2/9/2021

Chapter 7

Techniques of Integration

May not be

7.2 Trigonometric Integrals
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Trigonometric Integrals (1 of 11)

In this section we use trigonometric identities to integrate certain combinations
of trigonometric functions.

We start with powers of sine and cosine.
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Example 2

Find [sin® xcos® x dx.
Solution:

We could convert cos® x to 1-sin® x, but we would be left with an expression
in terms of sin x with no extra cos x factor.

Instead, we separate a single sine factor and rewrite the remaining sin* x
factor in terms of cos x:

sin® xcos? x = (sin? x)? cos? xsin x

= (1-cos? x)? cos? xsin x
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Example 2 — Solution
Substituting u = cos x, we have du = -sin x dx and so
J.sin5 xcos’x dx = j(sinz x)? cos? xsinx dx

= j(1 —cos? x)? cos? xsinx dx

= J(1—u2)2u2(—du) = —I(uz —2u* +u®) du

3 5 7
LI LIS ol
3 5 7

=—1cos® x+2cos® x —1cos’ x+C
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Example 3

r
Evaluate IO sin® x dx.

Solution:

. in2 2 . . . .
If we write sin® x =1-cos” x, the integral is no simpler to evaluate. Using the
half-angle formula for sin x, however, we have

J‘D”sin2 xdx = %J':U —cos2x) dx

=[F(x—%sin2x))5

' CENGAGE Stewart, Calculus, 8th Edition. © 2016 Cengage. All Rights Reserved. May not be scanned, copied or duplicated,
(L or posted to a publicly accessible website, in whole or in part.




Example 3 — Solution

:1 ﬂ—isiHZﬂ' A 0—1sin0
2 2 2 2

==z

2

Notice that we mentally made the substitution u = 2x when integrating cos 2x.
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Trigonometric Integrals (2 of 11)

To summarize, we list guidelines to follow when evaluating integrals of the form
J.sin’” xcos” x dx, where m 20 and n 2 0 are integers.
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Trigonometric Integrals (3 of 11)

Strategy for Evaluating J‘sin”’xcos"x dx

(a) If the power of cosine is odd (n = 2k + 1), save one cosine factor and use
cos® x =1-sin® x to express the remaining factors in terms of sine:
[sin™ xcos* " x dx = [sin™ x(cos® x) cos x dx
= jsinm x(1-sin? x)" cos x dx
Then substitute u = sin x.

(b) If the power of sine is odd (m = 2k + 1), save one sine factor and use
sin® x =1-cos’ x to express the remaining factors in terms of cosine:

‘[sin“*1 xcos"x dx = J'(sinz x)¥ cos” xsin x dx
= J'(1 —cos? x)* cos” xsinx dx
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Trigonometric Integrals (4 of 11)

Then substitute u = cos x. [Note that if the powers of both sine and cosine are
odd, either (a) or (b) can be used.]
(c) If the powers of both sine and cosine are even, use the half-angle identities

sin® x = 1(1-cos2x) cos® x = 4(1+cos2x)
It is sometimes helpful to use the identity

sin xcos x =%sin2x
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Trigonometric Integrals (5 of 11)
We can use a similar strategy to evaluate integrals of the form jtan’” xsec” x dx.

d
Since [d—) tan x = sec’ x, we can separate a sec® x factor and convert the
X
remaining (even) power of secant to an expression involving tangent using the

identity sec® x =1+tan”x.

. d
Or, since (a secx =secxtanx, we can separate a sec x tan x factor and convert

the remaining (even) power of tangent to secant.
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Example 5

Evaluate _[tanﬁ xsec’ x dx.

Solution:
If we separate one sec’ x factor, we can express the remaining sec’ x
factor in terms of tangent using the identity sec” x =1+ tan’ x.

We can then evaluate the integral by substituting u = tan x so that du = sec® xdx:

J.tan6 xsec* x dx = jtane xsec’® xsec® x dx
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Example 5 — Solution

= J'tanG x(1+tan? x)sec? x dx

= J‘UG(1+U2 Ydu = J’(u6 +u®)du

7 9
Y LY e
7 9

=Itan” x+{tan’ x+C
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Trigonometric Integrals (6 of 11)

The preceding examples demonstrate strategies for evaluating integrals of the form
jtan’” xsec” x dx for two cases, which we summarize here.

