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Abstract
Recent work has explored variants of the cross entropy method for black-box
optimization of discrete structures such as DNA sequences. Using multiple rounds
of calls to the black-box function, a generative sequence model is trained to place
high probability on sequences that achieve high function values. These works
employ sophisticated deep generative models, which, however, have high sample
complexity and require extensive tuning. On the other hand, simple generative
models, such as hidden Markov models, have achieved widespread success in
computational biology applications. In response, we evaluate the performance of
simple generative models when used within the cross entropy method. We find that
simple generative models are competitive with more sophisticated models on two
synthetic optimization tasks inspired by biological sequence design.
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Introduction

Discrete black-box optimization problems of the form arg maxx∈X f (x), where X is a discrete highdimensional set and f is an unknown scoring function, arise in many practical applications. Notable
recent examples include optimization tasks in computer systems and infrastructure [23, 12, 22],
chemistry [8], and life sciences [2, 1].
The focus of this paper is on biological sequence design, where the goal is to identify DNA or protein
sequences x with desired properties f (x). Here, f (x) indicates gene expression [17], the fluorescence
of a protein [18], or the binding affinity of a transcription factor [3]. Although methods to more
efficiently optimize f (x) can have a huge impact in medicine, agriculture, and manufacturing, the
problem is far from being solved. The challenges arise from the combinatorial search space, the
inability to compute derivatives of the scoring function to guide the search, and potentially restricted
access to the oracle. For instance, when performing optimization over DNA sequences to enforce
properties such as high binding affinity to a specific target [10], obtaining oracle outputs requires
laboratory experiments. As a result, the optimization process must limit the number of queries, where
each query scores a batch of sequences. Existing approaches for biological sequence design include
directed evolution and evolutionary algorithms, which guide the search using prior knowledge about
relevant mutations [2, 1]. Alternatively, optimization methods based on generative models guide
the search through a parametrized distribution over data points: the optimization problem becomes
arg maxθ Ep(x;θ) [f (x)] [4]. This formulation enables using state-of-the-art reinforcement learning
algorithms [23, 12], as well as estimation of distribution algorithms, such as the Cross Entropy
Method (CEM) [15].
Here we focus on CEM, which has been recently successfully applied to biological sequence design
using different generative models, including variational autoencoders [5, 6], autoregressive generative models [13, 19], or generative adversarial networks [9]. Nevertheless, the influence of the

generative model on the optimization performance of CEM is not well understood. In particular, it is
unclear how simpler models such as fully-factorized models or hidden Markov models, traditionally
used in bioinformatics applications [7], perform relative to complex deep generative models.
We compare generative models of varying complexity for designing DNA and protein sequences using
CEM. On two synthetic optimization tasks, we find that the simple methods perform competitively
with deep generative models. Surprisingly, we also find that simple evolutionary algorithms, which
are generally considered to be sample-inefficient optimizers [16], can outperform CEM, irrespective
of the choice of generative model, when performing many rounds of optimization.

2

Cross Entropy Method

Our goal is to solve x̂ = arg maxx∈X f (x), where X = V L , for a discrete vocabulary V , and an
integer length L. The Cross Entropy Method produces a sequence of generative models p(x; θt ),
t = 1, 2, . . . , that generate data points with increasingly high values ofP
f (x). Specifically, at time
step t, it solves the following optimization problem [5]: θt = arg maxθt0 x∈At−1 w(x) log p(x; θt0 )
where At−1 = {x|x ∼ p(x; θt−1 )} is a set of samples from the previous distribution, and w(x) is
a sample weighting function, monotonic in f (x). A typical choice is w(x) = 1[x ∈ St ], where
St ⊆ At−1 is a set of elite samples x selected based on their score f (x), for instance, by using
the top-k samples with the highest score [13]. In this paper, we follow a similar approach, used by
Brookes et al. [5] (DbAs) in using a quantile cutoff for selecting the elite set and the corresponding
sample weights, and we investigate alternative generative model architectures for modeling p(x; θ).
2.1

