arXiv:2512.00346v1 [g-fin.PM] 29 Nov 2025

Convergence Rates of Turnpike Theorems for Portfolio Choice
in Stochastic Factor Models

Hiroki Yamamichi*

Abstract

Turnpike theorems state that if an investor’s utility is asymptotically equivalent to a power
utility, then the optimal investment strategy converges to the CRRA strategy as the investment
horizon tends to infinity. This paper aims to derive the convergence rates of the turnpike theorem
for optimal feedback functions in stochastic factor models. In these models, optimal feedback
functions can be decomposed into two terms: myopic portfolios and excess hedging demands. We
obtain convergence rates for myopic portfolios in nonlinear stochastic factor models and for excess
hedging demands in quadratic term structure models, where the interest rate is a quadratic function
of a multivariate Ornstein—Uhlenbeck process. We show that the convergence rates are determined
by (i) the decay speed of the price of a zero-coupon bond and (ii) how quickly the investor’s utility
becomes power-like at high levels of wealth. As an application, we consider optimal collective
investment problems and show that sharing rules for terminal wealth affect convergence rates.
Keywords: portfolio choice, turnpike property, convergence rate, stochastic opportunity sets,
collective utility function.

1 Introduction

Since the seminal works of Merton [30, 31], optimal investment problems for continuous-time models
have been developed in various directions. In particular, stochastic factor models have been used to
capture stochastic investment opportunity sets, such as the predictability of stock returns, stochastic
volatility, and stochastic interest rates. For an overview of optimal investment problems with stochas-
tic factor models, we refer the reader to the review paper [45]. In these models, optimal investment
strategies can be decomposed into two terms, namely, myopic portfolios and excess hedging demands.
This means that at first investors choose the myopic portfolios as if the investment opportunity sets are
constant, then they adjust their portfolios by adding the excess hedging demands to adapt to future
changes in the investment environment. Although computing these terms typically requires analyz-
ing fully nonlinear Hamilton—Jacobi-Bellman (HJB) equations, the computations become tractable
for homothetic utilities, such as exponential, power, and log utilities. As a result, explicit formulas
for optimal investment strategies are typically available for these special utilities. In contrast, it is
challenging to analyze optimal investment strategies for generic utilities, and, to the best of our knowl-
edge, only a few works have calculated the optimal strategies, including Detemple and Rindisbacher
[6], Fukaya [10], Lakner [26], Ocone and Karatzas [36], and Putschogl and Sass [37].

Turnpike theorems fill this gap between power utilities and general utilities. Informally, turnpike
theorems state that if a utility function is similar to a power utility at large wealth levels, then both
the optimal wealth process and the optimal investment strategy converge to those for a power utility
as the investment horizon tends to infinity. This paper aims to derive the convergence rates of turnpike
theorems for both myopic portfolios and excess hedging demands in stochastic factor models.

Turnpike theorems originate in the classic work of von Neumann [35] in economic growth theory. In
the context of optimal portfolios, Mossin [32] first proves portfolio turnpikes in discrete-time settings

U'(z)
U”(.T)
Mossin’s results are extended by Leland [26], Ross [41], and Hakansson [14] to include general utility
functions. Huberman and Ross [16] derive a necessary and sufficient condition for the turnpike property.

under the assumption that a utility function U has affine risk tolerance, that is, = ax + b.
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Cox and Huang [5] prove the first turnpike theorem in continuous-time settings using martingale
methods under the assumption that there exist constants Ay, As,b, z* > 0 such that

(U) " Nz) = A1z7 | < Agz™®, 2 € (0, 2] (1)

holds for some a € [0,1/b). Jin [19] extends their results to include consumption. Huang and Za-
riphopoulou [17] show that the condition

!

lim m =K

z oo x¥ 1
for some K > 0, which is weaker than the condition (1), is sufficient for the turnpike property, using
viscosity solutions for the associated HJB equations. Dybvig et al. [9] prove portfolio turnpikes for
complete markets in the Brownian filtration without assuming stationary investment opportunity sets.
Guasoni et al. [13] consider general incomplete market models that include one-dimensional stochastic
factor models, and they prove three types of turnpikes (abstract, classic, and explicit).

Although it is important to know how fast turnpike theorems hold in practice, the above works do
not derive convergence rates. However, Bian and Zheng [3] first estimate the convergence rate of the
turnpike property under the Black—Scholes model. Beyond the classical expected utility framework,
Geng and Zariphopoulou [12] recently studied turnpike-type limiting properties and the convergence
rate for the forward relative risk tolerance function under time-monotone forward performance criteria
in Ito diffusion markets. Since Geng and Zariphopoulou [12] focus on the subclass of time-monotone
forward utilities, there is still no result on convergence rates for excess hedging demands. In the present
paper, we aim to derive convergence rates for both myopic portfolios and excess hedging demands in
stochastic factor models.

Our contributions are fourfold. First, we derive convergence rates of turnpike theorems for myopic
portfolios with general stochastic factor models in complete markets (Theorem 2.4), which extends the
results of Bian and Zheng [3] from the Black—Scholes model to more general settings. In particular, we
find that the convergence rate is determined by the price of a zero-coupon bond and the rate at which
the investor’s utility becomes power-like at high levels of wealth. As made precise in Remark 2.7,
the rate is typically exponential. Moreover, we prove uniform convergence in the wealth variable for
portfolio proportions (Theorem 2.5), which has not yet been documented. Furthermore, we also derive
the convergence rate for the optimal portfolio processes (Theorem 2.6).

Second, we also derive convergence rates of turnpike theorems for excess hedging demands with
quadratic term structure models (Theorem 2.7), where the instantaneous rate is a quadratic function
of the stochastic factor process. To the best of our knowledge, no previous studies have derived the
convergence rates for excess hedging demands. We find that the convergence rates are the same as
those of myopic portfolios and uniform convergence in wealth holds (Theorem 2.8).

Third, by applying our main results, we analyze the turnpike properties of the optimal strategies
for optimal collective investment problems. In these problems, there are n investors who delegate their
portfolio management to a fund manager. The fund manager invests on their behalf to optimize the
expected social utility, constructed from the individual utilities and a sharing rule, according to which
the fund manager allocates the terminal wealth to individuals. We consider two sharing rules: a Pareto-
optimal sharing rule and a linear sharing rule. We find that these sharing rules affect convergence rates
(Theorems 2.10 and 2.12). In particular, we show that the convergence rate for a linear sharing rule
is faster than for a Pareto-optimal sharing rule when the least risk-averse investor among n investors
is no less risk-averse than the log investor.

Finally, we methodologically provide a probabilistic approach based on martingale duality methods
and Malliavin calculus, in contrast to the PDE techniques used in prior work by Bian and Zheng [3].
When applying Malliavin calculus to optimal investment problems, previous research papers such as
[26, 37] often assume conditions that depend on the investment horizon. In the present paper, we
assume conditions (Assumptions 2.1-2.3) that are independent of the investment horizon, allowing us
to apply Malliavin calculus techniques when the investment horizon tends to infinity.

The rest of this paper is organized as follows. The main results are discussed in Sect. 2, which
consists of four subsections. In Sect. 2.1, we provide stochastic flow representations of optimal feedback
strategies for general utilities. Sect. 2.2 estimates the convergence rate of the turnpike theorem for
myopic portfolios with general factor models. Sect. 2.3 estimates the rate for excess hedging demands



with quadratic term structure models. In Sect. 2.4, we offer applications of our main results to optimal
collective investment problems. Sect. 3 contains proofs of our main results. The appendix contains
short reviews of Malliavin calculus, option pricing theory in stochastic factor models, the relationship
between stochastic control methods and martingale duality methods, and the matrix Riccati equation.

2 Main results

2.1 Stochastic flow representation of optimal feedback functions

Let (0, F,P, (Fi)ieco,r)) be a filtered probability space endowed with (F3)cpo,r], the augmentation
of the natural filtration generated by the n-dimensional Brownian motion W = (W' ..., W")T. We

consider a financial market with one riskless bond and n risky assets. The price processes of the riskless
bond S° and n risky assets S = (S',...,8™)" are modeled as

dS? = S%r(Y;)dt, Sy =1,
dSt = dlag(St){u(E)dt -+ J(K)th}7 SO = S0 € sz (2)
dY; = b(Yy)dt + a(Yy)dWy, Yo =y € R™,

where r : R” — R, : R™ - R", 0 : R™ - R"™™ b : R™ — R™,a: R™ — R™*" satisfy Assump-
tion 2.1 below, diag(x) denotes the diagonal n x n matrix whose (i,4)-th element is component x;
of z = (21,...,2,)" € R", and the m-dimensional process Y = (Y1, ..., Y™)T is referred to as the
stochastic factor processes, which affect the coefficients of the asset price processes. We denote the
market price of risk as 0(y) == o(y) " {u(y) — r(y)1}, where 1 = (1,...,1)" € R™. Furthermore, we
let B8 = (Bt)ieo,r) be a discounted price process, Z = (Zt):epo,r) be a likelihood ratio process, and
H = (Hyt)iepo,1) be a state price density process as follows:

1 t
By = 5 = exp (—/0 r(YS)ds> ,

t t

Zy = exp {/ 07 (Y,)dW, — %/ |9(Ys)|2d5},
0 0

Hy = piZy.

We assume some conditions on these coefficient functions.

Assumption 2.1. (i) All functions r, i, 0,b,a,0 on R™ are continuous functions.
(ii) o(y) is invertible for all y € R™.

(iii) O has linear growth.

(iv) b,a are Lipschitz continuous and a is bounded.

Under Assumption 2.1, a local martingale Z is a martingale. For the proof, see [27, Section 6.2].
Therefore, we can define a unique equivalent martingale measure Q and n-dimensional Q-Brownian
motion WY as follows:

dQ|r, = ZdP|x,,

t
w2 = Wt—i—/ 0(Yy)ds.
0

7 = (7t )¢eo,1) is a portfolio process if 7 is an n-dimensional (F;);-progressively measurable process
and satisfies

T
/ |T¢|%dt < 00 P — a.s.
0

For each initial wealth = > 0 and portfolio process 7, we define the corresponding wealth process
X®T = (X" )eqo,1) as the solution to the following SDE:

dXPT = [r(VY)XD™ +n] (W) — r(Y)1)] dt + 7] o(Yy)dW,, X = z.



Given x > 0, we say that a portfolio process 7 is admissible at x if the corresponding wealth process
X®T satisfies
X" >0, te€]0,T]

almost surely.
An investor’s risk preference is represented by a utility function U.

Definition 2.1. We call U : (0,00) — R a utility function if U is strictly increasing, strictly concave,
and twice continuously differentiable on (0, 00) and satisfies the Inada conditions

lim U'(z) = 0o, lim U'(z) =0.
z\0 x oo

Let I := (U')"':(0,00) — (0,00) be the inverse marginal utility U’. By the definition of U, I is
strictly decreasing and continuously differentiable on (0, 00) and satisfies

lim I(z) =00, lim I(z)=0.
lim, 1(2) Jim I(2)

The investor in this paper desires to maximize their expected utility and find an optimal portfolio
process 7. This problem is formulated as follows.

Problem 2.2. Find an optimal = € A(x) for the problem

sup E[U(X77)]
TeA(x)

of maximizing expected utility from terminal wealth, where
A(z) = {m;m is admissible at z,E [U(X7™)7] < oo} .
To use the martingale method, we assume the following growth conditions.
Assumption 2.2. (i) There exist rg € R, r; € R™ such that for every y € R™,

r(y) > o+ y.

(ii) There exist K > 0, p € (0,1] such that for every z > 0,
I(z) < k(14 277°).

Under Assumptions 2.1 and 2.2, we can use the martingale method as in [20, Theorem 3.7.6]. For
the proof, see Sect. 3.1.

Theorem 2.1. Under Assumptions 2.1 and 2.2, for each x > 0, there exists A > 0 such that x =
E[H7I(AHT)]. The optimal terminal wealth § and the optimal wealth process X = (Xi)iejo,1) are
N 1 ~
§=I(Mr), Xi= B {HTI()\HT)} .
t

Moreover, the optimal portfolio process ™ = (7t¢)¢ecjo,1] is given by

Fr= (0" (V)7 ! (fft - Xte(Yt)) ,

t
where Y is the integrand in the stochastic integral representation M, = x + / (wu)Tqu of the
0

martingale (Et[HTI(j\HT)]) .
t€[0,7]
To derive explicit formulas for 1, we assume regularity and growth conditions for the market
coefficients, r,0,b,a, and the derivative of I, which enable us to apply the results of the Malliavin
calculus.



