12.3 The Dot Product

1| Definition If a = {a,, a,. a;) and b = (b,. ba, b;). then the dot product of a
and b 1s the number a - b given by

a‘*b=ab + ab + azb;

E Properties of the Dot Product If a, b, and ¢ are vectors in Vzand cis a
scalar, then

l.a-a=|af 2.a-b=b-a
J.a-(b+c¢c)=a-b+a-c 4. (ca)-b=c(a-b)=a- (cb)
5.0-a=0




EXAMPLE 1 by = 2(%) =+ Y (=M :@
CL7a- (62 - = —1(0) + N (2) + 4(-D2) =
ir2-meei-0 =\ Y 5 2(3) + () -



Za The dot product a - b can be given a geometric interpretation in terms of the angle 6

between a and b, which is defined to be the angle between the representations of a and
B b that start at the ungm _‘u}'u’hEI't 0 = 6 = 7. In other words, f is the angle between the
b a—bh line segments OA and OB in Figure 1. Note that if a and b are parallel vectors, then
=0orfl = m.
e . The formula in the following theorem is used by physicists as the definition of the dot
9 H
product.
X y
FIGURE 1 3] Theorem If 6 is the angle between the vectors a and b, then

a-b=|a||b|cos#




EXAMPLE 2 If the vectors a and b have lengths 4 and 6, and the angle between them is

W/H,ﬁllda-h.a‘b ] \Q\ l B\ C@ﬁ @
Gt = (U)LE) Cos T3
Lo b = (H‘)CG)U/Q

Gl = |7



IE Corollary If 6 is the angle between the nonzero vectors a and b, then
a'b
al|b]

cos i =

EXAMPLE 3 Find the angle between the vectorsa = (2, 2. —1) and b = (5. —3,2).

lcx\ \ (DY + (Y
L] =\ ()% Gz)h(@)z - {58
Ay = g(sw 2+ -D2) =

0

cbsﬁﬁgmﬁ @"L



Two nonzero vectors a and b are called perpendicular or orthogonal 1f the angle
between them is § = 77/2. Then Theorem 3 gives

a-b=|a||b|cos(w/2)=0

and converselyifa - b = 0, thencos # = 0,s06 = /2. The zero vector 0 is considered
to be perpendicular to all vectors. Therefore we have the following method for determin-
ing whether two vectors are orthogonal.

Two vectors a and b are orthogonal if and only ifa - b = 0. I

EXAMPLE 4 Show that 2i + 2j — Kk is perpendicularto 5i — 4j + 2k.

0 b = (D2 (D4 (N (=)
-~ I -& ~ 2

—Pa(rnég \(.U\o"/



B Direction Angles and Direction Cosines

The direction angles ol @ nonzero vector a are the angles w, 8, and y (in the interval

0, 7r]) that a makes with the positive x-, y-, and z-axes, respectively. (See Figure 3.)
The cosines of these direction angles. cos a, cos 3, and cos vy, are called the direction

cosines of the vector a. Using Corollary 6 with b replaced by

(il

a-i
COS (¥ = S = ;’“H—-,_____ﬂ
a [i]  a
. . . | y a0
(This can also be seen directly from Figure 3.) LT ]
. . H| -"'.:-'---- e
Similarly, we also have T N —7
Ko
s 3 = B
El cosp = — COSY = T  FIGURE3

a a|

By squaring thc expressions in Equations 8 and 9 and adding, we scc that
cos’ee + cos’B + cos’y = 1
We can also use Equations 8 and 9 to write

a| cos y)

a={a,a,a)= <|EI|CDEE!.,|£I|EDSJB,

= |a |[{cos a, cos B, cos )

Theretore

|
11] ﬁa = {(cos &, cos B, cos y)
a

EXAMPLE 5 Find the direction angles of the vectora = (1, 2, 3).

ol = 1202237 = Ny

I o

2 >
A CERCEET

which says that the direction cosines of a are the components of the unit vector in the

direction of a.



12 W=|F||D|cosé =F-D

Thus the work done by a constant force F is the dot product F - D, where D is the dis-
placement vector.

