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Key Topics:
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Intuitive Definition of a Limit

Suppose f(x) isdefined when =z isnearthe number a .(Thismeansthat [ is
defined on some open interval that contains a , except possibly at a 1tself) Then we

Wrilte

and say

“the limitof f(x) .as = approaches a ,equals L ”

if we can make the values of f(x) arbitrarilycloseto L (ascloseto L aswe like)
by restricting x tohe sufficiently closeto a (on either sideof a )butnot equalto

a .
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X
Y 0.52631579Y
99 0.50251256
999 0.50025013
9999 0.500025
99999 0.0000023

x—1
o

X
1.1 0.476190483
1.01 0.49751244
1.001 0.49975012
1.0001 0.499975
1.00001 0.4999975




Example 1.

Estimate the value of

(Ii V{xgﬁlf — 3
X X
—1 0.16227760
—.1 0.1666204
—.01 0.1666662
—.001 0.16666666
—.0001 0.16666668

0:5

X X~

1 0.16227766

N 0.1666204
01 0.1666662
001 0.16666666
0001 0.16666668




Example 2.

sin

Guess the value of lim
x—() T

m SIN X
X X

—.001 | 0.99999983
001 0.99999983




Example 3.

COS DI

Find lim (:1'33 |

r—0

10,000

)
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Definition of One-Sided Limits

We write

lim f(z) =L

and say the left-hand limit of f(=) as = approaches a [orthelimitof jf(=) as
z approaches o from the left|isequalto I 1if we can make the values of f{zx)

arbitrarily close to L[ by taking = to be sufficiently closeto a« with =z lessthan a



Example 7.

The graph of a function g 1s shown in Figure 10. Use 1t to state the values (1if they

exist) of the following: ¥ K AR T fDo\/ i...--
— f
Lv\vw = 4 =r.
(a) lim g(z)
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) limg(a)



Example 7.

The graph of a function g 1s shown in Figure 10. Use 1t to state the values (1if they

exist) of the following: i Z/ \ YW\ _ 2
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Example 5.

Investigate lim sin T =D V=

x—0 r
. ( T ]
sin| —
X s
1 0
2 —14
104 —2.0a7902 = 10
3 =
1052 0.866G0254
1 =y -G
10327 —0.7TO7LO6GT =
undefined
00001 ()




Example 6.

| _ 1
Find lm —
r—0 ;‘(:2

L
x>0 X

1f 1t exists.

= QL0




E Intuitive Definiton of an Infinite Limit

Let f be afunction defined on both sides of a , except possibly at a 1itself. Then

i () = o

means that the values of f(z) can be made arbitrarily large (as large as we please) by

taking =z sufficiently closeto a ,butnotequalto a .



n Definition

The vertical line z — a is called a vertical asymptote of the curve 3y — f(z) if atleast

one of the following statements is true:

lim f(xz) = oo lim f(x) = oo lim f(z) = o0

Ir—a r—sa- r—a "

Iim f(z) = —o0 lim f(x) = —o0 lim f(x) = —o0

Tr—sa rT—sa r—a™t
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R \
lim —, = )

r—3 3_32 — 0

@ x2 — IX
5

A x~—Y

2.9 0.49152542

2.99 (.49916528
2.999 0.49001665
3.001 (0.50008332
3.01 0.50083195

3.1 (.50819672




lim, o (1+2)"" = &

|

. O )
—.1 2.8067972
— .01 2.731999
—.001 2.7190422
—.0001 27184178
0001 2.718145Y
001 2.7169239
01 2.70438138
1 2.5937425