Assumption 2.3. (i) r,6 are continuously differentiable and of polynomial growth, and their Ja-
cobian matrices Dr, Df are also of polynomial growth.

(ii) b,a are continuously differentiable, and the Jacobian matrices Db, Da., : R™ — R™*™ are
0b; i
bounded, where Db = ( ) , Da.; = <a d > , (1=1,...,n).
Oz %<7,<m O0x; %<z<m

(iii) There exists K > 0 such that for any y, z1, ..., 2, € R™,

' (b(y) —a)0(y) + >z (Db(y) — ZDa.z(y)Hl(y)> G <K [T+ P+ |z
j=1 =1

j=1

(iv) |2I'(2)| < k(1 + 277) for some k > 0, p € (0,1].

For Theorem 2.2, we prepare some notation. Let a pair (Y, Z) of R™-valued stochastic process Y

and R™*™-valued stochastic process Z be the solution to the following system of SDEs:
dYs = b(Yy)ds + a(Y5)dWs, Y =y,
dZ, = Db(Y,)Z, ds+ZDa Y,) ZodWY, Zy=1.
j=1

Then a pair (Y, Z) is a Markov process and (Y ®%) Z(¥)) denotes the solution to the above system
of SDEs when (Y, Z) starts from (y,1) € R™ x R™*™ at time 0. Note that Z(¥) always starts from

(0,y)
the identity matrix I € R™*™ and Y. %% = v for s € [t,T]. Because Z*¥) can be thought of
as the derivative of Y ¥ with respect to the initial value y, we use the notation VyY(t7y) =zt

instead of Z(*¥). Furthermore, let H®Y) = (H(t’y) be a state price density process that starts

S

>s€[t,T]
at time t and is given by

S S 1 S
Hgt,y) ‘= exp </ r(Yu(t’y))du _ / QT(Yu(t,y))qu _ 5/ 0(Yu(t’y))|2du> )
t t t

Let VyH(t’y) = (VyH(t’y)> , L) = (Lgt’y)) be R™-valued stochastic processes given by
s€t,T] s€(t,T]

S

S S T
LY — / (Dr(Y. )V, YN T dy + / (D@(qutw)vyyy’y)) AW,
t

t
+/ (pov ), Y“y)) oY) du,
t
V, HY = —H{EV L),

We can also consider VyH(t’y) as the derivative of H*¥) with respect to y. When Y starts from y at
time 0, we drop the superscripts (0, y).

Theorem 2.2. Under Assumptions 2.1-2.3, the optimal portfolio process © in Theorem 2.1 can be
represented by

e = (0T (V) 10(¥) 5 Be [He - Al T' (V)|
+ (0" (V) e (VE, [vyH;t’Y‘) (I(AHT) + XHTI’(XHT)H .

Remark 2.1. (i) We can find similar results in [6, 10, 24, 37]. Here, we state the differences between
our arguments and those of the previous papers. Firstly, [6] considers the same market model as
ours and assumes that HpI(zHr) € Dg 1, which is difficult to check in general. In the present pa-
per, we check that HpI(zHy) € Dy 1, which is enough to use Clark’s formula (Proposition A.1),
with the growth conditions for an inverse marginal utility I, its derivative I’, and market coeffi-
cients (Assumptions 2.1-2.3). Secondly, [24, 37] check the conditions that HpI(zHr) € Dy ; with



linear Gaussian dynamics for the drift process pu; under partial information. Their assumptions
for market coefficients depend on the investment horizon 7', but our assumptions do not depend
on T, which is more useful for proving the turnpike theorem. Lastly, [10] uses stochastic flow
techniques instead of Malliavin calculus. Because the assumptions in [10] also depend on T" and
are difficult to check for our model, we do not use the results of [10].

(ii) We can represent the optimal portfolio process 7 by the Arrow-Pratt measure of absolute risk

A
tolerance ARTy(z) = — LUf((x)>

as in [6]:

fty = (oT(}Q))*le(K)H%]Et [HT : ARTU(XT)]
F (0T (V) LT (V)E, [vyH§f=“> (XT - ARTU(XT))] .

Moreover, the optimal portfolio 7 can be divided into two components, namely, the myopic
portfolio # and the excess hedging demand #%:

e =7 +7f
7 = (o7 (V) 0(V) 5 Be [Hr - ARTy (X))
= (6T (V) taT (V,)E, [vyﬂgv’”t) (XT - ARTU(XT)>] .
By the Markov property of the market model, the optimal portfolio process & obtained in Theo-
rem 2.2 is given by a feedback form.

Proposition 2.3. Under Assumptions 2.1-2.3, the optimal portfolio process & in Theorem 2.1 can be
represented by a feedback form

e =7(T—t,X.,Y;), tel0,T),
where 7 : (0,00) x (0,00) x R™ — R" is defined by
w(r,z,y) = 7M(r,z,y) + 78 (1,2,9),
M (r,y) = —(07 (y) " OW)EY [H - AH (M)

i (r2,y) = (0 () aT WEY [V Hy (TOH:) + AH-I(VH) )|
and \ = S\(T,x,y) is defined by an equality x = EY[H.I(\H)].

2.2 Turnpike theorem for myopic portfolios under general stochastic factor
models

In this subsection, we consider two investors with utility functions U; : (0, 00) — (=00, 0), (i =1,2),
and we fix an initial wealth « > 0 for both investors. We denote the corresponding optimal terminal
wealth &, optimal wealth process X, and optimal feedback function 7 for the i-th investor by ¢57, XoT,
and 7, respectively. In this subsection, we consider the turnpike theorem for myopic portfolios under
general stochastic factor models (2) introduced in the previous subsection. That is, we show that for
each x and y,

7 M(T, @, y) — #2M(T 2, y) = 0, (T 7 o0),

and we derive its convergence rate in terms of E[Hr].

Assumption 2.4. (i) Let p € (—o0,0]. For p < 0, we set
Us(z) = —, xz€(0,00),
p

for p =0,
Us(z) =logz, =z € (0,00).



(ii) Let ¢ == Ll € [0,1). There exist constants K € [0,00), @ € (¢ — 1,0] such that
p—

[11(2) — I2(2)
|201(2) — 215(2)

(iii)
E[Hr] 0, (T /" ).
Remark 2.2. Because the von Neumann—Morgenstern (vN-M) utility function Uy for the first investor
is uniquely determined up to positive affine transformations [11, Theorem 2.21], any conditions for

vN-M utility function U; must be invariant for positive affine transformations. In this case, we have
to assume a generalized version of Assumption 2.4(ii) as follows.

Assumption. There exist constants C' > 0, K > 0, € (¢ — 1,0] such that

|I1(2) — CLy(z)| < K(1+2%), =z¢€(0,00),

|2I1(2) — C2I5(2)| < K(1+ 2%), 2z € (0,00). (5)

If Uy satisfies (5), then U} = al; 4 b also satisfies (5) for any a > 0, b € R, which means that (5) is

invariant for positive affine transformations. In particular, if U; satisfies (5), then Uy =al;, a=C 1
satisfies (5) for C' = 1 and the optimal feedback function given by Proposition 2.3 is invariant, which
means that without loss of generality, we can assume C =1 in (5), that is, (ii) in Assumption 2.4.

Remark 2.3. If a function U is twice differentiable and satisfies (3) in Assumption 2.4(ii) for p €
(—o00,1), then U’ is regularly varying with an exponent p — 1 and

-U"(x)x
lim RRA = 1i — =1 —7.
Jm RRAy(z) = lm —7es P

For a proof, see [5, Proposition 2]. Furthermore, by the identity I(z) = 297, the ratio of the inverse
/

I 1
marginal utilities, I—l, and the ratio of the derivatives, I—}, satisfy

2 2
I (z) ‘ —(g—1 —(q—
] SK(z (a-1) 4 Lo—(q 1>)’
I>(z)
I1(2) K - (g
< =/ (a=1) a=(g=1))
Lz | 1-q¢ € te )

These inequalities imply that these ratios converge to 1, and the speed of convergence is determined
by a — (¢ — 1).

Remark 2.4. Although the inequality (3) can be derived from (4), we assume both inequalities for
simplicity.

Remark 2.5. When showing turnpike theorems, Assumption 2.4(iii) is the usual one in previous works.
Indeed, Dybvig et al. [9] assume the same condition. Furthermore, Cox and Huang [5], Jin [19], Huang
and Zariphopoulou[17], and Bian and Zheng [3, 4] consider the Black—Scholes model and assume that
the interest rate r is strictly positive, which is equivalent to E[Hr] \, 0 in the model. Because

E[H7] = E© lexp (— /T T(Yt)dt>

is the price of a zero-coupon bond with maturity 7' at ¢ = 0, Assumption 2.4(iii) implies that the
interest rate r(Y;) is positive in the long run.

The following theorem is one of our main results.



Theorem 2.4. Under Assumptions 2.1-2./, there exists an M = M (x,y) € (—o0, z| that is indepen-
dent of T such that

[FM (T w,y) = 7N (Ty)| < K (2= q)lo” ()7 0)] (BLH) + (2 — M)TTE[Hg]' 5T
=0 (IE[HT]l’ﬁ) . (T /).

Remark 2.6. Here we want to emphasize that the convergence rate of the turnpike theorem in stochastic
factor models is determined by two components: (i) the speed of market growth, E[Hr], and (ii) the
similarity between utilities captured by a and ¢. In addition, if the interest rate is a positive constant,
r(Y:) = r > 0, then the convergence rate is efr(lfﬁ)T, which is the same rate as in Bian and Zheng
[3]. Therefore, the rate E[Hy]' 71 derived in the present paper is a natural extension of the rate in
[3].
Remark 2.7. As studied by Qin and Linetsky [38], the decay speed of E[Hr] is exponential in general.
Indeed, (ii) of Theorem 3.2 in [38] shows that under a general semimartingale model satisfying some
assumptions,

— log E[HT]

=)
T /oo T

holds for some A € R. When all uncertainty is generated by a time-homogeneous Markov process X,
e is an eigenvalue of the pricing operator P; f(z) = E[H, f(X;)|Xo = z]. For details, see [38, 39, 40].
Although Theorem 2.4 seems to imply that the convergence is not uniform in x, we can prove

~4,M
. . . . Tt (T7 x, y)
uniform convergence in x for portfolio proportions —————2~,
X

Theorem 2.5. Under Assumptions 2.1-2.4, for any € > 0,

wup | ) LR 0 (st ), (7o),

T>€ x x
Remark 2.8. We cannot prove uniform convergence in y because y — 6(y) has linear growth and is
generally unbounded.

We can also show that the time-0 value of the difference between the optimal wealth processes at
time ¢ converges to 0 uniformly in ¢ and that the convergence rate is the same as in the above theorems.

Theorem 2.6. Under Assumptions 2.1-2.4,

sup E[H:| X" — X77)) = O (B[H7]'"77), (T 7 o0). (6)
te[0,T]
Remark 2.9. The convergence Tlg‘n E[H,| X" — X>T|] = 0 is already proved in complete markets by

Dybvig et al. [9]. Here, our focus is on the convergence rate.

2.3 Turnpike theorem for excess hedging demands under quadratic term
structure models

In this subsection, we consider quadratic term structure models studied by [1, 25]. The market model
consists of a riskless bond S°, n risky assets S = (S',..., S")T, and an m-dimensional factor process
Y = (Y1, ..., Y™)T that affects the risk-free interest rate r(Y;) of S° and the mean return rate pu(Y;)
of S:

dsy = SPr(Y)dt, So=1,
dS, = diag(S:) {u(Y,)dt + SAW,}, So € RY,, (7)
dY; = (b+ BY;)dt + AdW,, Yy =y € R™,

where 7 : R™ - R, p: R™ - R", ¥ € R, be R™, Be R™™ A e R™". Furthermore, we
assume that the risk-free interest rate r(Y;) of S 0is a quadratic Gaussian process and the market price



of risk 8(Y;) := 71 (u(Y;) — 1r(Y})) is a linear Gaussian process as follows:

1
r(y) =ro+r{y+ QyTRzy,
0(y) = a+ Ay, (8)
w(y) = 20(y) + 1r(y),

where 19 € R, 71 € R™, Ry € R™™ ¢ € R", A € R™™ and 1 = (1,...,1)7 € R". We
denote the totality of m x m, real, symmetric matrices by S™ and S7" := {M € S™; M > 0}, ST, =
{M € S™; M > 0}. We assume the following conditions.

