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Abstract. M. Embry and A. Lambert initiated the study of a semigroup of oper-
ators {S:} indexed by a non-negative real number ¢ and termed it as weighted
translation semigroup. The operators S; are defined on L?(Ry) by using a
weight function. The operator S; can be thought of as a continuous analogue
of a weighted shift operator. In this paper, we show that every left invertible
operator S: can be modeled as a multiplication by z on a reproducing kernel
Hilbert space H of vector-valued analytic functions on a certain disc centered at
the origin and the reproducing kernel associated with  is a diagonal operator.
As it turns out that every hyperexpansive weighted translation semigroup is
left invertible, the model applies to these semigroups. We also describe the
spectral picture for the left invertible weighted translation semigroup. In the
process, we point out the similarities and differences between a weighted shift
operator and an operator S;.

1. Introduction

With a view to develop a continuous analogue of weighted shift operators, M. Embry
and A. Lambert initiated the study of operators that can be defined by using a
weight function (rather than a weight sequence)(refer to [8]). In fact, for a positive
measurable function ¢, they constructed a semigroup {S;} of bounded linear op-
erators on L?(R, ), parametrized by a non-negative real number ¢ and termed it
as weighted translation semigroup. In [13], we continued the work carried out in
[8,9] and obtained characterizations of hyperexpansive semigroups in terms of their
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symbols. In this paper, we further explore the semigroup {S;} and record some
important properties. In our approach the emphasis is on the study of an operator
Sy for a fixed parameter ¢ and not on the semigroup structure of {S;}. In the pro-
cess we highlight the similarities and differences between a weighted shift operator
and an operator S;. In Section 2, we set the notation and record some definitions
required in the sequel. As described in [13] the term hyperezpansive weighted trans-
lation semigroups include completely hyperexpansive, 2-hyperexpansive, 2-isometric
and alternatingly hyperexpansive weighted translation semigroups. In Section 3,
following the process given by S. Shimorin in [18], we construct an analytic model
for a left invertible semigroup {S;}. We say that the semigroup {S;} is left invertible
if every operator S; in that semigroup is left invertible. Recall that a bounded linear
operator T' on a Hilbert space H is said to be analytic if N,>o T™"H = {0}. The mul-
tiplication operator M, on z-invariant reproducing kernel Hilbert space of analytic
functions defined on a disc in C is an example of an analytic operator. A result of S.
Shimorin [18] asserts that any left invertible analytic operator is unitarily equiva-
lent to the multiplication operator M, on a reproducing kernel Hilbert space H of
vector-valued analytic functions defined on a certain disc. In this paper, we prove
that the semigroup {S:} is analytic in the sense that the operator S; is analytic for
each ¢t > 0 and obtain the corresponding reproducing kernel Hilbert space, so as
to realize each such left invertible S; as a multiplication by z. We observe that the
reproducing kernel associated with H is diagonal. Also, H admits an orthonormal
basis consisting of polynomials in z. We explore the reproducing kernels associated
with H in some special types of semigruops {S;}. In this section, we also prove that
the semigroup {S;} has the wandering subspace property. As a consequence, we
prove that a left invertible operator S;, t > 0, is an operator-valued weighted shift.
We recall that every hyperexpansive weighted translation semigroup is left invertible
([13, Remark 4.2]). Thus the analytic model developed in this section applies to
hyperexpansive weighted translation semigroups allowing us to view these operators
as the multiplication by z on a suitable reproducing kernel Hilbert space. In Section
4, we describe the spectral picture of a left invertible weighted translation semigroup
{S;}. We know that for a weighted shift operator the point spectrum is empty and
the spectrum is always a disc. We observe that these properties are also shared by
a left invertible operator S;,t > 0. We also obtain a formula for the spectral radius
of S¢ in terms of the symbol ¢. However, we point out that unlike a weighted shift
operator, for an operator Sy, t > 0, the kernel of S;* is infinite-dimensional.
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2. Preliminaries

Let R, be the set of non-negative real numbers and let L?(R, ) denote the Hilbert
space of complex-valued square integrable Lebesgue measurable functions on R, .
Let B(L?) denote the algebra of bounded linear operators on L?(R. ).

Definition 2.1. For a measurable, positive function ¢ defined on Ry and ¢ € Ry,
define the function ¢;: Ry — Ry by

»(x) :
pulw) = Ve Tm =t
0, if z<t.

