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Abstract

The degree of approximation of infinite-dimensional function classes using finite n-dimensional
manifolds has been the subject of a classical field of study in the area of mathematical approx-
imation theory. In Ratsaby and Maiorov (1997), a new quantity p.(¥,L,) which measures the
degree of approximation of a function class 7 by the best manifold H” of pseudo-dimension
less than or equal to n in the L,-metric has been introduced. For sets ¥ C R™ it is defined as
pu(F. 15y =infy» dis(F.H"), where dist(F,H")=sup . infyeq x— y||i» and H” CR™ is any
set of VC-dimension less than or equal to n where n <m. It measures the degree of approxima-
tion of the set F by the optimal set H” C R™ of VC-dimension less than or equal to n in the
/7 -metric. In this paper we compute p,(F,17') for F' being the unit ball B = {x € R”: ||x[|m <1}
for any 1< p, g< o0, and for F being any subset of the boolean m-cube of size larger than 2™7,
for any %<y<1. © 1998 Published by Elsevier Science B.V. All rights reserved.

1. Introduction

We will use the following notation. Let the norm |[x|/;» =(3or, [x|9)"4. For two
sets 4,B C R™ define the distance dist(4, B, lg‘):supaeA infpep ||a — bHI:,"~ Let m be a
positive integer. For a vector x € R” denote by sgn(x)=[sgn(x;),...,sgn(x,,)], where
sgn(x;) =1 if x;>0 and sgn(x;)= — 1 if x; <0, for 1 <i<m. For a set 4 C R™ de-
note by sgn(4)= {sgn(x):x€ A}. For any finite set B denote by |B| the cardinal-
ity of B. The next definition of the VC-dimension of a set F C R™ follows that of
Haussler [8].

Definition 1 (VC-dimension of a set in R™). Let F C R™. For an index set /C {I,
2,....m} of cardinality k let

Fir=A{lxy.....x;l:x=[xi.....0;m] € F, iy, 1<j<k}.
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The Vapnik—Chervonenkis dimension of F, denoted by VC(F), is the largest k£ such
that there exists an index set / of cardinality 4 satisfying |sgn(F); )| =2k

Definition 2 (Pseudo-dimension of a set in R™). Let F C R™. For any y € R* and an
index set 7 C{1,2,...,m} of cardinality & let

Fluy=A{lxi +»,...x + wlix =[x .xu] €F, ;€L 1< <k}

The Pseudo dimension of F, denoted by dim,(F), is the largest & such that there exists
a y€R* and an index set / of cardinality k satisfying |sgn(F;, )| = 2*.

The VC-dimension of classes of indicator functions of sets was first introduced
by Vapnik and Chervonenkis [21, 22], who also defined a similar notion of capacity
for real-valued function classes. For real-valued functions, Pollard [14] and Haussler
[7] later extended the definition of VC-dimension to the pseudo-dimension. By char-
acterizing an important stafistical estimation property of a class of functions these
dimensions play a central role in the theory of pattern recognition and regression es-
timation (cf. [20]), empirical processes (cf. [13, 14, 19]) and computational learning
theory (cf. [3, 7]). For a class F of functions on X which has a finite VC or pseudo-
dimension, it is possible to estimate any f € F by some / € F to an arbitrary accuracy
¢ and confidence 1 — ¢ by just knowing its functional values f(x;) at a finite number
of randomly drawn points x, € X. 1 </<m <0, where m depends on & and §.

Being a measure of capacity, the VC-dimension is related to the more classical
notion of ¢-entropy of a functional class, cf. [20]. Similarly, the ¢-packing number of
a Euclidean set F' is related to its VC-dimension. Haussler [8] has recently improved
this bound for F being any subset of the boolean m-cube having VC-dimension n <m.
This improved bound takes the form of O(n/e") and is essential for obtaining tight
bounds on the quantities of interest in our work.