Assumption 2.5. (i) ¥ is invertible.
(ii) Ry € ST.
(iii) Ry =0 or (y(1— AT A+ YRy) € ST, for v € {q,1+ a}.
(iv) B is stable; that is, all its eigenvalues have negative real parts.

Under Assumptions 2.4 and 2.5, the quadratic term structure model given by (7) and (8) satisfies
Assumptions 2.1-2.3. Therefore, all main results in Sects. 2.1 and 2.2 are valid.

Remark 2.10. Assumption 2.5(iv) implies that Y is a multivariate Ornstein—Uhlenbeck process. In
particular, the model includes well-known short-rate models, such as the Vasicek model and special
versions of the CIR model; for details, see [1].

Remark 2.11. We restrict our analysis to the quadratic term structure model given by (7) and (8) for
the following reason. As Proposition 3.11 says, to estimate the rates for excess hedging demands, we
have to compute the asymptotic behavior of the stochastic factor process Y under myopic probability
measures Q7., v € [0, 1], defined by
H’Y
dQY. .= —ZL_dP.
" B[]

When v = 1, the myopic probability measure Q% is a T-forward measure. When v € (0,1), the
measures are given by the optimal wealth processes X% for CRRA investors:

UXE
a0} = —CX1)_gp
E [U(X%)]
P
where, U(x) = %, p = %1 As Guasoni et al. [13] say, by using results on CRRA utility maxi-

mization problems, we can represent the probability density processes of Q. as stochastic exponential
martingales in terms of the optimal portfolio processes. Therefore, in the quadratic term structure
model given by (7) and (8), we can analyze the asymptotic behavior of Y under Q7. by using the
asymptotic behavior of the solutions to Riccati differential equations. Because the optimal portfolios
in nonlinear stochastic factor models (2) are given by solutions of semilinear PDEs (see Nagai [33]),
our analysis will require more-advanced techniques, and further research for nonlinear stochastic factor
models will be addressed in future work.

Under these assumptions, we can also derive the convergence rates for excess hedging demands.

Theorem 2.7. Under Assumptions 2.4 and 2.5,
(T, y) = 727 (T,2,y)| = O (B[HD)77), (T 7 00).

By combining the above theorem with Theorem 2.4, we obtain the convergence rates for the optimal
feedback functions #t = #%M 4 7LH

Corollary 2.7.1. Under Assumptions 2.4 and 2.5,

J e 2

(7 (T,,y) = #(T,2,y)| = O (E[H7)' 7)), (T /).



Moreover, by considering portfolio proportions rather than dollar amounts, we can prove the uni-
form turnpike theorem for excess hedging demands and obtain its convergence rate.

Theorem 2.8. Under Assumptions 2.4 and 2.5, for any € > 0,

FH(Ta,y) ﬁ;H(T,as,y)’ _0 (E[HT]“ﬁ> , (T /' o0).

x x

sup
xr>€

Corollary 2.8.1. Under Assumptions 2.4 and 2.5, for any € > 0,

#UT, z,y) B ﬁQ(T,x,y)' -0 (E[HT]l—q“Tl> , (T /o0).

€T T

sup
r>€

2.4 Applications: optimal collective investment problems

In this subsection, we offer applications of our main results to optimal collective investment problems.
For detailed descriptions of the problems, see [2, 18], for example. We consider the quadratic term struc-
ture model, given by (7) and (8), that satisfies Assumptions 2.4(iii) and 2.5 as described in Sect. 2.3.

Pi
We assume there are n investors with CRRA utility functions U;(z) = —, (i = 1,...,n), —co <

p1 < ...pn < 0, where the relative risk aversion level of the i-th investorZ is given by ~v; == 1 — p;.
At the beginning of the investment period (¢ = 0), investors delegate their investment management
to a fund manager. At the end of the investment period (¢ = T'), a fund manager distributes the
aggregate terminal wealth among n investors according to a sharing rule. In this paper, we consider
two well-known sharing rules: a Pareto optimal sharing rule and a linear sharing rule.

2.4.1 Pareto optimal sharing rule

We assume that a fund manager chooses a Pareto optimal distribution of the terminal wealth, which

is represented by
n
z; € R, in:x}7

i=1

U(z) == max {Z BiU;(x;)
i—1

n
where f; is the weight granted to the i-th investor and satisfies 8; > 0, (i = 1,...,n), Zﬁi = 1.
i=1

[2] uses this utility function to analyze collective investment problems. U also appears as a utility
function for a representative agent in the context of market equilibrium [20, Chapter 4]. Because the
operations of sup-convolution and addition are dual to each other, the inverse marginal utility of a
fund manager is given by the sum of those of individuals.

Lemma 2.9. U is a utility function in Definition 2.1 and the inverse marginal utility I = (U)_1 s
given by

n

I(z) = Zfi (;) , Li(z) =247 q= b
i=1 B

pi—1
Proof. See [2, Appendix A]. O

By using our main results in Sect. 2.3, we can show that the optimal feedback function of a fund
manager converges to that of the most risk-seeking investor. The convergence rate is determined by
the price of a zero-coupon bond and the relative difference between the relative risk aversion levels of
the least risk-averse investor (i = n) and the second least risk-averse investor (i =n — 1).

Theorem 2.10. Let # be the optimal feedback function of a fund manager with the Pareto optimal
sharing rule and & be that of the i-th investor. Then

In—1—"7Tn

[#P(Toa,y) — 7" (Toay)| = O (E[HT] ) (T o),

10



Proof. Tt is enough to check that the inequalities (5) hold for I;(z) = I(2), Ix(z) = 297!, a =

1 qn—1
n-1—1, C= <5 > . Because 0 < g, < g1 < -+ < q1 < 1, there exists some K > 0 such that
for all z > 0,

and

gives the convergence rate. O

2.4.2 Linear sharing rule

Here, we assume that a fund manager allocates the terminal wealth according to a linear sharing rule,
where the i-th investor receives a fixed proportion «; of the terminal wealth. This linear sharing rule

is represented by
n
x) = Z BiUi (o
i=1

where a;, 8; > 0, (i = Za, Zﬁi = 1. Although U seems simpler than U, we cannot

i=1
derive the inverse marginal ut1hty of U in general. Therefore, to estimate the differences between

inverse marginal utilities and their derivatives, we perform complex calculations; for the proof, see

Sect. 3.4.

Proposition 2.11. Let

2; )
:L‘pTI
Us(x) =w ,
2(7) " Pn

’L

xpl
=1

where w; == ;o > 0. For any nonnegative 3 € (1 + pn—1 — pn, 1), there exists K > 0 such that for
all z >0,

11(2) = Ip(2)] < K(1+ 2Pn=D), (9)
|211(2) — 213(2)| < K(1+2°(D) (10)

hold.

Theorem 2.12. Let 7l be the optimal feedback function of a fund manager with the linear sharing
rule and 7* be that of the i-th investor. Then for any nonnegative 8 € (1 + pp_1 — pn, 1),

| (T, z,y) — 7" (Ta:y’— (IE[HT]l_ﬁ), (T /o)

holds.

11



Proof. By Proposition 2.11 and the main results in Sects. 2.2 and 2.3, the convergence rate is given by

1_Blan=1)

E[HT] an—1 = E[HT]liﬁ

O

Remark 2.12. If 14+pp_1 —pn > 0, which is equivalent to v,_1 < v, +1 in terms of relative risk aversion
levels +;, then the convergence rate is given by O(E[Hp]"™ 77~ for any € > 0. If 1 +p,,_1 — p,, < 0,
which is equivalent to y,—1 > ¥, +1, then the convergence rate is given by O(E[Hr]). These facts mean
that for a fund manager with a linear sharing rule, the convergence rate is determined by v,_1 — Vn,
the absolute difference between the relative risk aversion levels of the least risk-averse investor and the
second least risk-averse investor. On the other hand, for a fund manager with a Pareto optimal sharing
Tn—1 — Tn
Tn—1

aversion levels for the same investors. In particular, because we consider the case ~,_1 > 1, the
convergence rate under a linear sharing rule is faster than that under a Pareto optimal sharing rule.

rule, the convergence rate is determined by , the relative difference between the relative risk

3 Proofs for main results

3.1 Proofs for Sect. 2.1

The following lemma is used in the proof of Theorem 2.1 and Lemma 3.6, which shows Hr € Dy ;.

Lemma 3.1. Under Assumptions 2.1 and 2.2, for any T >0, A >0, y € R™,

exp (—)\ /OTT(Yt)dt>] < .

Proof. We fix T > 0, y € R™ and for any A > 0,

]E? lexp (—/\/T r(Yt)dt>

EQ

Y

Q
<E;

T
%/0 exp (—ATr(Yy)) dt

< sup Ef [exp (=ATr(Y;))]
te[0,T]

< sup EY [exp (=T (ro +7{ Y}))]
te[0,T]

= exp (—)\TTO) sup ]EQ [exp (— )\TTlTYt)]
t€[0,T]

holds, where the first inequality follows from Jensen’s inequality, and the third inequality follows from
Assumption 2.2(i). Therefore, it suffices to prove that for any A > 0,

sup Eg [exp (AYZ])]
t€[0,T

holds. Because Y satisfies the following SDE under Q,
¢ t
Yoyt [ 6vds+ [ avydwg,
0 0
and b(y) = b(y) — a(y)f(y) is of linear growth, |Y;| satisfies
Y| < |yl + KT + bup | M| —|—/ K|Y;|ds,
t
where K is a some constant and M; = / a(Ys)dW?. By Gronwall’s inequality,
0
Y| < <|y + KT + sup |Mt|> exp(KT)
t€[0,T]

12



holds, which leads to

exp (A]Y;]) < exp {A (Iyl + KT + sup |Mt> exp(KT)}
t€[0,T]

— G exp ((12 s[up]|Mt|> (C1 = exp{A(yl + KT) exp(KT)}, s = Aexp(KT))
te[o, T

< Ciexp <CQZ sup |MZ|>

i—1 t€[0,T]

< ZCl exp (mCQ sup |Mt’|> .

=1 te(0,T]

As a result, it suffices to show that for any A >0, i=1,...,m,

E? exp [ A sup |[M]]]| < oo
t€[0,T)

holds. The Dambis-Dubins-Schwarz theorem implies that there exists a Brownian motion B¢ such
that M; = f3(y),, and because a is bounded [Assumption 2.1(iv)], there exists a constant L such that

(M) < LT holds. Therefore,
E(S lexp <)\ sup |ﬂéM>t|>]
t€[0,T)

E(g exp | A sup |M}|
t€[0,T)
o5 om0
te[0,LT]

which completes the proof. O

1
@

Proof of Theorem 2.1. By [20, Theorem 3.7.6], it suffices to check that
E[HT] < 00, E[HTI(ZHT)]

for any z > 0. By Lemma 3.1,

T
E[Hp] = E© lexp ( /O r(Yt)dt>

< 00.

By Assumption 2.2(ii),
Hypl(zHp) < K (HT + z—ﬂH;*”)
holds, and by Jensen’s inequality,

E[HrI(zHr)) < (E[Hr] + = E [ Hy*|])

IN

K (E[HT] t 2K [HT]l_”)

oo

A

holds, which completes the proof. O

Throughout this subsection, we assume Assumptions 2.1-2.3. From Proposition A.5 and Assump-
tion 2.3(ii), the following holds.

Lemma 3.2. Y = (Y!,...,Y™) satisfies the following.

13



(i) Ve (\Dp1, k=1,...,m, s€0,T].

p>1

(i) DYy satisfies
DY, :a(Yt)Jr/ Db(Yu)DtYudu—s-Z/ Da.(Y,) DY, dW!
¢ =17t

fort €0,s] and D;Ys =0 fort € (s,T).