Generative Models for the Cross Entropy Method

A generative model can be used in the context of CEM as long as it possesses an efficient (weighted)
P|D|
maximum likelihood estimation (MLE) procedure arg maxθ k=1 w(k) log p(x(k) ; θ), given M
sequence-weight pairs D = {(x(k) , w(k) )|k = 1 . . . M }. We consider the following model classes:
Fully-factorized (FF). The simplest approach one can design for modeling sequences is a fullyfactorized model, where each sequence position is modeled independently. Fully-factorized models
are appealing due to their simplicity and ability to scale to high-dimensional data. The modeling
QL
distribution is given by p(x; θ) = i=1 p(xi ; θi ), where p(xi ; θi ) is parameterized by the probabilities
per position and token: θi,xi . For each position, we use a uniform Dirichlet prior over the parameters
and perform maximum a-posteriori estimation.
K-th order Markov model (KMM). More expressive generative models capture the conditional
dependency between adjacent positions. Markov models assume that the assignment per sequence
position depends only on the previous k positions. In particular, the modeling distribution is given
QL
by p(x; θ) = p(x1 ; θ1 ) i=2 p(xi |xi−k:i−1 ; θi ). Similar to the fully-factorized case, the start and
each conditional distribution are not tied along the length of the sequence, and we employ uniform
Dirichlet priors with tuned concentration parameters. Note that the FF model is a KMM with k = 0.
Hidden Markov model (HMM). One can extend a KMM with a sequence of discrete latent variables
such that observations are conditionally independent given the latent variables. The modeling
P
QL
QL
distribution is given by p(x; θ) = h∈H p(h1 ; θS ) i=2 p(hi |hi−1 ; θT ) i=1 p(xi |hi ; θE ), where
θS , θT and θE are the start, transition and emission probabilities, respectively. We are not learning
sequence position specific parameters, but the presence of hidden variables enables the model to learn
specialized hidden states that incorporate information about the location within the sequence and can
model higher sequence diversity. Training is performed with expectation-maximization, which is
considerably more complex than training FF and KMM models, which rely on simple counting.
Recurrent neural network (RNN). Recurrent neural networks are the standard neural network
approaches for sequential data, modeling the next token probability as a complex (nonlinear) function
of the previous token and a continuous hidden state vector. Similar to the hidden Markov models,
the sequence of input tokens is encoded as a sequence of states. While recurrent neural networks
are generally more powerful than hidden Markov models, which make strong assumptions about the
state-transition dynamics, they are more challenging to train, especially on long sequences.
2

Figure 1: Optimization results for one PDB ising problem (target protein structure: 1YZQ). Shown are the
cumulative maximum reward (left), batch mean reward (middle), and batch uniqueness (right), as a function of
the number of proposed samples. We find that DbAs-KMM performs competitively with DbAs-VAE.

Variational autoencoder (VAE). Generating sequences in one-shot, via a fully-connected neural network decoder, enables encoding high-order dependencies. The distribution modeled by a variational
autoencoder is defined by passing samples from a generic distribution (“noise”) through a neural
network decoder, and the resulting latent variable model can be trained via stochastic gradient descent
by using variational inference and the reparametrization trick [11]. The work by Brookes et al. [5],
which is our focus in this paper, used a variational autoencoder to model the elite set distribution, and
we compare this approach with the simpler models outlined above.

3

Experiments

The goal of our experiments is to understand how the performance of DbAs is influenced by the
choice of the generative model, and how DbAs performs relative to evolution-based methods. We use
the following baselines: (1) Random solver, where each proposed batch contains random sequences
from the search space, (2) Regularized evolution, an improved evolution algorithm [14], and (3)
Single mutant walker, a simple solver inspired by directed evolution [2], described in the appendix.
We evaluate methods via the following metrics, evaluated per batch as optimization progresses: (1)
Cumulative max reward: the maximum reward found in the current or any previous batch. This is
the primary measure of performance, and it indicates a solver’s ability to discover good sequences.
(2) Batch mean reward: the average reward in the current batch. We use the resulting curve to
indicate whether the model succeeds in producing samples with increasingly high rewards. (3) Batch
uniqueness: the percentage of unique samples within the batch, used to indicate whether the model
converges towards a (potentially sub-optimal) subset of configurations.
3.1

Datasets

We perform the evaluation on two synthetic optimization tasks designed to reflect the characteristics
of a real wet-lab experiment:
PDB Ising Model. Our first task is based on the structures of naturally occurring proteins that have
been experimentally determined with coordinates deposited in the Protein Data Bank (PDB). Each
protein structure gives rise to an Ising model in which the sequence positions are nodes, and two
nodes are connected if the 3D distance between their α-carbon atoms is within a given threshold
(here we use 8.0Å). For simplicity, we assume that each sequence position can take on one of 2 values
(e.g. hydrophobic and hydrophilic) instead of the 20 possible amino acids [20]. The edge weights are
chosen to produce a frustrated system, where neighboring nodes are encouraged to take on different
values, and the goal is to discover binary sequences that minimize the energy of the resulting model.
Our synthetic task is a simplified version of protein design: given a target structure, we first describe
it as an Ising model and then seek to find the configuration of amino acids that has lowest energy
under this model [21]. We allow the solver to perform a limited number of queries (set to 14 in our
experiments) in batches of fixed size of 1,000 sequences. The initial round starts with 1,000 randomly
chosen sequences that are fixed across all runs.
5’ UTR. A common task in biological engineering is to identify regulatory elements which increase
the expression level of a particular gene. A 5’ untranslated region (5’ UTR) is one of such regulatory
elements, which is located just before the coding region of a gene. Sample et al. [17] recently showed
that the expression level of a gene can be predicted from the corresponding 5’ UTR sequence using
a convolutional neural network. We used this network as a black-box oracle and sought to find 5’
3