EXAMPLE 7 A wagon is pulled a distance of 100 m along a horizontal path by a

constant force of 70 N. The handle of the wagon is held at an angle of 35" above the 35°
. a ————————————————————
horizontal. Find the work done by the force. b
FIGURE 7

"

- '70\@00\ Cos 59
- 53y

W= lF D] Cos &



EXAMPLE 8 A force is given by a vector F = 3i + 4 + 5k and moves a particle from
the point P(2, 1, 0) to the point Q(4, 6, 2). Find the work done.

D=vo=d4-2 -1 2-0>=(2,52>
W= FoD = (D)UY ()

—



12.4 The Cross Product

E Definition If a = (a,, a;,as)and b = (b, b,, b;), then the cross product

of a and b 1s the vector

a X b= {Hgb; - ﬂjﬁ.bj, -ﬂ3b1 - ﬂ|b_h. ﬂ|b1 - -ﬂ:bl}

Notice that the cross product a X b of two vectors a and b, unlike the dot product, 1s
a vector. For this reason 1t 1s also called the vector product. Note that a X b 1s defined
only when a and b are three-dimensional vectors.

{lr (¥ ]

b, by

(] dly

by by

) (5]

b, b

E aXxXb=

i— k

j+

In view of the similarity between Equations 5 and 6, we often write

i j k
E aXb=|a a as
by, b, b




EXAMPLET Ifa=(1,3,4)and b = (2, 7, —5),
B L T
Cox o RN \
F 1 -9
TR
L Y \\""’I}*S‘J 2 \9 —)\l)(

(~1s =% |- (=) 3+ (- )
___L_‘% v o+ \33 + K

CX b =



Theorem The vectora X b is orthogonal to both a and b. J O




(9] Theorem If 6 is the angle between a and b (so 0 =@ = ), then
la X b| =|a||b|sin#

10| Corollary Two nonzero vectors a and b are parallel if and only if

axXb=10




EXAMPLE 3 Find a vector perpendicular to the plane that passes through the points
P(1,4,6),0(—2,5, —1),and R(1, —1, 1).

PR =<”v)‘,f7\f* PR =L0,-5 -5

= (-s-335)1 = (13- O N (1s-oHYK
"LJD}-]SSA-I_S'LC 4"""“‘[0/-—-)5} Y~

e
J—_



The length of the cross product a X b 1s equal to the area ol the parallelogram
determined by a and b.

EXAMPLE 4 Find the area of the triangle with vertices P(1, 4, 6), Q(—2, 5, —1). FIGURE 2
and R(1, —1, 1).

/-0 -5
\ow\ol-—‘- |

e \neghT

,cwb \‘-‘—'— (F10) *a -B)* +(15)” = 1660 =5 (%2

’rmdﬂj\é’ Bea 15 %&’&’Q-




E Properties of the Cross Product Ifa, b, and ¢ are vectors and ¢ is a
scalar, then

l.aXb=-bXa

2. (ca) X b=1—c(a X b) =a X (cb)
J.,axX(b+c)j=axXb+aXc
@+ b)) Xc=aXec+bXec
a‘(bXe)=(aXxXhb)-c
.,aX(bXec)=(a-c)b—(a-b)c

= =

M Triple Products

The product a - (b X ¢) that occurs in Property 5 is called the scalar triple product of

the vectors a, b, and c. Notice from Equation 12 that we can write the scalar triple prod-
uct as a determinant:

[13] a-(bxc)=|b b b

L] L) C3




EXAMPLE 5 Use the scalar triple product to show that the vectors a = {1, 4, —7),
b= (2, —1,4) andc = (0, —9, 18) are coplanar.




EXAMPLE 6 A bolt is tightened by applying a 40-N force to a 0.25-m wrench as
shown in Figure 5. Find the magnitude of the torque about the center of the bolt.

. |T|=|r XF|=|r||F|sin@

e \rl=)ex F

H- HON
FIGURE 5 ‘6- _:__"\S