(i) Forj=1,...,n, p€[1,00),

sup | DIVF["
s€[0,T]

sup E < 00.

rel0,T]

() DYs = V,Yi(V, Vi) 'a(V;) for t € [0,s], where V,Y is an R™*™ -valued stochastic process
satisfying

V,Ye=1+ / Db(Yo)VyYudu+ Y / Da.j(Y,)V, Y, dW?
0 =1/t

for s €[0,T] and I € R™*™ is the identity matriz.
Lemma 3.3. For s,t € [0,T],
(i) Ds(r(Yy)) = Dr(Yy)DsY,
(ii) Dy(6(¥s)) = DO(Y;) DYy,

(i) D. (100 ) =07 () DO D,

T T
(iv) Ds/ r(Yt)dt:/ Dr(Y;)D,Yydt,
0 s

(v) D, (; / ' |e<m|2dt) = / 0T (Vi) DO(Y) D, Vi,

T T T
(vi) DS/O 0T (Y )dW, =07 (Y,) + (/ (DH(Y;)DSY;)Tth> .

Proof. (i), (ii), and (iii) follow from Proposition A.2 with the remark below it, Lemma 3.2, and
Assumption 2.3(i) that r, 8, Dr, D8 are of polynomial growth. (iv) and (v) follow from Proposition A.3,
and (vi) follows from Proposition A.4. O

The following lemma implies finiteness for p-th moments of sup |Y;| and |D;Y;| under the equiv-
t€[0,7]

alent martingale measure Q. In this lemma, we use (iii) of Assumption 2.3, which is a monotone
condition for SDE (12) that (Y, D} Ys, . .. D{'Yy)se[t, ) satisfies under Q.

Lemma 3.4. For any p € [1,00),

(i) EC[ sup |Y4["] < oo,
s€[0,T)

(ii) sup EQ[D,Y,|P] < cc.
s,t€[0,7T
Proof. (1) Y = (Y)iejo,1) satisfies
dYs = b(Ys)ds + a(Ys)dWy (11)
= {b(Ys) — a(Yo)0(Ys)} ds + a(Y)dW 2.

Because b and 6 have linear growth and « is bounded, SDE (11) satisfies a linear growth condition
and (i) follows from Theorem 4.4 in [29, Chapter 2].

14



(ii) Let t € [0,T]. R™-valued stochastic processes (D{Y’S)Se[t,ﬂ, j=1,...,n satisfy
DIY, =a;(YV:) + / Db(Y,) DIV, du + i/ Da.(Y,) DIV, dW}!
¢ ¢
:a.j(Yt)+/8< ZDal ))DJYdu+Z/ Da.(Yy)DIY,dWt,
¢
Set Y = (Y, D}Ys, ... D,?Ys);—e[t,T]. Then, R™("+1)_valued stochastic process Y satisfies
dY, s)ds + ZAl AL (12)

with Y; = (V,a1(Y3), ..., an (V)" where B, A' : R™("+1) 5 R+ 1 — 1 pn are given

by
b(y)n— a(y)0(y)
(Db(y) -> Da.z(y)Hl(y)> 21 Dz-zgy;z
B(y,z1,...y2n) = B : . Ay, 2, z) = 'l:y '
2 Da.(y)zn
(Db<y> -y Da.l<y>el<y>> o )
=1

for y,z1...,2, € R™. By Assumption 2.3(iii), SDE (12) satisfies a monotone condition, which

leads to
EQ[|D,Y|P] < C(1 +E?[|Y;|"))

from Theorem 4.1 in [29, Chapter 2], where C' > 0 does not depend on s,t. Using (i) in this

lemma, we complete the proof.
O

Lemma 3.5. Let L = ([N/S)SG[O’T] be given by

T T T
= / Dr(n)Dsndth(Y;H( / <D9(Yt>DsYt)Tth> - / 07 (Y1) DO(Y;)D,Ydt, s € [0,T).

Then R
sup EQHLS\Q] < 00
s€[0,T]

Proof. Using the assumption that Dr, 8, DO are of polynomial growth and Lemma 3.4, we can easily
prove this lemma. O

Lemma 3.6. (i) Hr € Dy and

T

T T T
D Hy = —Hy / Dr(Yt)Dsndt+9T(Ys>+< / (De(mDsY;)Tth) + / 07 (Y;)DO(Y;) D, Yydt

= —HyLs,.

(i1) Let z> 0. HpI(zHr) € D11 and

D, (HrI(zHr)) = —HrLo(I(zHrp) + zHpI' (zHr)).

15



Proof. (i) From Lemmas 3.1 and 3.5,

T ~
E (/ |HTL52ds>
0

1
2

Nl

=E2 | 8; (/T |ES|2ds>
0
<E° (8] ( / g 28 ds)
0
)

holds. Therefore, we can use the chain rule (Proposition A.2), which proves (i).

1
2

Nl=
[

< E% [57]

< o0

(ii) By Assumptions 2.2(ii) and 2.3(iv), there exists x > 0 such that
I(2) 4+ 2I'(2) < k(14271
for any z > 0. As a result,

\HpLs(I(zHy) + 2HpI'(zHy))| < wHp|L| + g|is|,

and

Nl=

T N T N %
E / |Hrp L |*ds <oo, E / |L|2ds <00
0 0

holds. Therefore, we can use the chain rule again and complete the proof.
O

Rmxm

Let a pair (Y, Z) of R™-valued stochastic process Y and -valued stochastic process Z be the

solution to the following system of SDEs:

dYs = b(Ys)ds + a(Ys)dWs, Y; =y,
dZ, = Db(Y.)Zsds + Y Da;(Ys)Z.dWY, Zy=1.
j=1

Then (Y, Z) is a Markov process and (Y% Z(:9)) denotes the solution to the above system of SDEs
when (Y, Z) starts from (y, 1) € R™ x R™*™. Note that Z(*¥) always starts from the identity matrix

©.v)
I e R™™ and Y0 = Y& for s € [t,T]. Because Z*¥) can be thought of as the derivative
of Y% with respect to the initial value y, we use the notation V, Y% = Z®&¥) ingtead of Z*¥).
Using these notations and Lemma 3.2,

DY, =V, Y Wa(Yy), s e[t T],

where V; = Y, °). Furthermore, let H®¥) = (Hb(,t’y)> o be
se|t,

HED = exp <_ / (YD )dy — / GT(Yf’y))qu—% / e(Y;tw)qu),
t t t

and let V,H®Y) = (VyHS(tﬁy))
given by

Lty — (Lgt’y)> be an R™-valued stochastic process

s€(t,T] ’ se(t, T

S S T S T
LY = / (Dr(Y ), Y E T gy + / (D@(Ylft’w)vyyy»y)) AW, + / (D@(Y;tvy>)vyyyvy)) 0(Y 49 du,
t t t

VyHgt,y) = —HEW L),
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From these notations,

DiHr = —HrL;
-

T T T
— Hp (/ Dr(&g)Dtndsz(YtH(/ <D9(Y5>DtYS>TdW3> +f 9T<Ys>De<Ys>Dtsts)

T T T T
= —H0' (V;) — HOY g (/ Dr(Ys)Dtst5+</ (D@(YS)DtYS)Tdm) +/ 07 (Y,)DO(Y,)D,Y,ds
t t s

.
T T

= —Hr0" (Y;) — BV H{ ( / DT(Ys)Vng(t’Yf)ds+( / (Df)(Yg)vyKﬁm)Tdm)
t t

T
+/ eT(n)De(n)va;WOds) a(Yy)
-
= —Hp0T () + B (V, 2 a(v)).

Proof of Theorem 2.2. By Clark’s formula (Proposition A.1), ¢ in Theorem 2.1 is given by

Yo = Eq {Dt (HTI@HT))T]
— _E, [(HTQ(Y;) + HtaT(Yt)Vij(f’Yt)) (I(}HT) + XHTI’(XHT))]
— —H,X0(Y:) — 0(Y,)E, [HT : ;\HTI’(;\HT)} + Hya (V)E, [Vij(f’Yt) (I(XHT) + XHTI’(S\HT))} .

As a result,

=0 (V)" (fﬁ + Xﬂ(l@))
- —aT(Yt)—le(y;)Hit]Et [HT : S\HTI’(S\HT)} o (V) taT (V)E, [Vyﬂg’“) (I(S\HT) + XHTI’(XHT))} .
O
Proof of Proposition 2.3. Let X : [0, 00) x (0,00) x R™ — (0, 00) be
X(t,2,y) = EY [HI(2H,)] ,

where EY[-] stands for the expectation when Y starts from y € R™ at time 0. By the Markov property

H H
of Y, X(T —t,2,Y;) = E, [HTI <zHT)] Furthermore, because H; is Fi-measurable,
t t

@ 1 “ H N
X(T - ta)\HhY;:) - FEt |:HTI ()\Ht . ]‘IT):| = Xt-
t

t
Therefore, if we let F(t,-,y) = (X(t,-,y))"", then
F(T —t,X,,Y;) = \H, (13)
holds. Let # : [0,00) x (0,00) x R™ — R™ be
M (t,y) = — (0" (1) 0)F(t 2, y)B [(H)* T (F(tz,y)Hy)]

By the Markov property of Y,
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holds. Moreover, by the identity (13) and the F;-measurability of X,

(5e) v (ra sl

- UT(Yt))*la(Y;)Hi]Et [HT NHpT' (XHTH

(T — ¢, XuY;t) = —(0"(Yy) " OV F(T - t, X, Yi)E,

Il
—

In particular, if we set T =7, t = 0, then

M (7)) = 7 =~ (T () OWEY [H, - AHT'(VH)]
where A = \(7,z,y) is defined by an equality - = EY[H,I(AH,)]. As a result, we have proved that

the myopic portfolio (fr]f” ) tefo,r) €A be represented by a feedback form. By the same argument, we
can also prove that the excess hedging demand (frfl ) ref0,T] has a feedback form, which completes the

proof. O

3.2 Proofs for Sect. 2.2

In this subsection, we assume Assumptions 2.1-2.4 and prove the main results in Sect. 2.2. Lemma 3.7
and Proposition 3.8 are useful to estimate the rate of the turnpike theorem for myopic portfolios
(Theorem 2.4) and optimal wealth processes (Theorem 2.6). Lemmas 3.9 and 3.10 are used to prove
the uniform turnpike theorem for optimal portfolio proportions (Theorem 2.5).

Lemma 3.7. . .
E[H}"*] < E[H}]7" E [Hy]' "5 .

Proof. The case a = 0 is trivial. When « € (¢ — 1,0), using Holder’s inequality leads to

g—1l—«
IE[H}*”‘]:IE{ Hi lH ot }

La—1 g—l—a _g—1 qqf
<[] e [
= E[Hf]TTE[H7]' 77T

O

Proposition 3.8. Let d(z) = I1(z) — I2(z). Then, there exists an M = M (x,y) € (—oo, x|, which is
independent of T, such that

[B{Hd (T Hp)| < K (BlHD) + (AT E[HE))
<K (E[HT} +(z— M)%E[HT]l—q%) , T >0.

In particular,
‘IE[HTd(/\LTHT)]’ =0 (E[HT]IW%) . (T o).

Proof. Note that
E[Hrd( AT Hp)) = 2 — B[Hr L, (A\YT Hr)] = 2 — (A\MT)TIE[HY] < = (14)

We define M = M(z,y) = %r;foE[HTd(j\l’THT)] € [—oo,x]. By Assumption 2.4(ii), (14), and
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Lemma 3.7,

- K {E[HT] " (”E = E[Ej‘f}g”m)}) " E[Wﬂ}

K LBl + (x - BT H)]) E[HT]l‘q“l}
< K {E[Hzr] + (@ — M)77 E[Hq]' "2 }

holds. Lastly, we prove that M > —oco. Because E[Hr] N\, 0, there exists some constant C such that
E[Hr] < CE[H7])'"71. As a result,

o

E[HTd(Xl’THT)]‘ <K {C + (x - E[HTd(Xl’THT)]) ot } E[Hy |~ 7T (15)

holds. Dividing both sides of the inequality (15) by |E[Hpd(AY7T)]|, we have

a

1<K ¢ @ — E[Hrd\THy)] | ! —— ¢ E[Hy]' "o
E[HTd(j\l,THT)]‘ E[Hrd(AVT Hr)) ‘E[HTd(j\l,THT)]‘ 71
(16)
If M = —o0, there exists a sequence (T},)n>1 such that E [HTn d(ALTn HTn)] ¢ —oo and the inequality
(16) leads to 1 < 0. Therefore, M > —oco and the proof is completed. O

Proof of Theorem 2.J. Let J;(z) == zI/(2), (i = 1,2).
E [HT - (XLTHT)] “E [HT T (XZTHT)] ) [HT {J1 (XLTHT) T (XLTHT) H
+E [HT {J2 (xl»THT) A (XQ’THT) H
= (I) + (ID).

