Chapter 6
The Normal Distribution
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Crystal size The crystals of a certain mineral are cubes. The length of the sides is a variable

that has the density curve shown in Fig. 6.3(a)E, where length is measured in millimeters Z g
(mm). Using the facts that the equation of this density curveis y = /2 for 0 < z < 2 and J ' ~ } ’() b \f‘é
that the area of a triangle equals one-half its base times its height, we see that the area under Q > L} ’
this density curve to the left of any number x between 0 and 2 equals z” /4, as shown in Fig. q
6.3(b) L. — 4 8 Lf
®
Figure 6.3 Determine the percentage of these crystals that have side lengths 0)

| 51§ YY A
-0 a. less than 0.5 mm.
.-"--_

0.5 b. between 1 mm and 1.5 mm.

c. at least 0.25 mm.
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(b) Area under the censity curve to the left of x




Heights of Female College Students A midwestern college has an enrollment of 3264
female students. Records show that the mean height of these students is 64.4 inches and that
the standard deviation is 2.4 inches. Here the variable is height, and the population consists
of the 3264 female students attending the college. Frequency and relative-trequency
distributions for these heights appear in Table 6.115. The table shows, for instance, that
7.35% (0.0735) of the students are between 67 and 68 inches tall.
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S6-under 57 3 0.0:009
57-under 58 & 0.0018
58-under 59 26 0.0080
aY-under U 4 L2
60-under 61 147 0.0450
61-under 62 247 0.0757
62-under 63 B2 0.1170
63-under 64 483 0.1480
B4-under 65 559 0.1713
65-under 66 514 0.1575
66-under 67 359 0.1100
Chm 68 240 0.0735 b
=Ta gy g g gy T2 D037 4
69-under 70 65 0.0199
F0-under 71 24 0.007 4
T1-under 72 7 0.0021
F2-under 73 5 0.0015
T3-under 74 1 00003



Figure 6.14
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Standard normal distribution and standard normal curve

Key Fact 6.5: Basic Properties of the Standard Normal Curve

Property 1: The total area under the standard normal curve is 1.

Property 2: The standard normal curve extends indefinitely in both directions,

approaching, but never touching, the horizontal axis as it does so.

Property 3: The standard normal curve is symmetric about Q; that is, the part of the
curve to the left of the dashed line in Fig. 6.145 is the mirror image of the part of the

curve to the right of it.

Property 4: Almost all the area under the standard normal curve lies between —3 and

3.



Determine the area under the standard normal curve that lies to the lett of 1.23, as shown in

Fig. 6.15(a)E,

Figure 6.15

Area =7 Area = 0.8907




Determine the area under the standard normal curve that lies to the right ot 0.76, as shown

in Fig. 6.16(a)C.

Figure 6.16

Area=1 Area=10.7/a4 Area=1-0./764

=0.2236

'y : < Y : <
-3 -2-1 071 2 3 -3 -2 -1 071 2 3
z=0.76 z2=0.76
(a) (b)

Finding the area under the standard normal curve to the right of 0.76

2.~ 016 R 0776



Determine the area under the standard normal curve that lies between -0.68 and 1.82, as

shown in Fig. 6.17(a)C.

Figure 6.17

Area = 0.9656 — 0.2483
=0.7173

Area="?

1 | l |
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z=-0,68 z="1.82 z=-=0.68 z=1.82
(a) (b)

Finding the area under the standard normal curve that lies between —0.68 and 1.52
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Figure 6.18

z F4 2, z,
(a) Shaded area: (b) Shaded area: {c} Shaded area:
Area to left of z 1 - (Area to left of z) (Area to left of z,)

~ {(Area to left of z,)

Using Table I18+to find the area under the standard normal curve that lies (a) to the left of a specified z-score, (b)
to the right of a specified z-score, and (c) between two specified z-scores




Determine the z-score having an area ot 0.04 to its lett under the standard normal curve, as

shown in Fig. 6.19(a) 0.