Suppose that ¢, is essentially bounded for every ¢ € R,. For each fixed t € Ry, we
define S; on L%(R,) by

Spt(x)f(x - t)a if x> t,
0, if x<t.

Sef(z) = {
Remark 2.2. Substituting ¢, in the above definition, we get

o(z) :
—t), if x>t
Suf(x) = 4 VeG-alle—t), it @z
0, if x<t.

It is easy to see that for every t € R, S; is a bounded linear operator on L?(R,)
with [|St|| = ||¢tlleo, Where ||¢¢]|oo stands for the essential supremum of ¢; given by

letlloo = inf{M € R : @s(x) < M almost everywhere}.

The family {S; : t € R} in B(L?) is a semigroup with Sy = I, the identity operator
and for all £,s € Ry, S 0855 = Siys.

We say that ¢, is a weight function corresponding to the operator Sy. Further,
the semigroup {S; : t € Ry} is referred to as the weighted translation semigroup
with symbol . Throughout this article, we assume that the symbol ¢ is a continuous
function on Ry .

In [13, Corollary 3.3], characterizations of some special types of the semigroup
{S;} such as subnormal contractions, completely hyperexpansive, 2-hyperexpansive,
alternatingly hyperexpansive and m-isometries are obtained in terms of their sym-
bols. The special classes of functions characterizing these classes of operators have
been studied extensively in the literature (refer to [4,16,20]). We find it convenient
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to record the definitions of the classes of operators under consideration for ready
reference. For a detailed account on these classes of operators, the reader is referred
to [1,3,6,10,11,19]. Let T be a bounded linear operator on a Hilbert space H and
n be a positive integer. Let B, (T') denote the operator

n

B(T) = Z(-N(Z) Tk k. (2.1)

k=0

An operator T is said to be
(1) subnormalif there exist a Hilbert space K containing H and a normal operator
N € B(K) such that NH C H and N|g =T,
(2) completely hyperexpansive if B, (T) < 0, for all integers n > 1;
(3) an m-hyperezpansion if B,(T) < 0, for all integers n, 1 < n < m;
(4) alternatingly hyperexpansive if

Z(—l)"‘k (Z) T**T* > 0, for all integers n > 1;
k=0

(5) an m-isometry if By, (T') = 0;
(6) hyponormal it T*T — TT* > 0;
(7) a contraction (expansion)if I —T*T >0 (I —T*T <0).

3. Analytic model for the weighted translation semigroup {S;}

Recall that a bounded linear operator T on a Hilbert space H is analytic if
Mo T H = {0}. We say that the semigroup {S;} is analytic, if for every ¢ > 0, the
operator Sy is analytic. In this section, we prove that the semigroup {S;} is analytic.
We further show that every left invertible operator Sy, t > 0, can be modeled as a
multiplication operator M, on a reproducing kernel Hilbert space (RKHS) H of
vector-valued analytic functions on a disc centered at the origin. It turns out that
the reproducing kernel associated with H is a diagonal operator. Also H admits
an orthonormal basis consisting of polynomials in z. We compute the reproducing
kernels in some concrete cases.

3.1. Analytic property of {S;}

The following result is crucial in the construction of an analytic model for an
operator S;.

Theorem 3.1. For every t > 0, the operator Sy is analytic.

Acta Scientiarum Mathematicarum 85:1-2 (2019) © Bolyai Institute, University of Szeged



An analytic model for left invertible WT'S 299

Proof. We first observe that SF(L*(R..)) C X[kt,00)L?(Ry) for k =0,1,2,...,¢ >0,
where y 4 stands for the characteristic function of the set A. For f € L?(R,),

(=) ;
0, if 2 < k.

Therefore SFf € X[kt’oo)Lg(RJr). We now prove that for every ¢ > 0 the opera-
tor S; is analytic. In view of the observation above, it is sufficient to prove that
Nieo Xkt,o0) L (R4) = {0}. Let f € Mp— X[kt,00)L*(Ry). Then f(z) = 0 for all
x < kt, for each k > 0. This forces that f(z) = 0 for all z € [0,00). Thus we
have (N~ X[kt,00)L?(R4) = {0} implying that for every ¢ > 0 the operator S is

analytic. .

