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Contemporary quantum computers have relatively high levels of noise, making it difficult to use
them to perform useful calculations, even with a large number of qubits. Quantum error correction
is expected to eventually enable fault-tolerant quantum computation at large scales, but until then
it will be necessary to use alternative strategies to mitigate the impact of errors. We propose a
near-term friendly strategy to mitigate errors by entangling and measuring M copies of a noisy
state ρ. This enables us to estimate expectation values with respect to a state with dramatically
reduced error, ρM/Tr(ρM ), without explicitly preparing it, hence the name “virtual distillation”. As
M increases, this state approaches the closest pure state to ρ, exponentially quickly. We analyze the
effectiveness of virtual distillation and find that it is governed in many regimes by the behaviour of
this pure state (corresponding to the dominant eigenvector of ρ). We numerically demonstrate that
virtual distillation is capable of suppressing errors by multiple orders of magnitude and explain how
this effect is enhanced as the system size grows. Finally, we show that this technique can improve
the convergence of randomized quantum algorithms, even in the absence of device noise.

I. INTRODUCTION

Performing meaningful calculations using near-term
quantum computers is challenging because of the rela-
tively high error rates of these devices. While quantum
error correction promises to enable quantum computa-
tion with arbitrarily small levels of noise, the overhead
required is too large to be currently practical [1, 2]. The
most plausible paths between today’s quantum comput-
ers and a fault-tolerant device assume a modest decrease
in error rates together with a large increase in the num-
ber of qubits [2]. We find it interesting to ask if these
additional qubits can be used fruitfully without employ-
ing the full machinery of fault-tolerance. This question
becomes especially relevant as larger noisy intermediate-
scale quantum (NISQ) devices are constructed along the
way to a full fault-tolerant device [3]. In this work, we ex-
plore an alternative to traditional quantum error correc-
tion that uses multiple independently-performed copies
of a computation for error mitigation.

A variety of strategies exist to mitigate against errors
on NISQ devices, i.e., to efficiently approximate the out-
put that would be produced in the absence of noise using
data collected from a noisy device. One broad class of
approaches attempts to collect data at a variety of error
rates, determine the function which relates the measured
value of an observable to the error rate, and extrapo-
late to the zero noise limit [4–6]. An alternative strat-
egy, introduced in Ref. 4, corrects the estimated expecta-
tion values by assuming a particular model for the noise
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and expressing the inverse channel as a quasi-probability
distribution over modified copies of the original circuit.
More recently proposed are techniques that compare clas-
sical simulations of Clifford circuits with evaluations of
the same circuits on a noisy device. These methods
aim to learn enough about the impact of the noise to
accurately predict the noise-free expectation values for
structurally similar circuits with arbitrary (non-Clifford)
gates [7, 8]. Ref. 9 applies a related technique experi-
mentally, using a different family of structurally similar
circuits which are easy to simulate by mapping to free
fermions. In Ref. 10, O’Brien et al. put forward a ver-
sion of quantum phase estimation algorithm that achieves
protection against errors by inverting the state prepara-
tion procedure and verifying that the system has returned
to a reference state at the end of the computation. The
machinery of phase estimation can be applied in conjunc-
tion with this approach to obtain error-mitigated expec-
tation values for arbitrary observables.

Besides these methods, tools have also been developed
for mitigating errors in more specific situations. The
quantum subspace expansion has been shown to help mit-
igate against both coherent and incoherent errors when
the state of interest is a ground state (or low-lying excited
state) [11–13]. It relies on diagonalizing the Hamiltonian
in a basis spanned by some target state and the states
obtained by acting on the target state with a collection
of perturbing operators. Related to this idea are error-
mitigation techniques based on known symmetries of the
noise-free state [14–18]. These techniques involve either
explicit post-selection based on the symmetries or clas-
sical post-processing procedures that achieve the same
effect at the cost of extra measurements. There are also
a number of works that address the problem of mitigating
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measurement errors [19, 20].
Before the modern field of quantum error-correction

was developed, an alternative proposal was put for-
ward for stabilizing quantum computations [21–23]. The
essence of this approach is to execute M redundant
copies of a computation in parallel and use measurement
to project into the symmetric subspace between these
copies. This symmetrization can be executed repeatedly,
but the simplest application of the idea is to perform it
once at the end of the computation. Let ρ denote the
density matrix produced by a noisy quantum computa-
tion on N qubits. As an example, we consider projecting
two independently prepared copies of ρ into the symmet-
ric subspace. We make the important assumption that
the noise is stochastic and equal for both copies. This
can be accomplished by performing a measurement of
the swap operator between the two copies of the system
and postselecting on observing the +1 eigenvalue. The
postselection succeeds with probability

p+1 =
1 + Tr(ρ2)

2
, (1)

and the reduced state of an individual system register
becomes

ρ+ ρ2

Tr(ρ+ ρ2)
. (2)

This state is purified compared to the original state ρ:
under some mild assumptions about the nature of the
noise, it is closer than ρ to the pure state that would
have been produced in the absence of noise.

In separate works, measurements of the swap opera-
tor, denoted S(2), and its generalizations have been ap-
plied to measure Renyi entanglement entropies and other
polynomial functions of the density matrix [24–26]. The
identity 〈

S(2)
〉

= Tr(ρ2) (3)

has been used in quantum Monte Carlo calculations [27],
and in experiments with ultracold atoms to estimate the
second Renyi entropy [28]. Related proposals exist for
quantum algorithms [29–31] and other many-body ex-
perimental platforms [32]. In Ref. 33, Cotler et al. used
a similar equality to implement an idea they call “vir-
tual cooling.” By performing a joint measurement on
M copies of a thermal state at inverse temperature β
(ρ ≈ e−βH), they were able to estimate expectation val-
ues with respect to the thermal state at inverse temper-
ature Mβ (ρM ≈ e−MβH). In this paper, we employ
similar tools to Cotler et al., but for the purpose of sup-
pressing errors in a noisy quantum computation.

Earlier work on using symmetrization for error mitiga-
tion focused on protocols that prepared an approximately
purified state [21–23]. We shall abandon this goal, and
instead aim to reconstruct expectation values with re-
spect to an approximately purified state without explic-
itly preparing it. We refer to this approach as virtual

Figure 1. A flowchart that describes the choices involved in
selecting between the different variants of virtual distillation.
Blue boxes denote questions for the experimentalist to answer
about the available quantum resources and problem to be
studied, green boxes link to the relevant sections in the text.

distillation. We use the word “virtual” to distinguish our
approach from typical state distillation schemes that aim
to consume multiple noisy copies of a state to actually
prepared a single purified copy [34–36]. To be specific,
we shall use collective measurements of M copies of ρ to
measure expectation values with respect to the state

ρM

Tr(ρM )
=

∑
i p
M
i |i〉〈i|∑
i p
M
i

, (4)

where ρ =
∑
i pi |i〉〈i| is a spectral decomposition of ρ.

Under this approach, the relative weights of the non-
dominant eigenvectors are suppressed exponentially in
M . This represents an improvement over approaches
which demand that the approximately purified state is
prepared explicitly, which achieve a suppression that is
merely linear in M in the general case [21–23, 37].

Our proposed error mitigation technique complements
this existing body of literature by offering the opportu-
nity (besides the usual quantum error correction formal-
ism) to make use of additional qubits to enhance the qual-
ity of a noisy computation. Furthermore, the technique
is extremely simple to use and analyze. If we neglect the
errors that occur during measurement, it is straightfor-
ward to obtain analytic expressions for the states whose
expectation values we are effectively measuring and for
the variance of the resulting estimator. In the limit where
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the level of noise is small, the number of additional mea-
surements required by our approach goes to zero. Our
error mitigation strategy, as we show, is capable of re-
ducing the impact of stochastic errors arising from noise
on a near-term device as well as stochastic errors inher-
ent to randomized quantum algorithms implemented on
an error-free device.

We begin in Section II by giving an overview of the
theoretical formalism to be used in this work. We then
present three different methods (Secs. II B, II A, and II C)
for virtual distillation that differ by their resource re-
quirements and the types of observables that may be
measured. These differences are summarized in Figure 1
for ease of access to a reader wishing to use these tech-
niques. We continue in Section II D with an analysis of
the sample complexity of this technique in the simple
case (where one consumes two copies of ρ to measure
Tr(ρ2O)) and in a more complex situation (where one
wishes to reduce the sample complexity by consuming
additional copies).

In Section III, we study the error mitigation perfor-
mance of virtual distillation in simple cases where ana-
lytic expressions can be found. We split the effect of er-
rors into the shift of the closest pure state to the density
matrix (the leading eigenvector) away from the target
(error-free) state (Section III B), and the shift of the noisy
density matrix away from this state (Section III A). Al-
though the second effect may be exponentially suppressed
by increasing the number of samples K, the same is not
true for the first effect, which in the worst case limits the
performance of virtual distillation to only providing a
constant-factor improvement in error rate (as a function
of the underlying physical noise rate). To complement
this analysis, in Section IV we present numerical simula-
tions of the virtual distillation of various noisy quantum
circuits. We observe here that for some range of noise lev-
els, virtual distillation does achieve an asymptotic error
suppression, below the upper bounds suggested in Sec-
tion III B. Finally, in Section V B, we consider the per-
formance of our technique when applied to the stochastic
errors that arise during randomized algorithms for real-
time evolution.

II. THEORY

We first establish some assumptions and notation.
Throughout this paper we deal with operations that act
on multiple copies of the same state. We make the
assumption that the noise experienced by the separate
copies has the same form and strength. If we relax this
assumption, then we still measure an effective state that
corresponds to the product of the density matrices of the
individual copies so long as the copies are not entangled
prior to virtual distillation. We briefly explore this more
general situation in Appendix G.

We use the letter N to indicate the number of qubits
in an individual system and the letter M to indicate the

number of copies (which we sometimes refer to as sub-
systems). Superscripts with parentheses indicate an op-
erator that acts on multiple systems. For example, we
shall denote the cyclic shift operator between M copies
by S(M). We use bolded superscripts without parenthe-
ses to denote which copy an operator acts on, e.g., O1

indicates the operator O acting on subsystem 1. We use
superscripts without a bold-faced font or parentheses to
indicate exponentiation as usual. Subscripts are used
in two different ways. Subscripts on an operator gener-
ally indicate which qubit within a system the operator
acts on. The exception is when the subscript is being
used more generically as an index in a summation, which
should always be clear from the context and the presence
of the

∑
symbol.

