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— ONLINE APPENDIX —

Benchmark Model: Comparative Statics.

In this Online Appendix we consider a more general model specification where (2) all parties
share the discount factor 6 = 1+ r € (0, 1], (¢) [ has a uniform distribution over the interval
0, ug], and (4i7) 6 has a uniform distribution over the interval [0, z7].

Given the more general specification we can write the entry and market clearing conditions

for the benchmark model as follows:
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Note that the market clearing condition (A.2) can be written as
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Thus, Z < 0 in equilibrium. Consequently, da*/d (py) < 0.
Finally, using (A.1) we find
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Proof of Proposition 1.

To show that the market equilibrium is efficient, we derive the socially optimal (i.e., first
best) ownership stake for investors, denoted by a/®, which then defines the socially optimal
level of entrepreneur entry, denoted by n’g’

We first derive the total expected utility of all investors, denoted by 7T'U;:
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Using = qd "y — 1 we get
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Next consider the total expected utility of all entrepreneurs prior to market entry, denoted by
T'Ug. Note that the entry cost for the marginal entrepreneur is given by I=U g =0yp(l—a)y.
Thus,
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Using the entry condition (A.1), we get TUg = 2;+E [07p (1 — ) y]*. Thus, the total welfare
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The first best equity share for investors, a/?, is then defined by the (simplified) first-order

condition:
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Note that this condition, which defines a/?, is identical to the market clearing condition (2).
Thus, the equilibrium ownership stake for investors is socially efficient, i.e., o = a/*. The en-
try condition for entrepreneurs, ng = /ﬁéfyp(l — )y, then implies that the equilibrium number
of new ventures is also socially efficient, i.e., n; = ng’. O
Proof of Proposition 2.

We first analyze the effect of a founding subsidy Sg. With § € (0,1], I ~ U(0, ug), and

0 ~ U(0, 1), we can write the entry and market clearing conditions as follows:
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Now consider the effect of a funding subsidy S; = ¢s;. With S; the entry and market

clearing conditions can be written as
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Implicitly differentiating (A.6) yields
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Note that n},(Sg = 0) = n}(S; = 0) = n}; and dnj;(Sg)/dSg = dnj;(Sr)/dS;. Thus,
ny(Sg) = nj(Sr) > nj; forall Sgp = S1. Moreover, note that o (Sg = 0) = a*(S; = 0) = a*.
The fact that da*(Sg)/dSE > 0and da*(Sr)/dS; < 0 then implies that o*(Sg) > o > o*(S))
for all S = S;. Moreover, a*(Sg) > o > «o*(Sr) implies that entrepreneurs with good
projects get a higher expected wealth (p(1 — «)y) under a funding subsidy (S;) than under a
founding subsidy (Sg).

Finally, the expected wealth of an entrepreneur under a founding vs. funding subsidy, is

given by
Elwg(Sg)] = dvp(1 — o (SE))y Elwg(Sr)] = dvp(1 — o (S1))y.

Recall that o*(Sg) > o*(Sy) for all Sp = S;. Thus, E[wg(Sg)] < Elwg(Sy)]. Likewise, the
expected wealth of an angel investor under a founding vs. funding subsidy, is given by
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Clearly, dE[w4(Sg)]/dSE = dE[wa(Sr)]/dSr, which implies that E{w4(Sg)] = E[wa(Sr)]
for all S = 5]. O



Model with Intergenerational Dynamics: Equilibria.
Consider the more general model with § € (0,1], 1 ~ U(0, ug), and @ ~ U(0, uus). Using

/Q\t—i-l = ozt+15%’ — 1 we can write the expected utility of an entrepreneur in period ¢ as
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The market equilibrium is then defined by the following entry and market clearing conditions:
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Using J we can implicitly differentiate oy, w.r.t. npg:
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Thus, the demand curve in Figure 4 (&) is monotone and decreasing in ng ;.

Next, using Cramer’s rule we get
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For of > ¢/(dpy) we then get
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Moreover, note that there is no capital supply when ng;—; = 0. Thus, n*EJ(O) = 0.
Next we identify and characterize the steady state equilibria. In the steady state we have
ng: = N1 and oy = ay_1. Adjusting the market clearing condition for the steady state with

ng =ngt = N1 and @ = a; = ay_q, we define
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where F(«) is the total capital demand, and I(«) is the total capital supply. Let U(«a) =
I(a))/ E(«) denote the excess supply function. The steady state market clearing condition (A.7)
implies that

in the steady state equilibrium, where a% — 1 =6 > 0. Next we analyze the shape of ¥V («).
We get

dW¥ 11 ) 1)
i o’ %(1_“)_( ; )

(.
v '

=71 =75

Clearly, Z; is positive and decreasing in «, while Z, = 0 is also positive but decreasing in a.
Note that Z, = 6 = oz‘%y —1=0forall @ > ¢/(dpy). Thus, ¥(a) = 0 for all &« < ¢/ (dpy).
Moreover, W(1) = 0. This implies that ¥(«) has an inverted U-shape, with W(«) = 0 for
all @« < ¢/(dpy) and W(1) = 0. This also implies that there exits a unique «, denoted by @,
which maximizes W(«). Using the first-order condition we find that @ = (1 + (%y) / (2%).

Evaluating ¥ («) at « = @ yields



Note that OV (@) /0¢ < 0, with limy o ¥ (@) = co and ¥ () = 0 for all ¢ > dpy.! Thus,
there exists a threshold ¢ € (0,0py) such that

(¢) for ¢ > ¢ there exists no value of a which satisfies ¥ (o) =1,
(71) for ¢ = $ there exists a unique «, namely @, so that ¥ (o« = @) = 1, and

(zi1) for ¢ < $ there exist two values of «, denoted by o’ and o, with o/ < o, which both
satisfy ¥ (a) = 1.

Moreover, given the inverted U-shape of W(«) we can infer that
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We can now characterize the steady state equilibria in terms of entrepreneur entry np ;.
Recall that the market is competitive, so when entering the market entrepreneurs take their
future equity share a1 as given. From the entry condition we can see that o, uniquely defines
the equilibrium number of entrepreneurs, ng ;. Moreover, dng/doy < 0. We already know
that ng; = ng;—1 = 0 always constitutes a steady state equilibrium. Moreover, for ¢ < 3 we
know that there exist two values of «, o’ and «”, which satisfy the steady state market clearing
condition (A.7). For ¢ < gg we thus get two additional steady state equilibria, which we define
as nM (a™) and nf(a'?), where ‘H’ stands for ‘high’ and ‘M’ stands for ‘medium’ (where,

M

using our original notation, o = o” and off = ). For ¢ = ¢ we know that the steady state

market clearing condition (A.7) is satisfied for « = @. Consequently, for ¢ = qg we have only
one additional steady state equilibrium (in addition to ng; = ng,_; = 0): n¥ (o).
It remains to verify which steady state equilibria are stable vs. unstable. A steady state

equilibrium is stable if
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Using the partial derivatives we get
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'Note that the expected net payoff from a venture is negative when ¢ > Jpy. In this case it can never be optimal
for investors to invest ¢.



First consider the zero steady state equilibrium ng; = ng;—1; = 0. Note that ng; 1 = 0
corresponds to a; = ¢/(dpy), in which case there is no capital supply (and therefore ng; = 0).

Evaluating the derivative at ng; = ng,; = 0 and oy = 1 = ¢/ (dpy) we get
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Thus, the zero steady state equilibrium ngp; = ng;—; = 0 is stable. Next consider the two
additional steady state equilibria for ¢ < <$ For the high steady state equilibrium ngvt(o/{ ) =

nfl,_ () we get
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This is smaller than one if
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We can then use (A.7) to replace ¢ in (A.9) and get
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This condition is clearly satisfied as ' < 1. Thus, the high steady state equilibrium nj (") =

ng,_,(a™) is stable. Finally recall that dn}, ,/dng,— > 0, with
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This implies that
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Thus, the medium steady state equilibrium n¥/, (™) = n¥, | (a™) is unstable.