We now show that the semigroup {S:} possesses the wandering subspace
property in the sense that for every ¢ > 0 the operator S; has the wandering subspace
property. Recall that an operator T on a Hilbert space H possesses the wandering
subspace property if H = [E]r, where [E]r denotes the smallest T-invariant subspace
containing ¥ = ker T*. The following lemma gives a useful description of the kernel
of the adjoint S}, for ¢ > 0.

Lemma 3.2. Fort > 0,kerS; = FE = X[O’t)LQ(RQ. In particular, ker S} is infinite-
dimensional.

Proof. Let g € x[0,1)L*(R4). Then g(x) = X[o,1)(z)f () almost everywhere on R
for some function f € L?(Ry). Now

ol +1)

(Stg)(x) = (Sixp,nf)(z) = o(z)

Xjo,0)(z +1) f(x +1) = 0 for all > 0.

Therefore g € E. Conversely, assume that f € E. Then

ol +1t)
o(z)

This implies f(z + ¢t) = 0 almost everywhere on R;. Hence f vanishes almost
everywhere on the interval [t, c0). Therefore f € x(o.nL?(Ry).

(S f)(x) = fx+1t)=0forall x > 0.
m

Remark 3.3. In light of the fact that for a weighted shift operator T" ker T is one-
dimensional [6, Proposition 6.3|, Lemma 3.2 indicates that the theories of weighted
shift operators and weighted translation semigroups are intrinsically different.
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Proposition 3.4. For everyt > 0, the operator Sy possesses the wandering subspace
property.

Proof. It is sufficient to prove that (\/;—, S;E)* = {0}. Let f € (Voo SPE)*:.
Thus f is orthogonal to (Sf*E) for all n > 0. For a non-negative integer n, we
now prove that f(xz) = 0 almost everywhere on the interval [nt,(n + 1)t). Let
g(z) = f(z + nt) almost everywhere on [nt, (n + 1)t). By Lemma 3.2, x[0.+)g €
E and Si'x(0,ng € S{'E. Now

(S™x009) (@) = %X[o,ﬂ(l‘ —nt)g(x —nt), if x> nt,
)t -
' 0, if x < nt.
So
(Sx009) (@) = w(‘i@lt)g(x —nt), if z € [nt,(n+ 1)),
¢ X[o, =
0, otherwise.

Now <f, S?X[o7t)g> = 0 implies that

(n4+1)t ﬂ N
/nt mf(x)g(z nt)dw = 0.

As g(z — nt) = f(x), we have

(n41)t ﬂ o
/nt \/EU(QU) dr = 0.

This implies that |f(z)|> = 0 almost everywhere on the interval [nt, (n + 1)t). This
result is true for every non-negative integer n. Hence f(z) = 0 almost everywhere on
the interval [0, 00). Hence for every ¢ > 0 the operator S; possesses the wandering

subspace property. -

3.2. Construction of an analytic model

Let {S;} be a left invertible weighted translation semigroup. We now proceed to
construct an analytic model for every operator in such a semigroup. A notion of
the Cauchy dual of a left invertible operator was introduced by S. Shimorin in [18].
Recall that for a left invertible operator T, the Cauchy dual T’ of T is defined

as T' = T(T*T)~'. Note that a condition that for every ¢t € R, inf, % > 0,
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ensures the left invertibility of the semigroup {S;}. Now it is easy to see that the
Cauchy dual S} of S; is given by

Si(e) = {;mf(x ., it et

0, if =<t

Observe that for ¢ € Ry the family of operators {S;} also forms a semigroup. We
say that the weighted translation semigroup {S;} is a Cauchy dual of the weighted
translation semigroup {S;}. Recall that a result of S. Shimorin [18] asserts that
any left invertible analytic operator T is unitarily equivalent to the multiplication
operator M, on a reproducing kernel Hilbert space H of vector-valued analytic
functions defined on a disc D, with center origin and radius r(L)~*, where L = T"
and 7(L) is the spectral radius of L. Let L, = S; for every t > 0. We now give a
formula for the spectral radius of S;, r(S;), in terms of the symbol ¢. Recall that
IS¢l = l|¢tlloo- Observe that

IS = 15wl = H,/@(f(_%

oo

Hence, by the spectral radius formula,
1/n
r(S) = lim [PV = tim ||| —2E)
n—00 n—00 (p(x — nt)
(oo}
Now
( t) 1/n
L) =r(S)) =r(S)) = lim |/
7‘( t) T( t) 7"( t) nl—>ngo | QO(‘T) N

Recall that E = ker S;. By the injectivity of S;, SPE # {0} for all positive
integers n. Note that for a left invertible operator S; the subspace S;'E is a closed
subspace of L?(R ) for every positive integer n. We now prove a lemma.