Figure 6.19

Area =0.04 Area =0.04

? z=-1.75
(a) (b)

Finding the z-score having an area of 0.04 to its left

(Al



Use Table 112 to find
Definition 6.3: The z, Notation

The symbol 2z, is used to denote the z-score that has an area of a (alpha) to its right d. 20,025

under the standard normal curve, as illustrated in Fig. 6.205. Read “z,” as “z sub &” or

more simply as “za.” b. =005 -

, - ) 9%
Figure 6.20 2

O'og, ——

}#O'OQ’S = 1.9 6
The 2, notation - ! 9), ' 6] /]5

0_975':'—\' o



Example 6.10: Finding the z-Scores for a Specified Area

Find the two z-scores that divide the area under the standard normal cuirve into a middle

0.95 area and two outside 0.025 areas, as shown in Fig. 6.23(a) 8,

Figure 6.23

Findihg the two z-scores that divide the area under the standard normal curve into a middle 0.95 area and

two outside



Key Fact 6.6: Empirical Rule for Variables

For any variable whese distribution is bell-shaped (in particular, for any normally

distributed variable), the following three properties hold.

Property 1: Approximately 68% of all possible observations lie within one standard

deviation to either side of the mean, that is, between gt — e and u + .

Property 2: Approximately 95% of all possible observations lie within two standard

deviations to either side of the mean, that is, between gt — 2 and p + 2.

Property 3: Approximately 99.7% of all possible observations lie within three standard
deviaions to either side of the mean, that is, between g — 3o and p + Jo.

I'hese three properties are illustrated together in Fig. 6.2618.

Figure 6.26
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To Determine a Percentage or Probability for a Normally
Distributed Variable

Step 1 Sketch the normal curve associated with the variable.
Step 2 Shade the region of interest and mark its delimiting x-value(s).

Step 3 Find the z-score(s) for the delimiting x-value(s) found in Step 2.
Step 4 Use Table 15 to find the area under the standard normal curve delimited by the

z-score(s) found in Step 3.

Normal curve

(1, )




Intelligence Quotients Intelligence quotients (IQs) measured on the Stanford Revision of

the Binet—S5imon Intellicence Scale are normally distributed with £ mean of 100 agd a
‘

standard deviatigs Determine the percentage of people who have 1Qs between 115

6:’:“0 o= )15

am:l 140.

/(/Lf/OO

<100 _ _Jy0 —/00
S A

0H.29%¢

b = M0

=750






Mortality Mortality tables enable actuaries to obtain the probability that a person at any

particular age will live a specified number of years. Insurance companies and others use such

probabilities to determine lite-insurance premiums, retirement pensions, and annuity >< — 3 6’ o

payviments. ,_')60 )}D

According to tables provided by the National Center tor Health Statistics in Vital Statistics of

0, (39 (*
the United States, a person of age 20 yvears has about an 80% chance of being alive at age 65 5 ) D ; qa (

years. In Example 5.1218, we used the binomial probability formula to determine

probabilities for the number of 20-year-olds out of three who will be alive at age 65. 0\'> = O O 9 5
o’

For most real-world problems, the number of people under investigation is much larger than
three. Although in principle we can use the binomial probability formula to determine X _ % 75 ‘___q
-
probabilities regardless of number, in practice we do not. Suppose, tor instance, that 500 b ?
people of age 20 vears are selected at random. Find the probability that ?(_X q Qq
a. exactly 390 of them will be alive at age 65.

b. between 375 and 425 of them, inclusive, will be alive at age 65.



To Approximate Binomial Probabilities by Normal-Curve
Areas

N=500 =30

Step 2 Continue only if both np and n (1 — p) are 5 or greater. /(/L - (")O D
Step 3 Find pt and o, using the formulas g — np and o = ‘”./ﬂp (1—p).

Step 1 Find #, the number of trials, and p, the success probability.

Step 4 Make the correction for continuity, and find the required area under the normal

ANDNE = SOV C"S‘ﬂ: <OV O = jSOOC*éf)CQ)
N0 -p) .500(- 20) =10V 5= .91



Mortality The probability is 0.80 that a person ot age 20 years will be alive at age 65 years.
Suppose that 500 people of age 20 are selected at random. Determine the probability that

a, exactly 390 of them will be alive at age 625.

