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The Interrelationship between Angel and Venture Capital Markets
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— ONLINE APPENDIX —

Angel market: equilibrium equity shares and entrepreneur’s outside option.
According to the Nash product, o* is implicitly defined by

dDf (1)
do

dDi'(e7)

DA * DE * _UE
1 (e1) + (Dy'(e7) ) dov

= 0. (A.1)

Applying the Envelope Theorem we find that dD¥(e})/da < 0. We can then infer from Eq.
(A.1) that dD#(e*)/da: > 0 must hold for o = o*. Using Eq. (A.1) we can implicitly differen-

tiate o* w.r.t. UL:

ot ani
d;‘E - da — (A.2)
U &S D 4 (DF = UP )

Note that the denominator is strictly negative due to the second-order condition for a*. More-
over, recall that dD{! /da > 0. Thus, da* /dUE < 0.

Angel market: optimal transfer payment.

Suppose the angel makes the transfer 7' to the entrepreneur in exchange for an additional
equity stake @(7"). The angel’s new equity share is then given by (7)) = o* + a(T'), with
o (T) > 0,a(T) >0VYT >0, and a(T") < 0 VT < 0. Note that any post bargaining transfers
aimed at adjusting the equity allocation, must improve joint efficiency to be implementable.
The joint utility at the deal stage is

D+ DY = pilen) [g [UF + U] + (1= g)n] = k1 = e(en), (A3)
where e; = e;(a(T')). Thus, the marginal effect of a transfer 7" on joint utility is given by

d [Df + Df]
dT

> do dT @4

= [pile)g [Us' + US| = d(e1)] dey da(T)

=X



Recall that de; /da < 0, so that e; is maximized at « = 0. Moreover, X > (. Thus,
d [D{* + D¥] /dT > 0 requires that da(T)/dT < 0, and therefore T < 0. However, because
of his zero wealth, the entrepreneur cannot make a payment to the angel. Thus, 7 = 0.

Derivation of angel market equilibrium.

Using ¢! = 1 /M{* and 7, = ¢, [Mfol] 0'5, we can write Eq. (6) as
ME 0.5
¢1Df[;§4 =i (A.5)

Using 6; = M{*/MFE we then get the equilibrium degree of competition for the angel market:
07 = [0 D7 /oi] ? Next, note that we can write Eq. (A.5) as

¢1 D7}
of!

2
M = MF [ ] = MEp,. (A.6)

Solving Eq. (8) for M¥ and using ¢F = ¢, [MIEM{‘}O'S /ME = ¢ [Mf‘/MlE]O'E), we get the
equilibrium stock of entrepreneurs in the early stage market:

e PP FUR) FEp) A
= = = . .
0+ 5+ ¢y [MA/ME™ 6y + ¢10\/0F
Thus, the equilibrium stock of angels is given by
F(UE)6;
M = MPro; = ﬁ. (A.8)
0+ P14/07
Using ME* = M{** /07 we can then write 2% as
* * x70.5 MA* ¢ 01
vt = o [paarp)’? = AU e OV (A.9)

\/H_T 51+¢1\/9_1"

Moreover, using Eq. (9) and ¢{* = z;/M;{* we get m{"* = ¢! M{* = 3.

Proof of Proposition 1.

Recall that the equilibrium of the angel market is determined by the deal values D¥ and
D4, and therefore by the late stage utilities U and Us', as well as by the entrepreneur’s outside
option UE (through o*). We will show in Proof of Proposition 4 that UF and U3' do not
depend on ¢, 61, alE , af‘, and k;. Next we need to derive a condition which defines UlE . The

equilibrium condition (5) can be written as
UP[r+6]=—0oy +4qf [DY —UF]. (A.10)
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Using ¢F = ¢ [M{* /M) = ¢1,/0; = ¢2D: /i we get the following condition which
defines UF:

2
Ul [r+6]— —=D{ [Df — U] +of = 0. (A.11)
01
Now consider the equilibrium degree of competition #;. Differentiating 67 w.r.t. 4, yields

* 2 NHA A 2HA A * E
d0; _ D1 dDY _ 6D dDf da* dUP A1)
d51 [0-14] d(;l [giq] do dUl d§1

Next we define I' = D{* [D — U{’]. We then get

dUF UE
d51 T ¢ ;F da* or | (A.13)
1 r+0; — é da dUE + 2UF
Note that dI'/da = 0 due to the first-order condition for a*. Moreover, OI'/OUF = —Dji.
Consequently,
dUF UF
L — L <o (A.14)
d(sl T+ 51 + %D{‘
91
This in turn implies that df} /dd, > 0. Likewise,
do; DA D dor dUE
i _ p01Df dDF do dUp (A15)
with dD{t /da > 0, do* JdUEF < 0, and
duf 1
== <0. (A.16)

dof’ — r 5+ 4 Do
1

Thus, df% /do¥ > 0. Moreover, note that dD:!/dk; < 0. Consequently, df* /dk, < 0. For the

remaining comparative statics it is useful to express the condition for U in terms of 0}:

UP Ir + 6] = $1/0; [DY = UP] + 07 =0, (A.17)
so that . [ . E]
E ¢1_* D1 - Ul
Uy _ 2 > 0. (A.13)

Ay 46+ ¢1\/O;
Moreover, using the definition of 7 we define

2
G=0; - V—iD{‘} =0 (A.19)
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where D = D (a*(UE(67))). We get
1 A2
doy T il

3 .
dqbl 1_9 b1 DAdDiA do* dUlE
oft L da dUF do7

(A.20)

Recall that dD{!/da > 0, do* /dUE < 0, and dUF /df; > 0. Thus, the denominator is positive,
which implies that df; /d¢, > 0. Likewise, using Eq. (A.19), we get

24 [DA]?

dos oA’
- o] . (A21)
W 1-2|g] Dple it

Again, the denominator is positive, which implies that df; /doi < 0.
Next, note that dm¥* /dUE = F'(UF) > 0, and recall that dUF /d§,, dUE /dof < 0.
Moreover, using Eq. (A.11) we find

wr  24D{ [DF —UF]

_ >0 (A.22)
doy r+ 6+ & pa
91
2
dUE [:qu]QDf [ng - UIE]
—L = = 2 <0. (A.23)
doy r+ 6+ D
91
Likewise, using I' = D! [D{E — Uﬂ ,
é7 dr
E —_—
U7 ol (A24)
dky r—+0, + d)—}lDfl
91
with dC  dU do* U
_ a - - [DF ~UF] <. (A.25)

dky  da dky Ok
=0
Thus, dUE /dk; < 0. All this implies that m¥* is increasing in ¢;, and decreasing in d, 0%,
A
oy, and k.

Next, recall that m{* = % is given by

9*
mi* = 2t = F(UF) _ vl —t (A.26)
51 _'_ (bl \/ 01
=T

It is straightforward to show that dT'/d(¢1+/0;) > 0. Because dUY /d¢, > 0 and df} /d¢, > 0,
we then have dmi"* /d¢, = da%/dp, > 0. Likewise, we know that dUE /doi, dUF /dk, < 0
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and d0; /doit, d% /dk, < 0. Thus, dmi* /doit = dxt/doit < 0 and dmi* /dk, = dx7}/dk, < 0.
Moreover, we have shown that dUFE /d6,, dUE /do¥ < 0, while db; /db,, df; /doF > 0. Thus,
the effects of 6, and 0¥ on m{* = x* are ambiguous.

Now consider the equilibrium valuation V;*. Note that V}* is decreasing in the angel’s
equilibrium equity share o*, which is defined by Eq. (A.1). Recall that da*/dUF < 0,
dUE /d¢y > 0 and dUE/dS,, dUE /doF, dUF /doi* < 0. Consequently, da*/d¢; < 0 and
da* /déy, do* /doF, da* /doi* > 0. All this implies that V}* is increasing in ¢;, and decreasing
in 61, oF and o¢'. Furthermore, note that k, affects D{* and U{*. Using Eq. (A.1) we get

dDF oDp{  dUE dD{ E EN d2D{
da’ o do Ok1  dki1 da + (Dl —Uj )dadk1 A7
dk, d [dD¥ Ha E B\ 4D{ ’ (A-27)
! 2o | " D+ (DY = UpP) =4
da do do

where the denominator is strictly negative due to the second-order condition for o*. Thus,
to prove that da*/dk; > 0, we need to show that the numerator is positive. We know that
dD¥ Jda < 0,dD{!/da > 0, and dUE /dk, < 0. Moreover, 9D;{*/0k, = —1 and d>D{}/(dadk,) =
0. Thus, the numerator is strictly positive, so that da*/dk; > 0. This in turn implies that the
effect of k; on V" = ky/a* is ambiguous.
Finally consider the equilibrium success probability p; (e}), with p}(ej) > 0. Using Eq. (3)
we get
dey _ i prler)(1 — Oy 7 (A28)
da 5 [pi(en) [qUs + (1 = q)(1 = a)un] — ¢(en)]

where the denominator is strictly negative due to the second-order condition for ej. Thus,

dej/da < 0. Our comparative statics results for o* then imply that dp,(e})/d¢; > 0 and
dpi(e7)/ddr, dpi(e3)/dot’, dpi(e)/dat, dpi(et)/dk: < 0. D

Early Stage Investment and Valuation.