Lemma 3.5. The subspaces {S}PE}S, are mutually orthogonal.

Proof. We first prove that SP'E C X, (nt1)6 L% (R4) for all n > 0. Let f € E. By
Lemma 3.2, f = x[o,1)g almost everywhere on R for some function g € L*(R;).
Then for any n > 0

5o (@ — nt)gle —nt), if x> nt,

0, if © <nt.
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Therefore

) g(e —nt), if @€ nt, (n+1)0),

(St (@) =

0, otherwise.

Therefore S} f € Xnt,(n+1))L*(R4). Hence S;'E C Xt (nt-1)1) L? (R4.) for all n > 0.
Note that for m # n the intervals [mt, (m + 1)t) and [nt, (n + 1)t) are disjoint.

Therefore the functions X(m¢,(m+1)t) and X[n¢,(n+1)¢) are orthogonal. Hence for m #
n, (S;"E)L(S'E). -

Remark 3.6. For a left invertible semigroup {S;}, the application of Lemma 3.5 to a
semigroup {S;} yields that the subspaces {S;" E}2° , are also mutually orthogonal.

The following theorem describes the analytic model for the left invertible
weighted translation semigroup {S;}. The reader may compare this theorem with
[5, Theorem 2.7] for a similar model developed in the context of weighted shifts on
directed trees.

Theorem 3.7. Let {S;} be a weighted translation semigroup with symbol . Assume
that for any given t € Ry, inf, % > 0. Let S} be a Cauchy dual of the operator
Sy and Ly = S;". Let E = ker S;. Then there exist a reproducing kernel Hilbert space
H of E-valued analytic functions defined on a disc D,, a disc with center origin
and radius r(Ly) ™" and a unitary operator U: L?*(Ry) — H such that M, U = US,,
where the operator M, denotes the multiplication by z on H. Further, U maps E
onto the subspace € of E-valued constant functions in H satisfying (Ue)(z) = e for
all z € D, and for every e € E. We have the following:

(i) The reproducing kernel ks : D, x D, — B(E) associated with H satisfies for

anye € E and A\ € D,., ky(.,\)e € H and for any f € L*(R,),

(UHA),e)e = U S, k., A)e)a-

(ii) The reproducing kernel ky(z, \) is the diagonal operator on E in the following
sense:

(ky(z,Ne)(z) = (nz_% Mz A )e(x), eeE, xeR,.

(iii) The E-valued polynomials in z are dense in H.
(iv) The Hilbert space H admits an orthonormal basis consisting of E-valued poly-
nomials in z.
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Proof. The application of Shimorin’s construction [18] to the left invertible analytic
operator S; gives the proof of part (i).

A proof of (ii) involves a computation of the reproducing kernel for the RKHS
‘H associated to the operator Sy, t > 0. The following formula for the reproducing
kernel is given in [18, Corollary 2.14]. For e € E, 2z, A € D,

ku(zNe= Y (PLM(L*)¥ig)ez" A"
n,k>0

where ig is the embedding of F into L?(R, ). Observe that

p()

k “\oz+ t) for all 2 >
(Lef) () <p(x+t)f(x+) orallz >0
and
pz—t) _ .
Ly f(x) = () flea=1t), if >t
0 i x <t

Note that L, L} f(z) = Saféi)t) f(z) for all x > 0. It is easy to see that for any positive

integer k

LE(LY f(x zﬂ x) for all x > 0.
(L) f) = s F @ >
Using Remark 3.6, we prove that (PL{L;*’“)| g = 0 for all non-negative integers
j # k. For any f, g € E and non-negative integers j # k

(PLIL*f.9)e = (PS; 1" F,9) 5 = (SU7 S £ 9) 12y = (" F, S0 g) 12,y = 0.

Therefore (PL{ Ly ")|E = 0 for all non-negative integers j # k.