The error-mitigated expectation value of an operator
O is the expectation value of O with respect to the state
from Eq. 4,

Tr(OρM )

Tr(ρM )
. (5)

In order to evaluate the numerator and denominator of
this equation, we can make use of the following equal-
ity [25, 26, 33],

Tr(OρM ) = Tr(OiS(M)ρ⊗M ). (6)

Here, Oi indicates the observable O acting on (an ar-
bitrary) subsystem i and S(M) indicates the cyclic shift
operator on M systems, i.e.,

Oi = I⊗ I · · ·O · · · I,
S(M) |ψ1〉 ⊗ |ψ2〉 · · · |ψM 〉 = |ψ2〉 ⊗ |ψ3〉 · · · |ψ1〉 . (7)

This identity can be proven by expanding the right-hand
side, carefully keeping track of the indices. Without loss
of generality we choose i = 1, yielding

Tr(O1S(M)ρ⊗M ) =∑
i1,i2,...iM ,j1,j2,···jM ,k

Ok,j1δj2,i1 · · · δj1,iMρi1,k · · · ρiM ,jM =

∑
i1,i2,...iM ,k

ρi1,kOk,iMρiM ,iM−1
· · · ρi2,i1 = (8)

Tr(OρM ).

In Figure 2 we present a diagrammatic representation
of Eq. 6 for the case where M = 3 (note that we have
commuted ρ⊗3 with S(3) in the diagram).

In the following subsections, we shall present three
strategies for measuring the numerator and denominator
of Eq. 5. We capture the main differences between these
methods in Figure 1. In Section II A and Section II B
we outline two related strategies that don’t require an-
cilla qubits or Fredkin gates, and are thus especially suit-
able for near-term implementation. The approach of Sec-
tion II A allows for the simultaneous measurement of the
error-mitigated value of the Z operator on each qubit,
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Figure 2. A diagrammatic representation of Eq. 6 with M = 3
and i = 1 using tensor network notation [38–40]. The blue
square represents the operator O1, each red circle represent a
copy of the state ρ, and the connections between the shapes
indicate indices which are summed over. The cyclic shift oper-
ator S(3) is naturally represented as a product of two swap op-
erators, which are themselves indicated by the crossed wires.
Note that the top diagram actually corresponds to the expres-
sion Tr(O1ρ⊗3S(3)); we commuted ρ⊗3 with S(3) before pro-
ducing the figure. Rearranging the wires to yield the bottom
diagram is equivalent to the simplification of the summation
in Eq. 8.

whereas Section II B presents a strategy that doesn’t re-
strict the form of the operator but also doesn’t support si-
multaneous measurement. The version presented in Sec-
tion II C requires an ancilla-assisted measurement, but it
has the advantage that it allows for any of the usual tech-
niques for measuring a large number of commuting ob-
servables simultaneously. Finally in Section II D, we de-
termine the variance of the estimators from Section II A
and Section II C. We conclude that subsection by proving
that there exists generalizations of our approach that can
further reduce the variance (and therefore, the number
of circuit repetitions required for a desired precision).

A. Measurement by Diagonalization with
Symmetrized Observables

In this subsection, we present a straightforward strat-
egy for evaluating the quantities in the numerator and
denominator of Eq. 5 applicable when the operator O
is the Pauli Z operator acting on a single qubit. Other
single-qubit observables can be accessed by applying the
appropriate single-qubit rotations before the virtual dis-
tillation procedure. Here we follow the approach pre-

Figure 3. A circuit diagram of our approach applied to a
six-qubit circuit. We use twice the number of qubits to inde-
pendently perform two copies of the original circuit. We then
apply a single layer of the two-qubit gates specified in Eq. 14
before measuring each qubit in the computational basis. This
allows us to estimate the error-mitigated expectation values
for all single-site Z operators.

sented in Ref. 33, except that we translate their work
into the language of qubits rather than bosonic systems.
We focus in this section on the version that uses M = 2
copies of ρ. In Appendix A we discuss the generalization
to higher values of M . We show a schematic of this ap-
proach in Figure 3. Essentially, all that we have to do is
apply a single layer of two-qubit gates and measure each
of the 2N qubits in the computational basis.

Rather than using the relation in Eq. 6 directly, we
instead define a symmetrized version of our observable,

O(M) =
1

M

M∑
i=1

Oi. (9)

For the specific case we consider here, that means we
consider

Z
(2)
k =

1

2
(Z1

k + Z2
k ). (10)

It is straightforward to use Eq. 6 to show that

Tr(OρM )

Tr(ρM )
=

Tr(O(M)S(M)ρ⊗M )

Tr(S(M)ρ⊗M )
. (11)

Using the symmetrized observable is advantageous be-
cause

[O(M), S(M)] = 0, (12)

or, specifying to the case we treat in this subsection,

[Z
(2)
k , S(2)] = 0.
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Both S(2) and Z
(2)
k factorize into tensor products of op-

erators that act separately on each pair of qubits, where
the ith pair consists of the ith qubit from each system.
Therefore, we may simultaneously diagonalize S(2) and

Z
(2)
k S(2) using an operator that factorizes with the same

structure. We denote the two-qubit unitary that per-

forms this diagonalization on the ith pair B
(2)
i . We then

define

B(2) =

M⊗
i=1

B
(2)
i . (13)

We give a matrix representation for this gate below, not-
ing that there is some freedom in the choice of phases for
the matrix elements,

B
(2)
i :=


1 0 0 0

0
√
2
2 −

√
2
2 0

0
√
2
2

√
2
2 0

0 0 0 1

 . (14)

As desired, this unitary diagonalized the individual
factors that make up the observables,

B(2)S
(2)
i B(2)† →1

2
(1 + Z1

i − Z2
i + Z1

i Z
2
i ), (15)

B(2)Z
(2)
k S

(2)
k B(2)† →1

2
(Z1

k + Z2
k ). (16)

This diagonalization is particularly easy to implement
when each qubit from the first copy of ρ is adjacent to
the corresponding qubit from the second copy. The pro-
cedure for measuring the observables required to estimate
the numerator and denominator of Eq. 11 then reduces
to applying a single layer of N two-qubit gates in parallel
and measuring in the computational basis. In fact, be-

cause B(2) diagonalizes Z
(2)
k S(2) for all N values of k, we

naturally collect the data required to estimate the error-
mitigated expectation values for all N of the operators
Zk simultaneously. By applying the appropriate single-
qubit rotations before performing virtual distillation, we
could instead access an arbitrary single-qubit observable
on each qubit. We capture this process diagrammatically
in Figure 3.

B. Measurement by Diagonalization with a
Non-Symmetrized Observable

Measuring observables with support on more than one
qubit is less straightforward. Ref. 33 solved this issue by
using an approach like the one we describe below in Sec-
tion II C. Here we present an alternative solution that
doesn’t require the use of ancilla-assisted measurement.
The challenge arises due to the use of Eq. 11, in par-
ticular, the choice to use the symmetrized version of O
defined in Eq. 9. Using the symmetrized version of a
multi-qubit observable means that it is not possible to

perform the required diagonalization using a tensor prod-
uct of separate unitaries across each pair of qubits. As
an example, we consider the operator O = ZiZj . Our
arguments hold equally well for any other operator com-
posed of a tensor product of single-qubit Paulis. Taking
the product of the symmetrized observable and the swap
operator yields

O(2)S(2) =
1

2
(Z1

i Z
1
j + Z2

i Z
2
j )S(2). (17)

This operator does not factorize into a tensor product of
operators with support on the individual pairs of qubits,
nor can it be diagonalized by an operator that factors
this way.

However, instead of using Eq. 11 to determine the cor-
rected expectation value of O, we can instead use the
non-symmetrized form introduced in Eq. 5. Returning
to our example where O = ZiZj , we see that we need to
estimate the numerator and denominator of

Tr(Z1
i Z

1
j S

(2)ρ⊗2)

Tr(S(2)ρ⊗2)
. (18)

Unlike the symmetrized observable of Eq. 17, the oper-
ator Z1

i Z
1
j S

(2) factorizes into a tensor product over the
N pairs of qubits (a pair being one qubit from the first
system and the corresponding qubit from the second sys-
tem). Z1

i Z
1
j S

(2) is not Hermitian, but because it is uni-

tary, we can still estimate Tr(Z1
i Z

1
j S

(2)ρ⊗2) by applying
a circuit to diagonalize it and measuring in the compu-
tational basis. As Z1

i Z
1
j S

(2) factorizes into a product of
two-qubit operators, the circuit that diagonalizes it does
as well.

Note that because Z1
i Z

1
j does not commute with S(2),

we will be unable to simultaneously estimate the numera-
tor and denominator of Eq. 18. We will also be unable to
simultaneously measure the corrected expectation value
corresponding to different choices of i and j. More gener-
ally, we are able to measure any single tensor product of
one-qubit operators at a time, regardless of the number of
qubits it acts on. The details of the diagonalization will,
of course, depend upon the operator to be measured. We
do not carefully analyze the number of measurements re-
quired by this flavor of our error mitigation proposal, but
the inability to parallelize the measurement of commut-
ing multi-qubit observables would make it challenging
to profitably combine this approach with sophisticated
NISQ measurement strategies, such as the one presented
in Ref. 17. In particular, individual operators would have
to be measured separately even if they commute, increas-
ing the overall number of circuit repetitions required for
many applications. In Appendix A, we briefly explain
how this variant of our error mitigation strategy gener-
alizes to M > 2 copies.
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C. Ancilla-Assisted Measurement

In this section, we present the approach one may take if
ancilla-assisted measurement is feasible in the experimen-
tal setup. This is a simplified version of the proposal for
ancilla-assisted measurement protocol found in Ref. 33
for estimating the expectation value of an observable O
with respect to the state ρ2/Tr(ρ2). Like the method
we discussed in Section II A, we shall do this by measur-
ing the numerator and denominator of Eq. 11. Unlike
that method, this approach uses a non-destructive mea-
surement of the swap operator (S(2)). The main reward
for this added complexity is that this variant of virtual
distillation doesn’t restrict the form of the operators be-
ing measured, nor does it prevent simultaneous measure-
ment of operators acting on overlapping subsets of qubits.
Therefore, it is compatible with some of the recently de-
veloped techniques for efficiently measuring a large col-
lection of commuting operators [17, 41, 42]. While we
focus on the M = 2 copy version here, in Appendix B we
discuss the generalization to M ≥ 3 copies where there
may be some additional advantages compared to the gen-
eralizations of the destructive measurement techniques
presented above.

