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Overview

e Fractal sets, self-similar
e Generated by simple recursive rules
e For example:

The Cantor Set

Constructed by repeatedly removing middle thirds from the interval [0,1]

Step 0: Start with the

interval [0,1] 0 1 Key Facts
Step 1: Remove the open .—‘ : CO"SYU\;‘“ by :
middle third (1/3,2/3) i { repeatedly removing
0 & 23 1 middle thirds
Step 2: Remove the middle : ' ; :
thirds of the remaining \ [, Tl "’_. e Total length
intervals 0 1/9 2/9 719 8/9 il tends to 0
Step 3: Remove the middle A3 i i
thirds of the remaining 0.- : i 1' 0 Uncount.ably
intervals = ufn many points
% remain
.
.
Limit (co steps): i e e e

* A classic fractal set.

[ Cantor set = all points that are never removed ]
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Overview

Koch Snowflake

Start with an equilateral triangle. On each iteration, replace
the middle third of every side by two sides of an outward equilateral triangle.

Step 0 Step 1 Step 2 Step 3 Asn—
(Limit set)
& 21 P g’i} -> @ .
An equilateral On each side, divide Repeat the same Repeat the same The Koch
triangle. the segment into rule on every rule on every snowflake.
three equal parts and segment. segment.
replace the middle
third by the two sides

of an outward
equilateral triangle.

g
Iteration n =0, 1, 2, 3, ...
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Overview

Sierpinski Gasket

Start with an equilateral triangle. On each iteration, divide
every filled triangle into four congruent smaller equilateral triangles
and remove the central one.

Step 0 Step 1 Step 2 As n—
(Limit set)
= =
An equilateral Divide into four Repeat the same Repeat the same The Sierpinski
triangle. congruent smaller rule on every rule on every gasket.
triangles and remove remaining filled remaining filled
the central one. triangle. triangle.
N J
Y

Iteration n =0, 1, 2, 3, ...
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Overview

As we zoom into a fractal set, it retains its complex structure (does not
become simpler)

For example, filled-Julia sets:
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Fractal Set

A fractal set

e has low Kolmogorov (algorithmic) complexity (length of the shortest
program that outputs the set) since it is generated by a short

recursive rule

e has high information content when observed as data (without
knowing its generating rule)

Is there another measure (not algorithmic complexity) that can
distinguish different levels of complexity of fractal sets?

To explain this
Develop an information-based set-complexity that quantifies its
information richness
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'Background|




e-entropy of a set

Let (X, d) be a compact metric space and let A C X. For x € X and
€ > 0, an open ball is defined

B(x,e):={y € X: d(x,y) <e}.

Kolmogorov s-entropy

For € > 0, define the covering number of A by e-balls as

s

N-(A) := min {m t AC| ) B(xi,e), xi € X} :

1

The Kolmogorov e-entropy of A is

H-(A) := log N.(A).
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Fractal dimension of a set

Upper and lower box dimensions

The upper and lower box-counting dimensions, equivalently the upper
and lower entropy dimensions, are

ey [ H.(A
dimpA = dimg A := lim sup ﬁ’
clo  log(1/e)

H.(A
dimpA = dim, A = I|m |nf (4)
log(1/¢)
When these two quantities coincide, their common value is denoted

dimp A = dimey A.

(for compact set A, this is called fractal dimension (Barnsley, [1993).)

A related dimension, is the [Hausdorff dimension| (in general, difficult to
estimate)
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Our approach

Consider a compact set A in the complex plane C (or the real plane R).