Proof of Proposition 3.
We first derive the total expected utility of all investors in the high steady state equilibrium,

denoted by 7'U;. Using = a% — 1 we get
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where ypn g is the number of investors in each period.
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Next, recall from Proof of Proposition 2 that the total expected utility of all entrepreneurs
prior to entry in a given period, T'Ug, is given by TUp = %nE(hp (1 — )y (note that by
definition 7'Ug only reflects the expected utilities in the current period, and does not account
for the future expected utilities from angel investments). Using the entry condition for the high

steady state equilibrium,

1 1
ng=-—Up=—dp(l-a)y
HE UE

1 ooy .\’
14— Y _ 1) |, A.10
2pg <at+1 ¢ > ] ( )

we can write the total steady state welfare function W = l—ié (TUg +TUy) as
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To show that the equilibrium equity stake o* does not maximize W, we derive dWW/d«, and

then evaluate the derivative at &« = o*. We get
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Note that the market clearing condition for the high steady state (where ng; = ng; ;1 and

oy = (1) 1s given by
1
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Using this expression we can evaluate dWW/do at a = o, and get after simplifying
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Thus, dW/da|,_,. < 0, which implies that a* > a/®. Moreover, we can see from (A.10) that
dn’y/do < 0. Thus, n%, < ni’. O

Proof of Proposition 4.
With a founding subsidy Sg the market equilibrium is defined by
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From (A.12) we can immediately see that da*(Sg)/dSEr = 0. Using the entry condition
(A.11) we can then see that dn};,(Sg)/dSg = 1/ug > 0. O
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Proof of Proposition 5.

With a funding subsidy S; the market equilibrium is defined by
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Integrating the entrepreneur’s expected utility Ug(S;) and using 6A’t+1 = Q41 ‘% —1, we can

write the entry condition (11) as follows:
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Next, using (A.14) we define

Using H we get
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Recall the excess supply function ¥ («a) from our formal characterization of the dynamic equi-

librium. With a funding subsidy S; the excess supply function can be written as
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0. Clearly, H = ¢V («, S;) — ¢. Hence, 0H /0o > 0, so that da*(Sy)/dS; < 0.
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Finally, using the entry condition (A.13) we get
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Proof of Proposition 6.

Note that n},(S; = 0) = n};(Sg = 0) = nj},. Thus, to show that n%,(S;) > n},(Sg) for all
S; = Sg it is sufficient to show that dnj,(Sr)/dS; > dn},(Sg)/dSE for all S; = Sg. Recall
from Proof of Proposition 4 that dn},(Sg)/dSk = 1/ug. Moreover, using the derivations from

Proof of Proposition 5 we get
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We then get after simplifying
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We can immediately infer from (A.16) that X > 0, so that (A.17) is satisfied. Consequently,
n(Sr) > nj(Sg) for all S; = Sg.

Finally note that a*(S; = 0) = a*(Sg = 0) = a*. Moreover, we know from Proposition
4 that da*(Sg)/dSg = 0, and from Proposition 5 that da*(S;)/dS; < 0. Thus, a*(S;) <
a*(Sg) = o forall S; = Sg. O

Proof of Proposition 7.
We first analyze the effects in period ¢. With a one-time founding subsidy S, the equilib-

rium is defined by the following entry and market clearing conditions:

1 1 ) 2
ngy = — 5’yp(1 — Olt) Yy 1+ — (OéH_lﬂ — 1) + SEJg (AIS)
UE 201 ¢
1 0
YnEtp = E <0zt% — 1) yongi-1(1 — ai—1)y. (A.19)

Note that the stock of capital in period ¢ is exogenous. We therefore define K; = ypng,—1(1 —

a;_1)y. Combining the two equilibrium conditions we define
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Using H we get
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Moreover, totally differentiating (A.18) and using the expression for da; (Sg+)/dSE we get
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Now consider the effect of a one-time funding subsidy S7 ;. The equilibrium is then defined by
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Combining the two equilibrium conditions we define
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Furthermore, using (A.21) and the expression for da; (Sy+)/d St .
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Finally note that dn}; ,(Sr:)/dS1: > dn}; (Sp.)/dSg, for all Sy = Sp, if
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which simplifies to Z;,; > 1. We can see from (A.20) that Z;,, > 1, so thatdny, ,(Sr¢)/dS;; >
dny (Ses)/dSg, for all Sy = Sg,;. And because ny ,(Sr; = 0) = ng(Sp: = 0), this

implies that ny, ,(Sr¢) > nj,(Sg,) forall Sp; = Si ;. Moreover, we know that o (Sr; = 0) =

14



aj(Sg+ = 0). And the fact that do; (Sg)/dSg: > 0 and do; (Sr)/dSr+ < 0 then implies that
Oé;; (S[,t) < OCI(SEJ) for all SE‘J = S[,t.

Next we analyze the effects of the catalyst policies in period ¢ 4 1. The equilibrium in period
t + 1 is defined by
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where S; € {Sg, S1+}. For parsimony we define K;11(S:) = vpng+(St)(1 — o (St))y, which
is the stock of capital in period t+-1. Recall that n}; ,(S7) > ng (Se,) and o (S1¢) < af(SE,)
for Sg = Sr4. Thus, K;11(Srs) > Kiy1(Sky) for Sgy = Sp;. Combining the two equilibrium

conditions we define
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Using H we can implicitly differentiate a1 w.r.t K1 (S;):
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This implies that a;,,(S7:) < a;;,(Sg,.) for Sg; = Si,. Thus, a one-time funding subsidy
(S7.4) also results in a higher expected wealth for entrepreneurs with good projects, compared
to a one-time founding subsidy (Sg ).

Moreover, using (A.23),
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Consequently, ny, ;1 (S7¢) > nj ;41 (Se,) for Sg; = Sp ;. Following along the lines of the last

part of this proof, it is straightforward to show that ny ,,;(S1:) > np,;(Sg,) fori = 2,3, ...
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and Sg, = S, until the economy reaches the high steady state equilibrium. a

Optimal Policy.

To consider optimal policies we restrict our attention to non-discriminatory policies, where
the government pays the same subsidy to all entrepreneurs or investors. The proof proceeds in
three steps.

Our first step is to show that a funding subsidy S; generates a higher expected welfare level
than a founding subsidy Sg, with S; = Sg. The second step is to show that in our model there
is also an equivalence between investment subsidies and return subsidies. That is, our fund-
ing subsidies can be equivalently structured as investment subsidies at the time of investing, or
return subsidies in case of success. The final step is to show that, within the confines of our
model, there are no other feasible policies that generate higher welfare levels than the funding

subsidies. For parsimony we focus on the high steady state equilibrium.

(i) Welfare Comparison — Funding vs. Founding Subsidies

It is convenient to use S = 7S and S; = (1 — n).S, with n € [0, 1]. The total cost for the
government is then given by npS. Moreover, we assume that the government chooses S such
that it has a positive effect on the expected welfare. Using = a‘%y — 1, we get the following
expression for the total expected utility of all investors, 7'U;:

+52a-ms /5 11 1 fr 1
TU; = ~png / o <apy€+(1n)5> (1*Oé)y*d9+/A (1—a)y—df
0 ¢ kel 0 0+1i-ms Hr

= yme(l-a)y

)

1 Spy 11 )2
1+ — (a2 —14-2(1-9)S
g (o7 1 g5 0w

where ypn g is the number of investors in each period. Moreover, recall from Proof of Propo-
sition 2 that the total expected utility of all entrepreneurs prior to entry, 7'Ug, is given by
TUg = %nEéyp (1 —a)y. We can then write the total steady state welfare function W =
l_ié (TUE +TU[ — nES) as

. S] |

1 1 Spy 11 >2
5+1+<a* L2 14 —=(1-nS
5 27 (n) 5 CM( n)

W() = () [w(l ~a*(m)y

16



where n;(n) and o*(n) are defined by the following entry and market clearing conditions:

1 1 Spy 11 2 B
J = M[évp(l—a)y 1+2M(at+1¢—1+¢7(1—n)5’> +nS| —ng=0 (A.25)
1 dpy 11 )
= — ——-1+-=00Q-n)S 1-— —¢=0. A.26
M(ad) tgsA-mS)p—a)y—¢ (A.26)
Totally differentiating W (n3;(n), a*(n),n) we get
dW(-)  OW dng(n) oW do*(n) N ow
dp — Onp(n) dn  da*(n) dn on
We can immediately see that
ow 1 1 1
= — 1—a* —S5+1+-—2% -S| >0
o O PR U
ow 1 1 11
— = ——n; 1—a* —Z—=5<0,
o 5"l (n))ym poy
where 5 1
* PY
Z=a"n)—=-14+—-——=(1-n)S.
(=3 57 (=)
Moreover,
ow 1 1 1 1, dopy
= n — —6+1+—ZQ]+ 1—a*(n) — —}
o = T e |- |30+ 14 52| (- v 2%

Note that the market clearing condition (A.26) can be written as (1 — ) = ¢/ (pyZ). Using

this expression we get

ow 1 1 1
- 1— =0+ -—2°|.