In this paper we study the ability of sets of finite VC-dimension or pseudo-dimension
in approximating richer sets in Euclidean space. The result is used for determining the
degree of approximation of infinite-dimensional classes of functions by finite VC or
pseudo-dimensional manifolds of functions, cf. [11], where such manifolds are shown
to be powerful in approximating standard functional classes. Together with their sta-
tistical estimation property mentioned above, such manifolds prove to be valuable in
a framework of learning from examples with partial information, cf. [15, 16]. Before
proceeding to describe the main quantity which is estimated in this paper we review
some elementary notions in the field of approximation theory. This field deals with
calculating the degree of approximation of sets F, in general, normed linear spaces
# by n-dimensional (linear) subspaces H, of .# and more generally by non-linear
n-dimensional manifolds of #.

The classical Kolmogorov width (cf. [12, 9]) measures the degree of approxima-
tion of F by the optimal subspace over all n-dimensional subspaces H,. It is defined
as d,(F,L,)=infy, Sup e pinfaen, [/~ hll1,, g = 1. The Gelfand width is similar ex-
cept it considers approximation of F using subspaces H" of co-dimension n. It is
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defined as d"(F,L,)=infy sup,c; infhepn l.f — Az, The linear width is defined as
On(F,Ly)=1nfp, sup,cr || f —Pa(f)||z,, where the infimum is taken over all continuous
linear operators P, : F — F for which the range of P, is of dimension n. In all three
widths, elements of F are approximated by elements of linear n-dimensional manifolds.
The problem of non-linear approximation also occupies a significant portion of research
in approximation theory. An n-dimensional non-linear manifold .#, is a class of func-
tions parameterized by a vector a € R” which are, in general, non-linear functions of a.
For instance, in the non-linear manifold of functions on X =R which are represented
by single-hidden-layer neural networks, functions take the form f(x,a)= Z,[_, cio(wix
+ b;), where o(z)=1/(1 + e %), the parameter a=[cy,...,c;,wi,...,wr, b1,....0]. A
general non-linear manifold of functions is the image of a mapping M, : R” — .#,. If
M, is a linear mapping then .#, is an n-dimensional subspace.

There are many known function classes F which can be approximated better by non-
linear manifolds such as splines, neural networks and radial basis functions, than by
linear manifolds such as polynomials. It is therefore of interest to consider the degree
of optimal approximation of general classes F' by non-linear manifolds. However, the
space of all non-linear n-dimensional manifolds .#, is extremely rich. In order to define
the degree of non-linear approximation of F some restriction must be imposed either
on the manifolds used for approximation or on the mapping which relates each element
f € F with its approximation element in .#,. Otherwise, as DeVore [4] notes, a one-
dimensional non-linear manifold containing a dense subset of F yields an arbitrarily
small approximation error for any f € F. This makes the degree of approximation of
F by the space of all r-dimensional manifolds be trivially zero.

The classical Alexandrov width of a function class (cf. [17, 4]) is defined as a,(F,L,)
= infs. F e 4, SUPscp S - M,,(S(f))HLu where S is constrained to be a continuous
selection operator mapping F to R” and the infimum is taken over all such § and all
manifolds .#,. For any element f € F, the best approximation 1s taken as the optimal
element # in the optimal manifold .#,, under the constraint that f is mapped to the
parameter a of 4 through a continuous mapping S. The Alexandrov width differs from
the previous widths in permitting not only linear manifolds in the approximation of
F. It however introduces a continuity restriction on the selection operator S which in
many applications is not natural since it results in the optimal approximating element
being not necessarily the closest to the target / among all functions in .#,.

Notions from discrete mathematics are useful in the estimation problems of widths
in general sets F of normed linear spaces % . It is often the case that F is the image
of the unit ball in % with respect to the L,-norm. In such cases it is usually possible
to reduce the approximation problem into a finite-dimensional problem where instead
of # and F one has R” and By = {x € R":|x|[;» <1}, p>1, respectively. Distances
are measured using the /j'-norm, | <q<oc. There are several discretization techniques
used for this reduction, cf. [9, p. 451, 12, p. 234]. Once discretized, the calculation of
the width of B)' leads to an estimate of the width of the original infinite-dimensional
function class. For instance, Theorem 3.4 in [12] gives upper bounds on d,, 4" and
0, for an infinite-dimensional Sobolev function class directly in terms of 4,, 4" and
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oy for Euclidean balls, respectively. In [11], we estimated a new width pn(F,Ly) for
a function class F using results based on the current work. Thus, the problem of
estimating widths of Euclidean sets is central to the problem of estimating widths of
more general infinite-dimensional spaces.

