Three-Dimensional Coordinate Systems
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Coordinate axes

EXAMPLE 1 What surfaces in R” are represented by the following equations?
@ z=3 (b) y=3

(a) z =3, aplane in R’ (b) y=5, a plane in R
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EXAMPLE 2

(a) Which points (x, y, z) satisfy the equations

P+ yi=1

and

z =3

(b) What does the equation x* + y* = | represent as a surface i
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Thecirclex? 4+ y*=1,z=13

FIGURE 9

The cylinder x* + y* =1

1



B Distance and Spheres

Distance Formula in Three Dimensions The distance | P, P,
P\(x1, y1, 1) and Py(x2, 2, 22) is

between the points

|P1P1| = \rx(-’i'z —x1)* + (y2 = n) + (22 — 2,)?

EXAMPLE 4 The distance from the point P(2, —1, 7) to the point Q(1, —3,5) " /
X

| PQ] =

A(xy, Y. 5y)
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Equation of a Sphere An equation of a sphere with center C(h, k. /) and radius r
iy 1s

P(x. . 2) x—h*+(—k+@E-I1=r

In particular, if the center 1s the origin O, then an equation of the sphere 1s

>

*+y +22=r

) EXAMPLE 6 Show that x* + y* + z* + 4x — 6y + 2z + 6 = 0 is the equation of a
xa”” [iliaa s O sphere, and find its center and radius.
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Definition of Vector Addition If u and v are vectors positioned so the initial
point of v 1s at the terminal point of u, then the sum u + v 1s the vector from the
initial point of w to the terminal point of v.

The definition of vector addition 18 1llustrated in Figure 3. You can see why this defi-
nition 1s sometimes called the Triangle Law.

FIGURE 3 FIGURE4
The Triangle Law The Parallelogram Law



Definition of Scalar Multiplication If c is a scalar and v is a vector, then the
scalar multiple cv is the vector whose length is | ¢ | times the length of v and
whose direction 1s the same as v if ¢ > 0 and 1s oppositetovif c < 0.If c = O or

v = 0, then cv = ().

This definition is illustrated in Figure 7. We see that real numbers work like scaling fac-
tors here; that's why we call them scalars. Notice that two nonzero vectors are parallel
it they are scalar multiples of one another. In particular, the vector —v = (—1)v has the
same length as v but points in the opposite direction. We call it the negative of v.
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B Components . YE T T 478)

position

/{1 3 P(3,2) vector of P
| . H".,I Pia,, a,, a,)
Zan v
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Representations of a = (3, 2)
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FIGURE 13
Representations of a = (a,. a», as)

1| Given the points A(xy, v, z;) and B(x3, v», z,), the vector a with represen-
—
tation AB 1s

a = {I:{ — ALy Y2 V.32 — El}




1 | Given the points A(x,, y;, z;) and B(x,, y2, z2), the vector a with represen-
e

tation AB 1s

a=(x,— X1s Y2 — Y, 22 — :I}

EXAMPLE 3 Find the vector represented by the directed line segment with initial
point A(2, —3, 4) and terminal point B(—2, 1, 1).
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The magnitude or length of the vector v is the length of any of its representations and
is denoted by the symbol | v | or || v |. By using the distance formula to compute the length
of a segment OP, we obtain the following formulas.

The length of the two dimensional vector a = {a,, a:) is

a| =vai +

The length of the three-dimensional vector a = {a, a2, a3) is

la| = Jal+ a+ a?

If a = (a1, @:) and b = {by, b2}, then
a+ b= {u + bu+ b) a—b={a —b,a— by
ca = {cu, vaa)
Similarly, for three-dimensional vectors,
Cay, az, as)y + (by, by, by = (ay + by, ay + by, ay + by)
{ay, az, az) — (by, ba, b3y = {ay — by, az — by, a3 — by)

c{ay, @z, azy = {ca,, cay, caz}




EXAMPLE4 Ifa=(4,0,3)and b = (-2, 1,5), find |a| and the vectorsa + b,
a— b,3b,and 2a + 5b.
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EXAMPLE4 Ifa=(4,0,3)and b = (-2, 1,5), find |a| and the vectorsa + b,
a — b,3b,and 2a + 5b.
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do.¥bh > a¢4,0,3> + 5<4-2,1,5°
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Properties of Vectors If a, b, and ¢ are vectors in V, and ¢ and 4 are scalars, then

l.a+b=b+a 2Z.at+(b+ec)=(a+bh)+c
3.a+0=a 4. a + (—a) =0
5. cla+b)=ca+ ch 6. (c + d)a = ca + da

7. (cd)a = c(da) 8. la=a




i = (1.0.0) j=1(0.1.0) k=1{0.01)

These veetors i, j, and k arc called the standard basis vectors. They have length 1 and
point in the directions of the positive x-, y-, and z-axes. Similarly, in two dimensions we
definei = (1, 0y and j = (0, 1). (See Figure 17.)
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fa = (a as. ai), thgn we can write

a={a,a,a)="{a,0,0)+ (0,a 0) + (0,0, a:)

— ﬂ|{].ﬂ',ﬂ> " .-:13{[], 1, ﬂ} - ﬂ'3{ﬂ, 0, l}‘

Thus any vector in V3 can be expressed in terms of i, j, and k. For instance,
(1, =2,6)=1i— 2j + 6k

Similarly, in two dimensions, we can write

E a={(a,m)=ai+ aj




EXAMPLES Ifa=1i+ 2j — 3kand b = 4i + 7Kk, express the vector 2a + 3b in
terms of 1, j, and k.
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A unit vector i1s a vector whose length is 1. For instance, i, j. and k are all unit vec-
tors. In general, if a # 0, then the unit vector that has the same direction as a is
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EXAMPLE 7 A 100-1b weight hangs from two wires as shown in Figure 19. Find the

tensions (forces) T and T in both wires and the magnitudes of the tensions.

l 5: T, ﬂ%’i\ - lT\\Q_ Cos 5O
100, TQ. - h;t \ (COS %39'3 ‘\ * ITQ \ng.,\’s';)j

“c Qos 5D T S\ 30 7T
-T; ((GS 5‘03 - X T| (S’“SO)

FIGURE 20









— ~ |7 ’ & -~ | 0 O
llelh\wﬁwi 4TV s 90 al — = ¥ T. 64
SWID + 08550 Tan 32
\T .\ Cos 50 ¥s. 64 Ces 0 (¢ 4

h:l\j Cos 35 T Cos 3P

Ty= | Tyl cos 321+ | T2 ] Sn39 ]

T =53, (U cos 20 + &5 éU‘.SEHSDJ

\
T, C --55‘05\445’403)

Tg':éq 4] ¢os 32\ y Y. 9] S 3'9—\)