Because § < 1, we find that 9W/da*(n) < 0.

Next, using Cramer’s rule,

VY,
on [ole"
OH 0H oJ OH OH oJ
d”*E<77) | Toan da T 9n da + on da
dn | 22 o | 2L0oH _ OH0J7
% da ong Oa ong da
OH  oH
ong Oa
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where 0J/0ng = —1, 0H/Ong = 0, and

- e 82 ) 2
68_1:7[ = —i%%Sp(l—a)y<O

% — —MLE57py 1+2im(at+15%—1+%%(1—77)5>2] <0
g_g _ ipy{(sl:%(l—a)—(Oz%—l‘f‘%%(l_n)‘s)}'

Furthermore, using the adjusted excess supply function W(«, 17) one can show that 0H /da > 0.

Thus,
. 0JOH _ OH 9J
dnE(n) _ 0n Oa on da
dn oH '

Ja
<~
>0
Clearly, dnj,(n)/dn < 0 if the numerator is negative. Note that « = oy in the steady state.

Thus, using the partial derivatives and simplifying we find that dn¥,(n)/dn < 0 if

_ oy gL L R 2}
1—0yp(1 a)yuIZ¢7]{¢(1 @) Z}<¢(1 a)épy[leQMZ :

Replacing the first (1 — «) in this condition by using the relationship (1 — «) = p;¢/ (pyZ2),
yields

dpy } 1 [ 1 2]
1-90)|—(1l—a)—Z| <=(1—-a)ipy |1 + —2%],
(=) |- a) — 2] < S - o |14 5
which can be rearranged to

1 1 d
0< 5(1 —Q)dpy—2° + 5ﬂ(1 —a)+(1—-9)Z.

2ur ¢
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This condition is clearly satisfied, so that dn},(n)/dn < 0. Likewise,

<0
0J  _9J A~
BnE 877 8H
* oH  _0H _8J 8H | OH 8J i
do (77) | Ong on _ Ong On ong On __ aT] >0
d o aJ  aJ T O8JOH _ 9H A —  OH
g ong Oa Ong O ong O« @_
OH  9H @
To summarize,
>0 <0 <0 >0 <0

——— N A
dW () ~ OW dng(n) N oW da*(n) N ow
dn  Ong(n) dn  Oar(n) dn on

Thus, dW (-)/dn < 0, which implies that n* = 0. Consequently, the optimal policy is a funding
subsidy S7.

(i) Equivalence Between Investment and Return Subsidies

Consider first the benchmark model. The new market equilibrium is then defined by the
following entry and market clearing conditions:

1 S
ng = —dévp(l—aq) <y + —R) (A.27)
05 0yp
1 5/) ( SR ) :| ~~
n = — |la— + — ) — 1| nuw. A.28
e 1 { o \" " oyp (A.28)

Combining these two conditions we define
1 SR 1 5/) SR ~ o~
H=—"—"6"p(1 -« (y+—)¢—— [a— (y—i—— — 1| nw =0,
(=) ovp pr | ¢ ovp

which characterizes the equilibrium equity stake o*(Sg). Implicitly differentiating a*(Sg)
yields

do*(Si) La(1 =)o = Lallia .
ds Sk 8 Se \ wi '
R l%E&y?p(y—i-WRp)(b—l—t—f <y+ﬁ>nw
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Using H we can derive the following expression for /%EW(l — a)¢:

1 d Sr ~~
1 M—I[a—f(y—l—ﬁ)—l}nw
—y(l—a)p= . :
2 6vp (y+ W’;)

Using this expression we get

do*(Sr) et 101 0

| R e e A

Moreover, using the entry condition (A.27) with (A.29) we get

1 1 1>

dn(Sp) _ 1 [ da*(Sg) ( Sk > 1 } 5"
——r =0 - +— ]+ (1—-« = BE BT — > 0.
aSw T dse Ut a,) )Mp L2+ L1ng

Using the expression for dnj,(Sy)/dST as derived in Proof of Proposition 2, we can immediately
see that dn*E(SR)/dSR = d?’LE(S})/dS[ ThUS, n*E(SR) = TL*E(S]) = TL*E(SE) for all SR = S[ =

Sk.

We now consider the effect of Sy in the dynamic model, focusing on the high steady state
equilibrium. With a return subsidy S > 0 the expected utility of an entrepreneur in the high
steady state equilibrium is given by

i1 8p Sk Sk 1 wr Sk 1
Ug(Sg) =19 / (a (+)—9) 1—a(+>d9+/ 1—a<+)d6
5(Sr) = dvp [ | o \ Y5, ( )|y vp ) 1 §t+1( )|y vp )

where @H = Oét+1% (y + (gi—’;) — 1. Thus,

Up(Sk) = d7p (1 — a) (y+ i_];)

1 p Sk 2
14+ — — — ] -1 .
2 (at“ ¢ (y i 57/}) )
The high steady state market equilibrium is then defined by the following entry condition and
1 8p Sk 2
14— — — ] -1
" 2 (am ¢ <y " 570) )

1 op Sk SR
_ (. 0r PR 1) 01— adia A31
[ir (a ¢ <y+ 5’YP) )p( “) (y+ Mp) ’ (A1

market clearing condition:

(A.30)

1 S
ng = —oyp(l—a) (y+5—R>
pE vp

|



where (A.31) defines o*(Sg), and (A.30) then defines n%,(Sg). Using (A.31) we define

_ L[ or Sk _ Se\ L _
H_uz(aﬁb(w&vp) 1),;(1 a)(erMp) ?=0

Using H we get

oOH

dor(Sw)  mr(—a)[add(y+5m) 4+ (a2 (y+ £2) 1) ] |

Furthermore, using the adjusted excess supply function W(«, Sg) it is straightforward to show
that 0H /O« > 0 in the high steady state equilibrium. Thus, da*(Sg)/dSr < 0. Moreover,
totally differentiating (A.30) we find

%:_ adé R)_(Syp(eréR) 1+2_(0‘t+15p<y+5_]%>—1>]+%m,
f HLIJLE P Hr vp R
<0
where

SR) 1 ( 5p( SR) ) 111
o+ 22 2 (P (y+22) 1) gy == | > 0.
(y ovp) 1 \ M \Y T 5yp oy

Thus, dTL*E(SR)/dSR > 0.
Next we show that nj,(Sg) = nj;(Sr) for all Sp = S;. For this we consider a mix of the

two subsidies, wSg + (1 — @)Sy, with w € [0, 1]. The expected utility of an entrepreneur is

then given by
S #t+1-1 1 A |
Us(Sn, S1) = 570 (1 a) (y ¥ wé—R) [ [ o ras | —de} ,
r‘)/p 0 ILLI Zt+171 IU“I
where 5 s 1
Zi41 = Oét+1gp <y + wﬁ) + g;(l —w)ST.
Now define
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which can be written as

1
adp (y + w&) =¢z——(1—w)S].
oyp gl

Integrating and using this expression we get

1
UE(SR,S[) = [(Wpy + WSR + (1 — w)S] — ’7@52] |:1 + 2—/“ (Zt—i-l — 1)2:| .

The high steady state market equilibrium is then defined by the following entry and market

clearing conditions:

1
ngp = —[0ypy + @Sk + (1 — @)S — 72| [1 + 5 (241 — 1)2} (A.32)
HE 2pr
1 ép SR 11 Sk