The classical widths of the ball B are well known. For the case 1<g< p<oo,
1<n<m, all of the three widths above equal (m — n)V9=VP_ cf. [9]. The case of
1< p<g<oo is more involved. For example, in the case of p=1, g==2, it is known
that d,(B, 13')=6,(B", I7) = \/1 — njm (for more results cf. [9]). Note that in this
case if m=con for some constant co>0 then the widths d,, J, equal a constant.
More generally, there are other cases where the approximation error of B by the
optimal s-dimensional linear manifold does not decrease to zero as » increases. This
is representative of the limitation of linear approximation. In contrast, as we will see
in this paper, for the same example above, the optimal manifold of VC-dimension n
achieves an approximation error of 1/1/n which asymptotically equals zero as n — 5o,
for any m=cn for some atsolute constant ¢ > 0.

2. The p, width

We mentioned two independent areas of research the first being approximation the-
ory and the second is VC-theory which mainly studies the statistical estimation prop-
erties of classes having a finite VC-dimension or any of the other extended definitions
such as the pseudo-dimension (cf. [7]), scale-sensitive dimension (cf. [1]). There are
several examples of the cross discipline between these two fields. Warren [23] consid-
ered a quantity called the number of connected components of a non-linear manifold
of real-valued functions, which closely resembles the growth function of Vapnik and
Chervonenkis for set-indicator functions. Using this he determined lower bounds on
the degree of approximation by certain non-linear manifolds. Maiorov [10] used these
ideas to determine the degree of approximation for the non-linear manifold of ridge
functions which include the manifold of neural networks with a single hidden layer.
Barron [2] considered the VC-dimension of the dual of a class F of parameterized
subsets in Euclidean space which is called the coVC-dimension of F. Using central
limit theorem for empirical processes he determined the degree of approximation of
a class of functions with bounded variation by the non-linear manifold of neural net-
works. Gurvits and Koiran [6] used the coVC-dimension to study the approximation
degree of the closure of convex hulls of general functional classes by classes of convex
combinations of » functions. Girosi [5] considered target classes of functions which
are convolutions of some fixed kernel. Using the uniform strong law convergence rate
obtained by VC-theory he directly obtained bounds on the approximation degree of
such target classes by the non-linear manifold consisting of all linear combinations of
n translates of the kernel.

In combining VC-theory and approximation theory, our works [15, 16, 11] differ
from the last three above in that the VC-dimension is used to impose a constraint on
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the non-linear manifolds rather than using VC-theory for converting uniform strong
law results into approximation error results. We defined a new width, denoted as
pn(F,Ly)=infp» sup,p infrep ([f — hllz, where H" runs over all function classes
of pseudo-dimension » which may, of course, be non-linear manifolds. One of its pos-
itive attributes when compared to the Alexandrov width is that p, does not restrict the
selection operator to be continuous, i.e., the best-approximation mapping, which takes
an clement f € F to an element A in some non-linear class H”, is not restricted. In
[11] we estimated p,(F.L,)} for an infinite-dimensional class F of smooth functions
with » partial derivatives bounded in the L,-norm.

As for the classical widths mentioned above, the p,-width is well defined for finite-
dimensional spaces. In this paper we obtain a tight estimate on p,(By',/7), for any
1< p, g<oo, and on p,(K, lj;’ ), where K C {—1,+1}" is of an exponential cardina-
lity in m. The two main quantities of interest in this paper are defined as
follows:

Definition 3 (p)“-width). For any set £ C R”™ define the pY“-width of F as

C(F, Iy)= mf dist(F,H".1}"),
where A" runs over all sets in R” of VC-dimension less than or equal to .

We can similarly consider the degree of approximation using sets of pseudo-
dimension ».

Definition 4 (p?-width). For any set F C R™ define the pf-width of F as
P . ‘o nogm
£, (F, l;")~1;11f dis F,H".1}),

where H" runs over all sets in R™ of Pseudo-dimension less than or equal to n.