Consider first our base model with endogenous effort. Differentiating V;* w.r.t. k; yields

Vi d (k) _ o kGt
dk’l N dk’l a* N [a*]Q ’

(A.29)

Note that dV}*/dk; > 0 when k; — 0. Thus, the equilibrium valuation V}* is decreasing in k;
when k; is sufficiently small.
Next, suppose the entrepreneur’s effort e; is exogenous, and define p; = p;(e;). The early

stage deal values are then given by

DY = pifgUy +(1—9g)(1 —a)y] —c (A.30)
DY = pi[gUs' + (1= g)awn] — ki, (A31)



where c is the entrepreneurs disutility of providing effort e;. The optimal equity share for the
angel, o, then satisfies the symmetric Nash bargaining solution, which accounts for the outside
option of each party (UL for the entrepreneur, and 0 for the angel because of free entry). Let
5{5 and lNDf‘ denote the deal values reflecting the Nash bargaining solution, which are given by

D = Z[plg(UF+UN +0—gwm] — ki —c+UE] (A.32)

NN NN I

DY = [ g(UF+ U + (1 —g)y] — ki —c—UF]. (A.33)

The equilibrium equity share for the angel, o*, then satisfies DZ(a*) = DE and D#(a*) = DA
Recall that U3' = UF in equilibrium. Thus,

. _I7E
ot = 1 + u (A.34)
2 20(1 =gy

The equilibrium early stage valuation is V}* = k1 /a*. We get

=N
/_/%
ok da*
d‘/l* - 1dk’1
= . A.35
dk; [a*]? ( )

The denominator is always non-negative. Moreover, note that N > 0 for k; — 0, which implies
that dV*/dk, > 0 for k; — 0. To show that dV*/dk, > 0 for all k; > 0, it is thus sufficient to
verify that dN/dk, > 0:

dN  do* do* d*a* d*a*
ey _fa [l R A36
TS (dk:1 M ) R (A.36)
We need to find the sign of d?«* /dk}. We start by taking the first derivative of o w.r.t. ki:
da* 1 dUF
o _ {1 _ b ] | (A37)
dk)l 2[)1(1 — g)yl dkfl
It is easy to see that D¥ — UF = D#. Thus, the condition defining U¥ simplifies to
E gb% A 2 E _
P+ 0] - 25 [DA] 4+ oF =0, (A.38)
i
Thus, B
dUF D4
L W (A.39)
dk, r—+6 +a; Dt
where a; = ¢2/0{'. Consequently,
* 1 1
do 1+ (A.40)

= ~ -1
dlﬁ 2p1(1 — g)y1 (7“ + 51) [Cthl} +1
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We then get

~ —2
da” 1 —301 (1 + 61) [alDf] [1 + ddiﬂ
= A4l
dk?  2p1(1 — g)u ~ 1t 77 (A.4D
(7" —I— 51) |:a1Di4:| + 1
Note that _
L] SO U/ W e S S (A.42)
dk, r+6 +aDy  r+6+a DY

Thus, d?a* /dk? < 0. This implies that dN/dk; > 0, and therefore dV;*/dk; > 0.

Proof of Proposition 2.

In equilibrium, UF = U;!. Moreover, we will show in Proof of Proposition 3 that dUF /d¢y >
0 and dU¥ /dby, dUF [doy, dUF Jdoy , dUF /dky < 0. Consider the equilibrium degree of com-
petition 8. With UF = U3 note that

df; $ adDf
=2 . A.43
AUy Tlof)? Tt dUS (A.43)
For a given o we find that
dD{' w1 ;
JoF = PieD) g 90 + (L= g)au] + pi(eh)g > 0 (A44)

Moreover, applying the Envelope Theorem we get dD¥ /dUF = gp,(e}) > 0. Thus, the bar-
gaining frontier shifts outwards, so that dD¥ /dU¥ > 0 and dD{*/dUF > 0 at the equilibrium
equity share o*. This implies that df} /dUF > 0, and consequently, df; /d¢o > 0 and db; /dds,
d0; /o, d97/day , do: [dks < 0.

Now consider the equilibrium inflow of entrepreneurs m=* = F(UF), with F'(UF) > 0.
Using Eq. (A.11) we get

2 dr

dUE B o dUP (A45)
AUy 46, + 4Dy

where I' = D{ [D¥ — UF]. Note that

dl  dldet! dlda*  oT

e B Il A.46
JUF = e, UF " da UF T aUF (A.46)



where de}/dUF > 0 and dT'/da = 0 (see Eq. (A.1)). Moreover,

dr dD{ . . . 4 DF
— = D} DA
d@l d61 [ U ] + ! d€1
=0
= pled) 903 + (1 = g)ay] [DY — U] >0 (A47)
=0 =0
or oD ODF
— = DF —UPl +D} —= >0 A48
ouE = ouplPr U0 on (A48)
0 =0 >0
>

This implies that dUF /dUF > 0, and therefore, dF'(UF)/dU¥ > 0. Our comparative statics
results for UF (see Proof of Proposition 3) then imply that dm¥* /d¢, > 0 and dm¥* /dd,,
Ex [ derg, dmP* oY , dmP* /dky < 0.
Next consider the equilibrium inflow of angels, m:'*, which is defined by

:mE* \;/1_}/
1

=T

One can show that d7"/ d\/_* ) > 0. Our comparative statics results for m* and 6} then imply
that dmi™* /dpy > 0 and dmi™* /dSs, dmi™* /doy, dmi™* /da , dmi* [dky < 0.