Next we show that dn’,(w)/dw = 0 for S = S;. Note that in the steady state equilibrium

= ou41, so that 2 = z;,1. Evaluating the total derivative at Sp = S; = S we get

dn’,(w) _ _ Onj(w) dz N ony,(w)
dw Sp=S8;=S 0z Sp=S51=S dw Sp=S;=S Ow Sp=S51=S
where - . )
np(w) = —[S-5 {1 +— (241 — 1)2} = 0.
Ow Sp=S;=s ME 2y
Moreover,
dz “(w) 11
— = —— (0vpy + @S —(1—a)—=S
dw Sp=S;=S okl ( ) dw Sp=S;=5 ( ) (oXe'

Using (A.33) we get

da* (w)
dw

19) 04 ) + (0 (v ) -1+ 130 ) ]
Yy

re ) 0= (% (k) -+ 1302

1
¢
I Ta1

Fog) 1)
(o) [ (0 225) -0~ (0% [ mgf) -1+ 350-39) ]

1-a)s
Svpy + @S’
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Consequently,

dz

dwo

11 U=a)S gyt

kel

(0vpy + @)
Sp=S1=s ®7

oypy + @S a

dn},(w)

so that —2~ ‘ = 0. Thus, dn};(Sg)/dSgr = dn};(Sr)/dS; for all S = Sy, so that
Sp=5,=5
% (Sr) = n'(Sy) for all Sy = Si.
Finally, let

SR
Ew*(w)] = ovp (1 — ) (y+w—>
() o
denote an entrepreneur’s expected wealth in the high steady state equilibrium. Evaluating the

total derivative of F [w*(w)] w.r.t. @ at Sgp = S; = S yields

S S
y+ w—) +0vp (1 —a) —
Sre=Sy=S ( 0vp s ) oyp

6fypy(1—a)S+(1—a)w52—57p(1—a)5<y+wi)
0.

dE [w*(w)]

dw Sp=S;=5

do* (w)
dw

= —0yp

dvp

oypy + @S

This implies that E [w*(Sg)] = E [w*(S)] for all S = S;.

(iii) Alternative Policies

To identify the set of all feasible non-discriminatory policies, we first consider what states
are verifiable for the government to base a subsidy on. The first verifiable action is entry. Our
founding subsidies are conditional upon entrepreneurial entry, and by definition apply only to
entrepreneurs but not investors. The next verifiable action is investment. Our model already
captures investment subsidies to either entrepreneurs or investors. One additional verifiable
variable at the investment stage is the investment price «; we return to this shortly. Finally,
the outcome of a venture is verifiable. Our model already captures return subsidies in case of
success. It is easy to see that any subsidy to failure would behave equivalently in our model (but
would raise concerns about moral hazard in any model extension with private effort).

The only alternative policy to consider here is therefore any subsidy that is contingent on «,
as mentioned above. We claim that for any subsidy contingent on «, there exists an equivalent
investment subsidy that is not contingent on « (and is therefore already accounted for in our
optimality proof). Consider a generic investor subsidy S;(«a), where for simplicity we assume
that S;(«) is weakly monotonous in « (this can be relaxed too). The equilibrium of the model

is again characterized by equations (11) and (12). Consider now the equilibrium level o*, and
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the associated subsidy S;(a*). Next define a non-contingent subsidy S; = Sr(a*). It is imme-
diate that S} also satisfies the same equilibrium conditions (11) and (12) as S;(«*). Therefore
it achieves the identical market outcome. It follows that any subsidy contingent on « can also
be replicated with a subsidy that is not contingent on c.. Consequently there cannot be any con-

tingent subsidy that achieves a higher welfare than the non-contingent optimal funding subsidy.

Funding Subsidies and the Tax Incidence Equivalence Result.

Suppose the government either pays the monetary subsidy S;_g to entrepreneurs, or the
monetary subsidy S; to investors, with S;_p = S;. When offering S;_g to entrepreneurs, the
market equilibrium is defined by the entry condition np = #LE [0vp(1 — a)y + S;_g], and the

market clearing condition

1 11 0 -
—[0vp(1 — )y + Si—p| ¢ = — [aﬁ - 1] nw. (A.34)
UE 1224 ¢
Implicitly differentiating (A.34) yields
dOé*(S[_E) . MLE7¢
S Tovpye+ Lmng
I-E up O 1PY wr ¢

Moreover, using the entry condition and the expression for da*(S;_g)/dS;_g, we get

dni(S1-p) _ 1 [, _ Mpyda*(sf_E) _ LW
dSr-E KE dSr-E F%EW% + iéﬁfﬁ

Finally, using the expression for dn};(Sr)/dS; as derived in Proof of Proposition 2, we can
immediately see that dn};(S;-g)/dSi-g = dn};(S)/dS;. Thus, ny(Sr—g) = n}(Sy) for all
Sr_g = Sr. Consequently it does not matter whether entrepreneurs or investors get the mone-

tary subsidy; it always leads to the same equilibrium level of entrepreneurship nj,.

Leveraging Investments.
Suppose that each venture requires the investment w¢ from smart angels; the remaining
amount (1 — w)¢ is then offered by other investors. We assume that the other investors have

sufficient capital, so they can always supply yng(1 — w)o.
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Consider first the benchmark model without intergenerational dynamics, where the amount
(a% — ) nw is supplied by smart investors. The market equilibrium is then defined by the

following entry condition and market clearing condition (for smart capital):

ng = Ug=vyp(l—a)y

YNpWo = (Oé& — 1) nw,
¢
where the remaining capital yng(1 — w)¢ is supplied by the other investors. Note that these
equilibrium conditions are technically equivalent to (1) and (2). Thus, Propositions 1 and 2 also
apply for any w € (0, 1). Moreover, note that the total supply of capital (i.e., smart capital plus

¢
in w (i.e., the smaller w, the larger the total angel market).

capital from other investors) is given by % (aﬂ — 1> nw, which, for a given «, is decreasing

Next consider the dynamic model with intergenerational linkages. When angel investments
can be leveraged, the equilibrium is defined by the following entry condition and market clear-

ing condition (for smart capital):
Np: = U Ejt

YEwWd = {at% — 11 yongi—1(1 — 1)y,

where the remaining capital ynpg, (1 — w) ¢ is supplied by the other investors, and

O 41 oy 1
Ugt=p [/ <at+1— - ) (1 — ;) ydo —i—/A (1—ay) yd@] )
0 ¢ Orv1

In the high steady state the equilibrium conditions simplify to

ng = Ug

Ly py
= —|la—=—1|p(1-— .
¢ - {a 5 } p(1—a)y
Again we note that the equilibrium conditions are technically equivalent to (7) and (8) (with
ng = ng; = nps1 and o = o = o in the steady state), so that the main results from
Propositions 3-6 continue to hold for any w € (0, 1). Furthermore, note that the total capital

supply = [a%y — 1] p(1 — )y is decreasing in w (for a given «), so that a smaller w implies a
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larger angel market.

Serial Angels and Entrepreneurs.

We first extend our benchmark model without intergenerational linkages by allowing for
serial investors. Specifically, each investor can make another investment in the next period with
probability o;. Using 0 = a% — 1, we can write the marginal return for an investor, denoted
by R, as

6 1 o 1 2
R:/ (aéﬂ—ﬁ)—dﬁnL/ —d9:1+—<a5ﬂ—1)
0 ¢ K 9 MrI 2/,LI gb

To ensure that investors reinvest their wealth whenever possible, we assume that 6 R > 1. Let
U? denote the expected utility of a serial investor with initial wealth w. We assume that o7y is
sufficiently small so that 076 R < 1. In the steady state U is then given by

R

~ 2 w
U =(1—or)WR[1+ 0r6R+ (076R)* +..] = (1 —0y) wm'

We also assume that in each period there are 7 new investors who can invest in ventures (or in
the safe asset).