Figure 2: Optimization results on the 5’ UTR problem. We compare DbAs-VAE with alternative generative
models in the first two figures, and with baselines in the last two figures (in each case we show the cumulative
max reward and batch mean reward). We find that simple evolutionary optimization (RegEvo) outperforms
DbAs after enough optimization rounds. The fully-factorized model performs competitively with the VAE - note
that it obtains a slightly higher maximum reward and a similar batch mean reward at the end of optimization.

UTR sequences x that maximize the predicted gene expression level f (x). The proposed sequences
are fixed-length, 50 nucleotides long, resulting in a search space of 450 . We performed 24 rounds of
queries to the oracle, with a batch size of 1000 sequences. Akin to the PDB Ising Model Problem, the
initial round starts with 1,000 randomly chosen sequences.
3.2

Optimization Results

PDB Ising Model. Figure 1 shows results for a chosen protein structure and results for two additional
proteins are presented in the appendix. The hyper-parameters were selected on a 4th protein. We note
that the KMM is close in performance to the VAE, both in terms of the maximum reward attained,
and the increase in maximum reward as a function of the number of sequences tested. The VAE and
KMM consistently performed better than the recurrent neural network in the CEM formulation, likely
due to the expected difficulties of fitting a recurrent neural network to large sequences (our sequences
have length 50), or to the small number of samples that the models are being trained on. The HMM is
likely to underperform due to sharing the transition matrix parameters across steps (for the KMM, the
use of untied parameters improved performance). Finally, the batch mean reward is monotonically
increasing, suggesting that the models successfully capture samples with increasingly high scores.
The VAE attains a high batch mean reward earlier than the KMM, though the batch uniqueness results
suggest that the VAE also reduces batch diversity more quickly than the KMM. In the context of
real-world problems where the identification of diverse good solutions is important, the ability of a
solver to retain additional sequences in the final batch while almost matching the batch mean reward
of the VAE model makes it an attractive alternative.
5’ UTR. As we have a single black-box oracle for the 5’ UTR problem, to be used both for tuning
parameters and evaluation, we report two sets of results. Figure 2 shows results where the hyperparameters are extracted from the PDB Ising model problem, while the appendix shows results where
the hyper-parameters are tuned on the 5’ UTR problem. The FF and VAE perform comparably after
enough rounds of optimization, with DbAs-VAE being more sample efficient. This difference is
reduced when tuning the hyper-parameters of the simple models. In particular, among the generative
models, the KMM improves significantly as a result of tuning: when using a smaller conditioning
block size, it approaches the fully-factorized model’s performance (shown in the appendix).

4

Discussion

Using the cross entropy method for biological sequence design requires choosing between simple
models, which are easy to learn but capture limited interactions between the output variables, and
expressive models with costly and potentially intractable learning and inference procedures [1].
Neural network-based approaches enable learning expressive models without explicitly requiring to
characterize the interactions and without tractability considerations, but can be sample inefficient and
require careful hyper-parameter tuning. We propose investigating whether richer models improve
optimization results. On two synthetic biological sequence design task we show that simple generative
models are competitive with neural network-based models. While further work is required to fully
characterize when and why the simple approaches might be sufficient when compared to neural
network approaches, we hope that our analysis motivates further comparisons in this respect.
4
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5.1