To use this method, we begin with two system regis-
ters, each in the state ρ, as well as an ancilla qubit in
the |0〉 state. We then perform a non-destructive mea-
surement of S(2) in the standard way, using the so-called
swap or Hadamard test [24, 25, 43]. Specifically, we apply
a Hadamard gate to the ancilla qubit, apply S(2) condi-
tioned on the ancilla qubit being in the |1〉 state, and
measure the ancilla qubit in the X basis. The expec-
tation value of X on the ancilla qubit is then equal to〈
S(2)

〉
. Because S(2) factorizes into a tensor product of

two-qubit swap gates, its controlled version likewise fac-
torizes into a series of N Fredkin (controlled-swap) gates.
Compiling this circuit may necessitate some extra steps
(such as expanding the single ancilla qubit into a GHZ
state using a series of CNOT gates) in order to deal with
the restricted connectivity of a near-term device.

It isn’t technically necessary, but it simplifies the anal-
ysis and reduces the variance of the resulting estimator to
focus on the symmetrized form of O, O(2) = 1

2 (O1 +O2).
As in Section II A, this is beneficial because the sym-
metrized observable O(2) commutes with S(2). We can
therefore measure the product O(2)S(2) by first measur-
ing S(2) using the Hadamard test described above and
then measuring O(2) on the system registers. This proto-
col does not require a separate estimation of Tr(ρO) like
the original proposal of Ref. 33. Furthermore, it allows
us to make us to make use of measurements of O on both
copies of ρ and also simultaneously estimate the numer-
ator and denominator of Eq. 11, leading to a relatively
sample-efficient scheme.

In order to develop an intuition about this approach, it
is helpful to express ρ⊗2 using a spectral decomposition of
ρ and consider two separate components of the resulting

sum,

ρ⊗2 =
∑
ij

pipj |i〉〈i| ⊗ |j〉〈j| (19)

=
∑
i

p2i |i〉〈i| ⊗ |i〉〈i|+
∑
i 6=j

pipj |i〉〈i| ⊗ |j〉〈j| .

The calculation of measurement probabilities and expec-
tation values is a linear operation on the density matrix;
we can therefore consider these two components sepa-
rately. The component of the state with i = j is in
the +1 eigenspace of S(2) and leads to measurements
of S(2) which yield the +1 eigenvalue with probability
p =

∑
i p

2
i = Tr(ρ2). In the case where i 6= j, |i〉〈i|⊗|j〉〈j|

is an even superposition of symmetric and anti-symmetric
states,

|i〉 |j〉 =
1

2

(
|i〉 |j〉+ |j〉 |i〉

)
+

1

2

(
|i〉 |j〉 − |j〉 |i〉

)
. (20)

For this component of the state, measurements of S(2)

yield +1 and −1 with equal probability and
〈
S(2)

〉
= 0.

Combining these two cases, we have the expected equal-
ity, Tr(S(2)ρ⊗2) = Tr(ρ2). Measurements of S(2)O(2) fol-
low a similar pattern.

We find it interesting to contrast this behavior with
the stabilizer theory of quantum error correction. In
the stabilizer formalism, errors are detected by project-
ing through measurement into the −1 eigenspace of one
or more symmetries. In our approach, we instead rely on
errors being equally supported on the eigenspaces of the
symmetry we measure.

D. Sample Efficiency

The practical utility of these techniques as error-
mitigation tools will be partly determined by the number
of samples necessary to determine the corrected expec-
tation values to within some target precision ε. In this
section, we present some calculations of the variance of
our estimator for the corrected expectation values of an
observable O. We focus on the M = 2 case and the meth-
ods discussed in Section II A and Section II C specifically.
We leave the derivation to Appendix C and simply give
the expression for the approximate variance,

1

R

( 1

Tr(ρ2)2
(1

2
Tr(ρO2) +

1

2
Tr(ρO)2 − Tr(ρ2O)2

)
− 2

Tr(ρ2O)

Tr(ρ2)3
(
Tr(ρO)− Tr(ρ2O)Tr(ρ2)

)
(21)

+
Tr(ρ2O)2

Tr(ρ2)4
(
1− Tr(ρ2)2

))
.

Here, R refers to the number of measurement repetitions.
It’s useful to consider what happens in the limit where ρ
is a pure state. In that case, the second and third lines
are zero and the variance reduces to

1

2R

(
Tr(ρO2)− Tr(ρO)2

)
, (22)
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exactly what one would expect when averaging 2R inde-
pendent measurements of O. As the purity of ρ decreases,
the variance, and the number of circuit repetitions, in-
creases.

The rest of this section focuses on laying the ground-
work to improve the sample efficiency of these techniques.
As we shall see, the number of samples required can grow
large given sufficiently noisy circuits. At high enough er-
ror rates, we are highly likely to find ourselves in a situ-
ation where

Tr(ρ3)� Tr(ρ2)� 1. (23)

We now make the assumption that the level of error mit-
igation offered by measuring ρM is sufficient but we have
K � M copies of ρ available. For simplicity, we’ll focus
on the case where M = 2. We argue that there exist gen-
eralizations of our approach involving a collective mea-
surement of all K copies of ρ that perform better than
naively parallelizing our strategy. We hope that future
work can develop a practical version of these generaliza-
tions in order to make good use of the larger devices we
expect to see later in the NISQ era.

The naive approach we hope to beat consists of taking
bK/2c pairs and running the protocol described above
in parallel, averaging the results. This would result in
an estimator whose variance is scaled by a factor of
1/bK/2c ≈ 2/K. For simplicity, we focus on the vari-
ance of our estimator for the quantity that appears in the
numerator of Eq. 11 rather than the ratio itself. In Ap-
pendix C we show that the variance of our estimator for
S(2)O(2) is 1

2Tr(ρO2) + 1
2Tr(ρO)2−Tr(ρ2O)2. Therefore,

the variance obtained when using K copies in parallel is
exactly

1

K

(
Tr(ρO2) + Tr(ρO)2 − 2Tr(ρ2O)2

)
, (24)

for even values of K. We shall prove that it is possible
in some situations to obtain a more sample-efficient esti-
mator for the corrected expectation value by performing
a joint measurement on all K copies. We do so by pro-
viding an operator Õ with the desired expectation value
and calculating its variance.

First, we define the operator

Õ =
1(
K
2

) K∑
i=1

∑
j>i

1

2
(Oi +Oj)S(i,j), (25)

where we use S(i,j) to denote the swap operator specifi-
cally between subsystems i and j. The equation

Tr(Õρ⊗K) = Tr(Oρ2) (26)

follows from our work above. We shall assume here that
O is a Pauli operator acting on one or more qubits.
Therefore it is Hermitian, self-inverse, and has eigenval-
ues +1 and −1.

Õ is a Hermitian operator and we can compute its
variance with respect to the state ρ⊗K ,

Var(Õ) =
〈
O2
〉
− 〈O〉2 . (27)

We carry out this calculation in Appendix D, ultimately
finding that

Var(Õ) ≤ 2

K(K − 1)
+

7(K − 2)Tr(ρ3)

K(K − 1)
. (28)

When Tr(ρ3) is small, the second term is suppressed
and there is a regime where the variance of this oper-
ator shrinks quadratically with K. The naive approach,
where we perform bK2 c independent calculations on sep-
arate pairs results in an estimator whose variance is sup-
pressed only linearly in K.

III. PERFORMANCE UNDER DIFFERENT
NOISE MODELS

Here we develop some simple models for understand-
ing the different factors affecting the performance of vir-
tual distillation. Specifically, to understand the potential
benefit of our approach using the minimal setup, we shall
consider the fidelity of

ρ2

Tr[ρ2]
(29)

with the ideal state generated by noiseless evolution.
Note that this ignores errors introduced by the overhead
of implementing the Hadamard test. It will be shown
in the numerical studies that the performance of the ap-
proach can be essentially predicted by the combination of
two contributions, and it is instructive to consider them
separately. The first is the performance under noise that
maps the ideal states to states orthogonal to it, leaving
the dominant eigenvector as the ideal state. The second
is the effect of errors that lead to states non-orthogonal
to the ideal state, and cause drift in the dominant eigen-
vector of the density matrix. The essential behavior of
the approach is to remove errors of the first kind rapidly,
while converging to a floor determined by the drift in the
dominant eigenvector that enables a large constant factor
improvement over the erred state.

A. Orthogonal Errors

We first consider idealized errors that leave the domi-
nant eigenvector as the ideal state. While this does not
ultimately determine our noise floor, it is instructive and
predictive of behaviors in some regimes.

We consider a phenomenological error model moti-
vated by the assumption that we can think of errors as
discrete events that occur locally in space and time with
some probability. For simplicity, we model every gate as
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a stochastic quantum map where with probability p an
error occurs and we assume that every new error sends
the quantum evolution to a new orthogonal state. The
resulting density matrix for a circuit with G gates is

ρ = (1− p)Gρ0 + (1− p)G−1p
G∑
j=1

ρj1

+ (1− p)G−2p2
∑
j1 6=j2

ρj1,j2

+ (1− p)G−3p3
∑

j1 6=j2 6=j3

ρj1,j2,j3 + . . . (30)

The operator for ρ2 is similar with all the coefficients
squared, as all the states are assumed to be orthogonal.
Therefore,

Tr[ρ2] = ((1− p)2 + p2)G . (31)

The fidelity with the ideal state ρ0 is

Tr[ρ0ρ
2]

Tr[ρ2]
=

(1− p)2G

((1− p)2 + p2)G
(32)

' 1−Gp2 +O[G2p4] . (33)

Therefore we expect a quadratic suppression of errors in
the most favorable case.

The result is similar in the case of M copies:

Tr[ρ0ρ
M ]

Tr[ρM ]
=

(1− p)MG

((1− p)M + pM )G
(34)

' 1−GpM +O[(GpM )2] . (35)

B. Non-Orthogonal Error Floor

The analysis of the previous section made the simpli-
fying assumption that the dominant eigenvector of the
density matrix, ρ0 = |0〉〈0|, corresponds exactly to the
ideal state generated by noiseless evolution. In reality,
this assumption will not hold, and we will see numeri-
cally that it is this drift that limits the maximum upside
of the approach. In practice, errors will lead to popula-
tion in states that may not be orthogonal to the target
state, leading to a drift in the dominant eigenvector of
the density matrix. The effect can both limit the ulti-
mate effectiveness of virtual distillation, and damage the
performance at smaller levels of protection. We shall ex-
plore this effect numerically in Section IV, but first we
consider it analytically.

