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Adapting cluster graphs for inference of continuous trait evolution on

phylogenetic networks

Benjamin Teo and Cécile Ané

Abstract—Dynamic programming approaches have long been
applied to fit models of univariate and multivariate trait evolution
on phylogenetic trees for discrete and continuous traits, and
more recently adapted to phylogenetic networks with reticulation.
We previously showed that various trait evolution models on a
network can be readily cast as probabilistic graphical models, so
that likelihood-based estimation can proceed efficiently via belief
propagation on an associated clique tree. Even so, exact likelihood
inference can grow computationally prohibitive for large complex
networks. Loopy belief propagation can similarly be applied to
these settings, using non-tree cluster graphs to optimize a factored
energy approximation to the log-likelihood, and may provide
a more practical trade-off between estimation accuracy and
runtime. However, the influence of cluster graph structure on this
trade-off is not precisely understood. We conduct a simulation
study using the Julia package PhyloGaussianBeliefProp to
investigate how varying maximum cluster size affects this trade-
off for Gaussian trait evolution models on networks. We discuss
recommended choices for maximum cluster size, and prove
the equivalence of likelihood-based and factored-energy-based
parameter estimates for the homogeneous Brownian motion
model.

Index Terms—continuous trait, linear Gaussian, admixture
graph, belief propagation, cluster graph, approximate inference

I. MOTIVATION

OOPY belief propagation (LBP) provides a means

of parameter estimation by approximate inference [I}
Sec. 20.5.1]. LBP extends belief propagation (BP) in an ap-
pealing way that retains BP’s simple formulation and intuitive
message-passing rules [1, Sec. 11.3.2]. Although LBP faces
non-convergence issues and approximation error, especially
when the “simplest” cluster graphs are used [2f, [3], its
performance can seemingly be improved by constructing alter-
native cluster graphs [4]], [5]. However, such alternatives have
received less attention, in part because of limited automatic
construction procedures [6] and because the trade-offs between
different cluster graphs are difficult to characterize precisely.
We take up the challenge of systematically investigating
how cluster graph structure affects the performance of LBP for
fitting Gaussian trait models on phylogenetic networks [5]], [7]].
For the scope of this study, we focus on maximum likelihood
estimation for the Brownian motion model [, Ch. 3,5] on three
networks of varying topological complexity, taken from the
admixture graph and ancestral recombination graph literature
9], [10]. We use the join-graph structuring algorithm to
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generate cluster graphs of varying maximum cluster size k
[11], and address the problem of choosing £ to strike a good
balance between computational cost and estimation accuracy.
We run LBP with a fixed strategy for scheduling messages
and initializing cluster graph beliefs (Sec. [[II-B), though other
choices could be explored to improve convergence.

Our objective is to assess the potential of LBP as a tool
for more scalable, approximate inference of Gaussian trait
models on evolutionary networks, which can be valuable when
parameter estimation requires iterative numerical optimization
[12], [13]. We hope that our findings initiate or encourage the
design of new cluster graphs, message schedules, and belief
initializations that better suit the phylogenetic context.

II. BACKGROUND

This section provides a brief overview of the key concepts
involved for using LBP to fit Gaussian trait models on phylo-
genetic networks. For a more detailed exposition, see [3].

A. Trait evolution on phylogenetic networks

A phylogeny is a graph that describes the shared genealogy for
a set of entities, typically but not necessarily biological (e.g.,
species [[14] or languages [[15]]). Nodes represent these entities
and their common ancestors, while edges represent lineages
(Fig. [Ta). Rooting the phylogeny by specifying an oldest node
fixes the direction of time and evolution along each edge. As
time cannot go backwards, a rooted phylogeny cannot have
any directed cycle.