We now compute the reproducing kernel for the RKHS H associated to the
operator Sy,t > 0. Note that E =ker S} =ker L; is infinite-dimensional. For
ecE, z,Ae D, and x € Ry,

kiu(z Ne(x) = 3 (PLML)Fip)e(@)"A = Y (PLIL}) )e(z)z"X"
n,k>0 n,k>0
_ - n(T*\N ny" __ S @(1“) ny"
_nz:;)(PL75 (L))Me(x)z" A _;7¢(x+nt)Pe(x)Z A
LS @) S 9(@)
7nzz;)<p(ac+nt) (2)2"A ()ngoap(x-i-nt) A
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Hence

k(2 Ne(a) = (3 mzn)\”)e(m).

n=0
To prove (iii), recall that the operator S;, t > 0, possesses the wandering
subspace property [Proposition 3.4]. Therefore L*(Ry) =/, ~, S7*(E). Since M.,
is unitarily equivalent to S, it follows that # = \/, <, MZ(£). This proves that the
E-valued polynomials in z are dense in H. N
For proving (iv), we need to describe the orthonormal basis of L?(Ry). We
begin with the following function on R. Let

1, if 0<a<i,
Y(x) =49 -1, if $ <2<,

0, otherwise.

The function v is referred to in the literature as the basic Haar function [14].
Then the family of Haar functions given by {;x(x) = 27/2¢(2/2 — k)}, where
j, k are integers, forms an orthonormal basis of L?(R) [14, Theorem 6.3.4]. Define
@fb; Ry — R by 171\];(:10) = ;i (z) for an integer j and a non-negative integer k. It
can be verified that the set B = {1@; }, where j is an integer and k is a non-negative
integer, is an orthonormal basis of L?(R,). A unitary operator U : L?*(R}) — H
is defined as follows: for each f € L*(R.), define an E-valued function Us on the

disc D, as follows:

(U)(2) = D _(PL )"
n=0
where P is an orthogonal projection on E and U(f) = Uy. Since U is a unitary
operator and B is an orthonormal basis of L?(R.), the set {Uzz;;} where j is an
integer and k is a non-negative integer is an orthonormal basis of H. Note that
—_— e —_—
(Uwe)(2) = D (PLit)2"
n=0
for some integer j and some non-negative integer k. We now prove that the expression
(U 7?[1; )(#) contains only finitely many non-zero terms. Note that

o()

m%k(fﬂ + nt) for all z > 0.

Liju(x) =

Therefore Lf;/;; =0 if nt > L Hence (U@//J;)(z) is a polynomial of degree at
most [kt;rjl] Thus the Hilbert space 7 admits an orthonormal basis consisting of

E-valued polynomials in z. This proves (iv).
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The following diagram describes the unitary equivalence of a left invertible
operator S; on L?(R, ) with an operator M, on a reproducing kernel Hilbert space
‘H as stated in Theorem 3.7:

M
H — H

o o
LRy —— IR,

We now compute the reproducing kernels in some particular types of weighted
translation semigroup {S;}. Recall that the reproducing kernel is a B(E)-valued
function defined on D, x D,., where D, is a disc with center origin and radius
r(Ls)~t. The formula for r(L;) is given by
1/n
plo—nt)

n—oQ

Example 3.8. Let {S;} be a weighted translation semigroup with symbol ¢.

(1) Let p(z) = ¢, where ¢ is a constant. In this case W(‘i(fr)bt) = 1. Then r(L;) =1

and D, is the open unit disc. It is easy to see that for e € F and z, A € D,

kyn(z,Ne(z) = (Z znxn)e(x) =1 jzxe(aj).
n=0
(2) Let ¢(z) = 2+ 1. In this case
ple) x+1 nt

S L —
plz+nt) z+14+nt x4+ 1+nt

Therefore r(L;) = 1 and D,. is the open unit disc. For e € E and 2z, A € D, the
computations reveal that

1 > nt ~n
ky(z, Ne(z) = (1 5 2 mznx\ )e(x).
(3) Let ¢(x) = %H In this case
o(x) _r+l+nt n nt .
o(z + nt) x+1 z+1

Therefore r(L;) = 1 and D,. is the open unit disc. For ¢ € E and z, A € D,., it can
be seen that

e Vel = (25 + 5 1 Ziw)e(”
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(4) Let

@ z+1, if 0<z<1,
€Tr) =
4 2 if x>1.