Let us consider a state ρ in the middle of a noisy prepa-
ration circuit, and allow for ρ to already be somewhat
distorted by noise. Writing ρ in its own eigenbasis, we
have

ρ =
∑
i

εi |i〉〈i| . (36)

We wish to consider the impact of a subsequent noise
channel defined in terms of a set of Kraus operators,

ρ→ p0ρ+
∑
j 6=0

pjKjρK
†
j . (37)

Note that we have demanded a representation of the
channel where K0 is the identity matrix in order to sim-
plify our analysis. Now let V denote the change in the
density matrix induced by this channel,

V = (1− p0)ρ−
∑
j 6=0

pjKjρK
†
j . (38)

Now we make the assumption that we are in the low-
error regime. This implies that the eigenvalue of the dom-
inant eigenvector is much larger than the other eigenval-
ues. Furthermore, assuming that the probability of errors
at any particular step is low entails that V is small. We
can therefore analyze the drift in the dominant eigenvec-
tor using non-degenerate perturbation theory. As noise
induces excitations to other density matrix states, the
drift in the dominant eigenvector is predicted to change
at first order by

|D〉 ≈ |0〉+ |R〉 , (39)

|R〉 =
∑
i 6=0

〈i|V |0〉
ε0 − εi

|i〉 . (40)

Here we use |D〉 to denote the dominant eigenvector cor-
rected to first order and |R〉 to denote the correction.

Normalizing D to second order, we have

|D〉 = (1− 1

2
〈R|R〉)(|0〉+ |R〉), (41)

and we can now compute the trace distance between |D〉
and |0〉. Repeatedly dropping the terms inside the square
root that are higher than second-order, we have

T (|D〉 , |0〉) ≈ 1

2
Tr(
√

(|0〉〈R|+ |R〉〈0| − 〈R|R〉 |0〉〈0|)2

≈ 1

2
Tr(
√
〈R|R〉 |0〉〈0|+ |R〉〈R|)

=
1

2
Tr(

√
〈R|R〉 |0〉〈0|+ 〈R|R〉 |R〉〈R|

〈R|R〉
)

=

√
〈R|R〉

2
. (42)

Now let us expand 〈R|R〉 in terms of the Kraus operators
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of our noise model.

〈R|R〉 =
∑
i6=0

1

(ε0 − εi)2
〈0|V † |i〉〈i|V |0〉

=
∑
i6=0

1

(ε0 − εi)2∣∣∣ 〈i|((1− p0) |0〉〈0|+
∑
j 6=0

pjKj |0〉〈0|K†j
)
|0〉
∣∣∣2

=
∑
i6=0

1

(ε0 − εi)2
∣∣∣∑
j 6=0

pj 〈i|Kj |0〉〈0|K†j |0〉
∣∣∣2.

(43)

We can see that, in the general case, we expect a non-
zero contribution to the trace distance at first order. Be-
cause |D〉〈D| ≈ ρ2/Tr(ρ2) in the low-noise regime, this
will effectively set a floor for how well our method can
correct errors. We therefore expect that, in the general
case, our method will not achieve a quadratic suppres-
sion in errors in the low noise limit but rather a con-
stant factor improvement whose magnitude depends on
the typical size of∣∣∣∑

j 6=0

pj 〈i|Kj |0〉〈0|K†j |0〉
∣∣∣2. (44)

Interestingly, when we examine the data from our nu-
merical simulations, we do obtain an improvement con-
sistent with a quadratic suppression of errors at interme-
diate error rates. Additionally, the quantity in Eq. 44 has
no lower bound; it can in some cases be zero, in which
case we expect to recover the quadratic suppression of
error predicted from Section III A. As the trace distance
is an upper bound for the error in any observable, par-
ticular observables of particular states may recover this
performance even when Eq. 44 is nonzero.

In order to shed some light on when this might be
true, it can be helpful to ask when we might expect the
quantity in Eq. 44 to be near zero. It is clear that this
quantity must be zero if one of two conditions hold:

Kj |0〉 ∝ |0〉 (45)

〈0|K†j |0〉 = 0. (46)

One way that this can occur is if the state and the cir-
cuit have a natural set of symmetries. The first con-
dition holds if the error is drawn from such a symmetry
group, while the second is satisfied if it violates it strictly.
For an example of the second case, consider a bit-flip or
amplitude-damping error channel acting on a state with
a definite number of excitations. There are other situ-
ations where the second equality is approximately sat-
isfied. For example, in circuits exhibiting the limits of
quantum chaos, apart from a small light cone at the end
of the circuit, any local errors lead to a state nearly indis-
tinguishable from a Haar random state. Therefore, the
matrix elements in Eq. 46 are exponentially small in the

number of qubits. Note that this reduces the error sensi-
tivity to second-order only; pairs of nearby errors in time
may lead to a combined error channel which does not
satisfy Eq. 46. This sensitivity to local perturbations in
random circuits is used in the cross-entropy benchmark-
ing technique [44], and explains the improved behavior
of our technique in numerical tests on random circuits.

IV. NUMERICAL EXPERIMENTS

In order to examine the effectiveness of our approach
on circuits of interest, we present numerical simulations
of our approach applied to three different model systems.
We first consider two classes of random circuits, chosen
to help develop intuition about the performance of our
approach in different limits. We then turn towards a con-
densed matter application, the simulation of the dynam-
ics of a one dimensional spin chain following a quantum
quench to an anisotropic Heisenberg Hamiltonian.

We have found it illuminating to focus on characteriz-
ing the effectiveness of our approach as a function of the
expected number of errors in a particular circuit. This
tends to allow more universal prediction of performance
when trading between error rate per gate and number of
gates. We consider a noise-model that focuses on stochas-
tic errors in two-qubit gates. Specifically, after each two-
qubit gate, we apply a single-qubit depolarizing channel
to both qubits acted on by the gate. We can calculate the
expected number of errors (E) in terms of the number of
two-qubit gates in the circuit (G) and the single-qubit
depolarizing probability (p, defined in the usual way in
Eq. E3),

E = 2pG. (47)

Therefore, in the various figures we present, we can vary
the expected number of errors in two distinct ways. In
some cases, we fix a particular circuit and vary the error
rate per gate. In other cases, we fix a particular error rate
and vary the number of two-qubit gates by increasing the
circuit depth.

To quantify the error, we focus mainly on the trace
distance between the ideal state that would be obtained
with noise-free evolution and the effective state that our
error mitigation approach accesses. The trace distance
leads to a natural bound in the error for the expectation
value of an arbitrary observable,

|Tr(ρO)− 〈ψideal|O|ψideal〉 | ≤ 2||O||T (ρ, |ψideal〉), (48)

where O is an observable with operator norm ||O||
T (−,−) denotes the trace distance. We also present
some data in Figure 7 that shows the actual error in-
curred in estimating the expectation value of particular
observables using our technique. Finally, we plot the ex-
pected overhead (in terms of the number of additional
measurements required for a fixed precision) for one of
the concrete examples we consider.
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Figure 4. The error in the unmitigated noisy states (M = 1)
and the states accessed by our error mitigation technique
(M = 2, 3) for a variety of non-entangling random circuits at
two different system sizes (differentiated by thickness of mark-
ers). We plot the error, quantified by the trace distance to the
state obtained from noiseless evolution, as a function of the
expected number of single-qubit depolarizing errors, resulting
from varying both the error rate and number of gates. Unlike
other cases, for these non-entangling circuits, the eigenvalue
floor vanishes and we see exponential suppression in the num-
ber of copies. In this case, more qubits offer slightly more
protection as predicted.

A. Scrambling Circuits

Both classes of random circuits that we simulate are
related to the scrambling circuits used to demonstrate
beyond classical computation in Ref. 44. The first class
is essentially a one-dimensional version of the circuit fam-
ily considered in that work. The second class of circuits
is exactly the same as the first class, except that we effec-
tively remove the two-qubit gates by replacing them with
identity operations. For these non-entangling random
circuits, we still perform the noisy simulations of these
circuits by applying single-qubit depolarizing channels in
the same locations where the two-qubit gates would have
been.

Because the behaviour of the non-entangling random
circuits is particularly simple to understand, we consider
this class of circuits first. In the absence of entangling
gates, we can commute the applications of the single-
qubit depolarizing channel to the end of the circuit. We
can then combine them together into a single application
per qubit with a larger effective error rate. We carry this
procedure out analytically in Appendix E 1 and just sum-
marize the result here. The most important consequence
is that the dominant eigenvector of the density matrix ex-
actly corresponds to the noiseless evolution of the state.
Furthermore, the distribution of eigenvalues of the den-
sity matrix decays exponentially (albeit with some degen-
eracies arising from combinatorial factors). This leads us
to expect behaviour similar to that of the phenomeno-
logical noise model we considered in Section III A.

In Figure 4, we plot the trace distances between

the ideal states generated by noiseless evolution and
the states obtained by noisy evolution of these non-
entangling random circuits (blue curve). We consider
a variety of different circuit depths, error rates for both
six-qubit systems (thin curves) and ten qubit systems
(thick curves). For each of these simulations, we also cal-
culate the trace distance between the ideal state and the
states we are effectively accessing by using virtual dis-
tillation with M = 2 (orange dotted curve, ρ2/Tr(ρ2))
or M = 3 (green dotted curve, ρ3/Tr(ρ3)) copies. The
results plotted here include data from simulations where
we fix the size of the circuit and vary the error rate as
well as simulations where we fix the error rate and vary
the circuit depth. In each case, we consider a particu-
lar randomly chosen member from the ensemble of non-
entangling scrambling circuits we described above.

One thing that is immediately apparent in Figure 4 is
the way in which data from this variety of simulations
collapses together when we plot the error in terms of
trace distance on the y-axis and the expected number of
gate errors on the x-axis. Notice that when the expected
number of errors is not too large, the curves for M =
1, M = 2, and M = 3 are nearly linear with slopes
1, 2, and 3 respectively. Although the noise model in
this case does not exactly match the phenomenological
model of Section III A, the results are broadly consistent.
Here we observe the same quadratic suppression for the
M = 2 case when compared with the behaviour of the
unmitigated state M = 1. Furthermore, we observe the
cubic suppression of the impact of errors that we might
expect when applying our technique with M = 3 copies
of the state.