To define an information-based complexity of a set A, we

The

construct a binary encoding of A
approximate A to an arbitrary finite precision

extend a classical information-theoretic notion of compression ratio
of binary sequences, to compression ratio of A,

define information density of A.

estimate the information density and compression ratio of some
example sets

approach can be easily extended to n-dimensional Euclidan space
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e x, finite-length binary string
e [(x) is length of x (number of bits)
e m, an integer,

e x(m) is binary string representing the signed magnitude of m using
|log |m|| + 1 bits for its magnitude and one bit for its sign.

e Example: If m = —12 then x(m) = 11100

e 1/, a string of / bits of value 1. For two strings x, y we let xy denote
their concatenation. For a binary string x of length [(x) denote by

s(x) = 1/)px

a prefix codeword of the string x.

e s(x) is a self-delimiting codeword for x
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e s(m) := 1‘mM)ox(m), a string that encodes integer m.

e complexity of m is defined as ¢{(m) := ((s(m)) = 2 |log |m|| + 5,
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Complex number

o Let p,q,u,v € Z, where g #0, v # 0.

e rational complex number is denoted by

z::B—i—i(E).
q v

e C set of rational complex numbers (Gaussian rational field).
e (p, q), the greatest common divisor (GCD) of p and g,

e lowest term representation (or reduced form) of p/q is

p_ (pa)p _ p
q (p.q)q’ q’"

e encode z by a prefix codeword s(z) := s,(p’)s.(q")s, (u')s,(V'),
where s,(p’), ..., s,(v') encode p’, ..., v/, using v bits (v sufficiently
large to encode the largest absolute value p of the four integers)

e The complexity of z is defined as £(z) := ((s(z)) = 44(),
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Encoding



Fn, Farey sequence of reduced fractions between 0 and 1 with

denominators N or less, in increasing order.

; _ _f0 111121323451
For instance, for N=6, Fe ={2,1,%,%,3,2,1,3,2,3 ¢ 2 1}

t . a
F,(Vex ), extended Farey sequence, consists of elements of Fy, their
inverse, their negation, and their negative inverse.

For instance, for N = 6,
5 5 3 4 5 6 5 4 3 2 3
Fée“):{—6,—5,—4,—3,——,—2.——.——,——.——,——,—,——, 2, -2 -5,-3,
3’2 3 4 5 6" 5 4 3 5
1 2 1 1 1 1 .,11112132345_ 6543
> "5 3 1 5 5%651385532568%513 5
5 5
=,2,-,3,4,5,6
3°72

Farey grid, Gy C C, Gn 1= {z eC:R(2),3(2) € F,i,exr)}
Properties: Gy C Gny1, and for z € G, £(z) < 44(N)
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/Approximation|



K, fractal set

e K:=KC, rational approximation of K

RN = kﬂg,\,, a finite approximation of K
e Ky consists of elements z € K of complexity £(z) < 4¢(N),
e can encode z € Ky by < 4((N) bits
o limy_oo Ky = K
Aim
to devise a lossless encoding of Ky, where Ky is an approximation of K
which improves with increasing N
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Partition the grid

o AFy = FP\ F™Y, all reduced fractions of the form +2, ==

where 1 < p < N. For i # j, AF;(AF; = 0.

o Let AGy : =Gy \Gn_1, N > 1, where Gy := (), then

o U
e Partition Gy = vazl AG;

fext) * :
Fy plett
Pt o I

T AFy

J

A
¥
A

Pl

\/ "

N agw,

ext

In reality, F =3 ) and
AFy have also negative
elements and their

elements interleave
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Cover

o Let AKj:= KNAG;, 1<j <N,

e then, Ky = UJN:1 ARJ-, because K NGy = Uszl (R n Agj)

e To encode Ky we encode each of the sets Af(j separately

° C(Akj; r), minimal-size cover of ARJ- by square r-boxes
B,(j)(z) C AG; of side-length r, with top left vertex z € AG;

o N(AK;;r) :==|C(AKj; r)| is rth covering number of AK;

e Calculating N'(AKj; r) is NP-hard

e polynomial time algorithm (Chvatal, computes a cover
C(AK;; r) = {ij"), e B,,({f,r)} (not necessarily minimal size) by

r-boxes B,-(j’r) with top-left vertex z;, such that its cardinality

i< N(BR;: 1) (in]A(R)| +1).
We now use this to encode Ky by a binary sequence
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Uncompressed encoding of B,-(j") NAK;

(j7r)

