Strategy for Testing Series (2 of 5)

1. If the series is of the form Zniﬂ it is a p-series, which we know to be

convergent if p > 1 and divergent if p < 1.

2. If the series has the form » ar"™ or » ar”, it is a geometric series, which
converges if |r| <1 and diverges if |r| > 1. Some preliminary algebraic

manipulation may be required to bring the series into this form.
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Strategy for Testing Series (3 of 5)

3. If the series has a form that is similar to a p-series or a geometric series,
then one of the comparison tests should be considered. In particular, if a, Is
a rational function or an algebraic function of n (involving roots of
polynomials), then the series should be compared with a p-series.

The comparison tests apply only to series with positive terms, but if 2 a

has some negative terms, then we can apply the Comparison Test to Z\an\
and test for absolute convergence.
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Strategy for Testing Series (4 of 5)

4. If you can see at a glance that lim a, = 0, then the Test for Divergence

f1—0C

should be used.
5. If the series is of the form » (-1)" " b,or » (-1)" b,, then the Alternating Series

Test Is an obvious possibility.

6. Series that involve factorials or other products (including a constant raised to
the nth power) are often conveniently tested using the Ratio Test. Bear in

d

21l —1asn — « for all p-series and therefore all rational
aﬂ

algebraic functions of n. Thus the Ratio Test should not be used for such
series.

mind that
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Strategy for Testing Series (5of 5)

7. If a, is of the form (b,)", then the Root Test may be useful.
8. Ifa, = f(n), where me (x)dx is easily evaluated, then the Integral Test is

effective (assuming the hypotheses of this test are satisfied).

In the following examples we don't work out all the details but simply indicate
which tests should be used.
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If the alternating series v \\/CJ fj ¢ S
Z(_'l)ﬂ_bn=bl_bﬂ+bﬂ_b-i‘|‘bﬁ-bﬁ+"' b, >0 ‘ 0 .
n=1
satisfies HiTest for Divergence
(i) bpy1 <b,  foralln If lim a, does notexist orif lim a, # 0, then the series Z a, is divergent.
N— 00 N—00 1
{11] ]j_-E]- bn =0

then the series is convergent.
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Suppose f is a continuous, positive, decreasing function on [1, oo) and let a,, = f (n). Then the

series Y7 | a, is convergent if and only if the improper integral f f(z) dz is convergent. In other
1

words:

OIT; f f(z) dz is convergent, then Zaﬂ is convergent,
1

n=1

() f f f (z) dz is divergent, then Za,n is divergent.
1 n=1



The Ratio Test

- o0
O If lim |2 =L < 1, then the series Z an, 1S absolutely convergent (and therefore
n—+o0 | @y 1
convergent).
. o
W) 4f Yim |2 L > 1or lim |21 = oo, then the series Y "a, is divergent.
n—oo | @, n—00 | @y

n=1

(bp+-1
Ay

convergence or divergence of ) _ a,,.

(iii) If lim

T—00

— 1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the







1. If the series is of the form 3 1/n”, it is a p-series, which we know to be convergentifp > 1 and

divergent if p < 1.

2. If the series has the form Y ar" ! or Y ar", it is a geometric series, which converges if |r| < 1

and diverges if |r| = 1. Some preliminary algebraic manipulation may be required to bring the

series into this form.
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The Comparison Test

Suppose that ¥ a,, and % b, are series with positive terms.

(i) If»" b, isconvergentand a, < b, for alln, then »" a,, is also convergent. S

(ii) If>_b, is divergent and a,, = b, for all n, then }_ a,, is also divergent.
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The Limit Comparison Test

Suppose that } " a, and ) b,, are series with positive terms. If

. Oy,
lim — =r¢
n—oo by,

where c¢ is a finite number and ¢ > 0, then either both series converge or both diverge.
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Alternating Series Test

If the alternating series

0

Z(—l]n_lbn=b1—bz+ﬁ3—b4+bﬁ—bﬁ+"'

o ln N 'l“}

satisfies é ) \Y}T T

,--'j:f:)
(i) bysy <b, forallm v 4
(ii) n]j—J;?g;:: bp =0 \/

then the series is convergent.
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The Root Test

(D) 1If tim = L < 1, then the series a,, 1s absolutely convergent (and therefore
y =

n—roo
n=1

convergent).

(i) If lim +/|a,| =L >1or lim +/|a,| = co, then the series 2““ is divergent.

TL— 00 n—00
n=—1

(iii) If lim +/|a,| = 1, the Root Test is inconclusive.

n—0oo
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