In Figure 5 and Figure 6, we present plots that explore
the behaviour of the first family of random circuits, the
entangling random circuits on a one-dimensional line of
qubits. When we considered the non-entangling random
circuits we found that error (quantified by the trace dis-
tance to the ideal state) depended mostly on the sys-
tem size and the expected number of gate errors. This
was true regardless of whether or the expected number
of errors was varied by changing the circuit depth or by
changing the error rate per-gate. Here we observe slightly
different behaviour between these two cases. Therefore,
in Figure 5 we present two plots that show the effect of
varying the expected number of errors by varying the cir-
cuit depth at fixed error rates. In Figure 6 we make the
opposite choice, fixing the number of gates in the circuits
and varying the expected number of errors by adjusting
the per-gate error rate.

Turning first to Figure 5, we see that besides this
change, we have also plotted a curve corresponding to
trace distance between the dominant eigenvector of the
density matrix (red dashed curve, limM→∞ ρM/Tr(ρM ))
and the ideal state. This curve was absent from Figure 4
because the dominant eigenvector of the noisy state from
those simulations doesn’t drift away from the ideal state
generated by noiseless evolution. Here we see that the
error in the dominant eigenvector effectively sets a floor
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Figure 5. The error in the unmitigated noisy states (M =
1) and the states accessed by our error mitigation technique
(M = 2, 3) for a variety of entangling random circuits. We
plot the trace distance to the state obtained from noiseless
evolution as a function of the expected number of single-qubit
depolarizing errors for two different system sizes (represented
by thickness of marker). Here we vary the expected number
of errors by varying the number of gates, fixing the single-
qubit depolarizing probabilities to 5 × 10−4 (left panel) or
5 × 10−3 (right panel). Here we also plot the error for the
state corresponding to the dominant eigenvector of the density
matrix (M → ∞), and we see that even for this ideal case
of random circuits, the dominant eigenvector determines the
noise floor beyond which we cannot improve, independent of
the number of copies. This floor drops as the size of the
system increases.

for the minimal error achievable by our method for any
value of M . Interestingly, we see that this distance grows
slowly with increasing circuit depth. Furthermore, both
the absolute magnitude and the rate of growth appear
to be suppressed with system size. In Section III B we
showed that this trace distance can be understood up
to second order in the error rate in terms of the matrix
elements of the Kraus operators (see Eq. 44). As the cir-
cuit depth of the random circuit increases, we expect a
1D random circuit to approach a Haar random circuit at
a depth proportional to the number of qubits N . Once
this approximation is sufficient, all but a small fraction
of errors in the lightcone of the observable at the end of
the circuit will lead to matrix elements that contribute
to the drift in the dominant eigenvector that are expo-
nentially small in the number of qubits. This observation
may explain the scaling we see in Figure 5.

In Figure 6 we plot the error in terms of trace distance
as we vary the expected number of gate errors by varying
the per-gate error rate for a fixed circuit. At low error
rates, we see that the errors in the dominant eigenvectors
(red dashed curves) are orders of magnitude smaller than
the errors in the unmitigated state. The scaling of the

Figure 6. The error in the unmitigated noisy states (M = 1)
and the states accessed by our error mitigation technique
(M = 2, 3) for a variety of entangling random circuits. We
plot the trace distance to the state obtained from noiseless
evolution, as a function of the expected number of single-
qubit depolarizing errors, for 6 and 10 qubit systems (demar-
cated by the thickness of the symbols). We vary the expected
number of errors by varying the error rate per-gate, fixing the
number of two-qubit gates to be 450. It’s clear that there is a
maximum number of expected errors for which the technique
is effective, and below a certain error rate, the achievable im-
provement is fixed by the drift in the dominant eigenvector
(M →∞).

trace distance, however, is linear in the error rate. This
matches the behaviour we would expect from the analy-
sis of Section III B. The leading order term in the trace
distance scales linearly with the probability of error. As
in Figure 5, we see that the error in the dominant eigen-
vector sets a floor for the performance of our method at
finite M . We also see that this floor is suppressed by
increasing the system size, consistent with the fact that
a deep enough scrambling circuit starts to approximate
a Haar random circuit to some order, where all but a few
circuit errors will lead to exponentially small coupling
elements.

B. Heisenberg Quench

The properties of random circuits can be somewhat
unique in their ability to scramble errors. It is thus im-
portant to consider how the approach works for other cir-
cuits of interest, like the quantum simulation of physical
systems. In this section, we explore the performance of
our approach applied to the simulation of time evolution
following a quantum quench in a spin model. We initial-
ize the system in an antiferromagnetic state, e.g., |0101〉,
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Figure 7. The average error in the single-site magnetization
in the unmitigated noisy states (M = 1) and the states ac-
cessed by our error mitigation technique (M = 2, 3) for states
generated by the Trotterized time evolution of a Heisenberg
model. We plot the actual average errors we calculate us-
ing the blue dots (M = 1), orange crosses (M = 2), green
squares (M = 3), red diamonds (M → ∞), and large purple
diamonds (M = 2, noisy distillation) alongside bounds deter-
mined by the trace distance to the ideal state using Eq. 48.
We plot these quantities as a function of the expected number
of single-qubit depolarizing errors, which we vary by varying
the number of gates, fixing the single-qubit depolarizing prob-
ability to 5 × 10−3. We see that for this specific observable,
the trace distance bounds are pessimistic by roughly an order
of magnitude, though generally respect the behavior of the
eigenvector floor. Furthermore, we notice an almost perfect
coincidence between the orange crosses and purple diamonds,
indicating that performing the virtual distillation circuits of
Section II A with noise has a negligible effect on the corrected
expectation value.

and simulate the time evolution under the Hamiltonian

H =

N−1∑
i=1

(
JxXiXi+1 + JyYiYi+1 + JzZiZi+1

)
(49)

+

N∑
i=1

hXi.

Here we have chosen the parameters, Jx = Jy = 1.0,
Jz = 1.5, h = 1.0, in order to match a previously studied
family of non-integrable models [45], although we take
open boundary conditions rather than periodic ones. We
approximate the time evolution under this Hamiltonian
by Trotterization with a timestep of ∆t = 0.2. Specifi-
cally, we use alternating layers of single-qubit gates, two-
qubit gates between odd-even pairs of qubits, and two-
qubit gates between even-odd pairs of qubits. As above,
we simulate the resulting circuits with single-qubit depo-
larizing noise applied after every two-qubit gate.

In Figure 7, we plot the bounds on the error of an ar-
bitrary observable (normalized so that ||O|| = 1) derived
from the trace distance to the noiseless state. We vary the
expected number of errors by varying the circuit depth
of a six qubit system with a fixed single-qubit depolar-
izing probability of 5 × 10−3. Alongside these bounds

Figure 8. The error in the unmitigated noisy states (M = 1)
and the states accessed by our error mitigation technique
(M = 2, 3) for states generated by the Trotterized time evo-
lution of a Heisenberg model. Also shown is the error for
the state corresponding to the dominant eigenvector of the
density matrix (M → ∞). We plot the trace distance to
the state obtained from noiseless evolution as a function of
the expected number of single-qubit depolarizing errors. We
show this data for 6 and 10 qubit systems (differentiated by
the size of the markers). The expected number of errors is
varied by changing the error rate per-gate, fixing the num-
ber of two-qubit gates to be 450. As we increase the system
size from 6 qubits to 10, we observe that the error (quanti-
fied by the trace distance to the ideal state) decreases for the
error-mitigated states (M > 1).

(plotted using solid and dashed curves) we also plot the
actual average error in the single-site magnetization (av-
eraged over the 6 sites) at various points throughout the
circuit. For the two-copy (M = 2) version of our pro-
posal, we plot the error calculated directly from the state
ρ2/Tr(ρ2) using yellow crosses and the error we would ob-
tain by applying the destructive measurement described
in Section II A using large purple diamonds. For this
second calculation, we simulate the application of the six
two-qubit gates (Eq. 14) required to diagonalize the ob-
servables using the same noise model as the rest of the
circuit. From the nearly perfect overlap of the yellow
crosses with the purple diamonds, we can see that circuit
noise during the diagonalization step has barely any ef-
fect on the reconstructed expectation values. It is also
apparent that, although the average error in the magneti-
zation does not saturate the bounds implied by the trace
distance, our approach suppresses the errors in the actual
expectation values to a similar degree that it suppresses
the trace distance.

Figure 8 offers a different look at the same system. As
with Figure 6, in this figure we fix the number of two-
qubit gates to be 450 and we vary the expected number
of gate errors by sweeping over a range of per-gate error
rates. Here we again clearly see the impact of the floor
set by the drift in the dominant eigenvector (red dotted
curve). At low gate error rates, the error (in terms of
trace distance to the ideal state) for the error mitigated
states (M > 1) is suppressed by a constant factor relative
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Figure 9. The average overhead in the number of measure-
ment repetitions required to measure the single-site mag-
netization (of a Heisenberg model) with virtual distillation
(M = 2). The overhead is calculated by taking the ratio of
the time required using our technique to achieve a fixed tar-
get precision and the time required when measuring the same
quantity to the same precision with respect to the unmiti-
gated noisy state (M = 1). We vary the expected number
of errors by varying the error rate per-gate, fixing the num-
ber of two-qubit gates to be 450, and plot the overhead as a
function of the expected number of single-qubit depolarizing
errors. We show data for 6 and 10 qubit systems, denoting
the larger system using larger markers. In calculating the
overhead, we make use of Eq. 21. As the error rate grows be-
yond O(1) errors, the overhead increases dramatically, with
the larger system seeing the greatest inflation.

to the error in the unmitigated state (M = 1). The con-
stant factor improvement is substantial and appears to
increase with system size. Both the size of the improve-
ment and its rate of increase with the system size are
smaller than we observed for the one-dimensional scram-
bling circuits plotted in Figure 6.

In Figure 9, we consider the cost of performing the
two-copy (M = 2) version of our proposal for the same
systems considered in Figure 8. We do this using the
expression for the variance of our estimator presented in
Eq. 21 and derived in Appendix C. Using this expression,
we calculate the variance of our error-mitigated estima-
tors for the magnetization at each site {Zi} and then
average the resulting variances. We consider the ratio of
this average variance (for the error-mitigated expectation
values) with the average variance of the same measure-
ments without error mitigation. Because the number of
measurements required for some fixed precision scales lin-
early with the variance, this ratio is also the ratio between
the number of measurements required by our scheme and
the number of measurements required to measure the un-
mitigated expectation values (assuming the same target
precision). This quantity therefore neatly encapsulates
the overhead incurred by our scheme.