Now consider the equilibrium equity share o* for angels. Recall that dD¥ /dUF > 0 and
dD#/dU¥ > 0 at the equilibrium equity share o*. Moreover, using the Envelope Theorem it
is straightforward to show that dD{'/dUF > dD¥ /dUE. The Nash bargaining solution then
implies that do* /dUF < 0. Thus, da*/dge < 0 and da*/dds, da* /doy, da* /doy, da* /dky >
0. For the equilibrium valuation V}* = k; /a* we can then infer that dV}* /d¢, > 0 and dV}*/dos,
dVy* [doy, AV /doy , AV} [dky < 0.

Finally consider the equilibrium success rate p(e7), with p{(e) > 0. Using Eq. (3) it is
straightforward to show that de;/OUF > 0 and Oe}/0a < 0. Using our comparative statics
results for UF and o* we can then infer that de}/d¢, > 0 and de}/ddy, de}/dosy, dei/doy,
dej/dky < 0. Consequently, dp(et)/dpo > 0 and dp;(e})/dds, dpi(€})/dos, dpi(e})/day,
dpy(e3)/dky < 0. O



VC market: derivation of deal values and equity shares.
Let C'V; denote the value generated by the coalition: = FAV, EV, FA, AV, E, A, V. Using
the Shapley value we get the following general deal values from the tripartite bargaining game:

1 1 1 1
Df = 3 [CVEay — CVay] + 6 [CVEa — CVal] + 6 [CVey — CWy] + gCVE (A.50)

1 1 1 1
5 [CVEAV — CVEv] + 6 [CVEA — CVE] + 6 [CVAV — CVV} + gCVA (A.51)
1 1 1 1
g [CVEAV — CVEA] + 6 [CVEV — CVE] + 6 [CVAV — CVA] + gCVV (A.52)

We note that C'Vgqy = mand CVyy = CVgy = CVy = CVy = CVy, = 0. Moreover, by
assumption we have UF + U3' > yy, so that CVgy = UF + U3, Thus,

11
Df¥ = 3T+ (U3 + U3 (A.53)
A _ 1 1 E A
11
DY = 3T 3 (U3 + U3 (A.55)

The deal values then allow us to derive the equilibrium equity shares 87, 34*, and BV*.
The equilibrium equity share for entrepreneurs, 3°*, ensures that their actual net payoff equals
their deal value from the bargaining game: 37*y, = D¥. Solving this for 37* yields

DY 1
Ex _ 72 _ _~ [or4+UEF 4+ UA]. A.56
g Y2 6y2 [ ? 2 ] ( :
Likewise we get
Dy 1
A = 22 = - [op+ UF+UA A.57)
b Y2 6y2 [ 2 a (
ko + DY 1
grr = 2D gy n— (UF +UD)]. (A.58)
Yo 3Y2

Derivation of VC market equilibrium.

The first part of the derivation follows along the lines of the derivation of the angel market
equilibrium: Using Eq. (13) we get 65 = [gbgD;’ Joy ]2. Moreover, using Eq. (14) and the
relationship M) * = MZE*0; we find

05

524‘(152\/9_5'

My = gpi(e})z] (A.59)



Using MF* = M,)'* /03 and the definition of M) *, we can write x% as

. oy yEe108 _ G MG . P20
vy = oo (MY M) = BT OV (A.60)
where m&* = gp(et)z}. Furthermore, using Eq. (15) and ¢} = z,/M, we find that my* =
gy My = a5,

Finally, using the equilibrium equity share 3"* for VCs we can write V5" as follows:

ko kayo 3ka
V)= = = ) A.61
> T 5 Tkt DY (31@ Tn— (UF + U;‘)) - aob

Proof of Proposition 3.

First we need to derive a condition which defines U2E . We can write Eq. (12) as
UP[r+ 8] = —oo + ¢F [DF —UF] . (A.62)

Note that Df — UF = x/3 — 2UF/3 = DY. Using ¢ = ¢y [MY*/ME*]"" = ¢0\/05 =
®3Dy /oy, we get the following condition which defines UZ:
E _ d)_% V12 _
Uy [r + 69 [Dy]"+ 02 =0. (A.63)

i%
)

Consider the equilibrium degree of competition ¢5. Recall that Us' = UF in equilibrium;
thus,

a5 _ o &DYdDY _ 4¢3D)

dust — dUf "oV dU¥ 3 o))

(A.64)

Note that &, only affects UL in the definition of ;. Implicitly differentiating UF w.r.t. d, yields

vy _ Uy <0, (A.65)
d52 T+ (52 + %qb—?,D;/
02

which implies that d} /dds > 0. Likewise, o9 only affects UF in the definition of 5. We get

dUF 1
O __ 7 <0 (A.66)
ey r+0+ 3% DY
2

Thus, d6;/do, > 0. Next, differentiating UL w.r.t. ¢ yields

oy ¢:Dy Dv+¢2dDY dU2E:| _ 02Dy [ v_ 2 2dU2E} (A.67)
deps (o)) ? AUy dgs o)) 237 dgy |
with . )
d E 20—2 DV
up gl (A.68)

dbs  r 44, + g%y;
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Therefore,
dQ* qbg DV (7” + (52)