Strategy for Evaluating Itan’"xsec"x dx

(a) If the power of secant is even (n = 2k, k = 2), save a factor of sec” x and use
sec’ x =1+tan’x to express the remaining factors in terms of tan x:

_[tan"’ xsec® x dx = _[tan” x(sec?® x)*"sec? x dx

= _[tan"' x(1+tan? x)*'sec? x dx

Then substitute u = tan x.
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Trigonometric Integrals (7 of 11)

(b) If the power of tangent is odd (m = 2k + 1), save a factor of sec x tan x and use
tan? x =sec?x—1to express the remaining factors in terms of sec x:

J'tan”‘” xsec"x dx = j'(tan2 x)* sec” " xsec xtan x dx

= J'(secz x—1)*sec” " xsec xtan x dx

Then substitute u = sec x.
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Trigonometric Integrals (8 of 11)

For other cases, the guidelines are not as clear-cut. We may need to use
identities, integration by parts, and occasionally a little ingenuity.
We will sometimes need to be able to integrate tan x by using the formula given
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below:
Jtanx dx =In|secx|+C
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Trigonometric Integrals (9 of 11)
We will also need the indefinite integral of secant:
1 | secx dx=Injsecx +tanx|+C
We could verify Formula 1 by differentiating the right side, or as follows. First
we multiply numerator and denominator by sec x + tan x:
sec x +tanx
j.secx dx = j.secxi
sec x +tanx
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Trigonometric Integrals (10 of 11)

7Iseczx+secxtanx
secx +tanx

If we substitute u = sec x + tan x, then du = (sec x tan x + sec? x) dx,
so the integral becomes
1
_[ — | du=Inju|+C.
u
Thus we have
[secx dx =In|sec x +tanx|+C
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Example 7

Find Itans X dx.

Solution:

Here only tan x occurs, so we use tan” x = sec’ x — 1 to rewrite a tan® x
B 2 .

factor in terms of sec” x:

] tan®x dx =) tanxtan?x dx
= _[ tan x(sec? x — 1) dx

:j tan xsec® xdx—j tanx dx
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Example 7 — Solution

_tan®*x

—~In|sec x|+C

In the first integral we mentally substituted u = tan x so that du = sec® x dx.
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Trigonometric Integrals (11 of 11)

Finally, we can make use of another set of trigonometric identities:
2 To evaluate the integrals (a) Isinmxcosnx dx, (b) Jsin mxsinnx dx,or
(c) J'cosmxcosnx dx, use the corresponding identity:

(a) sinAcosB = 7[sin(A—B)+sin(A+B)]
(b) sinAsinB = [cos(A - B)-cos(A +B)]

(c) cos Acos B = Z[cos(A - B)+cos(A +B)]
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Example 9

Evaluate Isin4xcosSx dx.

Solution:

This integral could be evaluated using integration by parts, but it's easier to use
the identity in Equation 2(a) as follows:

J'sin4x0055x dx = J'%[sin(—x)+sin9x] dx
= %J'(—sinx +sin9x) dx

=3(cosx —$cos9x)+C
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7.3 Trigonometric Substitution

Stewart, Calculus, 8th Edition. © 2016 Cengage. All Rights ved. May not be scanned, c
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Trigonometric Substitution (1 of 8)

In finding the area of a circle or an ellipse, an integral of the form I a® - x*dx
arises, where a > 0.

If it were _|'X\/a2 —x? dx, the substitution u = a*> — x> would be effective but, as
it stands, j\/a2 - x? dx is more difficult.
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Trigonometric Substitution (2 of 8)

If we change the variable from x to @by the substitution x = a sin 6, then the
identity 1-sin? @ = cos’ ¢ allows us to get rid of the root sign because

Ja?—x? = Ja?-—a%sin?e
= Ja (1— sin® 9)

= +a’cos’@

alcos )|
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Trigonometric Substitution (3 of 8)

Notice the difference between the substitution u = a? — x? (in which the new variable
is a function of the old one) and the substitution x = a sinf (the old variable is a
function of the new one).

In general, we can make a substitution of the form x = g(t) by using the

Substitution Rule in reverse.

To make our calculations simpler, we assume that g has an inverse function;

that is, g is one-to-one.
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Trigonometric Substitution (4 of 8)

In this case, if we replace u by x and x by t in the Substitution Rule, we obtain
Jf(x)ax=[f(g(t))g'(t)dt

This kind of substitution is called inverse substitution.

We can make the inverse substitution x = a sin 6 provided that it defines a one-
to-one function.

CENGAGE Stewart, Calculus, 8th Edition. © 2016 Cengage. All Rights Reserved. May not be scanned, copied or duplicated,

or posted to a publicly accessible website, in whole or in part.