Definition 2.1 (Rooted phylogenetic network [5, Ex. 2]). A
rooted phylogenetic network is a connected, directed acyclic
graph (DAG) N = (V, E) with a single root (a node with
no parents) and taxon-labeled leaves. Nodes with at most one
parent are called tree nodes, and their in-edges are called free
edges. Nodes with multiple parents represent populations with
mixed ancestry. They are called hybrid nodes, and their in-
edges are called hybrid edges. Each hybrid edge ¢ = (u, h) is
assigned an inheritance weight ~(e) > 0 that represents the
proportion of the genome in hybrid & that was inherited from
its parent u. The inheritance weights for each hybrid node
must sum to 1.
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Trait evolution is widely modeled over a rooted phylogeny
as a forwards-in-time stochastic process that progresses along
the graph edges, culminating in the observed traits at the
leaves (Fig. [Ib). Evolutionary changes along separate edges
are typically assumed independent given their start states
[16]. If not, such as to model interacting populations or the
variability of gene histories [17]], [18]], trait evolution can be
modeled over a supergraph of the phylogeny [5]]. Either way,
trait evolution models can be described by a graphical model
with conditional distributions local to each edge, which are
induced by the stochastic process [5], [[19]-[21].

B. Gaussian trait models

Gaussian trait models remain a workhorse in the study of
continuous trait evolution [22]], and are often characterized by
linear Gaussian models along each edge [7].

Definition 2.2 (Linear Gaussian model [5, Sec. 3(a)]). A linear
Gaussian model on a directed tree edge (u, v) assumes that the
p-dimensional trait X, at node v has the following conditional
distribution, given the trait X, of its single parent w:

X’u |XuNN<quu+wv7Vu) (1)

where the p X p actualization matrix gq,, length-p trend vector
wy, and p X p covariance matrix V,, do not depend on X,.
If v has multiple parents pa(v) = {uy,...,un}, whose
stacked traits vec([Xy, ... Xy,,]) we denote by Xpa(.), then
the node family {v} Upa(v) has a linear Gaussian model if

Xy | Xpa(v) ~ N(qupa(v) + W, ‘/v) 2

with q,, w,, and V,, independent of Xpa(,u), where q, is now
of size p x (mp). A DAG for which every node family has a
linear Gaussian model is known as a linear Gaussian network.

If v has multiple parent edges e, = (ug,v), it is reasonable
to assume that X, is a function of (X, )k=1... m., where X,
denotes the trait at the end of edge ej. For example, a weighted
average (Fig.[Tb) is a reasonable approximation for continuous
traits that are influenced by many genes [23].

Definition 2.3 (Weighted-average merging rule [5, Eq. 3.3]).
For a hybrid node v with parent edges ej, ..., e, and
inheritance weights v(e1), ..., v(en), the weighted-average
model assumes that

>

X, =
e, parent of v

If each e, has a linear Gaussian model (I), then the
weighted-average model (3) implies a linear Gaussian model

(@) for {v} U pa(v).

Y(er) Xey - 3)

C. Belief propagation on cluster graphs

Belief propagation is a technique for efficiently computing the
marginals of a probability density expressed as a graphical
model. It can be leveraged to compute the likelihood for pa-
rameter optimization. We focus on directed graphical models.

Definition 2.4 (Directed graphical model [5 Sec. 4(a)]). Let
Do be the joint probability density for a set of random vectors

{X,,v € V}, with parameters 0 € O. A directed graphical
model for pg consists of a DAG G = (V, E) and a set & :=
{¢v,v € V} of non-negative functions such that:

1) po = H¢7,€<I> bv

2) Each ¢, is proportional to the conditional density for

v’s node family in G: ¢, x pg(X, | Xu,u € pa(v)).

We say that py factorizes over GG and refer to the ¢, as factors.
The set of X, that ¢,, is defined over is referred to as its scope,
denoted scope(¢,). Finally, scope(®) := Uy, cao scope(dy).

Gaussian trait models on a phylogenetic network can typ-
ically be cast as a graphical model with G = N and &
consisting of linear Gaussian factors. Belief propagation then
proceeds by passing messages on a cluster graph constructed
from the graphical model.