> 0. (A.69)
dgs [@V] 7’+(52—|—4¢2DV
Likewise,
#3D3 Dy
ao; DY 1 24dUF .. dUF [o¥]°
da‘Q/ZQ 20‘/2 Ry 3dV2 — Dy |, with d%/:— 24¢2 V<O.
2 2 [0Y] o r+52+§—23D2
(A.70)
Consequently,
a6; gDy 1 EE[DY)+(r+ 6Dy A7)
doy o [of]" r4oy 44 4¢2 2 DY '

Moreover, we get

3
do; DYDY @DV [ 1 2dUF _dUF 5eDy
U e P L3 3dky ) ™ am T iy <
dk (03] 2 [0 ] 2 2 7+ 09+ 353Dy
(A.72)
Thus,
de; 2 p3DY 0.
i 20 reo 0 (A73)
dhy 3 1o}) v+ 6, + 35 DY
Next, recall that my* = 3 is given by
* * * * ¢ *
my* =z = gpi (e}’ 2—‘. (A.74)
S—— 02 + P21/0;

=T

We have shown in Proof of Proposition 2 that dz}/d¢, > 0 and dx? /ddsy, dx}/dosy, dx}/doy,
dx;/dks < 0. Likewise, we have shown that dp; (e})/d¢s > 0 and dp;(e})/dos, dpy(e7)/doa,
dpr(e3)/doy , dpi(e})/dks < 0. Moreover, it is straightforward to verify that dT'/d(¢2+/03) >
0. Using our comparative statics results for 5, we can infer that d7'/d¢, dT'/dds, dT/doy > 0,
and dT'/doy, dT/dky < 0. All this implies that dmY*/d¢y > 0 and dmd™*/day, dmY*/dk, <

1%

0, while the effects of J, and o5 on m. * are ambiguous.

Now consider the equilibrium late stage valuation V'

3k,
vy = . AT5
2 <3k2+7r—2U2E) b2 (A7)
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Recall that dU¥ /d¢y, > 0, and dUF /doy, dUF /doY, dUF /déy < 0. Thus, dVy/dps > 0
and dVy /doy, dVy/doy, dVy/ds, < 0. Furthermore, recall that V' can also be written as
Vit = koyo/(ky + DY). Taking the first derivative of V" w.r.t. ky yields

=N
DY 1_ 2dU¥ 1/{ + D) + gk dUzE‘
dvy Rt DY =k |1-5- 53 3772 T3 dhy (A.76)
_ y fry y * .
ks [ks + DY : (ks + DY ? i

Note that the denominator is always positive. Moreover, we have N > 0 for ko — 0. Thus,
dVy/dky > 0 for ks — 0. To verify that dV/dks > 0 for all ky > 0, it is sufficient to show
that dN/dky > 0:

AN 1 1 2dUy 2 {dUQE " dQUQE] 2, dUY

Ay 3 3 3dky 3 |dk a3 A

(A.77)

It remains to identify the sign of d>UF /dk3. Using ay = ¢32 /0y we can write dUF /dk, as

B 2. WV 2
dUy 50203 3

dky — r+0y+ §G2D¥ - (r 4 d2) [agD;/]_l + g. (AT8)
Thus,
2up R (r+8) (D] [1+2%E
o = T (A.79)
[+ 85) [ DY) + 4]

Note that U %aQD;/ .t b
o WA v e e o el (A.80)
Hence, d?U¥ /dk2 > 0, so that dN/dk, > 0. Consequently, dV* /dky > 0. O

Proof of Proposition 4.

We can see from Eq. (A.63) that U (and therefore U;') does not depend on the early stage
parameters ¢y, d1, alE , a{‘, and k;. This also implies that DY, and therefore 05 and V5, do not
depend on these parameters.

Now consider the equilibrium inflow of start-ups m%* = gp; (e})z?}. Recall from Proposition
1 that dz§/d¢, > 0 and da}/do?, dz}/dk, < 0, while the effects of &, and o are ambiguous.
Moreover, we know from Proposition 1 that dp;(e})/d¢; > 0 and dp;(e})/ddy, dpi(e})/dor,
dp1(e})/do?, dpi(e3)/dk; < 0. This implies that dm&* /d¢;, > 0 and dmZ* /dot, dmE* /dk, <
0, while the effects of §; and o are ambiguous.