Appendix
Additional Results

In Figure 3, we show additional optimization results for the same PDB ising model task discussed
in the main text (protein target structure 1YZQ). We compare DbAs-VAE with simple optimization
baselines: random solver, single mutant solver and regularized evolution. DbAs-VAE outperforms
the baselines in terms of maximum reward and reaches a higher batch mean reward given sufficient
optimization rounds. That said, note that the VAE concentrates more quickly, which may result in
reduced exploration in the later stages of optimization.
In Figure 4, we show results for the PDB Ising model task with three target protein structures (the
first protein is also shown in the main text). Similar to the results presented in the main paper, DbAsKMM achieves performance competitive with DbAs-VAE. In future work, we aim to understand the
properties of the PDB Ising model task that enable the simple models to perform well.
Results on the 5’ UTR problem with tuned hyper-parameters are presented in Figures 5 and 6. Due to
the lack of a train-test split, we compare these results with the ones in the main text, where we used
the hyper-parameters tuned on the Ising Model problem. With the tuned hyper-parameters, the KMM
meets the performance of the fully-factorized model (see also Figure 7 for a similar plot using standard
deviation based confidence intervals). We used the same parameters for the VAE and the HMM as
we saw no increase in performance when changing the parameters. The new hyper-parameters for
the recurrent neural network improved maximum reward performance, but decreased performance
with respect to the batch mean reward. We note that achieving high cumulative maximum reward
in early rounds can trade off to achieving a higher maximum reward after many steps with small
hyper-parameter changes.
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Figure 4: To test the generality of our findings across target structures, we consider alternative target protein
structures from the PDB. DbAs-KMM is competitive with DbAs-VAE on each target.

Figure 5: Results on the 5’ UTR problem with tuned hyper-parameters. With the tuned parameters, the KMM
meets the performance of the fully-factorized model. We used the same parameters for the VAE and the HMM as
we saw no increase in performance when changing the parameters. The new hyper-parameters for the recurrent
neural network improved maximum reward performance, but decreased performance with respect to the batch
mean reward.

The comparison between DbAs and baselines is maintained when tuning parameters directly on the
5’ UTR problem (Figure 6). In particular, the regularized evolution solver outperforms DbAs-VAE
when the optimization process involves a large number of rounds. We note that, in the regularized
evolution implementation, we ensure that the alive population contains unique sequences, which
increases the diversity of the proposed sequences. Instead, DbAs-VAE uses the top scoring sequences
from the last batch for weighted MLE. This discrepancy may account for the increased cumulative
maximum reward of the regularized evolution on the UTR task. In particular, the batch uniqueness
plot suggests that DbAs-VAE concentrates on a few configurations earlier in the optimization process,
while the evolution solver continues to explore and therefore can continue to discover high-scoring
sequences, and eventually outperform DbAs-VAE. On the other side, the batch mean reward for the
evolution solver is lower than for DbAs-VAE as the former may contain potentially lower scoring
unique solutions in the alive population. Adding a tunable diversity-inducing regularization term
to the weighted MLE objective in DbAs-VAE might encourage higher diversity in the generative
models and reduce this discrepancy.
5.2

Implementation and Hyper-parameter Tuning Details

We implemented DbAs [5] following the advice in the original paper under the assumption of
noiseless oracles. In particular, the original paper uses the survival function to weigh each sample
according to the probability that the stochastic oracle score passes a quantile-based threshold. A

Figure 6: Results on the 5’ UTR problem with tuned hyper-parameters. The comparison between DbAs
and baselines is maintained when tuning parameters directly on the UTR problem. In particular, DbAs-VAE
concentrates on a few configurations earlier in the optimization, while the evolution solver continues to explore
and therefore can continue to discover high-scoring sequences and to eventually outperform DbAs-VAE.
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Figure 7: Results on the 5’ UTR problem with tuned hyper-parameters where the curves and shaded regions
represent the mean +/- the standard deviation as optimization progresses.

