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-s and Lengths in Polar Coordinates

In this section we develop the formula for the area of a

region whose boundary is given by a polar equation. We
need to use the formula for the area of a sector of a circle:

1 A =120

where, as in Figure 1, r is the radius and @is the radian
measure of the central angle.
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Figure 1



-s and Lengths in Polar Coordinates

Formula 1 follows from the fact that the area of a sector Is
proportional to its central angle:

A = (0127) 712 = 5126,



-s and Lengths in Polar Coordinates

Let %% be the region, illustrated in Figure 2, bounded by the
polar curve r = f(#) and by the rays d=a and 8= b, where f
IS a positive continuous function and where 0 <b—-a<2r.

Figure 2

We divide the interval [a, b] into subintervals with endpoints
6y, 0,, 6,, . .., 6, and equal width A6.



-s and Lengths in Polar Coordinates

The rays 6= 4 then divide % into n smaller regions with
central angle A6= 6 — @ _,. If we choose 6;"in the ith
subinterval [8 _,, 8], then the area AA, of the ith region is
approximated by the area of the sector of a circle with
central angle A@and radius f(9*). (See Figure 3.)

Figure 3



-s and Lengths in Polar Coordinates

Thus from Formula 1 we have
AA; = L[f(0:)] A

and so an approximation to the total area A of R Is

n

2 A= 3 5[ (6] A6

i=1

It appears from Figure 3 that the approximation in (2)
Improves as n — oo.



-s and Lengths in Polar Coordinates

But the sums in (2) are Riemann sums for the function

9(8) =, [f(9)]* so

lim 3 4L(6%)] A6 = ["3Lf(0)] a6

—> 0 .
n i=1 a

It therefore appears plausible that the formula for the area
A of the polar region P is

3 A= ["1Lr0)) do




-s and Lengths in Polar Coordinates

Formula 3 is often written as

4 [ A=jb%r2d9

with the understanding that r = f(4). Note the similarity
between Formulas 1 and 4.

When we apply Formula 3 or 4 it is helpful to think of the
area as being swept out by a rotating ray through O that
starts with angle a and ends with angle b.



-nple 1

Find the area enclosed by one loop of the four-leaved rose
I = cos 26.

Solution:

Notice from Figure 4 that the region enclosed by the right
loop is swept out by a ray that rotates from 6= —-7z/4 to
0= rl4.

Figure 4
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-“nple 1 — Solution

Therefore Formula 4 gives

A= f’”” 11246

— /4

= éfm c0s226 df

/4

_ f;” 08220 do
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ple 1 — Solution

A

J:ﬂé(l—kcos49)d9

(6 + ! sin 46|

b | —

X
8
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Arc Length
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-Length

To find the length of a polar curve r = (8, a< < b, we

regard @ as a parameter and write the parametric equations
of the curve as

X=rcos #=1(60) cos 4 y=rsin §=1(0) sin 6

Using the Product Rule and differentiating with respect to 6,
we obtain

d. d d dr
£=d—;cosﬂ—rsin9 d)t;IdQ sin@ + r cos 6
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-Length

So, using cos?6 + sin?d =1, we have

dr \* + dy \’ dr |’ cos’f — 2 dr cos O sin O + r?sin’6
- - — —_— — L — r
do do do do

+ ar 2si1126'+2 ﬂsin@ cos @ + r* cos’6
0 " a6 '
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-Length

Assuming that f’ is continuous, we can write the arc length

as
L—jb A I (A
. Va0 T

Therefore the length of a curve with polar equation
r=f(6),agd<hb,is
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-“nple 4

Find the length of the cardioid r = 1 + sin 6.

Solution:
The cardioid is shown in Figure 8.

Y

r=1+siné

Figure 8
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-nple 4 — Solution

Its full length is given by the parameter interval 0 < < 2~,
so Formula 5 gives
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-nple 4 — Solution

= f;”\/z T+ 2sin 0 db

We could evaluate this integral by multiplying and dividing

the integrand by /2 — 2 sin 6 , Or we could use a computer
algebra system.

In any event, we find that the length of the cardioid is L = 8.
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