Normal curve
(. =400, c=28.94)

U = Ho O
S-%. .9\



Mortality The probability is 0.80 that a person ot age 20 years will be alive at age 65 years. /U- - [_f O O

Suppose that 500 people of age 20 are selected at random. Determine the probability that

a. exactly 390 of them will be alive at age 65. 6 —_— 8 . 4 %

b. between 375 and 425 of them, inclusive, will be alive at age 65.

\OS 118 -UIDS 2,7 ¢eau

Normal curve
(. =400, c=28.94)




12. Consider the normal curves that have the parameters g = 1.5 and o = 3; it = 1.5 and

og=02;u=27ande=3pu=0and o =1.

-].5 6=
a. Which curve has the largest spread? 2 q //k )

b. Which curves are centered at the same place? \ ‘g_
/

'2 -].5 6 =
¢. Which curves have the same spread? ] 3 ) '/(/L
!

d. Which curve is centered farthest to the left? 3 2 /7 6 —

e. Which curve is the standard normal curve? Lf Q/(A



21. According to Table 118, the area under the standard normal curve that lies to the left of 1.05 is

0.8531. Without further reference to Table IIIB, determine the area under the standard normal

curve that lies
Z. _Scoce ).0S
a. to the right ot 1.05.
Neea (0,853
b. to the lett of —1.05.

c. between —1.05 and 1.05. O\) ) —0.%S %) = O/‘f@ 9

_ I_S ),05

C) |- 01449 01960 = 1y 1pE 2



22, Determine and sketch the area under the standard normal curve that lies

a. to the left of —3.02.

b. to the right of 0.61.

c. between 1.11 and 2.75.
d. between —2.00 and 5.02.
e. between —4.11 and —1.5.

f. either to the lett of 1 or to the right ot 3.



27. Lower Limb Surgery. The study “Intrathecal Sufentanil versus Fentanyl for Lower Limb u s O ? S 'g g

Surzeries — A Randomized Controlled Trial” (Journal of Anaesthesiology Clinical Pharmacology, Vol.
27, Issuc 1, pp. 67 73) by P. Motiani ct al. comparcs two different agents, intrathecal sufentail and ( 2@ %
4

fentanyl, used in enhancing the anesthesiology of patients receiving major lower limb surgery.

One variable compared between the two agents was the amount of blood loss during the surgery.

Basad on the study, we will assume that, using tentanyl, the amount of blood less during major ] - 0 C7 _7 7 ;

lower limb surgery is normally distributed with mean 283.3 ml and standard deviation 83.3 ml.

[ind the percentage of patients whose amount of blood loss during major lower limb surgery using

— 0 022 %

a. less than 304 ml.

b. between 221 and 129 ml.

c. more than 450 L. 0\3 M ,-

-;""D-’7S 5,@2(949
)33
$2G-28%2 _ .75 6.4579 0- 1373




28. Verbal GRE Scores. The Graduate Record Examination ( GRE) is a standardized test that
students usually take betore entering graduate school. According to the document GRE Guide to the
Use of Scores, a publication of the Educational Testing Service, the scores on the verbal portion of
the GRE have mean 150 points and standard deviation 8.75 points. Assuming that these scores are

(approximately) normally distributed,
a. obtain and interpret the quartiles.

b. find and interpret the 99th percentile.

29. Verbal GRE Scores. Refer to Problem 285, and fill in the following blanks.

a. Approximately 68% of students who took the verbal portion of the GRE scored between

and

b. Approximately 95% of students who took the verbal portion of the GRE scored between

and

c. Approximately 99.7% of students who took the verbal portion of the GRE scored between

and



32. Diarrhea Vaccine. Acute rotavirus diarrhea is the leading cause of death among children
under age 5, killing an estimated 4.5 million annually in developing countries. Scientists from
Finland and Belgium claim that a new oral vaccine is 80% effective against rotavirus diarrhea.

Assuming that the claim is correct, use the normal approximation to the binomial distribution to

tind the probability that, out of 1500 cases, the vaccine will be effective in

a. exactly 1225 cases.
b. at least 1175 cases.

c. between 1150 and 1250 cases, inclusive.
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