)

Ifz>1, then x +nt > 1 for all n € Nt € R;. In this case cp(gwj(-‘f}zt) =1. Forz < 1,

there exists N € N such that z + Nt < 1, but « + (N + 1)¢ > 1. Then

olx) 711”2;11, if n<N,
ple+nt) |z, if n>N.

Observe that (L) = 1 and D, is the open unit disc. It can be seen that for e € E
and z,A\ € D,,z>1

1
= —e
1—2zA

ke (2, Ne(z) = (i znx”)e(x) (z)
n=0

and for z < 1

WE

1 - > R
%z”)\ + Z %z”)\ )e(az)
n=0 T+ nt+ n=N+1

Bz, Ne(e) =

-

(5) Let ¢(z) = a®, a > 1. In this case sa(i(fv)lt) = 2= = a~"". Therefore r(L;) =

a~t and D, is the disc with radius a'. For e € E and z, A\ € D,., we observe that

r+1 1
2 1-—2z\

( rz+1 r+1
r+nt+1 2

] =

)z”X“ + )e(ac).

n=0

1

= ———¢(a).
1—a"tz\ ()

o0
ku(z, Ne(z) = ( Z a*"tznxn)e(:c)
n=0
In the light of [13, Corollary 3.3], we observe that in example (1) the semigroup is an
isometry, in example (2) the semigroup is a 2-isometry , in example (3) the semigroup
is a subnormal contraction, in example (4) the semigroup is 2-hyperexpansive and
in example (5), the semigroup is alternatingly hyperexpansive.

3.3. Operator-valued weighted shift

An operator-valued weighted shift is a generalization of a weighted shift operator
in the sense that the weight sequence is a sequence of operators. In this subsection,
we prove that for every ¢ > 0 a left invertible operator S; is an operator-valued
weighted shift. We begin with the definition of an operator-valued weighted shift.
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Let H be a nonzero Hilbert space. The Hilbert space denoted by [% is the Hilbert
space of all vector sequences {h, }>2, C H such that Y7 ||hn||* < oo, equipped
with the standard inner product

oo

{gntnzo, {hntnzo) = z<9nv hn), {gntnzo {hntnZo € l?f

n=0

If {W, 1}, € B(H) is a uniformly bounded sequence of operators, then the operator
W € B(l%) defined by

W($0,$1,. . ) = (O,Woxo,Wl.Z‘l, .. .), (.1‘0,.131,. . ) S l%],

is called an operator-valued weighted shift with weights {W,,}. For the basic theory
of operator-valued weighted shifts, the reader is referred to [11,12].

Theorem 3.9. For every t > 0, a left invertible operator Sy is an operator-valued
weighted shift.

Proof. Recall that for ¢ > 0 the operator S; possesses the wandering subspace
property |Proposition 3.4]. That is L*(Ry) = \/7—,S;"E, where E = ker S;. In
addition, the closed subspaces {S' E'} are mutually orthogonal (Lemma 3.5). Hence
L*(Ry) =D, , Si*E. Now by a similar argument as given in |2, Theorem 2.5, the

operator S;, t > 0, is an operator-valued weighted shift. -

4. Spectral picture

In this section we describe the spectral picture of an operator in a left invertible
semigroup {S;} and compute the spectrum in some particular examples. As in case
of a weighted shift operator, it turns out that the spectrum of Sy, ¢t > 0, is a disc
and the point spectrum of Sy, t > 0, is empty. In this section, we assume that ¢ is
a positive real number.

We use the following notation in the sequel: o(7") : the spectrum of T, ¢4, (T) :
the approximate point spectrum of T, ¢,(T") : the point spectrum of T', o.(T") : the
essential spectrum of 7.

We begin with an observation about the circular symmetry of the spectrum

of St.