The expected utility of an entrepreneur is Ur = dyp(1 — «)y, so that the entry condition
is given by np = l%Edvp(l — a)y. Moreover, using the entry condition we get the following

market clearing condition:

iév%(l —a)yp = kS (ofsﬁ - 1> K,
HE M1 ¢

where K is the total stock of capital. In the steady state we have

1

K =nw [1 + O‘]R"‘ (O'[R)z + } = mnw
— 07

Note that K > nw. Using the market clearing condition () we can implicitly differentiate o

with respect to K:
1 dpy

<
1 5.2 1 dpy
dK ME&Y py¢+#[ ¢>K
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Consequently,

dn’ 1 do*
=——9 >0

<0

i.e., serial angels increase the supply of capital (because K > nw), and therefore increase the
overall level of entrepreneurship.

Now consider the effect of a founding subsidy Sg. The market equilibrium is then defined

by the following entry and market clearing conditions:

1
ngp = —[0yp(l — )y + Sk
KE
1 1 dopy 1
oy [5yp(1 — = — (o 1) — 7w
MEV[VP( a)y + Sel¢ o (a¢ )1_UIRnw

Using the market clearing condition (A.35) we get

1
do*(Sp) _ s 1?
dSe Lyyrpye+ Lag S 14 (gl 1) 149k
up O TPYP T ¢ 1-o/R é M=o R %1 0a
where R ) 5 5
_:_(aﬂ_l)ﬁw
da pr ¢ ¢
Moreover, using the entry condition (A.35),
LL%{D[M 1 +(a5ﬂ_1 1 06—3}
d’I’LE(SE) o L 1-56 dOé*(SE) _ WE I ¢ 1—0orR ) [1—orR)? I'ga
dSE _/~LE Py dSE o

1 1 ~~1[s 1 5 1 OR| "
Lovzoyp+ L [ L+ (a2 —1) Lo 9|

by

1
ng = —oyp(l—a)y
HE
1 1 dpy 11 ) 1 .
—0vp(1l — « = —|la——-14—-=85] ) ————==nw,
el vo( )y uz( ” Ll ey

where
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Using the market clearing condition (A.35) we get

1~~[11 1 Spy 11 OR(S))
da*(S1) prtW [55—1—011%(57) - ( —1+3 SI) M=o, R<s,>12‘71 95, }
dS; 152 150 | ey Spy 11 1 dR(SH |
! KE 072 py¢ + Pradid [ ¢ 1- O'IR(SI) + ( o SI) 1- UIR(SI)}ZUI 8041 }

Consequently, using the entry condition (A.35),

1 1 11 _ 11 AR(S1)

dnp(Sr) 1 da*(Sr)  uE E'Ypy 7 i wa - IR(SI) +( e —1+35 S’) = o,R(s,)]2UI 95, ]
aSr pp s T g ¢,+7W[L (a2 -1+ 115,) o 20T

g 077 PYe+ ¢ 1- ozR(SI) ¢ 6~°T [175112(5,)}2 1 9a

Next we show that dn’,(Sg)/dSg = dn};,(Sr)/dSy for Sg = S; — 0. Note that we have
a(Sg) = a(S;) = aand R(S;) = R for Sg = S; — 0. We can then immediately see that
dn};(Sg)/dSg = dny,(S;)/dS for Sp = S; — 0, is equivalent to

6% 1 7101R (a%y B 1) n- ;R}Q(’I% = 0wy [;}y 1 flazR (a% - 1) 1- ;RFUI 31;;’1) s,_o}
< Z—i = oy %&5[) oo’
Note that
OR i (a@ _ 1) opy OR(Sr) — 1 (aéﬂ/ _ 1) ll
o g 0 ) 051 |g,—0 M ¢ ¢

Thus, we can write the above condition as

L (aé'iy — 1) 5py i (a(s'iy — 1) (5py
K ¢ ¢ K o ¢ ’

which is clearly satisfied. Thus, dn},(Sg)/dSg = dn};(Sr)/dSy, and therefore n},(Sg) =
n}(Sy), for all Sp = S; — 0, i.e., both policies lead to the same level of entrepreneurship.

Finally we extend our dynamic model with intergenerational linkages by allowing for serial
angels and serial entrepreneurs. We then show that our main insight, namely that funding
subsidies generate more entrepreneurial activities than founding subsidies, remains intact. For
simplicity we focus on the high steady state equilibrium.

Suppose again that each investor can make another investment in the next period with proba-
bility o; the marginal return is still given by R as defined above. In the steady state the expected
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utility of a ‘first-time’ serial investor (i.e., an investor who just succeeded as entrepreneur) is

now given by

R

U7 = (1= 0o1) (1= )R [1+ o0 R + (010R)* +.] = (1= 01) (1 - )y —_—=.

where 070 R < 1.

Furthermore, suppose that each entrepreneur can start another venture in the next period
with probability oz.2 For tractability we assume that formerly successful entrepreneurs can
start a new venture and make angel investments at the same time. In this case we also assume
that the entire wealth is invested in other start-ups or in the safe asset, so that ventures started by
wealthy serial entrepreneurs are financed by different angels.> The expected utility of a serial
entrepreneur, denoted by U2, is then given by

Up = 67vpUy} 41 + 050U, (A.35)
where
Ris 1 oy -\
Us, ., =(1- 1-— _—— Rioi=1+— — =1 .
T = (1 —or)( a)yl T t+1 + 2 (at—H )

Solving (A.35) for U we get Up = 1=—07pUp,,,, so that the entry condition for en-

trepreneurs can be written as
1

HE

1 —o; Ry
1 —O'E(Sl _O-IéRt—i—l.

ng =

1
Up = —0vp(1 — )y
HE

Moreover, the market clearing condition is given by

L ( dpy >
Nop=—(a—=2 —1)K,
YNEo NI( p

20ne could set o = 0 to only allow for serial investors in our dynamic model with intergenerational linkages.
However, as it will become clear from the derivations below, our main result (namely, that a funding subsidy leads
to more entrepreneurial entry) also holds for og = 0.

3Note that this model is equivalent to a model where the entrepreneur can invest in her own company. This is
because an entrepreneur can always use her wealth to buy back the equity stake from the investor, which provides
her with the same expected return as investing her wealth in other ventures.
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where N3 is the total number of entrepreneurs (with good or bad projects) in the market, and

K is the total stock of capital. In the steady state we have

1
s
ng

Ni = ny+opny | +omnh o+ ... =nb [1+O’E+0]25+...]:1 >
—O0E

K = pyng(1—a)y+opynp_s(1 — a)yR+ojpyng_s(1 — a)yR® + ...

= pyi(l—a)y 1+ 0R+ (0/R)* + .. g (1—a)y.

- 1—0'[Rp

Using the definition of 2 we can then write the market clearing condition as follows:

2
<1—JI—012%” (a%—l) >gb:i<a%—l> (1—og)p(l—a)y.

Now consider the effect of a founding subsidy Sg. Using the entry condition and market

clearing condition we define

1 —o; Ry
1 —O'E(Sl —O'[(SRt_H

J = —{(Hp(l—oz)y +SE}—nE:0

HE

2
H = i(a%—l) (1—op)p(l—a)y— (1—01—012%” (aa'%y—l) )gb:O.

We get

_9J 9]
oSy O
OH 0H oJ 0H | OH 8J
* - = = == —_ =
dn’;(Sg) . 9Sg da | _ ~ 95g o« + 355 9a
o aJ  8J  0J 9H _ 9H 0J
dSE ong O« ong Oa Ong Oo
0H OH
ong da

Next, consider the effect of a funding subsidy S;. The marginal return function for an

investor, I, then becomes

6+5 351 11 1 weoooq 1 11 \2
R:/ ’ (a‘g’ﬂ+——sz—0) —d0+/ —dh = 14— (Oééﬂ—l-‘r——SI) .
0 ¢ oy [ 6+1ls, M 2p1 ¢ ¢y
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With S; > 0 the high steady state market equilibrium is then defined by the following entry

condition and market clearing condition:

1 — 07 Rt+1

1
= —doyp(l — — —
J UE ’Yp( a)yl — O'E5 1— O'[(SRH_1 e 0
1 dpy 11 )
H= —|oao—>-1+-—-S5 1—0 11—«
M( Wl ) (1= (- a)y

where

Using the equilibrium conditions we get

_ 01 9J
d5; da

_OH 0H _0J OH | OH 9J

dn;(ST) _ 95 0o | _ T 89S oa + 557 9a

- 8J 8J |  0JOH _ OH 0J>

dSI ong O« ong Oa ong Oo
OH  OH
ong Oa

where 0J/0ng = —1, 0H/Ong = 0, and

11 (it 14 118)