Finally consider the equilibrium inflow of VCs mJy*, as defined by

0*
e O2V05 (A.81)
02 + @24/ 05
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Recall that 65 does not depend on the early stage parameters. Our comparative statics results
for m&* then imply that dmy* /d¢, > 0 and dmYy* /doi, dmY* /dk, < 0, while the effects of §;

and o are ambiguous. O

Angel protection: derivation of deal values and equity shares.
The new coalition values are given by CVgay = 7, CVgy = UF + U{‘, CVgy = Am, and
CVyy = CVg = CVy = CVy = 0. Using the general deal values (A.50), (A.51), and (A.52),

we get

1 1

DE = 6[2+)\]W+6[UQE+UQA] (A.82)
A 1 1 E A

DY = g[1—A]7r+6[U2 + U3 (A.83)
\%4 1 1 E A

Dy = 6[2+)\]7r—§[U2 + U3 (A.84)

The new equilibrium equity share for entrepreneurs, 3%*, ensures that their actual net payoff

equals their deal value from the bargaining game: 3%*y, = D¥. Solving this for 8£* yields

Df 1
B =2 = —[2+ N7 +Us + U], (A.85)
Yo 6y
Likewise we get
A _ DL B A
B = = —[2(1 =N 7+ Uf + Uj'] (A.86)
Y2 6y2
ky + DY 1
gvr = % = 57 [kt @+ )7 —2(UF + 03], (A.87)
2 2

Proof of Proposition 5.
We first show that dU3'/d\ < 0. Note that Dy # D¥ for A > 0, and recall that ¢& =
0y [MY*/ME]" = $2DY /oy . Thus, using Eq. (12) we define

F = Uy (r+d)+o0—aDj [DY—US] =0 (A.88)
G = Us (r+6)+o0—aD) Dy —U;'] =0, (A.89)
where a; = ¢2/0y . Using Cramer’s rule we get
_OF  OF
‘ ox  auf ‘
oG oG OF 0G 0G OF
dUs* | —ox auf | “oxouF * oxauF A
d\ | 2F oF | OF 0G _ 0G OF ° (A.90)
‘ Ui UF ‘ oust oUy  0Ust Uy
oG 9G
aus  oUE
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The denominator is negative if

oG OF _ OF oG
UL OUF ~ oUL oUE’

(A.91)

which is equivalent to

1 1
"+ 0+ cas 2 [Dg — U3 +5D2V]] {r+52+6a2 [2[DY — U] + 5Dy ]

> %@ [2[Dy — Uy] — D] éaQ [2[Ds — U] — DY]. (A.92)

If this condition holds for r + d5 = 0, then it also holds for all  + 5 > 0. Setting » + d, = 0

we get

10 [D4 — US'] DY +10DY [DF — UF]+24 [DY]* > —2 [DF — UF] DY —2 [D§ — U$'] DY.
(A.93)
This condition is satisfied as DY > U¥ and D3' > U;'. Thus, the denominator of dU3'/d) is

strictly negative. Likewise, the numerator is positive if

oG OF _ 0F 0G

which is equivalent to
%m@ [[Ds = U] —2D)] |r+ 65+ éaz 2 [DY — U] + 5Dy |
< émg [[DY —Uy] + DY éaQ [2[Ds — U] — DY]. (A.95)

This condition can be written as

2 () [Df - U4] ~2DY] + [0~ U] DY — DY [DF ~ UF) <3[DYT". (A90
2

From F' and GG we know that

E(ry§ Alr+d
py [pr —pr) = & Zz D9 g DY (g -] = 2 ; 2)H9 Ao7)

so that we can write condition (A.96) as follows:

2 Us 5 Uf )
2 sy [[Df —vg] —2py] 4 U e Uy T 0) RO g2 s o)
5 ) )

& (r+6)[2D4 — Us' —4DY — UF] < 3[DY]” a5.(A.99)

-~

=T
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We now show that T < 0. Using the definitions of Dj' and DY we can write T < 0 as

2 1 2 4
5[1—A]w+§[UZE+U;‘] —U;—§[2+A]7r+§[U2E+U2A} —UF <0 (A.100)

& UF+ U <[1+2\7.  (A101)

This condition is satisfied for all A > 0 because 7 > UF + Uj'. Thus, the numerator of
dU3! /d) is strictly positive. Consequently, dUs'/d)\ < 0. Finally note that 9DZ /OX = 7/6 <
|0D3' /0N = 7 /3. Thus, d [Uf + Us'] /d\ < 0, which implies that D} /d\ > 0.

Next we analyze the effects of A on the early stage equilibrium variables. Consider the

equilibrium degree of competition 0. We get

W & dDf

D =2 (A.102)
Recall that p A quE
o (U3 +U5) = — 5+ =% <0, (A.103)
o~ N~
<0 >0
This implies
dD#  dDF dDit
—L 4L <9 0. A.104
o TSV T o s (A.104)

Thus, df;/d\ < 0.
Now consider the equilibrium entry of entrepreneurs m¥*. Using Eq. (A.11), we get

¢? [dDg E E AdDE
auf ﬁ[dﬁ [DF = UP] + Dy dﬁ}

= > : (A.105)
where I' = D{! [Df — UF]. Note that dI'/da = 0; see Eq. (A.1). Thus,
9t [dD{ [pE _ [jE] 4 pAdDL
dUF ok | [PV - UP] + DEg (A106)
dX r o+ 4D ’ '
where the denominator is positive. Consequently, dUF /d\ < 0 if
dD?! dD¥
d; [Df — U] + Df d; < 0. (A.107)
Using Eq. (A.1) we can derive the following expression for D¥ — UE:
apf
DY - U} = - D{, (A.108)
1
do
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so that Eq. (A.107) can be written as
dDE
dDA \T7da ) dDF
i af )

da

< 0. (A.109)