Proposition 4.1. The operator Sy is unitarily equivalent to the operator e=*%%S, for
any real number 0.
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Proof. For a real number 6, define the map Mpy: L?(Ry) — L?(R,) as (Maf)(z) =
€' f(x). Then clearly Mp is a unitary operator. We claim that My S; My = e~"tS,.
Note that

(Mg SiMo) f)(x) = My (SeMy f)(x) = e (S Mo f) ()

_ eSSBS (M f)(w — 1), i w2t

0, if <t

b

e—ié‘z w(z) iO(x—t)f(x — t)’ if x > t,

0, if <t

I
by
8
|
&
)
3

Hence the operator S, is unitarily equivalent to the operator e~*tS,. -

Remark 4.2. From Proposition 4.1, the spectrum of S; as well as various spectral
parts have circular symmetry about the origin. Also note that the operator S; is
not onto. Indeed, the characteristic function of the interval [0,¢) does not belong
to the range of S;. Therefore 0 € o(Sy).

We now describe the spectrum of a left invertible operator S;.

Proposition 4.3. Let Sy be a left invertible operator.
(1) The point spectrum of the operator Si,c,(S:) is empty.
(2) The point spectrum of Sf contains the disc D, with center origin and radius
r(Ly)~ L.
(3) The spectrum of the operator Sy, (S) is a closed disc with center origin and
radius r(Sy).

Proof.

(1) The proof readily follows from the fact that for any complex number A\ the
operator Sy — Al is injective.

(2) The fact that the operator S; is unitarily equivalent to the operator M, on the
reproducing kernel Hilbert space H is used in the following proof. By Theorem 3.7
(i), for f € L*(R,), e € E and w € D,,

(Ug, MZkn (s w)e)yy = (M:Up, k(- w)e)y, = (wUs(w), e) p = (U, Wk (-, w)e)y, -

Thus M}ky(.,w)e = Wky(.,w)e for all w € D, and e € E. Hence the point
spectrum of S} contains the disc D,.
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(3) By part (2), D, C 0,(S;). The circular symmetry of the spectrum implies that
a(St) = o(Sf). Therefore D, C o(S;). By [5, Lemma 5.3], the spectrum of an
analytic operator is always connected. Hence, o(S;) is a closed disc with radius
T'(St).

This completes the proof of the theorem. -

At this stage we point out that Proposition 4.3 (1) and (3), proved indepen-
dently here, can be also looked upon as a consequence of [12, Lemma 2.2(iii)]. We
now turn our attention towards the approximate point spectrum of an operator S;.
Recall that for any operator T'

m(T) == inf{||Tf|| : ||f|| = 1} and r(T) = lim [m(T™)]*/™.
n—oo
At this stage we record the following well-known result useful in determining the
approximate point spectrum of an operator [15]. For any operator T, for the ap-
proximate point spectrum we have

0un(T) € {z + 1i(T) < |2 < (D))

We now compute the spectra of the semigroups {S;} associated to some special
types of symbols ¢.

Example 4.4. Let {S;} be a weighted translation semigroup with symbol ¢.
(1) Let p(x) = c. It is easy to see that 71 (S;) = r(S;) = 1. Therefore 0,,(S;) is a
unit circle and o(S;) is a closed unit disc.
(2) Let o(x) = « + 1. In this case r1(S;) = r(S;) = 1. Hence 0,,(S;) is a unit
circle and o(S;) is a closed unit disc.
(3) Let ¢(x) = e**. In this case r1(S;) = 7(S;) = e’. Thus 0,,(S:) is a circle with
radius e’ and o(S;) is a closed disc with radius e.
Note that in example (1) the semigroup is an isometry, in example (2) the semigroup
is a 2-isometry and in example (3), the semigroup is alternatingly hyperexpansive
(we refer to [13, Corollary 3.3]).

Remark 4.5. Atkinson’s theorem [7, Theorem 5.17] asserts that an operator T' €
B(H) is essentially invertible if and only if ker T' is finite-dimensional, ker 7™ is
finite-dimensional and the range of T is closed. Here we know that ker S; = {0} and
ker S;* is infinite-dimensional. As a consequence, the operator S; is not essentially
invertible and thus 0 € 0.(S;). We know that for a weighted shift operator T,
kerT = {0} and ker T™* is one-dimensional. Therefore if the range of a weighted
shift operator T is closed, then it is essentially invertible. If T' is a completely
hyperexpansive weighted shift, then the essential spectrum of T, o.(T), is a unit
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circle 3, Proposition 5|. If T' is a hyponormal weighted shift, then o.(T) is a circle
with center origin and radius ||T|| [6, Theorem 6.7(a)]. Thus in these cases the

essential spectrum of a weighted shift operator and that of a weighted translation
semigroup are not the same.
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