3. Statement of results

Since for any set F C R™, VC(F) <dim,(F), it follows that the family of sets of VC-
dimension # contains the family of sets of pseudo-dimension » and thus pY“(F, I 7) <pf
(F,[7). As H” now runs over more than just linear subspaces it is expected that

C(B"" l”’) will be less than or equal to the classical widths d,, d" and J,. This is
seen in the next result where for 1 <q< p<oc, pve (By, 13') matches the three classical
widths while for 1< p<g<oo, pY (B"’,l;") is smaller The constant ¢ = [16log,(8e)]

is used throughout the following results.
Theorem 1. For any integers n>=1, m>=cn, we have

,ﬁ(m— nyla- 11”<p (B;’,l;")é(m-n)’“"’#l’”, if1€g< p<oo
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and

2 \’( (Bm lm) <

el R, ifl<p< Lo,
nlip— lq pP’q nlir—lg’ f SPds

where ¢y =c¢'4-1P/16.

In the next theorem we consider the approximation of any set K C E, of cardinality
larger than 2™, for any constant § <y <1, where E={~1,+1}".

Theorem 2. For any | <qg<oc, arbitrary —;;<;'<1, and n>0 satisfying (1 — y)1
+1)<3. For n=1, m=csn, where c3 = [(4/n(1 —7))log,(8e)], let K C {—1,+1}" be
any set of cardinality |K|=2"". Then

1 — (1 + 1) , .
<§ \ﬁm—%—u’z)) (m —m" < pl KT (m = m)'

Corollary 1. As lower and upper bounds on p} (B"’,l’") and pf(K, 13') we have the
lower and upper bounds for p¥ (B;:’, 13) and oY (K, I3) of Theorems 1 and 2, respec-
tively.

As a further generalization, let y be a probability measure on the index set
{1,2,....m} and instead of the /' norm used above, consider the [7(w) norm where
) “‘(Z, L 4(D)|x;|)19. We have the following corollary.

[l

Corollary 2. For any fixed probability measure yon {1,2,...,m} let [ = {i € {1,2,

m}:u(i)>0}. Denote by pmin =minge; u(i) and jimax = max;e; u(i). Provided that His
such that the cardinality of 1 is greater than n then as lower bounds on ;)VC(B’” 17 (1))
and p)]“ (K. 17( y)) we have the lower bounds on p)“(B}, I7') and p)“(K,I™") mulnplzed

As upper bounds on pY (Bl’,", Ig(w)) and pYC(K, 13(1)), we have

the upper bounds on p, (B}, 17") and pY“(K.17") multiplied by a factor of pmi.

by a factor of umn
4. Proofs of the results
4.1. Proof of Theorem 1

We first state and prove two auxiliary lemmas.

Lemma 1. Let m>16 and E={—1,+1}". Then there exists a set G CE of cardi-
nality 2™ such that for any v,v' € G, where v ', the distance lo— vl =mj2.

Proof. We will construct the set G as follows: take the first point ¢! € G to be

v'=[l,....,1]. Fix an 0 < « < }. Define the set D, ={veE:|jv — v |/m>2am}

The cardmahty [D.| =24 > 1 We may therefore choose the second point v? € D,
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and thus ||v! —v?||;» >22m. Denote by D, the complement of the set D,:. The cardinal-
ity [Dy N\ D,2{ 22" — Dy | —D,>| and as an upper bound on both [Dy|, i = 1,2, we may
use Z}i’gj (') which is bounded from above by 2meg=2m(1/2=Lam/m)*  gme—2m(1/2-%)" <
2718 where = 2(1 — )2, the latter following from a standard application of Cheby-
chev’s inequality for the successes of m independent Bernoulli trials with probability %
Thus | Dy N D] =27 —2.2"0=F) which is greater than 1 for all m>2/f. We may there-
fore choose a v* € D1 M D, where ||v* — v/||;» > 20m, 1 <i<2. We may repeat this for
all remaining points 1*. 3 <k <N. picking v* from (Y2 Dy, as long as N <2/ Let-
ting =1 and N =2 and proceeding as above yields a set G C E whose points are

i
m/2-separated in the /”-norm and whose cardinality is 216, for all m>16. [

Lemma 2. Let E={—1,+1}". Consider any set A" CR™ with VC(A")=n, where
n<mjc. Then
dist(E, A", ")y =sup inf |[v - x||;m > .
e f YEA" tT16
Proof. Consider the set G C E defined in Lemma 1. Define the projection operator
P:G— A" which associates eack ve€ G with the closest point on A" to x in the /{'-
norm. Set

d=sup inf |jv— x||;» = dist(G,A", IT").
veG XEA" '