When the expected number of errors is small, we see
that our scheme barely increases the number of measure-
ments required. It is only as the number of errors grows
larger than one that the measurement cost rises dramat-

ically. We note that Eq. 21 implicitly assumes that we
perform a number of measurements R such that

R� 1

Tr(ρ2)2
. (50)

This assumption will break down when the target preci-
sion is low and the expected number of errors in Figure 9
is large, but the qualitative conclusion remains the same.

V. MITIGATING ALGORITHMIC ERRORS

To date, most error mitigation methods have focused
on the reduction of errors caused by imperfections in a
device implementation, such as decoherence or control
errors. Here explore the idea that some of these tech-
niques can be applied to algorithmic errors incurred dur-
ing otherwise noise-free implementations of randomized
algorithms. Previous works have used extrapolation [46]
or randomized symmetry application [47] to mitigate co-
herent errors in evolution; we extend this concept to in-
coherent errors.

Recent developments in Hamiltonian simulation have
led to the development of randomized evolution meth-
ods such as qDRIFT [48], randomized Trotter [49], and
combinations thereof [50]. These methods have benefits
in some situations over their deterministic counterparts,
and are of particular interest when one is focused on mini-
mizing the coherent depth of a circuit required for a given
approximation error.

As these methods are randomized, they output mixed
states rather than pure states, even in the absence of
noise. Moreover, they depend on an approximation pa-
rameter with a natural limit in which they converge to
the pure state generated by exact evolution. Hence, if
we imagine deviations from this pure state as incoherent
errors, it is natural to wonder if incoherent mitigation
techniques such as virtual distillation can be effective in
accelerating convergence to this ideal pure state. In this
section, we establish an advantage concretely through nu-
merical demonstrations of virtual distillation applied to
qDRIFT. For the particular model system we consider,
we find that virtual distillation can reduce the coherent
space-time volume required to reach a particular accu-
racy threshold by a factor of 8 or more compared with
the standard qDRIFT.

A. qDRIFT

We briefly introduce some background on the qDRIFT
method. qDRIFT simulates time evolution under a
Hamiltonian H, by constructing product formulae using
a randomized selection rule. Terms are chosen from H
at random, with a selection probability proportional to
their interaction strength in the Hamiltonian. One then
evolves the system forwards in time under this Hamilto-
nian term, for a fixed timestep. Repeating this process
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Figure 10. qDRIFT coherent cost reduction through virtual
distillation in the Heisenberg model. Here we show the num-
ber of coherent qDRIFT steps required to reach a target trace
distance, with and without virtual distillation using 2 copies.
We see that there is a consistent reduction of at least 16x in
the number of required steps. When accounting for the over-
head of using two copies, this amounts to a 8x reduction in
the coherent space-time volume used to reach the same error
rate.

a number of times generates a product formula that pro-
vides an approximation to the time evolution operator.
While it is possible to consider a single qDRIFT circuit
instance in isolation, as in Ref. 51, the method is geared
towards repeating the calculation a number of times. Us-
ing qDRIFT this way, with a number of independently
generated circuits, results in a quantum channel that ap-
proximates the exact evolution and a final state described
density matrix. Importantly, unlike most deterministic
Trotter methods, the scaling of this approach does not
depend explicitly on the number of terms in the Hamil-
tonian, but rather than 1-norm of the coefficients.

More precisely, we consider a Hamiltonian that we may
decompose as H =

∑
i hiHi, where all hi are made real

and positive by absorbing signs into Hi, and the spectral
norm of Hi is bounded by 1. Defining λ =

∑
i hi, the

diamond norm distance between the qDRIFT channel
and the true time evolution is bounded by

ε =
2λ2t2

η
(51)

where η is the number of qDRIFT selection steps per-
formed to generate each instance of the qDRIFT channel,
and hence controls the amount of coherent evolution re-
quired. As η increases, the resulting density matrix con-
verges to a pure state. It will be our aim to understand
how our virtual distillation technique can reduce the co-
herent space-time volume required, by reducing this fac-
tor η required to achieve the same error in practice.

B. Virtual distillation applied to qDRIFT

Here we study the application of virtual distillation
to qDRIFT numerically. Specifically, we investigate how
virtual distillation can impact the number of coherent
steps, η, required to reach a target accuracy. For this,
we choose a Heisenberg Hamiltonian with up to 6 qubits
per copy. The Hamiltonian is given by

H =

N∑
i=1

XiXi+1 + YiYi+1 + ZiZi+1 + hiZi, (52)

where hi ∈ {−h, h} are randomly chosen Z magnetic field
strengths, and periodic boundary conditions are applied
such that site N + 1 is site 1. For our studies here, we
choose a time evolution length of t = N and let h = 1. As
virtual distillation focuses on mitigation of observables,
a good proxy for improvement in error is the trace dis-
tance, which bounds the maximum deviation on observ-
ables in a system. We numerically investigate the number
of coherent qDRIFT steps required to achieve a trace dis-
tance of 0.01 to the ideal state for evolutions under such a
Heisenberg model. The results of this analysis are shown
in Fig. 10. We see for this system that virtual distilla-
tion consistently reduces the required number of coherent
steps to achieve the desired trace distance by a factor of
more than 16x. If we account for the space overhead
of using two copies, this still amounts to a space-time
advantage of 8x through the use of virtual distillation.
These results suggest that the use of error mitigation
techniques may be further developed to yield practical
algorithmic improvements for real systems, especially in
the NISQ regime.

VI. CONCLUSION

In this work, we showed how techniques for using mul-
tiple copies of a state to access polynomials of the den-
sity matrix can be used for error mitigation. We stud-
ied the effectiveness of this approach for two analyti-
cally tractable noise models and characterized its limit
in terms of the dominant eigenvector of the noisy density
matrix. We numerically demonstrated reductions in the
error (quantified by the trace distance to the noise-free
state) of up to three orders of magnitude for a collec-
tion of relatively small model systems. Furthermore, we
showed that this error suppression is enhanced as the sys-
tem size or the speed of information scrambling grows.
We also considered the application of our error mitigation
approach to the incoherent algorithmic error that arises
when approximating time-evolution using the qDRIFT
algorithm, finding a substantial constant factor improve-
ment.

Our proposed strategy for error mitigation, which we
refer to as virtual distillation, is simple to use and an-
alyze. It provides a natural way to take advantage of
the surplus of qubits that we expect to have available
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as the NISQ era continues. As the number of copies, M ,
used for virtual distillation is increased, the effective state
being measured tends to the dominant eigenvector the
noisy density matrix exponentially quickly. Therefore,
the practical utility of our technique depends mainly on
the error in the dominant eigenvector and the number of
samples required to apply the technique. Our numerical
simulations indicate that our strategy is most effective
and affordable when the number of errors expected in
the circuit is O(1).

The reach of our approach will therefore naturally grow
throughout the NISQ era as hardware platforms continue
to improve. Even as we approach devices that start to in-
corporate quantum error correction, in the early days the
desire to use as many logical qubits as possible means we
may perform some computations that still have an appre-
ciable number of logical errors. Given that our technique
can provide a substantial improvement in error at neg-
ligible overhead compared to traditional quantum error
correction techniques, there may be some advantageous
interplay between the two, where small distance codes
are used in conjunction with this technique before more
qubits are available. We explore this opportunity in more
detail in Appendix F.

Our technique builds upon a long tradition of work
that uses the symmetric group for stabilizing quantum
computations and mitigating errors. We believe that
this research direction continues to hold promise, and

we identify a few directions that we find particularly in-
triguing. Virtual distillation is based on a simple collec-
tive measurement of M copies of ρ. In Section II D, we
show that there exists more sophisticated collective mea-
surements whose sample complexity improves quadrati-
cally upon our approach in some regimes. It would be
interesting to investigate this further, both from a fun-
damental perspective and with an eye towards practical
implementation. Besides this potential improvement, an-
other clear question arises from our work. The drift in
the dominant eigenvector of the density matrix is a co-
herent error. Is it possible to remove this source of error
by using variational optimization or other, complemen-
tary, error mitigation techniques? Studying this in the
context of the real noise experienced in hardware will be
especially important and likely lead to new insights.

In the process of preparing this work, a related paper,
Ref. 52 appeared in the literature. Our work obtains
different conclusions to theirs in error scaling due to our
explicit consideration of errors that prepare states non-
orthogonal to the original state.
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Appendix A: Measurement by Diagonalization with Three or More Copies

In Section II A and Section II B we described protocols for measuring the expectation value of O with respect to the

state ρ2

Tr(ρ2) by diagonalizing S(2) and either O1S(2) or O(2)S(2). These approaches can be generalized to higher powers

of ρ in a natural way. The cyclic shift operator S(M), like the swap operator S(2), factorizes into a tensor product over

N M -tuples, one for each of the N qubits of the system of interest. The symmetrized operator Z
(M)
k = 1

M

∑M
i=1 Z

i
k

commutes with the operator S(M). Therefore, Z
(M)
k S(M) and S(M) are simultaneously diagonalizable even though

S(M) is unitary but not Hermitian for M > 2. Because Z
(M)
k and S(M) both factorize into tensor products over N

M -tuples, the unitary that diagonalizes these operators then factorizes into a tensor product of M -qubit operators in
the same way.

The same concerns about correcting the expectation values of multi-qubit observables that we discussed above for
M = 2 apply to this generalized proposal. The tools developed so far allow us to simultaneously estimate Tr(Zkρ

M )
for all values of m and also Tr(ρM ). If we are interested in reconstructing Tr(PρM ) for some multi-qubit Pauli operator
P , we can do so using a generalization of Eq. 18, but we would be limited to measuring the operators required for
one particular P at a time.