2 ié (1-a) l—or wrd~y

a5, up P M= ops [~ 076R11]°

OH 111 1 ( opy 11 )1

— = ——(1-90 l-o)y+or— |a———14+—=51| -

a5, gy L omlemay Im( ¢ 67" ) v

Q _ —ié 1—o7 Riyq

604 o UE ’ypyl — O'E'(S 1-— O’](SRt_H

OH 1 opy ( dpy 11 )] 1 < dpy 11 >
— = —(1-¢ —1l-a)—la—2—-14+==57||+0r— |a—= =14+ ==51 ) dpy.
o0 = E)”y[ s 107" o7 )1 Mo o771 )
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Moreover, using the adjusted excess supply function ¥ (a, Sy, 0, 07) it is straightforward to

show that 0H /O« > 0 for the high steady state equilibrium. Thus,

dniy(S1) — ifﬁp(l —a)y L—or 4 ¢7Tt+1
dST UE 1— UE5 [1 — 015Rt+1]
LL(1—0op)p(1—a)y+ortT| Lopy{=2h—sa—
ur @ UE 1-0gd 1—010R11
+ o ,
O
where 5 1 5 -
PY PY
T=a——-1+—=57 Ty =« -1+ -=55.
P b~ t+1 1T p 3

Note that n},(S; = 0) = n},(Sg = 0) = nj. Thus, we have n},(S;) > n},(Sg) for all
Sy = Sg > 0if dn’,(S;)/dS; > dn%,(Sg)/dSEg, which is equivalent to

111
1—o07 Eg;TtH 8_]—[

ovp(l —
7p( )yl_aE5 1 oy Oa
11 1 1—0'[ Rt—i—l 8H
——(1- 1— —T|$ o7
+ /Héb( or)p( a)y+ofm ] S e > o

Using 0 H /0« and simplifying we can write this condition as

Svo(1 1— o7 ié%Tt—H 1 opy ] T Ts
%O( _a)y1—0E5[1—015Rt+1]2 {( _UE) l7( —Oé)— }—i_a[ }

1 1— oy Ry
+LZ5( op)p(l—a)y+o; ] 1—0gdl—00Ri 4
)
> (1—op) {% (1—a)- T} oo,
Rearranging yields
=X

1—or 30 : [(1 —og) {5,@ (1-a)— T} + 01T5}

ovp(l — «
’Yp( ) 1 — ol [1 —070Rs11 o)
1 1—og Riiq
+6 qb(l og)p(l a)y—l—o]T] [1—0E51—015Rt+1 1} >—(1—-0op)T.(A.36)
EXQ
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Recall that 0H/Ja > 0 in the high steady state equilibrium, which implies that X; > 0.

Moreover, we can write X as

_ 1—o7 Rt—H _
1—0'[5Rt+11—0'E(5 ’
—_—

=0 =Lo

X

Note that L; > 1 because dR;;; > 1. Moreover, we can immediately see that R;,; > 1; and
because 0gd < 1 we have Ly > 1. Consequently, X5 > 0, so that condition (A.36) is satisfied.
Thus, dn},(S1)/dS; > dn’;(Sg)/dSE, and therefore dnj,(S;) > n},(Sg) for all S; = S > 0.
O

Growth Options.

Suppose each entrepreneur has a growth option with probability £, generating the exit value
2. With probability 1 — &, an entrepreneur does not have a growth option, and the exit value
is given by y, with y; < dys. We assume that y, is large enough, so that entrepreneurs would

always prefer to take advantage of the growth option. The expected utility of an entrepreneur is

then given by
§t+1 5 e 1 Kr 1
Ug: = ovyp(1—=¢) [/ (O{t_}rlﬂ — 8) (1 — ) y1—do +/A (1— ozt)yl—d9]
0 ¢ 1 Bt 1
Brt2 5ot 1 Br 1
+0vpE0 / (%Hﬁ - 9) (1 — ) yo—dbl + /A (1 — ) yp—db|
0 o) f1 Brso Hr
where
R Sou ~ dpy _
Ory1 = Oét+1% -1 Oryo = O‘t+2% -1 y=(1-8y + &0y

Note that a1 = 412 in the steady state. Following along the lines of our previous derivations

1 0py 2
1+ — — —1 .
+ 2 (at—i-l P ) ]

1 oy .\
1+ — — -1 )
+ 2 (Oét+1 p ) ]
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of Ug ., we get

Ugt = 0vp(1— )y

Thus, the entry condition is given by

1 N
ngs=—0vp(l—ay)y
HE



Note that the capital demand is given by yn g ;¢. Moreover, note that in period ¢ capital is
provided by former entrepreneurs without growth options (in ¢—1), and by former entrepreneurs
with growth options (in ¢ — 2). Thus, the market clearing condition can be written as

1 opy 1 opy
YNE+p = — [atpy - 1} Yo (1 =& npi—1(l—ou—1)y1 +— [atpy - 1] vpéng—2(1—ap_2)ya.
I ¢ Kr ¢

In the steady state we have np = ng¢—1 = ngy 2 and ¢ = o = o1 = ay_3. Thus, the
high steady state market equilibrium is defined by the following (simplified) entry and market

clearing conditions:

1 N 1 5oy 2
ng = M—E(S’yp(l—a)y 1+2—M(&t+1?—1)]
o = 1] - [0+ el

where § = (1 — &)y + £dy2. Note that the structure of the equilibrium conditions is the same
as for our model without growth options. Thus, both models are equivalent, implying that all of
our main results carry over to the model with growth options.

Next, define

H

i Oéd—p [y1 + € (0y2 — y1)] — 1} p(1—a)pn +&(y2 — )] — o =0.
pr | ¢
Thus,

>0

(1= a) % G = ) b+ € = 30)+ [0 T+ B = )] = 1] = )

da*
- oOH
df Do

Recall that 0H/OJa > 0 in the high steady state equilibrium. Thus, da*/d¢ < 0. Furthermore,

we can immediately see that n%, is decreasing in «, and increasing in &; thus, dn%,/d¢ > 0.
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Finally note that the number of angels in period ¢ is given by na; = vp (1 — &) nps—1 +
vpéng—2. Thus, the number of angels in the high steady state equilibrium (where ng; 1 =
ngt—2)is n’y = ypny. We then find that

dn’ dny,
= > 0.
e~ P e
~—
>0

Small Open Ecosystem — Proof.

Throughout this proof we focus on the case with A\ < = % — 1, so there is always some

foreign investment for sufficiently high «.

The entry condition and the market clearing condition are then given by

1 oy -\’
14— (a2 1) | —np=0 (A37)

1
J = —b 11—«
HE 7 )y 2pr ¢

H 1 {(aaﬂ — 1) vp(l — o)y + <Oz(Sﬂ —-1- )x) L’ﬁiﬁ} —v¢ = 0. (A.38)
for ¢ ¢ ng

Applying Cramer’s rule we get

8 g
am®@) ong
. _ 9H  8H __9J_OH | oH_ 0]
da* a(rm) Ong | 0@mw) ong | 8(nw) ong
nw 8J  9J 9J OH _ 8H dJ
dnw da  Ong Oa Ong Oa Ong
9H OH
Oa ong

where 0.J/0\ = 0, 0J/0 (nw) = 0,9J/0ng = —1, and

on _ 1 <a5py—1—x> %m<o
8nE 123 ¢ TZE]
oJ opy
9 = ——dvpy 1+27 <at+1§) - 1) ] <0
OH 1 dpy ) 1
— = — —-1-X)—>0
oD ( 5 nE
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Using the adjusted excess supply function ¥(«) one can show that 0H /0« > 0 for the high
and low steady state equilibrium. Thus, do*/d (nw) < 0 Likewise,