Consider any v # v € G. We have
[sgn(Pv) — sgn(Pe’)||
= |[(sgn(Pv) ~ v) + (¢ — sgn(Pv')) + (v = V')

”
= |jo = sgn(Po)l|;m. ()

Now, for any y € R", [[v—sgn(y)llm = 321, [oi—sgn(y)[ <2307, foi=yil = 2[[v—yllsp.
Hence, ||v — sgn(Pv)||;» <2jv — Pul|;» <23. Hence, from (1) we have

>\lo = ¢/l — | = sen(P)

lsgn(Pv) — sgn(Pr)|

[;11 Z Hl,? — l“JH];” — 2(5 - 2(8

ALY 2)

The set sgn(PG) has VC-dimension VC(sgn(PG))<n because the set PG C A" and by
definition VC(A")=n. Also, VC(sgn(PG)) = VC(PG) which follows from Definition 1.

As in the statement of the lemama let us restrict m>cn. Assume that d <m/16. The
set sgn(PG) has the following three properties the first two of which follow from the
assumption: First, by Lemma 1 1t has cardinality |sgn(PG)| = 2"1¢_ This follows since
for any v#t' € G the corresponding vertices u=sgn(Pv), and ' =sgn(Pv') satisfy
e — w'l|m = (m/j2) — 45 = m/4 >0 and are therefore distinct so |sgn(PG)!| = |G| =216,
The second property is that for any u#u'€sgn(PG), |[u — '|;» =m/4. The third
property is that VC(sgn(PG))<n.
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From Theorem 1 of Haussler [8] which states an upper bound on the packing num-
ber of a set in £ which has VC-dimension #, it follows that the e-packing number
of sgn(PG), in the 1/m[-||m-norm, is upper bounded by e(n + 1)(8¢)", for ¢= i.
Since the set sgn(PG) is itself e-separated in the (|- ||;~-norm then its e-packing num-
ber is lower bounded by its cardinality which is 2™'®. Then we have the following

inequality:
218 e(n + 1)(8e)". 3)
As m was chosen to be larger than or equal to [16log,(8e)]n then (3) reduces to

2 log,(8¢) <. logz(e(n + 1))

+ log,(8e) (4)
which is false for all n>1. It follows that the assumption of §<m/16 is contra-
dicted for any n>1. Hence d>m/16 and using the fact that GCE it follows that
dist(E, A", 17") > dist(G, 4", 1{")>m/16 which completes the proof. [

We now prove the lower bound of Theorem 1.

Proof of Theorem 1 (Lower bound). Consider G as defined in Lemma 2. Let G =
{1/mVPv:ve€ G} and E={(1/m"Py:ve{~1,+1}"}. Then ECB If in the proof
of Lemma 2 we replace the lower bound of (m/2) — 46 by (1/m'/?)(m/2) — 45 and
then change the assumption to 6 <(1/m' ?)m/16 then we obtain that dist(E, A", M=
m/16m" ?. From a well known inequality we have for any vector x € R™, for azb>1

|
— P (5)

Hence, for any v€ £, and any x € 4", ||v — Xa =(m"4m)||v — x||s. Therefore,

dist(By, A" 17) > dis{ E. 4", 17") > -’%m“w" " (6)
which holds for any set A” CR™ of VC(A")=n=1, and any 1< p, g <.

For the case that 1<¢< p<oc, the right-hand side is bounded from below by
(1/16)(m—n)"4=V» true for all n>1, and m>cn which agrees with the
theorem.