27



Trigonometric Substitution (5 of 8)

T

This can be accomplished by restricting 6 to lie in the interval [

given radical expressions because of the specified trigonometric identities.

2 2}‘
In the following table we list trigonometric substitutions that are effective for the

2/9/2021

Table of Trigonometric Substitutions
Expression Substitution Identity
z z

lazixz x=asing, -2<0<5 1-sin? 0 =cos’ 0
2 2 x=atang, -Z<p<Z 1+tan” 0 = sec? @

a’+ X ) 2 =

¥ —a? x=aseco, 0£9<%0r7t£9<3—” sec? 0—1=tan?0
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Trigonometric Substitution (6 of 8)

In each case the restriction on 6 is imposed to ensure that the function that
defines the substitution is one-to-one.
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Example 1

2
Evaluate '[gxi dx

Solution:

Let x = 3 sin 6, where —% <f< % Then dx = 3 cos 6 dfand

N9-x* =+9-9sin’0

= y/9cos? 6
= 3|cos |
= 3cosd
T T
(Note that cos €2 0 because T o< E')
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Example 1 — Solution (1 of 4)

Thus the Inverse Substitution Rule gives

V9-x* 3cosd
I 5 dx:J' >~ 3c0s0 df
X 9sin® ¢
2
cos” @
== do
sin“ 6
= [cot?6 do
= j(cs& 0-1) do
= -cotd-60+C
- Stewart, Calculus, 8th Edition. © 2016 Cengage. All Rights Reserved. May not be scanned, copied or duplicated,
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Example 1 — Solution (2 of 4)

Since this is an indefinite integral, we must return to the original variable x.
This can be done either by using trigonometric identities to express cot 6 in terms of

sinﬁzg or by drawing a diagram, as in Figure 1, where 6 is interpreted as an

angle of a right triangle.

Vo—u

X
sind =2
3

Figure 1
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Example 1 — Solution (3 of 4)

. X
Since siné = 3 we label the opposite side and the hypotenuse as having

lengths x and 3.
Then the Pythagorean Theorem gives the length of the adjacent side as V9 - x*,
so we can simply read the value of cot 0 from the figure:

9-x?
X

cotd =

(Although 6 > 0 in the diagram, this expression for cot @is valid even when 6 <0.)
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Example 1 — Solution (4 of 4)

Since sing = g we have 6 =sin “(%] and so

I P
J~79X—2X dx:fig;x 7sin"(1J+C

4 CENGAGE
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Example 2

Find the area enclosed by the ellipse

X
=+

y2
a b

2
5 =1
Solution:

Solving the equation of the ellipse for y, we get

<. CENGAGE
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Example 2 — Solution (1 of 5)

Because the ellipse is symmetric with respect to both axes, the total area A is
four times the area in the first quadrant (see Figure 2).

0 b

+L g
b

2 2
2

n)m‘ x

Figure 2
<. CENGAGE
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Example 2 — Solution (2 of 5)

The part of the ellipse in the first quadrant is given by the function
y:Sx]az—x2 0O<x<a

and so
1A :J.SE\/az -x* dx
°a

To evaluate this integral we substitute x = a sin 6. Then dx = a cos 6 db.
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Example 2 — Solution (3 of 5)

To change the limits of integration we note that when x =0, sin 6 =0, so 6= 0;
when x = a, sin 6= 1, so 9:%

Also
a’-x* = a’-a’sin’ 0
= \Ja*cos? 6
alcos )|
acos@

since 0<o<Z.
2
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Example 2 — Solution (4 of 5)
Therefore
b
A= 47jax/a2—x2 dx
a 0
72
= 4EI ! acosf-acosé do
a 0
/2 2
= 4ab , cos 0 do
af2
= 4abjD 1(1+cos20) do
TUCENGAGE oot ooyt Coter e M o st Moy ks e o e
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Example 2 — Solution (5 of 5)

= 2ab[0 + £sin20];”
= 2ab[f +0- 0)

2
= rab

We have shown that the area of an ellipse with semiaxes a and b is mab.
In particular, taking a = b = r, we have proved the famous formula that the area
of a circle with radius ris zr?.
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Trigonometric Substitution (7 of 8)

Note:

Since the integral in Example 2 was a definite integral, we changed the limits of
integration and did not have to convert back to the original variable x.

or posted to a publicly accessible website, in whole or in part.
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Example 3

) 1
Find ‘[W dx.