Because Jo(2) = (g — 1)2771,
=~ {(v)" - (1) ey

By the definition of A",

z = E[Hr [, \MT Hr)] = E[Hrd(AYT Hr)] + (ST E[HE,
z = (A*T)I ' E[H])

hold, and it leads to
(1) = (1 — ¢)E[Hpd(\"T Hy)).
As a result, by Assumption 2.4(ii) and Proposition 3.8, we obtain
M (T, ) — 72N (T, 2,9)| < K(2 - 0) (07 ()7 0)] (B LHr] + A7)°E [H3+])

< K@=q)|(" ) 0()| (ElHz] + (x — M)TTE[Hy]' "7 ) .
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Lemma 3.9. For constants C > 0, v € [0,1), we define a function f by
S R

Then f satisfies
2|
S [—.’E,.’E) = f(xvz) > C+ (2%‘)7’
€ (—o00,—x) = flz,2) > L
z 00, —T x,z e Tk

Proof. When z € [—z,x),

_ ||
f(IE,Z) - C_i_(x_z)fy
2|
T O+ (z—(—x)
I
C+ (2z)7"
When z € (—o0, —x),
_ ||
f(I,Z) - C+($+ |Z|)7
_ |27
= . 2l
Clal=7 + (& +1)
|27
— Coz=v+ 27
Lemma 3.10. For any € > 0,
<l‘ — M(I, y)>
sup( — | < o0.
xr>€
Proof. Let G(T,z,y) = E[Hpd(A\"T Hr)]. Because
sup (LU—M(.f,y)) -1 inf G(T,.Z‘,y)7
r>€ X x>e,T>0 x
it suffices to prove
in GTzy) > —00.
z>e,T>0 x
From (15),
G| T
z,G) = ——— < KE[H -t
[z, G) TGO [Hr]

where we define f as in Lemma 3.9 with v = Ll' Lemma 3.9 implies that when — < —1,
q-— x

_ler < f(z,G) < KE[Hp]*™"
Co— 427 =777/ = e

which means that

g > —i (K (Cz™ +27)} ™7 E[Hy]
= — {K (Ca™ +272""1)} ™7 E[Hy]
> —00
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Therefore, we obtain

. G(T,z,y) - SIS
STy 2 T KO T} up Rl
=—{K(Ce'+ 2”’6771)}ﬁ - sup E[H7|
T>0
> —00.

Proof of Theorem 2.5. From Theorem 2.4 and Lemma 3.10,

Sm)ﬁLMu:ay>ﬁzMﬂ?%yWSJaQ@mf@)1mw|<mﬂﬂ*wp<x_ﬂf>ql<MHﬂ> -

T>e€ X x €
~0 (E[Hﬂ“%).

Proof of Theorem 2.6. Because (Ht|Xt1’T — XET|) is a submartingale,
t
<

E[H,|X}" — XP"|) < E[Hp|X7" - X37|)

holds. By the identity X7 = I; (f\i’THT) and E[Hrd(A'T Hy)] = {(xl’T)ql - (i“)ql} E[HY],
it follows that
E[HrlX3" - X371 <E [Hr |0 (\THr) - 1 (N Hy ) || + B [He |l (W Hr) - 1 (327 Hy) H

B (s Ja (312 |+ | ()" = (o) g

<9E [HT ‘d (XLTHT) H .

By combining the above inequalities with Proposition 3.8, we get

sup E[H,| X7 — X>7T|) < 2E [HT ‘d (XLTHT) H
te[0,7)

<2K (E[HT] + (XLT)QE[H}M])
< 2K (E[Hr] + (z — M)TTE[Hy]'"77)

=0 (E[HT]l—q%) . (T /o).

O
3.3 Proofs for Sect. 2.3
For excess hedging demands 7% | the following estimate holds under Assumptions 2.1-2.4.
H’Y
Proposition 3.11. We assume Assumptions 2.1-2.4. Let M]. = E[;V]’ dQr == M7dP, v € [0,1],
T

and M € (—oo, x| be as in Proposition 3.8. Then

7 (T 2, y) — 72 (T, 2,y)| < [0 y) Ta (y)] {q ‘E[HTd(;\l’THT)]‘ CE%r[| Ly ]
+2K (B[Hz] -E%(|Ly|] + (2 — M)7T -E[Hy]' "7 -E% L)) }
where

T T T
Lt ::/ (Dr(yu)vyyu)ww/ (D(‘)(YU)VyYu)Tqu—k/ (DO(Y,)V,Y.) 0(Yy)du.  (17)
0 0 0
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Proof. Recall that the excess hedging demand is given by
(T, y) = (0 (1) "0 WE [V, HeF; (N Hr )]

where FZ(Z) = Il(z) + ZIZ/(Z) and VyHT = —HTLT.

E {vyHT (Fl(j\l’THT) - FQ(XZTHT))} —E [vyHT (Fl(XLTHT) - FQ(S\LTHT))}
+E [vyHT (FQ(XLTHT) - FQ(X%THT))}
=: (I) + (IT).

First, we evaluate (I). Assumption 2.4(ii) implies |F}(z) — F2(z)| < 2K (1 + 2%) and Proposition 3.8
implies (\MT)*E[HL ] < (2 — M)a=TE[H7]'~7-1. Using these inequalities and myopic probability

Hr
———dP, it follows that
E[H7]

measures dQ. ==
(O] < E [Hr|Lr| |[R (A" Hr) - (A Hy)|
<2K (]E[|LT|HT] + (XLT) E[|LT\H§5+1]) (18)

< 2K (E[H7]E% (| Lr|) + (@ — M) T E[H7]'~#TES " [|Lr]))

Next, we evaluate (IT). Because Fy(z) = qz%7 ',
(I1) = {(XLT)“ - (XZT)“} E [v H H‘H}
=4 yrddy |-

Because A7 (i = 1,2) are determined by the identity

-1

=B [Hr L\ )| = (&LT)q E (H2] +E [Hrd(3 T Hy)]

z=E {Hle(XZTHT)} = (XQ’T)‘FI E[H7],

it follows that R
E [HTd(ALTHT)]

(’A\l’T)q_l - (;\Q’T)q_l -7 EMHEY

E [VyHTH%_l}
- E[H] (19)
= ¢ [Hrd (3T Hy)| E% [Lq].

which leads to

(II) = —qE [HTd(XLTHT)}

Therefore, the statement follows from (18) and (19). O

To estimate the convergence rate of the turnpike theorem for excess hedging demands in stochastic
factor models (2), the above proposition implies that it suffices to derive O (]EQ% [|LT|]> for v € 10, 1],

where Q7. denotes the myopic probability measures used in [13] and Ly is given by (17). Because the
martingale density processes of myopic probabilities Q7. can be computed by the optimal portfolios
for CRRA investors, which can be represented by solutions to semilinear PDEs, the estimation of
0 (]EQ% HLTH) requires the asymptotic behavior of the solutions to semilinear PDEs. Here, we restrict
our models to the quadratic term structure model given by (7) and (8) and use the asymptotic proper-
ties of the solutions to the Riccati differential equations. Further research for general stochastic factor
models (2) is postponed to future work.
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Hr
E[Hr]
the price process of a zero-coupon bond is chosen as numéraire. When v € (0,1), as Proposition 3.13
will say, dQ} = Hr - XL dP, where X7 is the optimal wealth process for a CRRA investor with a

P
utility function z — —, p = i
p

Remark 3.1. When vy =0, Q) =P. When~y =1, dQ7. = dP is a T-forward measure under which

1 and initial unit wealth. Therefore, in the case of v € (0,1), we

choose X7 as numéraire under the myopic probability Q7.

3.3.1 Martingale density processes of the myopic probabilities

In Sects. 3.3.1 and 3.3.2, we consider the quadratic term structure model given by (7) and (8) and
assume Assumptions 2.4 and 2.5. In this subsection, we first consider the pricing and hedging problem
for a T-bond (Proposition 3.12) and utility maximization problems for CRRA investors (Proposi-
tion 3.13). Using these results, we compute martingale density processes of myopic probabilities Q7.
(Proposition 3.14).

Proposition 3.12. The price of a T-bond at time t is given by

F(t,y) =E lexp (— /T r(YU)dv>

where a(;T) : [0,T] = R, B(+T) : [0,T] = R™, and C(;T) : [0,T] — S solve the following system
of ordinary differential equations:

Yi=y

= exp (—a(t;T) —Bt:T) y — %yTC(t; T)y) . (20)

Ct)—CHt)TAATC(t)+ BT C(t) + C(t)B+ Ry = 0, 21)
C(T) =0, (
B(t)+ (B—ANTC)B(t) +CT(t)b+r, =0, (22)
B(T) =0,

) 1 3

alt) + 5Tr(AATC(t)) —BT()AATB(t) + bB(t) + 70 = 0, (23)
o(T) =0,

where B := B—AA, b:=b— Aa. Furthermore, the portfolio proportion process  that hedges a T'-bond
and the corresponding wealth process X*7 with initial wealth x = F(0,y) are given by

7= —(AXHT (B T) + C(t:; TV,
XPT = F(,Y,).

Proof. This proposition follows from well-known arguments in option pricing theory, which for conve-
nience we include in Appendix B. By Theorem B.1, it suffices to check that the pricing PDE (24) for
a T-bond has a unique solution F and (H;X,;’") is P-martingale, where z and 7 are given in terms of
the solution F. First, the pricing PDE is given by

1
WF +DyF" (b—Aa+ (B—AA)y) + 5T [AATD,, F] —r(y)F =0,

(24)
F(T,y) =1.

If F has the form

2
then a(;T) : [0,T] = R, B(+T) :[0,T] = R™, and C(;T) : [0,T] — ST are solutions to the ODEs
(21), (22), and (23). By Theorem D.1, the Riccati equation (21) has a unique solution, and thus

the linear ODEs (22) and (23) have unique solutions. Therefore, Theorem B.1(i) implies that the
replicating cost z, the hedging portfolio proportion process © = (7¢)c[o,r], and the corresponding

Flt,y) = exp (—a(z:T) BT Ty - LyTow T)y) ,

wealth process X® for a T-bond are given by

x=F(0,y), #=-AS"YT(BGHT)+CEHET)Y,), X7 =F(tY).
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By Ito’s formula,
~ t N T
HX" ==z +/ H X" (ETfrs —0(Yy)) dw,
0

t
ot / HX5 {(ATO(s,T) + A)Y, — ATB(s;T) —a} | dW,,
0

which means that
H X" =g & (/ {—(ATC(s;T)+ A)Y, — ATB(s;T) — a}T dWS> .
0 t

By the same argument as in [27, Section 6.2], (H;X"™) is a P-martingale and thus Theorem B.1(ii)
implies (20). O

P
Next, we recall results on a utility maximization problem for CRRA utility, x — —, p < 0.
p

X7)P
V(t,z,y) == sup E[( 7) X{r:x,Yt:y] , (t,x,y) €10,T) x (0,00) x R™.
TEA(x) p
» (29)
V(Tvl.vy) = ?a (x,y) S (0700) x R™.

Proposition 3.13. The value function V is given by

P

V(tvmvy) = ;exp <_;yTP(t;T)y - q(t;T)Ty - k(th)) ’ (tvxvy) € [OvT] X (0700) X Rmv

where P(;T) : [0,T] — S™,q(;T) : [0,T] = R™ k(T) : [0,T] — R satisfy the following system of
ODFEs:

P(t) — P(t) Ko P(t) + K[ P(t) + P(1) K1 + %ATA —pRy =0, -
P(T) =Y,
. p T
q(t) + {K1 — KoP()} " q(t) + P(t)b+ - (A—ATP(t)) a—pr =0, o)
q(T) =0,
i 1 T 1 TAAT p i
k(t) + iTr(AA P(t)) + mq(t) AN q(t) + {b - — 1Aa} q(t)
P B (28)
+ 2(p _ 1) ||a’||2 —Ppro = 07

1
where Ko = 17[\AT7 Ki =B - LIAA. Moreover, the optimal portfolio proportion process Ty
—p p—

and the optimal terminal wealth X7.™ for the problem (25) are given by

1 1

= E(ET)*HL)(Yt) - ﬂ(ZT)“AT (P(; T)Y: +q(t;T)), (29)
T, z H%*l
X7 = E[H%] (30)

Proof. By Theorem D.1, the Riccati equation (26) and linear ODEs (27) and (28) have unique solutions.
Therefore

P 1
V(t,z,y) = % exp (—2yTP(t;T)y — q(t;T)Ty — k(t;T)> ,  (t,z,y) €[0,T] x (0,00) x R™

24



is the solution to the HJB equation,

1 2
Vi +ar(y)Vy + (b+ By) D,V + §TY(AATD§yV) |0(y)Ve + ATD,V,|” =0,

Wi

xP
VT7x7y =
( ) )

and the candidate for the optimal portfolio proportion process 7 is given by

R 1 _ 1 _
= (1)) — ——(E) AT (P(ET)Y; +q(5T)) -
I=p L=p
Here, we do not use standard verification arguments. Instead, we directly show that the terminal
wealth obtained by the candidate 7 matches that of the martingale methods, that is, we establish

the identity (30). To do so, Theorem C.1 implies that it suffices to check that (HtXf’ﬁ) 011 is a
telo,

P-martingale. Because

. v AT (PG s
—x5<A( WE%H)IA(H,ﬂK+ﬂ,ﬂ0 mm)

p—1 -
. ) . .