Definition 2.5 (Cluster graph [5, Def. 1]). A cluster graph
for a directed graphical model (G, ®) is an undirected graph
U= (V,€), whose vertices C; € V, i € [|V|] are subsets of
scope(®) and are called clusters. Additionally, { must satisfy:

1) Each factor ¢, can be assigned to a cluster Cy (4, that
contains its scope, i.e., scope(¢,) C Cq(g,);  denotes
a suitable map from factors to cluster indices.

2) Each edge {C;,C;} € & is labeled with a non-empty
separating set (or sepset) S; ; € C; N C;. Thus, only
clusters with common elements can be joined.

3) For each X, € scope(®), (Vx,,Ex,) is a subtree of U,
where Vx, C V and £x, C &£ are the sets of clusters
and edges whose labels contain X,,.

If U is a tree, then we call U a clique tree and refer to its
clusters as cliques (Fig. [Id). For a clique tree, properties 2
and 3 imply that S; ; = C; NC;. If U contains one or more
cycles, then we call U a loopy cluster graph (Fig. [1d).

U acts as a data structure for ordering the sequence of
operations and holding intermediate computations used to
build up various marginals of pg. When an edge is traversed,
intermediate computations aggregated at the source cluster are
marginalized, and the result is passed to the target cluster
for downstream computations. The intermediate computations
tracked at each cluster and edge are scalar functions that are
defined over their variables and called beliefs, denoted (3;(C;)
or p; ;(S;,;). Cluster beliefs are marginalized to produce mes-
sages, which update neighbor cluster beliefs by multiplication,
while edge beliefs record the most recent messages passed.
Sending a message across an edge is called a belief update
(Alg. [I), while circulating messages throughout ¢/ is known as
belief propagation, or loopy belief propagation to emphasize
the use of a loopy cluster graph. Beliefs are initialized as
the product of factors assigned to the corresponding cluster
(Def. 2.3) and are instantiated at the observed data. That
is, if X, = X, is observed, then this value is fixed in all
beliefs defined over X, and X, is removed from their scopes.
Variables determined by model parameters (e.g., the root state
X, in a Brownian motion trait model) are similarly removed
from beliefs’ scopes.

If ® consists of linear Gaussian factors, then beliefs can be
compactly parametrized and belief updates can be expressed as
updates to these parameters [5, Sec. 4(c)]. This is an instance
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Fig. 1. (a) Rooted phylogenetic network. (b) Example realization of a univariate trait evolution, along one edge uv (left) or both parent edges of a hybrid
node v (right). The gray region shows the range of possible trait values at the hybrid node under a weighted-average model. (c) Clique tree for any graphical
model on the network in (a), with numbers refering to nodes in (a). Its maximum cluster size is k* = 4. (d) Loopy cluster graph for the network in (a), with

maximum cluster size k = 3 .

Algorithm 1 Belief update from C; to C; [5, Alg. 1]
fisj /Bid(ci \ Sij)

B < (Rimj/1i,5)B;
1 = iy

1: Compute message (fi—;)
from source belief (53;):

2: Update target (3;) and
edge (1 ;) beliefs:

of Gaussian belief propagation, where the graphical model
(not necessarily directed) represents a Gaussian distribution.

D. Calibration and the factored energy

U is said to be calibrated if all its beliefs are marginally
consistent, or equivalently, if for any pair of neighbors C;
and Cji fﬂzd(Cz \ Si’j) X g5 X fﬁjd(CJ \ Si’j). If SO,
belief updates do not change the beliefs of a calibrated cluster
graph. For a clique tree, calibration is guaranteed in two
traversals: a postorder traversal towards any designated root
clique, followed by a preorder traversal outwards from the root
clique. For a loopy cluster graph, calibration requires multiple
traversals, and may not be guaranteed.

Since neighbor clusters must exchange messages for their
beliefs to attain marginal consistency, a sound message sched-
ule (i.e., a sequence of messages to be passed) should traverse
each edge, in both directions. Since multiple exchanges be-
tween neighbor clusters may be needed, a valid schedule [24]]
should additionally repeat each message infinitely often. For
example, cycling through a sound finite schedule satisfies this
requirement.