<0 >0
9J  _ _0J AN/
Oa o(nw) o0J OH
oH OH aJ _OH | 9H _dJ - —
dny | 9a “8@m) | _ “oad@mn) " oadmn _  Oa d(nw)
d (7o) o o) 97 OH _ OH 01 o7 0H oH ~
o Ong Oda Ong Oa Ong — — +
da  Ong V<0 \\<,-/O A

Next we show that the low steady state equilibrium disappears for sufficiently high nw. For
this we use the adjusted excess supply function ¥ («), with

which, in conjunction with the entry condition (A.37), describes all ownership stakes « that
are associated with all possible steady-state equilibria. We can immediately see that for o <
¢/ (6py) there will be no capital supply, i.e., I (o < ¢/ (dpy)) = 0, whereas the entry condition
(A.37) implies that ng(a < ¢/ (dpy)) > 0. Consequently, ¥(a < ¢/ (dpy)) = 0 < 1. And
when a = 1 we can infer from (A.37) that ng(ow = 1) = 0. Thus, lim,,; ¥(a) = co > 1.
Moreover,

d¥(a) 11 Spy 16py 1 __ Spy 1 1 dng(a)\ « -
do mlpw“‘“”wnma)m"*(a‘Ql (-5 )”“’"’y}

e ) M] |

From the entry condition (A.37) we can see that dng(«)/da. Thus, ¥(«) is monotone and

m;(a)m} -t

increasing in & when nw — oo. This in turn implies that then there exists only one «, denoted

2ola) > 0, the

=

by o/, satisfying the above excess supply function W(«). And because
unique steady state equilibrium n’ (') is stable.

Next, we analyze the effects of a founding subsidy Sg. The entry and the market clearing

1 opy ?
14+ — -
+ 2 <Oét+1 ) >

H i{(a(s'%y—l)vp(l—a)y%—(a@—l—)\) Lﬁﬁ?}—w:O.

conditions are then given by

+SE —TLEIO

J = — [Mﬂ(l—a)y

¢ ng
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Applying Cramer’s rule we get

_8J aJ
Sy Ong
do* _OH O0H _8J 0H OH 8J
o dSp ong | _ ~ 8Spong | 8Sg ong
N 0J  dJ © 9JOH _ 9H 0
dSg da  ong Oa Ong Oa Onp
oH  9H
da BTLE

OH —i(a@—1—A) L G@ <o

ong Hr ¢ [nE]

aJ 1 1 opy )2

= sy i+ — (a2 1) | <.
B g TPy 2% ( t+1 p)

Moreover, using the adjusted excess supply function W(«, Sg) one can show that 0H /O > 0
at any stable steady state equilibrium. Consequently, da*/dSE > 0. Likewise,

aJ _ aJ
Ja 0Sg
OH O0H oJ 0H 0H 9J
dn;(Se) | 9a T9Ss | " 9adSs T 0a 95s
- aJ  aJ - 9JOH _ OH 0J
dSE da % Oa Ong Oa Ong
oH  9H
O ong
>0
~~ =
o |
= O HF >0
e 2ur \"tH1 g pr ¢ [ns)® (oo’
<~
>0

Consider now the effects of a funding subsidy S;. For this it is convenient to write the entry

and the market clearing conditions as follows:

1 1 Spy 11 )2
J = —éyp(l—-«a l+w— |agp1— —14+-—=8 —ng=20
g 7o ( )y 2#!( t+1 P o I E
1 ) 11 0 11 1
H = [w(apy—l—i-S[)’yp(l—a)y—i-(apy—l—)\—i-S’[)ﬁ@}—’ygb—(),
B ¢ R ¢ ¢y ) ng
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with w € {0,1}. For w = 0 and n > 0 (only foreign angel investors) we can combine .J and

H so that the equilibrium ownership stake a*(S7,w = 0,7 > 0) is defined by

i(572,0(1 —a)yp = 1 (aéﬂ —1=-X+ llS}) naw.
KE Hr ¢ ¢

Implicitly differentiating this equilibrium condition we get

do*(Sp,w=0,n>0) M—llé%ﬁiﬁ

= <
1 2 1 6py =
dsSy 2507 Pyd + Lo nw

Moreover, we know from Proposition 5 that da*(S;, @ = 1,n = 0)/dS; < 0. This implies that
for w = 1 and n > 0 we have da*(S;)/dS; < 0. Furthermore,

' aJl  _aJ
da 95,
\ oH _oH |  _0JoH . 0H O
dnp(S1) | 3a “os; | " 9a9s; T da 05,
= = 9] 0H _ 0H 9] °
dSy ' g8 2L ‘ Oatns ~ Do Ong
OH  OH
Oa BnE
where 0J/0ng = —1, and
0J 1 1 dpy 11 ) 11
L )y (Y 11 oS ) =0
05, ~ w " )ym( g 677") 6v
o0H 111 _—
_— = ——=- l—a)y+ —nw| >0
oS 1 @Y [Vp( Jy ng ]
OH 1 ( dpy 11 ) 1
— = — a2 —-1-A+-=-85;)| —nw<0
ong pr ¢ el g’
dJ 1 Spy 11 \?
e TRk 14--5) | <o
e Py +2 (Oétﬂ p +¢7 1>
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Moreover, using the adjusted excess supply function ¥(«, S;) one can show again that 9 H /Do >

0 at any stable steady state equilibrium. Thus,

2
1 111 — B~ ot
(S 25070y {1 + 2 (Hm + 3 Sz) } Y [w(l a)y + nEnw}
dSy - 1 1 11 = oH
(Wpy [1 + 5 (6’t+1 + < SI> } > (9 A+ = 51> an—i— 9
>0
>0
oH
e ,%E (L — )y <9t+1 + 5251 é%
+ < 2 oH = 0
1 1 (p 11 1 (p 11 1~~~
2070y [1 + 3 <9t+1 + 5;5;) } == <0 — A+ E_SI) e W T 0
=~
>0
where 5 5
92&%—1 9t+1 :O[H_l%—l.

For the policy comparison we evaluate the two derivatives, dn},(Sg)/dSg and dn},(Sr)/dST,
at Sp = S; = 0. Note that o*(Sg) = «*(S) for Sg = S; — 0, and

OH (Sg)
O

_ OH(S))

Sp=S;=0 da

1 0 ~ 01 __
= —py [ﬁfy(l —a)—0+ ——nw] . (A39)
Sp=S;=0  MI ¢ ¢ng

Thus, for Sp = S; — 0, we can immediately see that dn’,(S;)/dS; > dn},(Sg)/dSEg if

1~ 111 1
oypy [1 + —0 1 [fyp 1 —a)y+ —nw]
2ur M prény S ng
OH(S ~ 11 O0H(S
+ a( I) 5’yp (1 _a)y ‘9t+1__ a( E) (A.40)
Using (A.39) we can see that a sufficient condition for (A.40) to hold is
1 111 1 1 dpy ~ 01 __
o y{—l——G ]———[ 1—&y+—nw]>—y[— -« 0+ —-—nw|.
ol 5 e 7ol =)y + A Tl —a) =7y pim.

Note that this sufficient condition can be simplified to

[5py (1—a)+ éinw] > —40),

1~
9 g
¢7 png

t+1

39



which is clearly satisfied. Thus, dn},(S7)/dS; > dn}(Sg)/dSg for Sg = S; — 0, so that
n*E(S[) > TLE(SE) for SE = S] — 0.

Monetary Entry Subsidy.

Suppose entrepreneurs receive a monetary subsidy Sp. This would allow entrepreneurs with
good ideas to buy back the equity share [ from their investors. The equity stake /3 is such that
investors are indifferent between accepting Sp and giving up the equity 3, and keeping the
equity stake «, i.e., (o — 3) dpy + Sp = adpy. Thus, 8 = §E$ Entrepreneurs with bad
ideas, on the other hand, simply consume Sg.

Consider first the benchmark model without intergenerational dynamics. The expected util-

ity of an entrepreneur is then given by
Up = yp(1 —a+ B)y + (1 —4)Sp = d7p (1 — a) y + S,

so that the entry condition can be written as ng = /%E [&yp (1-—a)y+ S, E] Moreover, the

market clearing condition can be written as

yngpp = L Kaé’iy — 1) W+ Sp — B(Spy] n
o ¢
& MLEV [57p(1—a)y+§E}gb = i(ad’%y—l) wn.