For the specific case of M = 3, we have numerically optimized the quantum circuit of Figure 11 to simultaneously

diagonalize Z
(3)
k S

(3)
k and S

(3)
k . We obtained parameters for the four two-qubit gates that allow for an error (measured

in the Frobenius norm of the difference between the exact and approximate matrices) of approximately 5E − 5 when
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Figure 11. The ansatz that we numerically optimize to approximately diagonalize S
(3)
k and Z

(3)
k . The two-qubit gates parame-

terized by the ~θis are arbitrary two-qubit gates. We performed the numerical optimization using the Julia language.

the following equations are used,

B
(3)
k S

(3)
k B

(3)†
k →1

8

(
2+ (A1)

(−3−
√

3i)Z1
k+

(3−
√

3i)Z1
kZ

2
k+

(3 +
√

3i)Z3
k+

2i
√

(3)Z1
kZ

3
k+

(3−
√

3i)Z2
kZ

3
k

)
,

B
(3)
k Z

(3)
k B

(3)†
k →1

3
(Z1

k + Z2
k + Z3

k ). (A2)

Appendix B: Ancilla-Assisted Measurement with Three or More Copies

In Section II C, we described a protocol for measuring the expectation value of an arbitrary observable O with

respect to the state ρ2

Tr(ρ2) using the controlled-swap operator between two copies of ρ.

Now let us consider the case with three or more copies of ρ. S(N) is not Hermitian for N > 2 but the natural
generalization to the above strategy still works as expected. Specifically, we can use a controlled version of the cyclic
shift operator, S(N), to sample an observable whose expectation value is equal to Re(Tr(S(N)ρ⊗N )) [25, 26, 33].

Because the symmetrized observable O(N) commutes with S(N), it also commutes with the observable measured
by this generalization of the swap test. Therefore, we can sample from an observable whose expectation value is
Tr(S(N)O(N)ρ⊗N ) by first performing the higher-order swap test and then a measurement of O(N).

Appendix C: Variance of the Corrected Expectation Value Estimator

In this section, we shall calculate the variance of the estimator for the corrected expectation value obtained by
applying Eq. 11 with M = 2. Specifically, we shall consider the estimation of the expectation value of an observable

O with respect to the state ρ2

Tr(ρ2) constructed by repeatedly measuring the operators S(2)O(2) and S(2),

Tr(Oρ2)

Tr(ρ2)
=

Tr(O(2)S(2)ρ⊗2)

Tr(S(2)ρ⊗2)
. (C1)

We shall assume that both operators are simultaneously measured by averaging over R repetitions of state-preparation
and measurement. This assumption applies to the methods of Section II A when the expectation value of interest is
a single-qubit Pauli operator and it applies generally to the methods of Section II C.

The measurements of these operators are classical random variables, and we can proceed by determining the variance
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of these two random variables and their covariance. Let’s start with the numerator.

V ar(S(2)O(2)) =
〈

(S(2)O(2))2
〉
−
〈
S(2)O(2)

〉2
(C2)

=
〈

(O(2))2
〉
− Tr(ρ2O)2 (C3)

=
1

4
Tr((ρ⊗ ρ)(O2 ⊗ I + 2O ⊗O + I⊗O2))− Tr(ρ2O)2 (C4)

=
1

2
Tr(ρO2) +

1

2
Tr(ρO)2 − Tr(ρ2O)2 (C5)

The variance of the random variable in the denominator follows by taking O = I,

V ar(S(2)) =
〈

(S(2))2
〉
−
〈
S(2)

〉2
(C6)

= 1− Tr(ρ2)2. (C7)

We’ll also need the covariance between the random variables representing measurements of the operators which
estimate the numerator and the denominator.

Cov(S(2)O(2), S(2)) =
〈
S(2)O(2)S(2)

〉
−
〈
S(2)O(2)

〉〈
S(2)

〉
(C8)

=
〈
O(2)

〉
− Tr(ρ2O)Tr(ρ2) (C9)

= Tr(ρO)− Tr(ρ2O)Tr(ρ2). (C10)

There isn’t a closed-form expression for the variance of the ratio of two random variables [53], but we can take the
standard approximation based on a Taylor series expansion,

V ar(
A

B
) ≈ 1

〈B〉2
V ar(A)− 2

〈A〉
〈B〉3

Cov(A,B) +
〈A〉2

〈B〉4
V ar(B). (C11)

We estimate the expectation values for the numerator and denominator of Eq. C1 by averaging over a series of
R experiments. This scales the variances calculated above by a factor of 1

R . If R is sufficiently large, then the
approximation presented in Eq. C11 will be a good one. Applying this expression to determine the variance of the
estimator from Eq. C1 yields

V ar(Estimator) ≈ 1

R

( 1

Tr(ρ2)2
(1

2
Tr(ρO2) +

1

2
Tr(ρO)2 − Tr(ρ2O)2

)
(C12)

− 2
Tr(ρ2O)

Tr(ρ2)3
(
Tr(ρO)− Tr(ρ2O)Tr(ρ2)

)
+

Tr(ρ2O)2

Tr(ρ2)4
(
1− Tr(ρ2)2

))
.

Appendix D: Variance of the Proposed Collective Measurement

In Section II D, we defined the operator

Õ =
1(
K
2

) K∑
i=1

∑
j>i

1

2
(Oi +Oj)S(i,j), (D1)

where we use S(i,j) to denote the swap operator between subsystems i and j and O is an arbitrary Pauli operator.
We shall now calculate the variance of measurements of this operator with respect to the state ρ⊗K .

V ar(Õ) =
〈
O2
〉
− 〈O〉2 (D2)

=
1

4
(
K
2

)2 K∑
i=1

∑
j>i

K∑
a=1

∑
b>a

〈
(Oi +Oj)S(i,j)(Oa +Ob)S(a,b)

〉
− Tr(Oρ2)2. (D3)

We shall bound the variance by breaking the sum up into three cases. In the first case, i = a and j = b. In the second
case, there are only three distinct values amongst the indices i, j, a, b. In the fourth case, all four of the indices take
distinct values.
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Consider the first case where i = a and j = b. Then we can simplify and bound the sum,

1

4
(
K
2

)2 K∑
i=1

∑
j>i

〈
(Oi +Oj)S(i,j)(Oi +Oj)S(i,j)

〉
=

1

4
(
K
2

)2 K∑
i=1

∑
j>i

〈
2 +OiOj +OjOi

〉
(D4)

≤ 1(
K
2

) . (D5)

Here we have used the properties that S(i,j) is self-inverse that that it commutes with (Oi +Oj).
Next, let’s consider the third case, where all four indices take distinct values. Then the operators (Oi + Oj)S(i,j)

and (Oa + Ob)S(a,b) act on distinct pairs of systems. Therefore, their expectation values with respect to the tensor
product ρ⊗K can be evaluated separately and multiplied together. We can use this fact to simplify and bound this
component of the sum,

1

4
(
K
2

)2 K∑
i=1

∑
j>i

K∑
a=1,a 6=i,a6=j

∑
b>a,b6=i,b6=j

〈
(Oi +Oj)S(i,j)(Oa +Ob)S(a,b)

〉
(D6)

=
1

4
(
K
2

)2 K∑
i=1

∑
j>i

K∑
a=1,a 6=i,a6=j

∑
b>a,b6=i,b6=j

〈
(Oi +Oj)S(i,j)

〉〈
(Oa +Ob)S(a,b)

〉
(D7)

=
1(
K
2

)2 K∑
i=1

∑
j>i

K∑
a=1,a 6=i,a6=j

∑
b>a,b6=i,b 6=j

Tr(Oρ2)2 (D8)

=
1(
K
2

)(K − 2

2

)
Tr(Oρ2)2 < Tr(Oρ2)2. (D9)

Now we treat the case where the indices take three distinct values. Actually, there are four sub-cases here. We
could have any one of the four possibilities, i = a, i = b, j = a, or j = b. We shall work out the details for the i = a
case below, noting that the others behave symmetrically.〈

(Oi +Oj)S(i,j)(Oi +Ob)S(i,b)
〉

(D10)

=
〈

(Oi +Oj)(Oj +Ob)S(i,j)S(i,b)
〉

(D11)

=
〈

(OiOj +OiOb +OjOb + 1)S(i,j)S(i,b)
〉
. (D12)

Here we have used the property that each Ok is self-inverse. Now we note that the product S(i,j)S(i,b) is a cyclic
shift between the subsystems i, j, b and that this product commutes with the operator (OiOj + OiOb + OjOb + 1).
Computation using a tensor network diagram (see Figure 12) establishes that〈

(OiOj +OiOb +OjOb + 1)S(i,j)S(i,b)
〉

(D13)

= 3Tr(OρOρ2) + Tr(ρ3). (D14)

In order to bound this quantity, let us denote the projector onto the +1 eigenspace of O by P+ and the projector
onto the −1 eigenspace by P−. Then we can expand Eq. D14 in terms of these projectors, yielding

3Tr(OρOρ2) + Tr(ρ3) (D15)

= 3Tr(P+ρP+ρ
2)− 3Tr(P−ρP+ρ

2)− 3Tr(P+ρP−ρ
2) + 3Tr(P−ρP−ρ

2) + Tr(ρ3) (D16)

≤ 7Tr(ρ3). (D17)

For simplicity, let us define the indicator function

W (i, j, a, b) =

{
1 if i, j, a, b take exactly three distinct values

0 otherwise
(D18)
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Figure 12. A diagrammatic proof of Eq. D14.

Now we can bound the component of the sum where the indices take three distinct values. For each of the
(
K
2

)
values

of i and j, there are exactly 2K − 4 values of a and b such that I(i, j, a, b) = 1. Therefore, we have

1

4
(
K
2

)2 K∑
i=1

∑
j>i

K∑
a=1

∑
b>a

〈
(Oi +Oj)S(i,j)(Oa +Ob)S(a,b)

〉
I(i, j, a, b) (D19)

≤ 7

4
(
K
2

)2 K∑
i=1

∑
j>i

K∑
a=1

∑
b>a

I(i, j, a, b)Tr(ρ3). (D20)

≤ 7(2K − 4)

4
(
K
2

) Tr(ρ3) (D21)

≤ 7(K − 2)

K(K − 1)
Tr(ρ3). (D22)

Now we can combine the bounds from the three different cases and simplify the expression for the variance to yield

V ar(Õ) ≤ 2 + 7(K − 2)Tr(ρ3)

K(K − 1)
. (D23)

Note that we have simplified by subtracting the Tr(Oρ2)2 term that arose from evaluating 〈O〉2.