Beliefs can be viewed as unnormalized estimates of the
conditional distribution of cluster or edge variables given the

observed data Y: 8; o pg(C; | Y) and p; ; o Do(Si; | Y).
Beliefs are exact (8; o pg(C; | Y) and p; ; o< pa(Si; | Y))
on calibrated clique trees, but approximate on calibrated loopy
cluster graphs. Upon calibration, the factored energy can be
computed to approximate the log-likelihood.

Definition 2.6 (Factored energy [5, Eq. 5.1]). The factored
energy of a cluster graph U = (V, ) with calibrated beliefs
¢ ={B}, 1 ; 1Ci € V,{Ci,C;} € £} is defined as

Fu(q") =
> Egr(logtily) + > HEB) = Y H(py,) @
C; eV C;, eV {Ci,Cj}EE

where ¢; =[] b E®, () =i ¢, combines the factors assigned
to cluster i, (-)|y denotes evaluation at the observed data,
Eg: (+) is the expectation with respect to 3/, and H(-) is the
ent;rvopy.

Fj; resembles the evidence lower bound (ELBO) to the
log-likelihood LL = log( [ ps|ydX), where X denotes the
unobserved variables in scope(®) [1], [25]. If ¢ is a clique
tree, then F;; = LL exactl

In the factored energy (@), each term is an integral of
lower dimension and cheaper to compute than the likelihood,
J polydX. The computational cost of each such integral is
parametrized by the size of the associated cluster |C| or sepset
|S|. Thus, the cost of belief propagation and of evaluating the
factored energy are parametrized by the maximum cluster size
k = maxcey |C|. A larger k is associated with higher cost. For

'For a calibrated clique tree, the likelihood can also be obtained by fully
integrating any of the beliefs, e.g., [ 8FdC; = f,u;‘jdsid = [ polydX.



a given graphical model, k* denotes the minimum &k among all
possible clique trees for this model. While the exact LL and
calibrated beliefs can be computed with a clique tree (with
k > k* necessarily), a loopy cluster graph permits k£ < k*
with smaller clusters and hence cheaper messages.

III. METHODS

This section describes simulations, using our Julia package
PhyloGaussianBeliefProp, that investigate the use of
LBP on cluster graphs to fit a Brownian motion (BM) trait
model on a network. We first compare the runtime and
accuracy of using the factored energy to approximate the log-
likelihood, for different maximum cluster sizes k. We then
assess the accuracy of parameter estimation by maximizing
the factored energy, using k chosen from the previous step.

A. Maximum factored energy estimation

The error for using the factored energy (FE) of a calibrated
cluster graph to approximate the log-likelihood (LL) intuitively
improves with larger clusters and sepsets, and a more treelike
topology, but is otherwise not well understood as a function
of cluster graph structure. Whether or not maximum factored
energy (MFE) estimation is a reasonable proxy for maximum
likelihood (ML) estimation depends on the size of the error
across parameter space and more importantly, the extent to
which the shapes of the FE and LL surfaces are similar.
Further, whether or not MFE estimation is practical depends
on the extent to which cheaper messages reduce the compu-
tational effort needed to obtain FE values. Though individual
messages can be cheaper on a loopy cluster graph than on a
clique tree, calibration requires more traversals.

We use an illustrative case to better understand if and how
MFE estimation can be applied. We compared MFE and ML
estimation for fitting a BM model of p-dimensional trait evo-
lution with variance rate 3 € RP*? on a phylogenetic network
N = (V,E) with n tips and fixed root state X, = pu € R?.
The parameters to be estimated are 3 and p. We focus on this
model because it has closed-form ML estimates (3).