Solution:
Let x =2 tané, —% <6< % Then dx = 2sec? dé and

x4 = [a(tan? 0+ 1) = Jasec? o
= 2|secd)

= 2sect

or posted to a publicly accessible website, in whole or in part.
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Example 3 — Solution (1 of 3)

So we have
j dx j 2sec’ 6 do
X+ 4 4tan’0-2sect
_1 ,[ secd
47 tan’ @
To evaluate this trigonometric integral we put everything in terms of sin 6 and
cos 6
secd 1 cos’d cosf
tan’6 cosé sin’d sin’d
- Stewart, Calculus, 8th Edition. © 2016 Cengage. All Rights Reserved. May not be scanned, copied or duplicated,
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Example 3 — Solution (2 of 3)
Therefore, making the substitution u = sin 6, we have
J- dx 1 J- cosf
x2ia  47sin’o
_1pdu
472
= 1[—i)+ C
4\ u
=- 1 +C
4sin6
__osch
4
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Example 3 — Solution (3 of 3)

X"+

A

We use Figure 3 to determine that cscé= and so

IL:,
x*x? +4 4x

N

 a X

2

tang=%
2
Figure 3
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Example 5

where a > 0.

Evaluate I%,

Solution 1:

We let x = a sec 6, where 0<¢9<% orn<9<37”.

Then dx = a sec 6 tan 6 df and
Vx?-a® = \Ja’(sec’ 0-1)
= ya’tan’@

= altang)

= atan@
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Example 5 — Solution 1 (10f3)

Therefore
,[ dx _ asecﬁtan&da
Jx2 atand
:J'seca do

=Injsecd +tang|+C
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Example 5 — Solution 1 2 of 3)
The triangle in Figure 4 gives tano , so we have
J- dx ,'
x* - = =
vx-—a:
= In‘x+\/xZ -a*’|-Ina+C
a
seco=%
a
Figure 4
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Example 5 — Solution 1 3 0f3)

Writing C; = C - In a, we have

f%:ln‘x+\lxz—az‘+q
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Example 5 — Solution 2 (1 of2)

For x > 0 the hyperbolic substitution x = a cosh t can also be used.

Using the identity cosh® y —sinh? y =1, we have

Jx?—a? = \Ja’(cosh’t —1)
= ya’sinh?t

= asinht
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Example 5 — Solution 2 (2 of 2)

Since dx = a sinh t dt, we obtain
asinht dt

IL - jasinnt ot

‘/XZ_aZ asinht
= [at
=t+C

Since cosht = 5, we have t = cosh”(i) and
a a

+C

J‘idx =cosh™ [1]
Vx? —a? a
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Trigonometric Substitution (8 of 8)

Note:

As Example 5 illustrates, hyperbolic substitutions can be used in place of
trigonometric substitutions and sometimes they lead to simpler answers.

But we usually use trigonometric substitutions because trigonometric identities
are more familiar than hyperbolic identities.
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Example 6

X 343/2 x?
Find )] T dx.

Solution:
First we note that (4x*+9)¥2 = (J4x? +9)* so trigonometric substitution is

appropriate.

Although v/4x? +9 is not quite one of the expressions in the table of trigonometric

Stewart, Calculus, 8th Edition. © 2016 Cengage. All Rights Reserved. May not be scanned, copied or duplicated,
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substitutions, it becomes one of them if we make the preliminary substitution v = 2x.
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Example 6 — Solution (1 of 3)

When we combine this with the tangent substitution, we have x = 3tané,

which gives dx = 2sec?d df and

V4x?+9 = v9tan?6+9

= 3sect

33

When x =0, tan =0, so 6= 0; when X:T, tang =+/3, so 9:%.

3 2Ztan’ 0

3
343/2 X
2
,[ 2 372 dx :I 3,2 6 do
o (4x*+9) o 27sec’d
7 CENGAGE Stewart, Calculus, 8th Edition. © 2016 Cengage. All Rights Reserved. May not be scanned, copied or duplicated,
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Example 6 — Solution (2 of 3)

/3 tan® 0
sec 9

=3
6

3
®Jo cos? 9

1= COS Bsina de

[;
J-v/a sin® @
_%J'

Now we substitute u = cos 0 so that du = —sin 6 d6. When 6 = 0, u = 1; when

2/9/2021

T 1
==, u=—
3 2
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Example 6 — Solution (3 of 3)

or posted to a publicly accessible website, in whole or in part.

Therefore
Iaﬁ/z x? . JV217U2
o (4X2+9)3/2 T T2
Y2
= %L (1-u?)du
2
1
= 3 y4—
16 u X
= 3[G+2)-(1+1)
-3
32
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