=X
Recall that d(Di* + DF)/d\ < 0, with dD;'/d)\ < 0; thus, this condition is satisfied when
X > 1. Note that dD¥ /doe < 0 and dD#!/do > 0. Hence, X > 1 if

de1 alD{E d A B
> =—|D Dy . A.ll
~ da + do da [ Lt 1] ( 0)

It is easy to show that the joint surplus is maximized when o« = 0 (which maximizes effort

0

incentives for the entrepreneur); thus

d [D{f + DY

0 All1
I <0, ( )

a=a*>0
so that X > 1. Consequently, dU¥ /d)\ < 0, and therefore dm¥™* /d\ = dF(UF)/d\ < 0.

Next consider the equilibrium inflow of angels, m:'*, which is defined by
Ax E

9*
mi* =z} = F(UF) _ vl (A.112)
o a eV
! =T

Note that d1'/ d\/ﬁ_{) > 0. Our comparative statics results for m* and 6% then imply that
dm{™* /d\ = dx3/d\ < 0.
Now consider the angel’s equilibrium equity share o*, which is defined by Eq. (A.1). We
get
do* da* dUF  do* dUS
N dUF dx duf an’
where dU¥ /d\ > 0 and dU3'/d\ < 0. Moreover, the Nash bargaining solution implies that
da* /dUF > 0 and da*/dU3' < 0. Thus, da*/d\ > 0. For the equilibrium valuation V;* =
ki /a* this concurrently implies that dV;*/d\ < 0. Finally we know that dD¥/d\ > 0 in
equilibrium. Using the Envelope Theorem we get
D~
d\

(A.113)

d
= piler) 73 [9Uy + (1= g)(1 — a7y ] >0, (A-114)

J/

-~

=T
which implies that 7" > 0. Using Eq. (3) we find

=T

A\

Ve

d
de; piler) =5 [gUE + (1 — g)(1 — )]
A G (e [9UF + (1= g)(1 = a)y] = ¢(e)]] a.115)
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where 7' > 0, and the denominator is negative due to the second-order condition for ej. Thus,
dei/dX > 0. This in turn implies that dp; (e])/d\ > 0.

Finally we analyze the effects of A on the late stage equilibrium variables. Note that
d (Uf +Us') /dx < 0 also implies that dDY /dA > 0. Using the definitions of 65, 3V* and
V', we can then infer that d6 /d\ > 0, d3V*/d\ > 0 and dV;* /d\ < 0. Moreover,

dm¥* d de; o dr]

* * " € %
= gy m(ea] = g | pileD) oyl + el (A.116)

In general, the effect on m2™ is ambiguous as de}/d\ > 0 and dz}/d\ < 0. However, we can
see that dmZ* /d\ < 0 when p)(e}) — 0. Moreover, for §; — 0 we have m{"* = m¥*; with
m¥* being sufficiently inelastic, we have dz}/d\ — 0, so that dm%* /d)\ > 0. Next, recall that
my* is defined by

0*
my* = 2y =m0V (A.117)
02 + ¢21/03
=T
One can show that d7'/d+/0; > 0, so that dT'/d\ > 0. Recall, however, that the sign of
dm%* /d) is ambiguous. Thus, the effect of A on my* = x is also ambiguous. O

Angel protection — angel not required for VC search.
Suppose the entrepreneur can search for a VC without the angel. The entrepreneur then
incurs the search cost yo, with v > 2. Using Nash bargaining, the deal values for the VC (ﬁ;/ )

and the entrepreneur (ﬁf ) are then given by
N 7TE N iTE
D} :§[AW—U2] D ZE[Aw+UZ], (A.118)

where I/J\'f denotes the entrepreneur’s outside option.

Now consider the bargaining problem at the late stage between entrepreneur, angel, and
VC. The new coalition values are given by CVgay = m, CVigy = UEF + U2A, CVgy = Ar,
CVg = [72E, and C'Vyy = CVy = CVi, = 0. Using the Shapley value we then get the

following deal values:

1 1 1~
Dy = S Nm o [0+ U] + Uy (A.119)
A 1 1 E A l=p
D} = S[1-Nn+g [UF+ U5 - <O} (A.120)
v 1 |- A l=p
Dy = ZR+N—3 [0+ U] - 20} (A.121)
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The expected utilities from search, U{‘, U2E , and (/]\2E , are then defined by

F = U (r+6&)+o0—aDy [Dy —Us'| =0 (A.122)
G = Uy (r+06)+0—aDy [DY—US] =0 (A.123)
H = UP(r+6)+70—aDY [Bf - ﬁﬂ —0, (A.124)

where ay = ¢2/0y . Using H we find that

~ 1 NE _77E | DV
dUE SQ9T [Dz - Uy + D, ]
2 - B N (A.125)
dA r+ 0+ Lay [Df—UQEJrDQV}
dUE
2 _ R — (A.126)
dy P 0, + Say | D — OF + DY |