—oee ([ (-2 aTren ) v Lok LTy} aw) |

0 p—1 p—1 p—1 p-1 .
(31)
the same argument as in [27, Section 6.2] implies that (HtXf ’fr) o0.1] is a P-martingale, which

telo,

completes the proof. O

Remark 3.2. If p <0, P(t;T) : [0,T] — ST always exists. If 0 < p < 1, the solution P may blow up
at a finite time. See [15] for details.

Proposition 3.14. Let v € [0,1]. We denote by P7,q" the solutions to the system of ODEs (26),
(27) forp = ’y% v€(0,1). Let C7(T) : [0,T) = ST, 7(T) : [0,T] = R™ be given by

17
0, te[0,T], v=0,
C'(4:T) =13 (1—~)PY(;T), tel0,T], ve(0,1),
C(t7T)v te [O>T]7 7:17
0, te[0,T], y=0,
B1(t;T) =< (1-y)q¢"(tT), tel0,T], ve(0,1),
B(t7T)a te[O7T]7 7:1

Then, the martingale density processes of myopic probability measures Q. are given by

M =¢ (/ [~ (YA +ATO(ET)}Y, — {va+ AT (5T} th>
0 T

Hence, WO = (W T) iven b
, = t B gZ’U@n y
t€[0,T]

W =W, + {(FA+ATC'ET)) Y + (va+ ATBY (1 T)) } dt, (32)

is an n-dimensional Brownian motion under the myopic probability Q.. Moreover, Y = (Yi)eeo, 1
satisfies

dY; ={b—~vAa—AATBV(t;T) + (B—vAA— ANTC7(t,T)) Yy } dt + AWET Yo=y.  (33)
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Proof. For v =0, Q). =P and the statements follow immediately. For v = 1, by Proposition 3.12 and
its proof, the state price density process H admits the following stochastic exponential representation:

=£ —(A'C(s;T)+A)Y, — A B(s;T) —a} dW,
s = ([ FaTewn) + (5 7) —a) W)
From Girsanov’s theorem, W given by (32) is a Brownian motion under Q7 and (33) follows.

Therefore, the statements hold for v = 1. Next, we consider the case of v € (0,1). By Proposition 3.13
and (31) for p = L, we have
v—1
-1
Hy

Mz =5 g,

CHp X5™

(/0 {—7A+ (= DATPY(s:T)} Ve — {ya+ (1 - A (s, T)}] dWs>

¢ (/ [ (AL ATC(ET)) Y — {rat ATm(t;T)}]Tth>
0 T
By Girsanov’s theorem again, the statements follow for v € (0, 1). O

Remark 3.3. By (26) and (27), for v € (0,1), C7(:;T) and 7(;T) satisfy

CY(t) — CV(t)TAATCV(t) + K CY(t) + CY () Ky +~v(1 —v)AT A4 yRy = 0, 24)
() =, (
Br(t) + {K1 — AATCY ()} B7() + CV (1) {b—yAa} + (1 — ) A a+ 1 =0, (35)
p(T) =0,

where K; := B — yAA. Compared with (21) and (22), C7(;T) and 87(;T) seem to converge to
CY+T) = C(T) and B*(;T) := B(T) in some sense as v 1. However, we do not prove it
because it is not needed for our main results.

3.3.2 Proofs of main results in Sect. 2.3

In this subsection, we first consider the asymptotic behavior of C7(¢;T) and 87 (¢;T) when T 7 oo
(Proposition 3.15), which affects the asymptotic moments of ¥; under myopic probabilities Qf. Using
this proposition, we show

sup B9 [[Y;"] =0(1),  E%r[|Lr||=0(1), (T /o0)
t€[0,T

in Propositions 3.16 and 3.17. Combining these estimates with Proposition 3.11, we can derive the rate
of the turnpike theorem for excess hedging demands (Theorem 2.7). We can also prove the uniform
turnpike theorem (Theorem 2.8) by the same arguments as in the case of myopic portfolios.

Proposition 3.15. Fory € {q,a + 1,1}, there exist CJ, € S' and B2, € R™ such that
Jim C(5T) = €L,
Tli}réoﬂ”(t; T) =B

for any t. In addition, B — yAA — AATC;*0 is stable.

Proof. Because the statements for v = 0 are obvious and those for v = 1 are along the lines for the
case of v € (0,1), we consider only the case of v € (0,1). As Remark 3.3 shows, C7(;T) and 87(;T)
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satisfy

CT(t) —CT(t)"AATCV(t) + K] CV(t) + CY(t) Ky + v(1 —v)AT A+ yRy = 0, -
C(T) =0, (36)
(1) + {Kn = MO} A0+ CT OB~ AAa) +9(1 = ATa kg =0, g

pUT) =0,

where K7 :== B — yAA. By Theorems D.2 and D.3, we have to check that (K, A) is stabilizable and
(C, K1) is detectable, where C' € R™ ™ satisfies C'C = v(1 — 7)AT A 4+ yRy. The stabilizability of
(K1, A) can be seen from the fact that

Ki+AL=2B

is stable when setting L := yA. To see the detectability of (C, K1), we consider two cases of (iii) in
Assumption 2.5. If Ry = 0, then C' = /(1 —v)A and setting F' =, / %A implies that

FC + K, = B,

which means that (C,K;) is detectable. If (y(1 —’y)ATA—I—'ng) is positive definite, then C :=

1
(v(1 - YATA + YR3)? is positive definite and thus (C, K7) is detectable. As a result, by Theorems
D.2 and D.3, C = Th/rp C7(t;T) and 8L, = Tlgn B7(t;T) exist for any ¢ > 0 and satisfy

and

is stable.

—CLANTCL + K[ CL+CLK, +~v(1 —~)ATA+~Ry =0,
{Ky — AATCLY ' B2+ CL{b— yAa} + v(1 — 7)A T a+yry =0,

K1 —AATCYL = B—yAA—AATCD,

Proposition 3.16. For vy € {q,a + 1,1},

sup B9[]V, = 0(1), (T /o0).
t€[0,T]

Proof. We define 37, C” by

Bt T) = b—~yAa — AATB(T),
C'(t;T) == B —yAA — ANTCV(1;T),

and the SDE (33) becomes

aY, = (B(617) + C (B T)Y: ) de + AW, Yy =y,

Because C7, = Th/rp CV(t;T) = B — yAA — AATCY, is stable, there exists U € S, such that

(C)H'u+ucy <o.

Therefore, there exist T7, € > 0 such that

T—t>T = C'(t;T) U4 UCT(t;T) < —el,p,

where I, is an m X m identity matrix. For 0 < s <t < T,

IW%WH;EM:E@KU%J@Lg/E@[«bwaVU+UOWWTQY@n>+2@wwaLmﬂdu

S

+ Tr(UTAAT)(t - 5).
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Because U is positive definite, the maximum and minimum of the eigenvalues, Anin, Amax > 0, satisfy

)‘min|y‘2 <(Uy,y) < AmaX|y‘2 (38)

for all y € R™. Moreover, because the function /3 is a bounded function of (t,T), there exist positive
constants C' such that

%|UB(t;T)|2 +Tr(UTAAT) < C (39)

for any ¢, T with 0 < ¢t < T'. From the above inequalities (38) and (39), it follows that for ¢ € [0, T —T1],

%E@% (UY,,Y;)] = E% [< (C’”(t; U+ UC(t T)) Y, Yt> 42 <U37(t; ), Yt>} +Te(UTAAT)
< —€E% [|v;[?] + 2B [<U/§(t; ), m} +Tr(UTAAT)
< — B9 [[V?) + 2UB( TP + T(UTAAT)
€

E% [(UY;, V)] + C,

max

where the second inequality follows from e-Holder’s inequality. By Gronwall’s inequality, there exists
a constant C' = C(y) which depends only on y such that

E%T [(UY;,Y3)] < C(y), t€0,T—T].

The above inequalities and the right-hand side of (38) lead to

E%r [|v]?] < @ te[0,T — T

min

Furthermore, because the length of [T — T1,T] is T}, there exists a constant C = C(y,Ty) which
depends only on y and T; such that

E% [[Vi]’] < C(y, Ty), te[T—T,T]
As a result, the proposition follows. O
Proposition 3.17. For v € {q,a + 1,1},
E%[|Lr[] = O(1), (T /o0).

Proof. Because Dr(y) = r1 + Ray, DO(y) = A, V,Y; = eP', (17) becomes

T T N
Ly =/ ((r1 —|—R2Yt)TeBt)Tdt—|—/ (AeBt)TthQT
0 0

- /T(AeBt)T {(v=1DA+ATC(ET)} Y + (v — Da+ AT (4 T)] dt.
0

Because B is stable, there exist M,w > 0 such that
B < Me™%t (¢t >0).

Furthermore, C7, 87 are bounded as functions of (¢,7). Therefore, this proposition follows from
Proposition 3.16. O

Proof of Theorem 2.7. The result follows from Propositions 3.11 and 3.17. O

Proof of Theorem 2.8. We can prove the theorem in the same way as in the proof of Theorem 2.5. [
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3.4 Proofs for Sect. 2.4
Lemma 3.18. Let Uy, Us be utility functions.

(i) If there exist f, f : (0,00) = [0,00) such that
Ui(a+ f(2)) < Us(e) < Uj(e + f(x), >0 (40)
holds, then
() = Ib(2) < max {f(12(2)), f(L(2))}, 2> 0
holds.

(i) In addition to the assumption in (i), if there exists g : (0,00) — R such that

|ART(x) — ART5(x)| < g(x), x>0 (41)
holds and Uy is the HARA utility, that is, ART»(x) = ax+b (z > 0) for some constants a,b € R,
then
211(2) — 213(2)| < (1 (2)) + lal max { /(D (). F(a(z) ) 2> 0
holds.

Proof. (i) Substituting x = I5(z), z > 0 in (40),
Ui (I2(2) + f(I2(2))) < 2 < U (La(2) + [(I2(2)))
holds. Because I; is decreasing, we get

I(2) + f(I2(2)) < Li(2) < Ix(2) + f(I2(2)),

which leads to ~
(=) = Lo (2)] < max { f(I2(2)), [(I2(2)) }

(i) 2I/(z) can be represented by the Arrow-Pratt measure of absolute risk tolerance ART;(x) =
Ui(z) as follows:
Ul'(z ’

~

e ume)
zI(z) = U (I;(2)) - U/(1i(2))

= —ART;(1;(2)).

Using (41) and the assumption that Us is the HARA utility, we obtain

|21{(2) — 215(2)| = |ART1(11(2)) — ART>(I2(2))|
< [ART1(11(2)) — ARTy(11(2))| + |[ART,(11(2)) — ART,(12(2))]
< 9(I1(2)) + lal|[1(z) — I2(z)

— 2(
< 911 (=) + lal max { F(12(2)), F(12(2)) }

which completes the proof.

