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.age Value of a Function

It is easy to calculate the average value of finitely many

numbers y,, Yo, . . ., Yy

Vit y2 T Ty,

yave —
n

But how do we compute the average temperature during a
day Iif infinitely many temperature readings are possible?
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Figure 1 shows the graph of a s

temperature function T(t),
where t is measured in hours
and T in °C, and a guess at
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Figure 1
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.age Value of a Function

In general, let’s try to compute the average value of a
function y = f(x), a £ x £ b. We start by dividing the interval
[a, b] iInto n equal subintervals, each with length

AX = (b — a)/n.

Then we choose points x;*, . .., X * In successive
subintervals and calculate the average of the numbers

f(Xy%), ..., T(X*):
fOi) + -+ fO)

n

(For example, if f represents a temperature function and
n = 24, this means that we take temperature readings every

hour and then average them.)
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.age Value of a Function

Since Ax = (b — a)/n, we can write n = (b — a)/Ax and the
average value becomes

HoD 2 T ) e ] A
a b a

Ax

= —— | f(x/) Ax + - -+ + f(x) Ax]
b — a

1 n

= o 2 f(x) Ax
a =

If we let n increase, we would be computing the average
value of a large number of closely spaced values.



.age Value of a Function

The limiting value is

n 1
lim D F(xF) Ax =

n—= b — a - b —

" F(x) dx

by the definition of a definite integral.

Therefore we define the average value of f on the interval
[a, b] as

fave — j f(x) dx

b — a




-nple 1

Find the average value of the function f(x) = 1 + x? on the
interval [-1, 2].

Solution:
With a = -1 and b = 2 we have

1 b
ﬁlve — h — g4 fa f()C) dx

| 2 )
= g J_l(ler)dx




.age Value of a Function

If T(t) Is the temperature at time t, we might wonder if there
IS a specific time when the temperature is the same as the

average temperature.

T A

151
For the temperature function ol
graphed in Figure 1, we see N /\
that there are two such s/ e
times—ijust before noon and 0 2 18 24 !

Figure 1

just before midnight.

In general, is there a number c at which the value of a
function f is exactly equal to the average value of the
function, that is, f(c) = f_,.?



.age Value of a Function

The following theorem says that this is true for continuous
functions.

The Mean Value Theorem for Integrals If f is continuous on [a, b], then there
exists a number c in [a, b] such that

£0) = oo = = [ f0 dn

that is, Lb F(x) dx = f()b — a)

The Mean Value Theorem for Integrals i1s a consequence of
the Mean Value Theorem for derivatives and the
Fundamental Theorem of Calculus.



-nple 2

EXAMPLE 2 Since f(x) = 1 + x*is continuous on the interval [—1, 2], the Mean
Value Theorem for Integrals says there is a number ¢ in [—1, 2] such that
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-nple 3

EXAMPLE 3 Show that the average velocity of a car over a time interval [, f> ] is the
same as the average of its velocities during the trip.
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-nples

9-12

(a) Find the average value of f on the given interval.

(b) Find ¢ such that f,. = f(c).

(c) Sketch the graph of f and a rectangle whose area is the
same as the area under the graph of f.

9. f(x) =(x—3) [2.5]
10. f(x) = 1/x, [1,3]
M 11. f(x) = 2sinx — sin 2x, |0, 7]

112, f(x) =2xe ™, [0,2]
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-nples

17. In a certain city the temperature (in °F) t hours after
9 Am was modeled by the function

I
(1) = 50 + 14 sinT—z

Find the average temperature during the period from
O AM to 9 pMm.
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.age Value of a Function

The geometric interpretation of the Mean Value Theorem
for Integrals Is that, for positive functions f, there is a
number c such that the rectangle with base [a, b] and
height f(c) has the same area as the region under the
graph of f from a to b. (See Figure 2.)
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Figure 2

You can always chop off the top of a (two-dimensional) mountain at a certain height
and use it to fill in the valleys so that the mountain becomes completely flat.
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