Next we show that dU;!/d\ < 0. Using Cramer’s rule we get dU;'/d)\ = A/ B, where

oFr oF oF oF oFr oF

0N oUf  aUF ougt  ouy  aUF
_ | _e¢ oG oG _ | oG oG G
A=| =% F wr B=\|307 oufF o0p (A.127)
_O0H oH  9H oH  OH  9H
o ouf auF ougt  oU¥  UE

Consider first the denominator B. Since 0H/0U3' = 0 and H/OUF = 0, we can write B as

OH [ OF 0G  OF aG
-z - A12
o0F [aU; JUF ~ OUF aU;‘] ’ (A.128)
where SH )
Il L NE _77E | DV
oF 2+ 5 [DQ OF + DQ} > 0. (A.129)
Thus, B > 0 if o o
F oG oF oG (A.130)

OUA OUE ~ 9UE oUf

which can be written as

r btz [2[DF - UF) + 503]} {7" + 8+ 20 [2 [DF — UF] +5D4]

1 1
> Zap [2[D3 — Us'] — D] 5® 2 [Dy —Uy] — D3] . (A.131)
Note that this condition holds for all » + 5 > 0 if it holds for r + d, = 0. Setting r + 9, = 0

we get
12 [Dy — U] DY + 12D} [DY — UF] + 24 [DY]* > 0. (A.132)
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Note that D¥ > UF and Dyt > Uj'. Thus, this condition is satisfied, so that B > 0. Next
consider the numerator A. With 9H/0UF = 0 we can write A as

L [_or oG oF oG] on _om [or 9G _ oF oG Al
| OXOUY  OQUF ON| pUF 0N |OUY oUF  oUF OUS |’ '
E§1 E\)’(z 7
Recall that OH/OUE > 0. Moreover,

oH 1 ~p  AEp Ay

=5 =~ [02 ~JF + D2] <. (A.134)
Thus, A < 0 when X; < 0 and X, < 0. Note that X; < 0 if

F
oF 0G  OF 0G (A.135)

- < -
8Uf o\ o\ 8Uf ’
which can be written as

1 1
5@ [2 (D3 — U] — DY ] 5T (DY — Uy + Dy |

> %wag (D3t — Ut —2D)] |r+ 62+ %@ [2[DY —UY] +5D5]|. (A.136)

Simplifying yields
= (r+8) [[Df - U] — 2DY] + [D4 ~ U] DY - DY [DF - UF] < 3[D]. (a.13)
From F" and GG we know that
DY [Df — U] = Ui’ (r 2252) T and DY [DF - UE] = Uy (r ;52) 7 (A138)
so that condition (A.137) can be written as
(r+6,) [2Dg — Us* —4DY —UF] < 3[DY]" as. (A.139)

- /
~~

=T

It remains to prove that 7' < 0. Using the definitions of D3' and DY we can write T' < 0 as
UF+ U3 < [1+2)\7 (A.140)

This condition is satisfied forall A > 0 as 7 > U2E + U{‘. Thus, X; < 0. Moreover, X, < 0 if

OF 9G _ OF oG
Uy gUE ~ gUE OUy’

(A.141)
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which is equivalent to
fas [2[D3 ~ U] - DY) za [DF — UF — 2D
< %@ [Dg' — Us' + Dy] |7+ 62+ éaz [2[DY — US| +5D5]|.  (A.142)

Again, D3 > U3 and DY > U¥£. Thus, if this condition holds for r + 5 = 0, then it also holds
for all » + &5 > 0. Setting r + d, = 0 we get

0 < 3Dy [DY — US| +9D) [Dy — U3 +3DY Dy . (A.143)
0 0
> >

Hence, X, < 0, so that A < 0. Consequently, dUQA /dX < 0. Moreover, note that 6D2E JON =
/6 < ’8D§4/8/\| = /3. Thus, d [UF + U3'] /dX\ < 0. Finally, using H we get

@0F e [DF-UF+DY| A

dX r+5z+%a2[ﬁ§—ﬁf+ﬁ¥}

;Z g

where Z € (0,1). Thus,
Dy 1 R
_lnopg ta . A.145
N S 3 ) (A155)
<0

Consequently, dD) /d\ > 0.
All this implies that the results from Proposition 5 continue to hold when the entrepreneur

can search for a VC without the angel.

Proof of Proposition 6.

Recall that UF = Uj! in equilibrium. Moreover, as shown in Proof of Proposition 3,
dU¥F [dpy > 0, and dUF /doy, dUF [dbs, dUF /doy , dUF /dk, < 0. Consequently, dy*/dps <
0, and dv*/dog, dy* /ddy, dy* /doy , dy* /dke > 0. 0

Proof of Proposition 7.
Recall from Proof of Proposition 5 that d Uy’ + Us'] /d\ < 0. Thus, dv*/dX > 0. 0
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