Let Y; € RP be the unobserved trait vector at leaf 7,
Y = [Yl . Yn] € RP*" and Y = vec(Y) € R".
Y ~N(1, ®u, Py, ®@X), where P, € R"*" is the shared-
path matrix for the leaves [23| Eq. 1], and 1,, is the n-vector
of 1s. Alternatively, Y ~ MN, ,(ul], =, P,) in the matrix-
normal formulation. The closed-form expressions for the ML
estimates and LL of this model (given observed data Y =7Y)
[26], [27] obviate the use of BP and loopy BP, to the extent
that P, can be accurately inverted:

i = YP 1 /|11

S = YT - 17Lﬁ]\T4L‘|f:>;1/n
L n 5)
LL(Fivi, Swr) = fgpu +log 27) — glog\Py|
— %10g|§ML|

where ||-[|2,_, denotes the function (-)"P,*(-) when applied
to an input matrix of conformable dimensions. These equations
allow us to conveniently assess the accuracy of the MFE and
the corresponding parameter estimates [iMrg, SMEE-

B. Spanning trees schedule and regularizing beliefs

For LBP, we based our message schedule on a small, though
not necessarily minimal, set of spanning trees of the cluster
graph, that together cover all its edges and hence all possible
messages [S, Sec. 5(a)]. This set is chosen by iteratively
applying Kruskal’s algorithm for finding a minimum-weight
spanning tree [28], each time incrementing the weights of
edges that are selected for the current spanning tree, and
stopping when all edges of the cluster graph have been used.
The schedule cycles through the spanning trees, and at each
step traverses the current spanning tree in postorder, then pre-
order. We refer to each pass through this set of spanning trees
as an iteration of LBP. This is a specific implementation of
the tree-based reparametrization framework proposed in [24],
except that each “tree update” does not necessarily calibrate
the current spanning tree (e.g., because some messages are
defined over a smaller scope than the intersection of the source
and target clusters, i.e., S;; C C; N Cj, or because some
messages are infinite).

A known issue in LBP is that infinite messages may arise
regardless of the chosen schedule. In step 1 of Algorithm [I]
message [i;—,; is infinite if integrating out the required vari-
ables from the source belief evaluates to infinity, thus prevent-
ing update and calibration of the target belief [S, Sec. 7(a)].
This issue is specific to beliefs over continuous variables,
which can be unnormalizablg’] and is more prominent for
directed graphical models since the factors are conditional
densities. Cluster beliefs initialized by multiplying conditional
densities and without any instantiation at the observed data
may be unnormalizable. Infinite messages can sometimes be
avoided by regularizing the initial beliefs while ensuring that
the cluster graph still represents the same probability density
poly 155 Sec. SM-E]. For LBP, we applied the regularization
strategy from [5, Alg. R4] so that all cluster beliefs were
normalizable before applying our spanning trees schedule.

C. Simulations

1) Network preprocessing: We used three networks of
varying topological complexity, in terms of network level ¢
[29] and moralized treewidth k* — 1 (Sec. We refer to
these as the Sikora [30] (n = 13, £ = 6, k* = 5), Lipson [31]]
(n=12, ¢ =12, k* = 7) and Miiller [32] (n = 40, ¢ = 358,
k* = 54) networks. For the Sikora and Lipson networks, we
used the admixture weights as inheritance weights, and the
drift weights as edge lengths. Any degree-2 nodes were sup-
pressed, and any length-0 edges were reassigned the minimum
positive edge length. We avoided length-0 edges because they
introduce deterministic factors that require more sophisticated
belief updates [5, Sec. SM-F]. Such cases will be handled
in a future version of PhyloGaussianBeliefProp. For
the Miiller network, we used the edge lengths provided (which
represent calendar time) and estimated the inheritance weights
for each hybrid edge from the recombination breakpoints

2The normalizability of a cluster’s belief is sufficient but not necessary for
messages computed from that cluster to be finite.

3k* was not computed exactly, but approximated by the maximum cluster
size of a clique tree constructed using the min-fill heuristic [[1, Sec. 9.4.3].



provided (see muller2022_nexus2newick. jl|in https:
//github.com/bstkj/graphicalmodels_for_phylogenetics_code).