° ni =

BY") mAgj‘, for1<i<u,

o XU = 5(z)s (x(”gj"))), is uncompressed encoding of BY"" N AK;,

where x("") is an n,(-j")—bit string of indicators of the set
B,-(J’r) N Akj over the elements of the set B,-(“) N AG;.
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Uncompressed encoding of B,-(j") NAK;

/ ; /L1 "Jﬂ - jw( yo)&f;

{j}V)

’ (n;
] X~ 000-0400fo- 0{w-nfa o1 polo ol
S —— e o — =S
‘ ' G,r)
: h;

Uncow(r/’wh( £En ﬂe‘lt("‘i 04" B.‘{)'Ida 4 }"%}_;
T U

G) oy
x. = ﬂé)S(X )
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Uncompressed encoding of Ky

o bUN:= s () xIY XU is uncompressed encoding of AK;,

)
,r

where s(vj ;) encodes the block length v; ,

Uncompressed encoding of Ky
binary sequence £(N:1):= p(L) p(21) ... p(N:r)

20/41



Uncompressed description length of Ky

e Uncompressed description length of Akj,
(AR r) = (609) = () + £ (46G) + 2097 + 1),
where 4/(j) is |length of codeword| describing z; € AG;

Uncompressed description length of Ky

A(Ruir) =t (€00) = S A (DR r).

It is number of description bits of the set Ky.
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Compressed encoding of BV N AK;
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Compressed encoding of BV N AK;

Ur)
o« mUr) .— (i
i . k(Jr)

e g(/) the index of indicator sequence that specifies elements of

i) = s(z,-)s(n,(-j’r))s(k-(j’r))s(q(i)), is compressed encoding of
i
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Compressed encoding of BY") N AK;

% gl &
7 v
‘3/ .\v /‘ I,)ﬁ» Wj””( /o}/ff;

E / 9/ Ly g Pcm

SEas! N Lebelod 1.
Eias fesee: 0
T B mily: ()fl—g‘?
; 2
,'u(u WK,JV/
3 oo o . 0l]]--1 \
| 0 (0 -. 00| |
2 ‘ r all bra
; ‘\ //fm}f O/
f \ ) 2j1)
—ofy) Oo(epi--0, | /”2 o
‘
|
AR
k,ﬁ"?

{',r
[mm’mp( Enwl{nai of 8" ’om%,»:

\5(3’ (Z ) s(n 5 s(kly )S(?M)
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Compressed encoding of Ky

o WU = s () yUyPr) .y s compressed encoding of AK;

Compressed encoding of Ky

binary sequence ¢((N:1):= w(l:)w(20) ...y (Nor)
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Compressed description length of Ky

e Compressed description length of ARJ-,

A (Akj; r) .y ((W(j,r))

IJJ,/

(v, +Z(4ﬁ ( r))+ﬁ(k0r))+ﬁ( G )))

Compressed description length of Ky

A (RN; r) = ((C(Nv’)) = Eszl A (ARJ-; r).

It is number of information bits of the set Ky.
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Compression ratio of Ky

o (N, r)™ compression ratio of Ky

p (Rusr) o= )

Compression ratio

Number of information bits per description bit.
The more complex the set Ky, the higher the compression ratio.
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Compression ratio of Ky, as N — oo

e Uncompressed encoding of K,

o0

0 (8) = fn 69 = 09", [e

j=1

e Compressed encoding of the fractal set K sequence,

(O (R) = Jim ¢ = fwlind™ (see)

N—oo Jj=1

—

e limit of [compression ratio|

R 14 N,r
Jim (B0 = fim e
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Information density of K

Information density of K

7 (R) == limsupy_ . infr=0p (RN; r)
It measures the minimum number of information bits per description
bit, over all values of box side length r > 0

o7 (R) exists and is finite
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Boundary compression ratio of Ky

e a set is complex due to its boundary
e As a variant, consider the description length of its boundary

8Akj boundary of ARJ-, the set of points in Akj that have at least
one adjacent point z € AG; such that z ¢ AK;

boundary of Ky, OKy = UJN:1 8Akj

(N, r)™ boundary compression ratio of Ky

Boundary compression ratio

Number of information bits per description bit.