Let

Ui (z) = Bii(aix)m => w o ;

1 pi - Pi

where w; == B;al > 0.
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Proof of Proposition 2.11. First, we prove the inequality (9). Because Uj(x Zw Pl Us(z) =
wpaPr L,

Us(z) < Ui(x), >0
holds. To look for g € R that satisfies

Ul (x + 2) < US(z)
for large enough = > 0, we define i by
) o U30) = Uilo +?)
’lUn({L' + xﬂ)Pn 1

T pn—1 n—1 W:
— _ i B\pi=pn _ q

for all z > 0. Then A/, a derivative of h, is given by

n—1
—1)(1 - ﬁ)xpn_Q""ﬂ ny (z + xﬁ)m—l 3
W) = Pn SN Wi p YT p-1
n—1
(pn — pn—l)xanrﬁiz 1—pn Wy Pn — Di B—1\pi—1 o 1dpi—p —
= — 1—28)— N S (RN S i gPi=Pn 4 pltpi—pn =By
(m + x,@)pn, Pn — Pn-1 ( ﬂ) ; Wn  Pn — Pn—1 ( ) (ﬂ )

If € (14 pp_—1—pn,1), then
14+pi—pn—B<l4+pp1—pp—F<0, (i=1,...,n—-1),

which means that
n—1 n—1
Wi Pn " Di .(1+Iﬁ71)1)i*1 (5xprpn + ‘r1+pi7pn7ﬁ) N

_m B Wi Pn—Pi
Wn Pn — Pn-1 i—1

= (140)"" " (3-0+0) =0
Wn Pn — Pn—1 ( ) (6 )

=1

as /" oo. Therefore, h'(z) < 0 holds for large enough = > 0. Combining this with the fact that

1 Pn—1 n—1 W
_ _ 7t Di—DPn B=1\pi—pn _
h(x)—<1+xﬁl) Z: T (I+277%) 1

‘ Wp,
i=1
nflw_
—>1—Zw—l-0.(1+0)m%—1 (x /' o0)
i=1 "

=0
leads to h(z) > 0 for large enough x > 0. Using Lemma 3.18(i) with f(z) = z°, f(z) = 0, and

B € (14 pu_1—pn,1) leads to
2 B(Qn_l)
I — I <=
nG) -2 < ()
for small enough z > 0, which means that the inequality (9) holds for any nonnegative 8 € (1+p,—1 —
Pn, 1) and a constant K > 0. Next, we prove the inequality (10). Because

—q wixPiT 1 T

‘Zz L wi(l )xpi*271—pn
i (e — pwiat
(1= pn) i wil — p;)api=2)
< S0 (o — pi)wia?i !
- (1 - pn)2wn$pn_2

|ARTy(z) — ARTy(x

n—1
_ § : 4 . wz ,xm—pn—«—l
TL

< Cxpnfl pn+1
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holds for large enough x > 0 and a constant C' > 0, Lemma 3.18(ii) implies that for small enough
z >0,

6(‘171_1)
1
|21}(2) — 2I3(2)| < CL ()PP 4 4 = ()

1 —pn \wn

| /\

< z >ﬁ(qn1)>(p“1_p”+1)+ 1 < P >ﬁ(qn1)
R + -
Wn, 1 — DPn Wn,

C«( (@n=1)(Pn-1-Pn+1)* +Zﬁ<qn71><pnflfpn+1)++Zﬁ<qn71>)
3

IN

(Qn_l)’

IN

where C' is a constant, and the last inequality follows from

5(Qn_]—)§( 1)(pn 1_pn+1)+<5( )(pn 1 pn+]—)+§0~

We have completed the proof. O

A Appendix: Malliavin calculus

We recall some results on Malliavin calculus which allow us to derive an explicit stochastic flow
representation for the optimal portfolio process 7. For details, see [34, 36, 37, 43].

Consider a complete probability space (2, F, P) and a standard n-dimensional Brownian motion
W =W?!...,W")T defined on (Q,F, P). We denote by (F;);>0 the P-augmentation of the natural
filtration generated by W = (W,)¢>o.

We introduce the Malliavin derivative operator as in [36]. Fix T' > 0. Let Cp°(R™) be the space of
infinitely differentiable functions on R™ which, together with all partial derivatives, are bounded. By
< we denote the class of smooth random variables, namely, random variables of the form

F= f(th""7Wt7n)7

where (t1,...,t,) € [0,T]™ and the function f = f(x! s 2t 2™ belongs to Cp° (R™™).
For each F € ., the Malliavin derivative of F is the L2([0 T); R)"-valued random variable DF =
(D'F,...D"F) with components

i — Of ,
D'F()=> oo Wi We ) (), (i =1,...,m).
j=1

Fix p € [1,00). Because we can view the operator D as an operator from L” (€%; R) to L? (Q; (L*[0, T]; R)™)
and D is closable, we denote the closure of D again by D and the domain of D in LP(Q;R) by D, ;.
Thus, D, ; is the closure of . with respect to the norm

[F|lp1 = |Fl|zer) + [|DF||LrsL2[0,7):R

=E[|F]?]* +E (/OT DF(t)|2dt>

Here, | - | denotes the Euclidean norm on R™. I, ; is a Banach space with respect to the norm || - ||, 1.
Given F € D, 1, DF is an (L?[0, T])"-valued random variable. To each DF, we can find a measurable
process [0,T] x Q@ 3 (t,w) = Dy F(w) € R" such that for almost all w € Q, D;F(w) = DF(w)(t) holds
for almost everywhere ¢ € [0,T]. Therefore, we identify (L?[0,T])"-valued random variable DF with
R"™-valued measurable process (t,w) — DF(w) without further comment.

Remark A.1. Note that for real-valued random variable F' € D, 1, we define DF' = (D'F,...,D"F)
as a row vector; that is, DF is an R'*"-valued stochastic process. For R™-valued random variable

F=(F,... E)T e Dy'; we define DF = (D’ F})1<i<m, which is an R™*™-valued stochastic process.
1<j<n

")

)
1
2>
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We collect well-known results on Malliavin calculus, that is, Clark’s formula (Proposition A.1),
chain rule (Proposition A.2), and Malliavin derivatives of Lebesgue integrals, stochastic integrals, and
solutions to SDEs (Propositions A.3—-A.5). Firstly, we quote Clark’s formula for random variables in
D41, which comes from [23].

Proposition A.1. For every F' € Dy 1 we have
t
E[F|F)] = E[F] + / E[D,FIF,]dW,, t€0,T].
0

The following proposition is a straightforward multidimensional version of Lemma A.1 in [36].

Proposition A.2. Let F = (Fy,...F,)" € DY Let ¢ = (¢, ..., 0" T € CLR™;R¥). Assume that

N

T
E[|¢'(F)|] + E /0 dt < 00 (42)

foralll=1,...k. Then ¢(F) € D}, and

D(¢(F)) = Do(F)DF,

o %
where D¢ = < 4 ) :R™ — RF*™ s the Jacobi matriz of ¢.
Oxj ) 1<i<k
1<j<m
s e o : mo . 0¢!
Remark A.2. Hélder’s inequality implies that the condition (42) holds if F' € D}", ¢'(F) € L7, 5 (F) e

1 1
L 1 =1,...k, i =1,...m for some p € [1,00), q € (1,00] such that — + — = 1. In particular, the
P q

condition (42) holds if F € ﬂ D"y and ¢, D¢ are of polynomial growth.
p>1

Proposition A.3 is Lemma 5.1 in [24], Proposition A.4 is Proposition 2.3 in [36], and Proposition A.5
is Proposition 8.2 in [43].

Proposition A.3. Let u = (us)scjo,r) be a real-valued, continuous, progressively measurable process
such that

(i) us € D11 for every s € 0,7,

T
(i) sup E[|usl?] < oo for some ¢ > 1, and sup E / |Diug|*dt| < oo forj=1,...,n,
s€[0,T] s€[0,T] 0

(i11) s — Dyu(s,w) is left (or right) continuous for almost every (t,w) € [0,T] x Q.
T T T

Then/ usds € Dy 1 and Dt/ ugds :/ Diugds.
0 0 t

Proposition A.4. Let u = (ul, . ,u")—r be an R™-valued progressively measurable process such that

(i) us € DY for every s € [0,T],

(ii) [0,T] x Q 3 (z,w) = Du(s,w) € (L? [O,T])"2 admits a progressively measurable version,

(iii)

N

T T T %
Nallia =& |( [ fuPas) | +E |3 [0 [ D atas | <oc,
0 0 0

where | - | denotes Euclidean norm on R™ ™.
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T
Then/ u;rdWS €Dy and
0

T T T
Dt/ ul dW, = u, + (/ (Dtus)TdWs>
0 0

Proposition A.5. For d € N, we consider the d-dimensional SDE

dX, = p(Xy)dt + o(X,)dW,, Xo=z e R%, (43)
where (1= (p1, ... pa)| : RT = R 0 = (07;)1<i<a : RY = RY™ are continuously differentiable and
1<j<n
satisfy
O 00;
’ <
2 ([amo| +[Fo]) <=

forik =1,...,d, j =1,...,n. Then (43) has a unique strong solution X = (X*,.. .,Xd)—r which
satisfies the following:
(i) XFe (\Dp1, k=1,...d, s €[0,T];

p>1

(ii) DX, satisfies

DX, :a(Xt)—i—/ DM(XU)DtXudu—i—Z/ Do (X)) D X, dW?
t =17t

Oi,j

ox) ) 1<i<d’
1<0<d

8;%
fort €[0,s] and D:Xs =0 fort € (s,T], where Dy = <8$]> Lcicd’ Do.; = <
1<j<d

(iii) for j=1,...,n, p € [1,00),

sup E | sup fDin|p < 00;
re[0,T]  |s€[0,T)

(iv) DX, = Vo Xo(VoX;) o(X,) for t € [0,5], where VX is an R¥ % valued stochastic process
satisfying

s n s
VoX, = I+/ DM(XU)VmXudu—i—Z/ Do (X)) Ve XudW?
0 =1/t

for s €[0,T] and I € R¥*? is the identity matriz.

B Appendix: Option pricing theory with stochastic factor
models in complete markets

In this appendix, we recall well-known results on pricing and hedging problems in a complete market
with a stochastic factor process (2). Under the equivalent martingale measure Q, the dynamics of
risky assets S and the stochastic factor process Y are denoted by

dS; = diag(S;) (1r(Y})dt + a(n)th@) : So = s0 €RT,,
dY; = b(Yy)dt + a(Y;)dW2, Yy =y cR™,

where b(y) == b(y) — a(y)8(y). Let £ be a generator of (S,Y) under Q; that is, for f : [0,7] x R% | x
R™ =R, Lf:[0,T] x R} | x R™ — R is defined by

Lf = Dszr(y)s + Dyle;(y) + %Tr [{EET} (s,y)D2f] . (tys,y) €[0,T] xR | x R™,

where X(s,y) = <diaga(:y);7(y)) c R(ntm)xn
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Theorem B.1. Let ® : R} | — R andu: [0,T] xR}, xR™ — R be a solution of the Cauchy problem

Ou+ Lu —r(y)u =0, on [0,7) xR}, xR™,
u(T, s,y) = ®(s), on RY, xR™.

(i) Let x = u(0,s0,y) and ® = (7;)seo,r] be a portfolio process satisfying
m o(Y;) = Dou” diag(Si)o(V,) + Dyu' a(Yy),

where Dyu and Dyu are evaluated at (¢, S;,Y:). Then x is the replicating cost and  is the hedging

portfolio. Indeed,
X" =u(t, S, Va), te[0,T].

In particular,
X7T = ®(Sr).

(i) Moreover, if (H;X{"™)icio,1) is a P-martingale, then

T
u(t,s,y) = E? | exp <—/ T(Yv)dv> ®(Sr)|Si=s,Yi=y|. (44)
t
In particular, the replicating cost x is given by
T
z = u(0, 50,7y) = E? |exp —/ r(Yy)dv | ® (St)| . (45)
0

Proof. By the Ito formula,

1 1
@u(t, St, Y) = u(0, so,y) + / 0 {0+ Lu —1u) (v,8,,Y,)dv + (Dsu—r diag(Sy)o(Yy,) + DyuTa(Yv)) dW;Q}
t 0 v
t
1 .
= (0, 50,) + /O a5 (D™ ding(5,)0(¥,) + Dyua(¥,)) g
“1
=z+ ﬁﬁo(y@)dW?
0 v
_XT
=5

which proves (i). If (H; X[ )¢cjo,7] is a P-martingale, then
U(t7 St, 1/;5) = thﬂr
1 x,T
= EEt [Hr X7

T
=E2? lexp </ r(Yv)dv> <I>(ST)1 .