Next, we prove the lower bound of the theorem for the case of 1< p<g<oc. Using
the given condition of m>cn, we have

Py By 17

inf sup inf |lx—y
CHAC R VC(HMY <n veBy VEN"

[m

inf sup inf |lx — 7
H? CR™ VCH ) <n ‘cffu YEH! I y”[" 7)

N/
WV
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where H'Hl;" is the norm in R which we take as the projection of R™ onto the first
cn coordinates. The expression in (7) may be written as

inf sup inf |jx — plle
HO AR VOHN S g prjgen YEHT “
B O]

T e Rf"’l.rll/g(f-m:ss;n \eB?urEJ »161115 b = Yl (®)
where in (8) H" runs over all subsets in R rather than R™, of VC-dimension no
larger than ». The above equality follows since for any H" CR™, VC(H"NR™)
<VC(H")<n, ie., projecting a set in R™ onto a subspace R cannot increase its
VC-dimension. The expression in (8) is precisely py“(BS',1"). From (6) it follows
that anC(B;”.l;”)Zi"l—;--—ﬁ -7 Wwhich completes the proof of the lower bound on
PYC(BY I,

We will need the following simple auxiliary lemma.

Lemma 3. Define H" c R™ as

A" = {xeR": Ji...imene{1,2,...om},x;, =+ =x;,,_ =0}
Then VC(H"y=n.

Proof. There does not exist an x € 4" and an / C {1,2,...,m} with [{|=n+ I such
that sgn(x);)=[+1,...,+1], where x; = [x;,....x;,_], i1,...,i,41 €1. Hence, there does
not exist such / for which \sgn(ﬁ] |",)| =2""1 g0 VC(H")<n. Now, consider the subset
A={xeR":x,1)= -+ =x, =0} CH". Consider I' = {1,2,...,n}. Clearly, |sgn(A4);.)|
=2". Thus, VC(4)=n. Hence, VC(H")=n. It follows that VC(H")=n. ]

The following proof of the upper bound of Theorem 1 is taken from Tikhomirov
[17]. We include it here for completeness.

Proof of Theorem 1 ( Upper bound). Consider an x € By Let the indices i1,i,...,im be
such that |x; | <[x,|< - |x;,|. Define O, as the mapping which takes any x€ B)' to a

vector y = Q,x € H" such that Yo =Ye= o=y, =0and y, =x —|x;_,  |sgn(x; ),
m—n+ 1<j<n. For any x € B},
m-—i m
e = Quxlln =3 x|+ b, 0> ©)
FES j=m—n+1
m—it
= bl al, (10)
j=1

Set =377 "|x;|”. Then 3_7 . |x,[?<1—0. Hence, we have

m

S LA W AL

J=mentl

n
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or
<= )rn e (11)
Also,
m--n hi—n
Z x| = Z i [P |77 <6, 117 (12)
j=1 i=1

From (10)-(12) we obtain for any x € B}

e = @uxllfy < Sbei, |77 b, [
<(1-6 )(q—p)'pn(p---q)?pgnlp—-tl)x‘li’ (13)

where the last inequality follows from assuming 1 < p<g<oc.
It follows that

inf sup inf |lx — vll; < sup inf [lx = y[m

" vepp vEH” XEBM yEH”
1
< sup [x = Qpxllyr < “Tr—Tia’ (14)
vEB ¢ T nlir-ia

where A" C R™ is any set of VC-dimension less than or equal to ».

Now, we prove the upper bound on py“(By, 1)) for the case of 1 <g< p<oc. Here
linear approximation using a projection mapping onto a linear subspace is optimal as
is seen next since the upper bound obtained differs only by a constant from the lower
bound on p,YC(B[T. 17). For any x € B}, let P, be a projection which maps any x € R to
a y€ H" as follows: For m--n+1</j<m, y; =x;, while for the remaining coordinates
vi= - = Yu_, =0. Since H" is merely R” then its VC(FI”):n. For any xEBI’," the

approximation error becomes

1 %4 1 r
m—n m—n

||X — })"A’Hl‘:n = Z |Xi,|q S(m - n)l‘q ~1/p Z |lelp (15)
je=l j=1

< (m— rr)l""’"l”’||x||[,7, <(m —n)le-lp, (16)