The more complex the border of Ky, the higher the boundary
compression ratio.
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r" boundary compression ratio of K

e Let 9bU") and Aw k") be defined as in [b07)] and [wl'7)| except, they

are based on the cover of AAK;

e uncompressed and compressed description lengths of 6Akj are
defined as A <8Akj; r): l (8b(j”)) and \ (6Akj; r): l (GWU”))

e instead of summing over j (as [here and [here)), define non-cumulative

boundary compression ratio (easier to compute numerically)

pnc(K;j,r) = /);Ezi::g
g

o if limj_ o pNC(R;j, r) exists, it equals r boundary compression
ratio,
p ((’)R; r) = limsup p(8Kw; r)

N— oo
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Sierpinski triangle

K = N7, K" with ffinite approximation| K() (depth level /)

e For instance, | = 3:

[0,1] L
N N

INCN . NN NN D

e Cover using boxes of side length r = % where s =2/ >0
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Sierpinski triangle

e (/,5)™ [compression ratio|

p(KD:s) =~ H <526 (j>/>

where H(p) := —plogp — (1 — p) log(1 — p) and
8 =2—log3~0.415

o |fracta| dimensionl (Barnsley, 1993) of K is :ggg
e |information density| Z (K) ~ 0
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Koch snowflake

filled-Koch snowflake K = Ko | (Uj‘xl AK-)
where AK) := K; \ K|_1, with [finite approximation| K; (depth level /),

AN N

e Side length s, = (1/3)/, 1 >0
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Koch snowflake

e Cover using balls B; of radius r; = % i>0
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Koch snowflake

e (/,i)™ compression ratio, p (Kj, i), some decreasing function with
respect to i

e Information density Z(K)~ 0
e Boundary information density Z (0K)~ 0.639
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More sets

e Evaluate numerically the compression ratio for several sets

(a) k = —0.7269 + i0.1889

m.u.mé}??&

(c) k = —0.1226 — i0.7449 b, 5“ A
f‘mn&&mmt‘& AALA
120 o 37/41

(d) Sierpinski set S



More sets

--------------- ) woeeme by
05 05

-2 -1 1 2 -2 -1 2
-0.5 -05
N S -1.0/
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Comparing

1.0 x Oog ® Rectangle
oXy oo N
X %00 Triangle
* X o .
0.8 e ‘XX 1 Oooo # Fractal c=-0.1226-i 0.7449
[ ’fx“xxx °°oo°° A Fractal c=-0.377-i 0.248
“ * Ix 0o v Fractal c=-0.7269+i 0.1889
06 S8age I1xxx ©%000
.": :‘ ‘o.‘.x““x“’“ggg?Qi O Sierpinski (Depth 5)
. $2%00000
R T
02
i 20 40 60 N
th : :
r* lboundary compression | | Rectangle | Triangle | (c) (b) (a) (d)
ratio
’ p(aK; r) ‘ 0.176 ‘ 0.204 ‘ 0.305 ‘ 0.411 ‘ 0.415 ‘ 0.464 ‘
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Conclusions

We introduce information-based measures of complexity of fractal
sets (extend classical notion of compression ratio of binary sequences

(Ziv & Lempel, [1978))

different fractal sets have different non-zero compression ratio values

(although their algorithmic complexity is essentially zero)

e compression ratios are useful as a complexity measure for fractal sets

straightforward to estimate (r" boundary compression ratio)
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Thanks for your attention.






Hausdorff dimension
For s >0 and § > 0, define

i

H3(A) := inf {Z(diam U)*: AC|J U, diam(U;) < 5}

where inf is over all countable covers of A, and U; are arbitrary subsets
of X used to cover A.

The s-dimensional Hausdorff measure is

H2(A) = lim H3 (A).

The Hausdorff dimension of A is

dimyg A := inf{s : #°(A) = 0} = sup{s : H*(A) = co}.
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