noiseless oracle is transformed into a stochastic one by assuming a Gaussian variable with constant
variance (treated as a hyper-parameter and set to 10−6 ). As a result, samples are dropped when their
deterministic score is below the quantile threshold, and kept when they are above the threshold (with
a weight of 0.5 when they match the threshold, and a weight of 1 when they are strictly above the
threshold).
The elite selection process returns a dataset where a high proportion of samples are discarded. We note
that alternative cross entropy method approaches use a larger proportion of samples and re-weight
them based on the oracle rewards (e.g. by applying an alternative shaping function to the rewards [4]),
and may lead to more stable optimization trajectories. We maintain the choice made in the original
DbAs paper, and tune the quantile hyper-parameter Q for each generative model.
We run each solver 50 times, with different random seeds, and we plot the mean performance as well
as confidence intervals computed using seaborn’s plotting function’s default arguments (bootstrapbased confidence intervals). We note that the confidence intervals are wider when using standard
deviation (see Figure 7).
Fully-factorized model: For each position, we use a uniform Dirichlet prior over the parameters and
perform maximum a-posterior estimation. The concentration parameter of the prior, which controls
the entropy of the posterior, is tuned as a hyper-parameter. For the Ising model problem, we set the
quantile Q to 0.9 and the concentration parameter to 1.25, while for the 5’ UTR problem, we set the
two parameters to 0.95 and 1.25, respectively. We found that larger concentration parameter values
decreased performance, especially in terms of maximum reward at the end of optimization.
K-th order Markov model: For the Ising model problem, we set the quantile Q to 0.9, the block
size to 3 and concentration parameters corresponding to start and transition probability priors to 1.25.
We used only untied parameters, since in early experiments on the Ising model problem it lead to
better performance. For the 5’ UTR problem, we found that decreasing the conditioning block size to
1 improved results. The remaining parameters were set to 0.95 (quantile), 2 (start probability prior
concentration parameter), 1.25 (transition probability prior concentration parameter), although they
did not affect results in a significant manner.
HMM: We used the public implementation hmmlearn1 . The hyper-parameters to optimize are
the number of hidden states and the parameters of the Dirichlet priors on the start and transition
probabilities. We set the number of components to 10, the concentration parameters corresponding to
start and transition probabilities to 1.25, and we performed 100 expectation-maximization iterations
for each optimization round. The quantile Q was fixed to 0.95. We note that due to increased
computational burden, the grid search used for tuning the HMM was much smaller than for the
alternatives. As it cannot handle weights, we extracted unweighted datasets by drawing samples
with replacement proportional to the given sample weights. We drew 3 ∗ N training samples (from a
weighted dataset of size N ) as we found no improved performance when increasing the number of
training samples further.
VAE: We use fully-connected models for both the encoder and decoder models. We note for the neural
network models, during each optimization round, we fine-tune the parameters from the previous
iteration (rather than re-initializing the network). We tune the learning rate (0.01), the number of
epochs (40), the number of hidden units (64), the latent size (50), the batch size (20), and the quantile
Q (0.9). The numbers in the parentheses reflect the final hyper-parameter choice. We found that the
learning rate and number of epochs are the parameters that affected performance the most. We used
1

https://hmmlearn.readthedocs.io/en/latest
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the same setting for both problems as tuning parameters for the 5’ UTR problem did not improve
results.
RNN: We use a single layer long short-term memory network (LSTM). We tune the learning rate
(0.003), the number of epochs (Ising Model problem: 20, 5’ UTR problem: 10), the number of
hidden units (64), the embedding size (64), the batch size (20), and the quantile Q (0.95). Similar
to the VAE, the learning rate and number of epochs are the parameters that affected performance
the most. We note that the VAE consistently performed better than the recurrent neural network in
the CEM formulation, likely due to the expected difficulties of fitting a recurrent neural network to
large sequences (our sequences have length 50), or to the reduced number of samples that the models
are trained on. While various tricks for tuning recurrent neural networks may improve results, most
protein sequences are significantly longer than 50 amino acids, potentially limiting applicability to
real-world design problems.
5.3

Baselines Details

The single mutant walker solver proposes each batch by starting from the sequence with the best
reward in the previous batch (or the starting population, if no previous batch) and randomly sampling
from the set of sequences that can be obtained via a single mutation. We note that the solver never
repeats the sequence used for mutation throughout the optimization process. If the batch size is
smaller than the possible number of single mutants, sequences are randomly sampled from the set of
possible single mutants. However, if the batch size is larger, all of the single mutants are proposed,
and the remaining sequences in the batch are sampled from the set of double mutants. If the batch
size is even greater, the rest of samples are randomly selected from the set of triple mutants, and so
on. The single mutant walker solver has no hyper-parameters to tune.
The regularized evolution solver is an implementation of the evolutionary algorithm in Real et.
al [14], which proposes using aging evolution. In particular, parent selection is performed by
maintaining a fixed-size alive population by removing the oldest individuals, followed by k-way
tournament selection (randomly sampling with replacement k individuals and maintaining the highest
scoring one). We ensure that the alive population contains unique sequences: we keep the newest
unique samples. We allow using up to two parents in recombination, which is performed by crossover
according to a crossover probability. The resulting child is mutated at each sequence position
independently according to a mutation probability. If a mutation takes place, the new symbol is
chosen uniformly at random, with replacement, from the vocabulary of tokens. We tune the following
hyper-parameters: the tournament size (the number of individuals to sample for tournament selection),
the mutation probability (the probability of mutating a token), and the crossover probability (the
probability of crossover at each sequence position). For the Ising model task, we set the mutation
probability to 0.05, the crossover probability to 0.2, and the tournament size to 20. For the UTR task,
we changed the crossover probability to 0.1 which improved results only slightly over the previous
configuration.
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