Appendix E: Details of Numerical Simulations

1. Scrambling Circuits

In Section IV A we briefly described the random circuits that we simulated to produce Figure 4, Figure 5, and
Figure 6. Here we expand upon that description.
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The first class of circuits are essentially the one-dimensional analogues of the random circuits of Ref. 44. Theye are
constructed by alternating between layers of two-qubit gates and single-qubit gates. The two-qubit gate layers consist
of ‘Sycamore gates,’ two-qubit gates that enact the unitary,

1 0 0 0
0 0 −i 0
0 −i 0 0

0 0 0 e
−iπ
6

 . (E1)

The two-qubit gate layers themselves alternate between layers that have Sycamore gates on every even-odd pair and
every odd-even pair. The ensemble of random circuits is defined by adding a layer of randomly chosen single-qubit
gates between every layer of two-qubit gates in this fixed structure. These single-qubit gates are drawn from the set{

X, Y, Z,
√
X,

√
Y ,

√
Z
}
, (E2)

with the square root of a gate being defined by taking the principal square root in the eigenbasis of the gate.
The second class of random circuits is exactly the same as the first class, except that we effectively remove the two-

qubit gates by replacing the Sycamore gates with the identity. When we perform noisy simulations of these circuits
we apply the single-qubit depolarizing channels in the same locations despite the lack of two-qubit gates. Note that
because this second class of random circuits contains only single-qubit gates, the applications of the single-qubit
depolarizing noise channels can be commuted to the end of the circuit and combined together.

We can therefore write an analytical expression for the density matrix at the end of the noisy computation in terms
of the noiseless single qubit states {|φi〉}, the single-qubit depolarizing probability, p, and the depth of the circuit, D.
We define the single-qubit depolarizing channel in the usual way,

∆(ρ) = (1− p)ρ+
p

3
+
p

3

(
XρX + Y ρY + ZρZ

)
. (E3)

An equivalent formulation which will be useful for our purposes is

∆(ρ) = (1− 4

3
p)ρ+

4

3
p
I
2
. (E4)

For a pure state ρ = |φ〉〈φ|, we have

∆(|φ〉〈φ|) = (1− 2

3
p) |φ〉〈φ|+ 2

3
p
∣∣φ⊥〉〈φ⊥∣∣ , (E5)

where |φ⊥〉 is orthogonal to |φ〉. Eq. E4 allows us to easily analyze D repeated applications of the channel,

∆(ρ)D = (1− 4

3
p)Dρ+ (1− (1− 4

3
p)D)

I
2
, (E6)

which tells us that D applications of the channel with an error rate p are equivalent to a single application with error
rate

p̃ =
3

4
− 3

4
(1− 4

3
p)D. (E7)

We can now write an expression for the density matrix at the end of the computation,

N⊗
i=1

(1− 2

3
p̃(i)) |φi〉〈φi|+

2

3
p̃(i)

∣∣φ⊥i 〉〈φ⊥i ∣∣ . (E8)

Here the effective single-qubit depolarizing probability p̃(i) depends on i because the qubits at the end of the circuit

are only subject to D
2 applications of the single-qubit depolarizing channel instead of the D that are applied to qubits

in the bulk. Therefore, employing Eq. E7, we have

p̃(i) =

{
3
4 −

3
4 (1− 4

3p)
D
2 for i = 1 or i = N,

3
4 −

3
4 (1− 4

3p)
D for 2 ≤ i ≤ N − 1.

(E9)
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We can observe a few things from this equation. First of all, for any value of p smaller than the maximal p = 3
4 , the

dominant eigenvector of the density matrix is exactly the ideal state (|φ1〉 ⊗ |φ2〉 ⊗ · · · ⊗ |φN 〉). Secondly, when p is
small, the next largest eigenvectors of the density matrix will correspond to states with an error on a single qubit.
Neglecting the subtlety caused by the two different values of p̃, we can see that there will be N such eigenvectors
with eigenvalues ≈ 2

3 P̃ . After these states, there will be
(
N
2

)
eigenvectors corresponding two states with two-errors.

This distribution doesn’t exactly match the phenomenological noise model we assumed in Section III A, but it is
qualitatively similar.

Appendix F: Interplay with the surface code

While the majority of this work has focused on the NISQ regime, one interesting question to ask is what role this
approach can play after some degree of quantum error correction has been deployed. To explore this connection
concretely, we imagine that a fault-tolerant surface code quantum computer is in operation with typical gate error
rates on the order of 10−3. For such systems, it has been determined numerically [54] that in conjunction with a
minimum-weight perfect matching decoder, the error rate of a surface code cycle is roughly

εc = 10−(d+3)/2 (F1)

where d is the distance of the code protecting a given logical qubit. Including data and measurement qubits, the
translation to physical qubits for a given distance is n = 2d2. In order to guarantee protection against measurement (or
time-like) errors up to the same distance without using an excessive number of qubits, one must repeat measurements
a number of cycles proportional to d. For operations like gates, additional cycles are required to perform the operation
as well. For example, many simple Clifford operations may be done in a number of cycles like 2d using lattice surgery
techniques [55, 56]. However more complicated arbitrary rotations like the ones used in many NISQ algorithms, must
first be broken down into a combination of discrete gates like T and Clifford gates through gate synthesis, then those
T gates consume on the order of 20d cycles for successful distillation. Using a coarse synthesis heuristic of roughly
10 T gates and 10 Clifford gates per arbitrary rotation, this gives approximately 200d cycles of the surface code per
arbitrary rotation. If we average this coarsely, assuming an even distribution of Clifford and arbitrary rotations,
as is common in NISQ approaches, then we can model on average that we require 100d rounds of the surface code
per gate we wish to perform. While these numbers are subject to refinement and improvements, we believe these
can approximately serve to understand where an advantageous combination of methods might occur. As is common
with early circuit implementations, we may assume that the gates are densely packed so that additional idling error
is minimal. With these assumptions, using n physical qubits to represent a single logical qubit, we have an overall
fidelity of

f1 =
(

1− 10−(
√
n/2+3)/2

)100√n/2G
(F2)

where G is the number of gates performed. The virtual distillation technique uses twice the qubits to effect a large
constant factor improvement over the bare circuit. Hence the apt comparison here is to consider the use of twice
the qubits within the virtual distillation technique, or to use twice the qubits to improve the distance of the surface
code logical qubit. An asymptotic analysis would argue that the exponential returns of the error correcting code
would be the best option, however the overhead can mean that a large constant factor could make virtual distillation
advantageous in some cases. To examine this, consider the error rate of G gates in the surface code using twice the
qubits

f2 =
(

1− 10−(
√
n+3)/2

)100√nG
. (F3)

A strict analysis would consider that we need to round these to integer distances, but for this approximate analysis,
this should suffice. If we consider the ratio between the implied error rates cs = (1 − f1)/(1 − f2), we can find the
required constant factor for a given number of qubits per logical qubit and number of gates to make using virtual
distillation advantageous. Past a certain number of qubits, this constant factor is enormous, but we find that up to
distance 10−15 the empirical improvements measured in the text are sufficient to justify the use of virtual distillation
in place of additional qubit protection. In particular, at distance 10 with n = 200 physical qubits per logical qubit,
performing G = 1000 gates on the logical qubit, the respective error rates are about are 10−1 and 10−5, and hence a
constant improvement is about of about 104 is sufficient to justify the use of virtual distillation, which is on par with
some improvements seen in the main text. To be fair, one might argue that an overall error rate of 10−5 would already
suffice, and by a distance of 15, the required improvement is on the order of 107 which is at the upper limit of what
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Figure 13. The error in the unmitigated noisy states, and the states accessed by virtual distillation, for the same 10 qubit
Heisenberg evolution under two different noise models. We consider a bit-flip error model (ρbit, teal curve) and phase-flip error
model (ρphase, orange dashed curve). We show the error for virtual distillation applied in the usual way to two identical copies
of each noisy state (ρ2bit and ρ2phase, purple dotted curve and pink dashed curve). We also consider the error when virtual
distillation is applied to the two different states (ρbitρphase, green dotted curve). We quantify the error using the trace distance
to the state obtained from noiseless evolution as a function of the expected number of single-qubit errors. The expected number
of errors is varied by changing the error rate per-gate, fixing the number of two-qubit gates to be 450. Ultimately, we find that
the performance of virtual distillation is barely affected when the two input states are generated with different noise processes.

we imagine can be achieved with this technique. At smaller distances and numbers of gates, the required constant
factors decrease as well. If we assume that we will consistently push the limits of the number of logical qubits we use,
reducing the number of physical qubits per logical qubit available, this may imply a regime in early fault tolerance
where this technique is applicable. Further studies will be required to identify precisely under what conditions this
may be the case.

Appendix G: Virtual Distillation Applied to Distinct States

In the main body of this paper, we applied virtual distillation to a variety of systems under the assumption that we
had access to multiple copies of the same noisy state. In reality, even if we attempt to perform the same computation
multiple times in parallel, the noise experience by each copy will not be identical. Consider the case where we apply
virtual distillation to two distinct state, ρA and ρB . It’s straightforward to show that we then effectively measure
expectation values with respect to the state

ρAρB
Tr(ρAρB)

. (G1)

Note that we still rely on the important assumption that the two copies are unentangled prior to virtual distillation.
In order to explore the impact of virtually distilling two different states together, we present an additional simulation

of the Heisenberg evolution that we considered in Section IV B. In Figure 13, rather than employing the single-qubit
depolarizing noise model we used previously, we calculate ρA = ρbit using an analogous application of a bit-flip error
channel, while using a phase-flip channel for ρB = ρphase. We find that the error in the effective state accessed by
performing virtual distillation to these two different states closely tracks the error we obtain by using two copies of
either state individually.


	Virtual Distillation for Quantum Error Mitigation
	I Introduction
	II Theory
	A Measurement by Diagonalization with Symmetrized Observables
	B Measurement by Diagonalization with a Non-Symmetrized Observable
	C Ancilla-Assisted Measurement
	D Sample Efficiency

	III Performance Under Different Noise Models
	A Orthogonal Errors
	B Non-Orthogonal Error Floor

	IV Numerical Experiments
	A Scrambling Circuits
	B Heisenberg Quench

	V Mitigating Algorithmic Errors
	A qDRIFT
	B Virtual distillation applied to qDRIFT

	VI Conclusion
	 Acknowledgements

	 References
	A Measurement by Diagonalization with Three or More Copies
	B Ancilla-Assisted Measurement with Three or More Copies
	C Variance of the Corrected Expectation Value Estimator
	D Variance of the Proposed Collective Measurement
	E Details of Numerical Simulations
	1 Scrambling Circuits

	F Interplay with the surface code
	G Virtual Distillation Applied to Distinct States