By the Markov property of (S,Y"), we obtain (44) and (45). O

C Appendix: Relationship between stochastic control meth-
ods and martingale methods
In this appendix, we verify that the terminal wealth obtained via the dynamic programming approach

matches the optimal terminal wealth derived from martingale duality methods. We prove the result
in complete stochastic factor models given by (2).
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Theorem C.1. Let V : [0,T] x (0,00) x R™ be a classical solution to the HJB equation. Let Tt :
[0,7] x (0,00) x R™ be a candidate for optimal investment strategies. Furthermore, we assume that

. _ ! m
lim Vo (t,2,9) =U'(2),  (2,9) € (0,00) xR

and (HtXf’fr)te[oyT] is a martingale for some x > 0. Then
X5™ = I(\Hr),
and 7 is the optimal feedback strategy.

Proof. We rewrite the HJB equation as

Vw T
2

1 A
Vi +r(y)aVe +b(y) " D,V + 5 I (aa’ (y) Dy, V) — = Flo T (y)7(t,z,y)|* = 0. (46)

Differentiating (46) with respect to x, we have

1
Vi +1(©)Ve 7 (0)7Var +b(y) "Dy Ve + STr (aa” () D, Va)
\% (47)

+ 7 0 (0Ves 4+ a' DyVia) + lo T (y)7(t, z,y)|* = 0.

That is, )
V;‘/z + T(?J)Vw + ‘Cﬂ'Vw = Oa

where L™ is a controlled generator:

1 1
LTf = r(y)xfm+b(y)TDyf+§Tr (aa" (y) D2, f)+7"oly) (0(y)fs + aT(y)Dyfz)Jr;OT(y)?rlzfm =0.
By the Ito formula,
AV(t, X777 Ys) = (Vi + LTV, )dt + {Viu#t) 0(Y) + DV, a(Yy) } AW,
= Vi (—r(Yo)dt — 0(Y;)TdW,) .

Therefore, R
Ve (t, X", Y) =V, (0,2, y)Hy.

Let t /T, then )
U'(X7") = Va(0,2,y)Hr,

which leads to h
X;’JT =1 (Vz(ov T, y)HT) .

Because HtXf’ﬁ is a martingale,
z=E [HTXE,L;’ﬂ = E[HyI (V,(0,z,y)Hr)]

holds and A =V, (0,z,y) by the uniqueness of A. We have completed the proof. O

D Appendix: Matrix Riccati equation

We recall some facts stated in [21] about matrix Riccati differential equations. Let T > 0, A €
R™" B e R™™ C e R™". We consider an n x n matrix solution P = P(-;T) : [0,T] — R"*" of
the Riccati differential equation

P(t)— P(t)BBTP(t) + ATP(t) + P)A+CTC =0, tel0,T],

P(T) = 0. (48)

First, we state the existence and uniqueness of (48).
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Theorem D.1. (i) There exists a nonnegative unique solution P :[0,T] — S’ to (48).

(i) For any 0 <t <ty <T,
0 < P(t2) < P(t1)

holds.
Next, we state the asymptotic behaviors of the solution.

Definition D.1. (i) The pair (A4, B) is said to be stabilizable if a matrix L € R™*™ exists such
that A 4+ BL is stable (i.e., all its eigenvalues have negative real parts).

(ii) The pair (C, A) is said to be detectable if a matrix F € R™*™ exists such that F'C + A is stable.

Theorem D.2. (i) If (A, B) is stabilizable, then there exists a finite nonnegative matriz Py € STy
such that
lim P(t;T) = P
T oo

for any t, and Py satisfies the algebraic Riccati equation
—PyBB Py + AT Py + Py A+ CTC =0.
(ii) If (A, B) is stabilizable and (C, A) is detectable, then A — BB Py, is stable.

The following theorem is Lemma 4.4 in [22].

Theorem D.3. Let K : [0,00) — R™*" g :[0,00) = R", and f : [0,00) — R™ be a solution of the
ordinary differential equation

ft) = K@) f(t) +9(t), f(0)=0.

Suppose that K (t) — K € R™" and gt) > g€ R ast /oo and K is a stable matriz. Then there
exists | = tl}m f(t) that satisfies the equation
(oo}

Kf+g=o.

Acknowledgement

This work was supported by JST SPRING, Grant Number JPMJSP2138.

36



References

[1] Ahn, D. H., Dittmar, R. F., & Gallant, A. R. (2002). Quadratic term structure models: Theory
and evidence. The Review of financial studies, 15(1), 243-288.

[2] Branger, N., Chen, A., Mahayni, A., & Nguyen, T. (2023). Optimal collective investment: an
analysis of individual welfare. Mathematics and Financial Economics, 17(1), 101-125.

[3] Bian, B., & Zheng, H. (2015). Turnpike property and convergence rate for an investment model
with general utility functions. Journal of Economic Dynamics and Control, 51, 28-49.

[4] Bian, B., & Zheng, H. (2019). Turnpike property and convergence rate for an investment and
consumption model. Mathematics and Financial Economics, 13(2), 227-251.

[5] Cox, J. C., & Huang, C. F. (1992). A continuous-time portfolio turnpike theorem. Journal of
Economic Dynamics and Control, 16(3-4), 491-507.

[6] Detemple, J. B., Garcia, R., & Rindisbacher, M. (2003). A Monte Carlo method for optimal
portfolios. The journal of Finance, 58(1), 401-446.

[7] Detemple, J., & Rindisbacher, M. (2010). Dynamic asset allocation: Portfolio decomposition for-
mula and applications. The Review of Financial Studies, 23(1), 25-100.

[8] Dorfman, R., Samuelson, P. A., & Solow, R. M. (1958). Linear programming and economic analysis.
New York, McGraw-Hill.

[9] Dybvig, P. H., Rogers, L. C. G., & Back, K. (1999). Portfolio turnpikes. The Review of Financial
Studies, 12(1), 165-195.

[10] Fukaya, R. (2005). Application of Stochastic Flows to Optimal Portfolio Strategies. Journal of
mathematical sciences, the University of Tokyo, 12(3), 349-397.

[11] Follmer, H. & Schied, A. (2025). Stochastic Finance: An Introduction in Discrete Time. De
Gruyter.

[12] Geng, T., & Zariphopoulou, T. (2025). Temporal and spatial turnpikes in Ito-diffusion markets
under forward performance criteria. Numerical Algebra, Control and Optimization, 15(1), 243-272.

[13] Guasoni, P., Kardaras, C., Robertson, S., & Xing, H. (2014). Abstract, classic, and explicit
turnpikes. Finance and stochastics, 18, 75-114.

[14] Hakansson, N. H. (1974). Convergence to isoelastic utility and policy in multiperiod portfolio
choice. Journal of Financial Economics, 1(3), 201-224.

[15] Honda, T., & Kamimura, S. (2011). On the verification theorem of dynamic portfolio-consumption
problems with stochastic market price of risk. Asia-Pacific Financial Markets, 18(2), 151-166.

[16] Huberman, G., & Ross, S. (1983). Portfolio Turnpike Theorems, Risk Aversion, and Regularly
Varying Utility Functions. Econometrica, 51(5), 1345-1361.

[17] Huang, C. F., & Zariphopoulou, T. (1999). Turnpike behavior of long-term investments. Finance
and Stochastics, 3, 15-34.

[18] Jensen, B. A., & Nielsen, J. A. (2016). How suboptimal are linear sharing rules?. Annals of
Finance, 12(2), 221-243.

[19] Jin, X. (1998). Consumption and portfolio turnpike theorems in a continuous-time finance model.
Journal of Economic Dynamics and Control, 22(7), 1001-1026.

[20] Karatzas, I., & Shreve, S. E.; (1998). Methods of mathematical finance (Vol. 39, pp. xvi+-407).
New York: Springer.

[21] Kucera, V. (1973). A review of the matrix Riccati equation. Kybernetika, 9(1), 42-61.

37



[22] Kuroda, K., & Nagai, H. (2002). Risk-sensitive portfolio optimization on infinite time horizon.
Stochastics and Stochastic Reports, 73(3-4), 309-331.

[23] Karatzas, 1., Ocone, D. L., & Li, J. (1991). An extension of Clark’s formula. Stochastics: An
International Journal of Probability and Stochastic Processes, 37(3), 127-131.

[24] Lakner, P. (1998). Optimal trading strategy for an investor: the case of partial information.
Stochastic Processes and their Applications, 76(1), 77-97.

[25] Leippold, M., & Wu, L. (2002). Asset pricing under the quadratic class. Journal of Financial and
Quantitative Analysis, 37(2), 271-295.

[26] Leland, H. (1972). On turnpike portfolios. In: Szego, G., Shell, K. (eds.) Mathematical Methods
in Investment and Finance, p. 24. North-Holland, Amsterdam

[27] Liptser, R. S., & Shiryaev, A. N. (2013). Statistics of random processes: I. General theory (Vol.
5). Springer Science & Business Media.

[28] Liu, R., & Muhle-Karbe, J. (2013). Portfolio choice with stochastic investment opportunities: A
User’s guide. arXiv preprint arXiv:1311.1715.

[29] Mao, X. (2007). Stochastic differential equations and applications. Elsevier.

[30] Merton, R. C. (1969). Lifetime portfolio selection under uncertainty: The continuous-time case.
The review of Economics and Statistics, 247-257.

[31] Merton, R. (1971). Optimum consumption and portfolio rules in a continuous-time model. Journal
of Economic Theory, 3(4), 373-413.

[32] Mossin, J. (1968). Optimal Multiperiod Portfolio Policies. The Journal of Business, 41(2), 215-229.

[33] Nagai, H. (2003). Optimal strategies for risk-sensitive portfolio optimization problems for general
factor models. STAM journal on control and optimization, 41(6), 1779-1800.

[34] Nualart, D. (2006). The Malliavin calculus and related topics. Berlin, Heidelberg: Springer Berlin
Heidelberg.

[35] Neumann, J. V. (1945). A model of general economic equilibrium. The Review of Economic
Studies, 13(1), 1-9.

[36] Ocone, D. L., & Karatzas, I. (1991). A generalized Clark representation formula, with application
to optimal portfolios. Stochastics: An International Journal of Probability and Stochastic Processes,
34(3-4), 187-220.

[37] Putschogl, W., & Sass, J. (2008). Optimal consumption and investment under partial information.
Decisions in Economics and Finance, 31(2), 137-170.

[38] Qin, L., & Linetsky, V. (2017). Long-term risk: A martingale approach. Econometrica, 85(1),
299-312.

[39] Qin, L., & Linetsky, V. (2017). Long-term factorization of affine pricing kernels. Mathematics and
Financial Economics, 11(4), 479-498.

[40] Qin, L., & Linetsky, V. (2018). Long-term factorization in Heath-Jarrow-Morton models. Finance
and Stochastics, 22(3), 621-641.

[41] Ross, S. A. (1974). Portfolio turnpike theorems for constant policies. Journal of Financial Eco-
nomies, 1(2), 171-198.

[42] Robertson, S., & Xing, H. (2017). Long-term optimal investment in matrix valued factor models.
SIAM Journal on Financial Mathematics, 8(1), 400-434.

[43] Sass, J., & Haussmann, U. G. (2004). Optimizing the terminal wealth under partial information:
The drift process as a continuous time Markov chain. Finance and Stochastics, 8(4), 553-577.

38



[44] Sun, J., & Yong, J. (2020). Stochastic linear-quadratic optimal control theory: Open-loop and
closed-loop solutions. Springer Nature.

[45] Zariphopoulou, T. (2009). Optimal asset allocation in a stochastic factor model - an overview and
open problems. In H. Albrecher, W. Runggaldier & W. Schachermayer (Ed.), Advanced Financial
Modelling (pp. 427-456). Berlin, New York: De Gruyter.

39



	Introduction
	Main results
	Stochastic flow representation of optimal feedback functions
	Turnpike theorem for myopic portfolios under general stochastic factor models
	Turnpike theorem for excess hedging demands under quadratic term structure models
	Applications: optimal collective investment problems
	Pareto optimal sharing rule
	Linear sharing rule


	Proofs for main results
	Proofs for Sect. 2.1
	Proofs for Sect. 2.2
	Proofs for Sect. 2.3
	Martingale density processes of the myopic probabilities
	Proofs of main results in Sect. 2.3

	Proofs for Sect. 2.4

	Appendix: Malliavin calculus
	Appendix: Option pricing theory with stochastic factor models in complete markets
	Appendix: Relationship between stochastic control methods and martingale methods
	Appendix: Matrix Riccati equation

