetic) equation and the physics constraints 

(conservation). Yields an alias-free and conservative DG division.

• The conservative weak form of a Dougherty operator has been implemented in both 
Vlasov and gyrokinetic solvers of Gkeyll (including multispecies). Benchmarks show that 
conservation is obeyed, and that physics results agree with theoretical expectations.

• We formulated and implemented a multigrid algorithm for the (recovery) DG 
discretization of the Poisson equation (aimed at Rosenbluth-Fokker-Planck collisions).

• Weak equality provides the means to formulate a useful Hermite transform diagnostic. 
This diagnostic suggests that the time evolution of      is also described accurately.f

<latexit sha1_base64="O1lYkTYTdu6r6U5w+2E4jC2OmNg="></latexit>

• Lessons from inter-grid transfers in multigrid are informing our understanding of potential 
approaches to DG mapped multiblocks in Gkeyll.
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Supplementary slides
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Recovery DG for Dougherty collisions
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Consider two adjacent cells
Given the solution in two adjacent cells,      and      ,    

each an expansion of order    , we can construct the 

recovery polynomial
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