This concludes the proof of the upper bound. [

4.2. Proof of Theorem 2

Suppose 0 <o < 3. Consider any set K CE={~1,+1}" of cardinality 2", where
0<y<1. In a similar manner as in Lemma 1, a set G CK may be constructed such
that for every w,v€ G, u#v, we have |[u — v|[;n>20m, and |G|=2" where ¢;=
(y4+2((1/2)—a)* — 1)/2m. In order to maximize the range for 7 we introduce another
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parameter >0 and we choose henceforth « = '§~ V(1 = 7)1 + n)/2. This yields a set
G which is 2em-separated in /7"-norm with |G| =2""~""2 for any § <y <1, where the
condition on 0<a <} implies # must satisfy (1 —7)(1+#1)<3. We now proceed as in
the lower bound proof of Theorem 1 which appeared under the case of 1 <g< p<oo.

Fix any set H" C R™ with VC(H")<n and let ¢ =dist(G,H",I}'), except instead
of assuming d<m/16 we assume o <am/4 where x is as chosen above. As in (3)
this leads to a contradiction of the inequality 2"!=""/2 <e(n + 1)(8e)" for all n>1
provided that m = (4n/(n(1 — 7)) logy(8e). To convert from the /{"-norm to /7-norm we
use (5) and obtain

oam' 4 a(m —n)'4

: is nopmy s, > . 17
I‘L[]]f dist( K, H", I7') 4 7 (17)

Substituting for o« we then obtain

¢ ><%_Wn))(""—n>""’ (18)

which concludes the proof of the lower bound on py“(K, ).
The upper bound easily follows from the upper bound of Theorem [ for the case
1<g< p=oc since K C EC B . Thus, we have

inf sup inf |lv—y
H" ek vEH"

KA <) (B )y <(m —m) (19)

which therefore proves Theorem 2. [

4.3. Proof of Corollary 1

Since for any set F C R", p/“(F,17)<pf(F,I"), the lower bounds of Theorems |
and 2 hold also for p;(By, 1) and p,(K.1"), respectively. For the upper bounds the
case is similar since the particular classes H” and H” of VC-dimension n, which are
used for the approximation, have a pseudo-dimension r (proven below). Their rate
of approximation of B’ upper bounds the degree of approximation by any class of
pseudo-dimension # and hence upper bounds p? (B 17"). As in (19), the upper bound
on pf (K, 1) is pf(BI, ™).

We now prove that the pseudo-dimension of the set A” defined in Lemma 3 is n.
Suppose that it is greater than ». Then there exists an index set I = {i1,..., i} C {1,
2,...,m} such that sgn(A7?, )={—1,4+1}"*', We have ﬂfl, )= U s, + Vis.ooaXip,

Ly j=1
FVim1s Vs Xiy PV 1s - X, V111X € H”} since for any x € H” there are only »n non-
zero elements. It follows that the set of boolean vectors sgn(f{|", y) = Ufjf [£1,..., %1,

sgn(y;, ), £1,...,£1]. Clearly, the boolean vector —sgn(y)= —[sgn(y1),...,sgn(y,41)]
¢ sgn(H l”,__‘.). Hence, there does not exist an / and y such that |sgn(H f,‘}_)\l =
This proves dimp(ﬁ”)gn. We also have dim,,(l—?”); VC(H"Y=n. It follows that
dim,,(ﬁ")zzn. The same kind of proof is used to show that dimp(ﬁ”):n. i
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4.4. Proof of Corollary 2

For any vectors u,v€ R" we have [u — vl = (3 c; p(D)|vi — w4 =l (1o
limtuy = (X ey #(D|v; — ;]9 which by Holder's inequality is
bounded from above by umh]|jv — ul[;. Now, provided that the set /, which depends
on the probability measure u, has cardinality greater than » then for any set 4 C R™,
pYC(A, 1M (p)) = infyn sup,c , infy e g 17G0) >;L:r;;"n infg» sup,c, inf e flx— v
- #:r‘fnpyc(A,/;”) and p,YC(A,l"["(ﬂ))\{/t}f;gxpxc(A,l"f). If the cardinality of |/|<n then
oy (4,17 (1)) = 0 since ther effectively the set 4 C RVI C R”, the latter having a VC-
dimension n.

= ullp. Also, {lu —v

X—y I
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