Chapter 8

Further Applications of
Integration

8.2 Area of a Surface of Revolution
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Area of a Surface of Revolution (1 of 16)

A surface of revolution is formed when a curve is rotated about a line. Such a
surface is the lateral boundary of a solid of revolution.

We want to define the area of a surface of revolution in such a way that it
corresponds to our intuition.

If the surface area is A, we can imagine that painting the surface would require
the same amount of paint as does a flat region with area A.
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Area of a Surface of Revolution (2 of 16)

Let’s start with some simple surfaces. The lateral surface area of a circular
cylinder with radius r and height h is taken to be A = 2rrrh because we can
imagine cutting the cylinder and unrolling it (as in Figure 1) to obtain a
rectangle with dimensions 2mr and h.

Figure 1
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Area of a Surface of Revolution (3 of 16)

Likewise, we can take a circular cone with base radius r and slant height /, cut it
along the dashed line in Figure 2, and flatten it to form a sector of a circle with

. 2
radius / and central angle ¢ = T’"

Figure 2
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Area of a Surface of Revolution (4 of 16)

We know that, in general, the area of a sector of a circle with radius / and angle 9 is
%129 and so in this case the area is
A=tpglp(270) oy
2 2 !
Therefore we define the lateral surface area of a cone to be A = mrl.

What about more complicated surfaces of revolution? If we follow the strategy
we used with arc length, we can approximate the original curve by a polygon.
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Area of a Surface of Revolution (5 of 16)

When this polygon is rotated about an axis, it creates a simpler surface whose
surface area approximates the actual surface area.

By taking a limit, we can determine the exact surface area.

The approximating surface, then, consists of a number of bands, each formed
by rotating a line segment about an axis.
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Area of a Surface of Revolution (6 of 16)

To find the surface area, each of these bands can be considered a portion of a
circular cone, as shown in Figure 3.

Figure 3
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Area of a Surface of Revolution (7 of 16)

The area of the band (or frustum of a cone) with slant height / and upper and
lower radii r; and r, is found by subtracting the areas of two cones:

1 A=z, (L+1)-zrl, = x[(r,—r)h+1,l]

From similar triangles we have

L: I+
r1 r2
which gives
Ll =rl+rl or (rzfrw)’w:’wl
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Area of a Surface of Revolution (s of 16)
Putting this in Equation 1, we get
A=zr(rl+rl)
or

2 A=2mrl

where r = %(n +1,) is the average radius of the band.
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Area of a Surface of Revolution (9 of 16)

Now we apply this formula to our strategy. Consider the surface shown in
Figure 4, which is obtained by rotating the curve y = f(x), a < x < b, about the x-
axis, where fis positive and has a continuous derivative.

¥y = fix)
\-/\ )
o T o @
(a) Surface of revolution (b) Approximating band

Figure 4
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Area of a Surface of Revolution (10 of 16)

In order to define its surface area, we divide the interval [a, b] into n
subintervals with endpoints xo, X, . . ., X, and equal width Ax, as we did in
determining arc length.

If y; = f(x;), then the point P(x;, y;) lies on the curve.

The part of the surface between x;_4 and x; is approximated by taking the line
segment P; _ ,P; and rotating it about the x-axis.
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Area of a Surface of Revolution (11 of 16)

The result is a band with slant height / = \F{f{\ and average radius r :%(y, Y
so, by Formula 2, its surface area is

22V Vi p|
2

As in the proof, We have

where x;*is some number in [x;_4, Xx].
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Area of a Surface of Revolution (12 of 16)
When Ax is small, we have y; = f(x;) = f(x;*) and also y;_, = f(x; - 1) = f(x;*), since
is continuous.

Therefore

2”%\R,ﬂe\zzﬂf(x;) 141 (x)] ax

and so an approximation to what we think of as the area of the complete
surface of revolution is

3 §2ﬂf(xf) 14[7/(x)] ax
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Area of a Surface of Revolution (13 of 16)

This approximation appears to become better as n — « and, recognizing (3) as

a Riemann sum for the function g(x):an(x)1'1+[f’(x)]2, we have
n 12 b 2
li 27f (x; W1+ F(x] =| 2xf 1+| ' d;

HT; 7 (x,) +[ (x, )] AX J'a 7 (x)\, +[ (x)] X

Therefore, in the case where fis positive and has a continuous derivative, we
define the surface area of the surface obtained by rotating the curve y = f(x), a
< x £ b, about the x-axis as

4 S=["2af (x)|1+[r(x)] dx
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Area of a Surface of Revolution (14 of 16)

With the Leibniz notation for derivatives, this formula becomes

b dy 5
5 s=[2ry ”(&J dx

If the curve is described as x = g(y), ¢ < y < d, then the formula for surface area
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becomes
d 2
d X
6 szj 27y, [1+| — | dy
c dy
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Area of a Surface of Revolution (15 of 16)

Now both Formulas 5 and 6 can be summarized symbolically, using the
notation for arc length, as

7 S=[2zyds
For rotation about the y-axis, the surface area formula becomes
8 S=[2zxds

where, as before, we can use either

2 2
ds= 1+[d—y] dx or ds=,[1+ & dy
dx dy
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Area of a Surface of Revolution (16 of 16)

These formulas can be remembered by thinking of 21y or 2mrx as the
circumference of a circle traced out by the point (x, y) on the curve as it is
rotated about the x-axis or y-axis, respectively (see Figure 5).

circumferen circumference = 27

(a) Rotation about x-axis:S = _f2rry ds (b) Rotation about y-axis:S = _f2rrx ds

Figure 5
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Example 1
The curve y =v4-x*, —1<x <1, is an arc of the circle x* + y* = 4.

Find the area of the surface obtained by rotating
this arc about the x-axis. (The surface is a portion
of a sphere of radius 2. See Figure 6.)

Figure 6
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Example 1 — Solution (1 of 2)

We have

dy 1 -
- Yoe) a0

and so, by Formula 5, the surface area is

1 dy 2
S = LZ;ry 1+(aj dx

= 2z[ a1+
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Example 1 — Solution (2 of 2)

2. 42
= 2;rJ'11 V4 - x? 44)(72)(&
- - X

1 2
= 2;;]71 Ja-x? N dx

=4z[ 1ax
= 47[(2)
=8r
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Example 3

Find the area of the surface generated by rotating the curve y =e*, 0 < x <1,
about the x-axis.

Solution:

Using Formula 5 with

we have

1 dy 2
S = [2zy 1+ )
= Zzzre’ 1+ dx
(1]
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Example 3 — Solution (1 of 2)
= 2;:Lex/1 +uldu (where u= e*)
= 2;:_[23903 0d0 (where u=tan¢ and o =tan"'e)
7

=27 -1[se09tan9 +In|seco +tan9\]'f,
2 r

:n[secatana +In(seca+tana)—\/§—ln(«/§+1)}
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Example 3 — Solution (2 of 2)

Since tana = e, we have sec’a =1+tan’ a =1+ e?and

S:n[eerln(eer)—\E—ln(ﬁH)]
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