Note that the new entry and market clearing conditions are formally equivalent to (A.3) and
(A.4) (with S = S ). Consequently, the expected wealth of an entrepreneur is higher under
a funding subsidy than a monetary founding subsidy, i.e., E[wg(Sg)] < Elwg(S)] for all
Sp = Sr.

Next consider the dynamic model with intergenerational linkages. Entrepreneurs have now
§E, in addition to (1 — )y (in case of success), available for investments. Using é\t+1 =
Qi1 ‘% — 1 we can write the new expected utility for an entrepreneurs as follows:

§t+1 6 . 1 134 ~ 1
Up = / <at+1py_9> [57p(1—a)y—|—SE] d9+/A [570(1—a)y+5E} —df
0 0 Hr 9 rr

t+1
~ 1 opy 2
= {57p(1—a)y+5’E] 1+2M(Oét+1¢1> ] .
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Thus, the new entry and market clearing conditions for the high steady state are given by

1 opy ?
14+ — 1
+ 2 <04t+1 ) > ]

o = i(a%—l) {p(l—a)y—l—%gE]

1 1 ~
ng = —Up=— [57/)(1_(1)3/4‘519]
HE HE

We define

Using H we get

OH(SE
dSg a(a )
where _
OH(Sp) 1 {My[ 1~} ( dpy ) ]
=— | lpl-a)y+ -9 - (a2 -1 > 0.
%0 o p( )y o ” Py

The expected wealth of an entrepreneur with a monetary founding subsidy Sg is E [w(§ £)] =
dyp (1 — a*(gE)> y + Sg. Thus,

~ ~ 1 %[O 4
dE[w(Se)] _ | Mpyda*(SE) L 0Py (a (Sp)°5" - 1)
dSg dSg 2H(5) '

With a funding subsidy S; the expected wealth of an entrepreneur is given by F[w(Sy)] =
dvp (1 — a*(Sr)) y. Recall from Proof of Proposition 5 that

do*(S1)  psyr(1—a"(S1)y

as; 9H(Sr) '
Oa
where OH(S)) L Ts 5 .
1 Py py
Ly a__1+__s) } -0,
Thus,
dE[w(Sp) _ o da*(S) _ pre0pyp(1—a”(S1)y
as,  ~ UPTas T FIHER)

oa
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Next we show that dE[w(S)]/dS; > dE[w(Sg)]/dSg for the limit case S;, Sp — 0. Note
that a(S7) = a(gE) = « for 57, Sy — 0, and

OH(Sr)
Oa

_ OH(Sk)
§7=0 oo

SEp=0

Thus, dE[w(S;)]/dS; > dE[w(Sg)]/dSg is equivalent to

(5pyi {@(1—@— (oz(s'.;y—1>] > g—[j

pr | @ )
P 1oy 5o MY 1y (a2
e (I1—a)—9 <a 5 1) > 5 (1—a) <a 5 1)

S0 > 46

which is clearly satisfied. Thus, dE[w(S;)]/dS; > dE[w(Sg)]/dSg for Sy, Sp — 0, and con-
sequently, E[w(S;)] > E[w(Sg)].
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Boundary Condition — Serial Angels with Non-monetary Subsidies.

Consider our benchmark model without intergenerational dynamics. Moreover, assume that
these external angels can invest in two periods, ¢ and ¢ 4+ 1 (serial angels). We also treat the
proportional entry cost of angels 6k, as well as the financing subsidy S, as non-monetary. For
example, we could interpret 6k as an angel’s private cost of effort when investing the amount
k in new ventures. Without subsidies, it is then easy to see that the critical investment cost 0 is
still defined by 6 = a%2¢ — 1.

®
With a founding subsidy Sg ; the market equilibrium in ¢ is defined by

e = - [0vp(1 — a)y + Sg,l (A.41)

1
L
1 1 0 -
—[6vp(1 — )y + Sgdp = — [atﬂ — 11 nw. (A.42)
KE 2
Using the market clearing condition (A.42) we get

do; (Sg.y) el
= o= " 0.
dSp —57 pYP + ﬂnw

Moreover, using the entry condition (A.41),

> 0.

* * 111
dnj, (Sg.) 1 [1 _ (prdat (SE,t)} _ 1B 11 (Z)nw

dSE,t HE dSE,t 2¢ + ;Tfam”

The expected wealth of an angel in ¢ + 1, denoted w1 (Sg,) is then given by

_ 1 [0 dpy 1 Broq 1_ 1 < dpy >2
SEgt) == S d9+/ —db 14+ — Spi)— —1
DS =50 [/0 R NN ] 57 |1 \ B

Thus,

w1 (Se) _51o1 Spy dei; (Se ) dpy 2%%%7“’ (O‘t(SE )% - )
Qe = a(Spe)—— — 1) ——

oy _ ki > 0.
dSE 0 pr dSg: @ qu + L1lnw

M1 @
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Next, consider a non-monetary funding subsidy S; ;. The market equilibrium is then defined
by

1
npy = —0oyp(l—ay)y (A.43)
HE
1 1 ) 11 .
— 6 p(1 —)yp = — atﬁ — 14+ —=54| nw. (A.44)
UE Hr ¢ R

Using the market clearing condition (A.44),

1 11>~

doi(Sre) _ oy <0
dSry L6y pyd + - Bnw
And using the entry condition (A.43),
* * B S U ot
dnE,t(SLt) _ —i&ypydat (Sf,t) _ HE HI ¢nw > 0.
dSr UE dSr —72625 + —lﬁﬁ?

Furthermore, the expected wealth of an angel in ¢ + 1, w;,1(S7), is given by

1_[ [o+iasm Spy 1 m 1
Wer(Sry) = <@ / a(Sr) 2 —dg + / —d@]
0 0

o | ¢ pr 6+11s;, M1
10 1 dpy dpy 11
= =W 1—|——(th S]t ——1) (Oét S[}t ——1+——S[,t .
N (57 ¢ () ¢ ¢y
Consequently, using the expression for da; (Sr)/dSt .,
e (Sre) 11 [daf(Sie) dpy Sy 11 N @, doi(S1.4) dpy
S o' | iSre @ (arts10%8 =14 3 2510) + (5108 -1) iSre @ }
1_1 dpy 11
5 (““S“’v 55
b 1% (00500 9 1) = Bt 35370 [ (oS0 % 1) + 53]

2 1 1~~
nw
HE ¢+F‘I

dn*Eyt(SE,t) _ dn*E,t(SI,t)

Note that . Thus, n3; ,(Sg,) = nj,(S1,) for all Sg; = S ;. Moreover,

dSp.  dSm
because %ﬁi’t) > 0 and M < 0, we have o} (Sg,) > a;(Sy,) forall Sg, = Sp,. Itis

fz+1(SEt) N dwi11(S1,)
dSEyt dSI,t

then easy to see that ,s0 that W1 (SEt) > Wi (Sry) forall Spy = Sps.
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Next consider period ¢ + 1. For parsimony we assume that the government does not provide
a subsidy in ¢ + 1. However, it is straightforward to show that allowing for a subsidy in ¢ 4 1
does not change the results below.

The market equilibrium in ¢ + 1 is defined by

1
NEt+1 = —0vp(1 — 1)y (A.45)
HE
1 1 0 ~
—5’72P(1 — Q)Y = — [Oétﬂﬁ - 1] nth(St), (A.46)
UE Hr ¢

where S; € {Sg4, Sr+}. Using the market clearing condition (A.46), we get

1 opy 1| > dwet1(St)
day ,(S)) [atﬂ ¢ ]” dsS;
a2 8 Sk 2 P ‘
dsSy ,%E(s'YzPZ/(b + i‘%nwt+1(st)
Recall that e300 o @0el®10) For §p, = 57, — 0 we then find that (——da?;;ff’t)) >
<_%§M)> . Furthermore, using the entry condition (A.45),

=5

aln*m+1 1 _alo@‘+1
dSt 1% ’

£ (S £ (S o
The fact that <—%};f’t)> > (_%};;,0) then implies that n}, , | (Sg,) > 1} 41 (S1e) for
SEt == S]t — 0
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