2) Simulating trait data: For each network, we used
PhyloNetworks v0.16.4 [33] to simulate 100 datasets under
a univariate (p = 1) and multivariate (p = 4) Brownian
motion trait model with root mean pg = 0, assuming a
weighted-average model at the hybrid nodes (Def. 2.3). The
following variance rates were used: o3 = 1 for univariate data,
and for multivariate data

0.8 —0.71 —0.8 0.49

0.8 081 —0.41

o = 1.1 —04
0.5

The choice of 3y was motivated by real data from [|34f] on four
leaf traits: photosynthetic rate, leaf lifespan, leaf mass per area,
and leaf nitrogen content (Appendix[A)). The covariance matrix
implied by the path diagram in [34, Fig. 2 (top)], estimated
by phylogenetic structural equation models, is g - 1073,
The corresponding correlation matrix between the 4 traits is
approximately

1 —0.887 —0.853 0.775

E 1 0.863 —0.648

pPo= 1. . 1 ~0.539
1

3) Accuracy and runtime versus maximum cluster size k:
For each network and dataset, we ran LBP on cluster graphs
generated using join-graph structuring for different values of &,
ranging from 3 to k*. The smallest value was k = 3 because
all networks here are bicombining, where each hybrid node
has two parents. For the Sikora and Lipson networks, we
varied k£ from 3 to 5 and 3 to 7 by increments of 1. For
the Miiller network, we varied k£ from 3 to 20 by increments
of 1, from 25 to 50 by increments of 5, then from 51 to
54 by increments of 1. For each task (e.g., LBP for a given
network, dataset, and k) we evaluated the FE at the true
parameter values po, X after calibration was detected or after
50 iterations had passed, whichever came first, then recorded
the relative deviation |%| and the combined runtime for
passing messages and computing the FE. Each task was run
on a separate physical core, using a single thread, of an Intel
Xeon E5-2680 v3 processor (30M Cache, 2.50GHz).

The computed FE values only approximate the true FE val-
ues since calibration was detected within a specified numerical
tolerance, or may not even have been detected; but @) can be
well-defined before calibration. We excluded the runtimes for
building the cluster graph, initializing and regularizing beliefs,
and generating a schedule, though these were negligible in
comparison. Since our software is written in Julia [35], a Just-
In-Time compiled language, compilation latency affects the
initial run, but not subsequent runs on similar inputs. Thus,
each task was repeated to record the second runtime.

We plotted relative deviation and runtime against k to
choose a k that strikes a good balance between accuracy and
runtime (Figs. 2H3). This choice was made separately for each
combination of network and trait dimension.

4) Parameter estimation with a chosen k: Using k chosen
in the previous step, we compared the accuracy of MFE and
ML estimation for each network and trait dimension. The ML
estimates were computed exactly using (3), while the MFE
estimates were obtained by numerically optimizing an approx-
imate FE (see above) using the L-BFGS algorithm (inverse
Hessian approximated from past 10 steps) [36] with Hager-
Zhang line search [37] and with the FE gradient approximated
by finite differences. We started the optimization at Hinit =
LS Y and i = 530 (Y — L) (Yi — Hinie) |
where h = median;<;<n(Py)i; is a measure of the network’s
height and can be obtained in linear time in the number of
nodes [23| Prop. 2]. These are the ML estimates under a BM
model for an ultrametric star tree, for which the leaf states have
equal variances but no phylogenetic correlation. As above, the
FE was computed after calibration was detected or after 50
iterations had passed. The maximum number of optimization
steps was set to 50, with early termination triggered if, after
any step, the FE increased by less than 0.01%, or if all
coordinates of the approximated gradient had magnitude less
than 1078,

We compared the root-mean-square (RMS) of the difference
between the MFE and ML estimates of pg, o2 (or X). Each
task (i.e., FE optimization for a given network and dataset)
was run on a separate physical core, using a single thread, of
an Intel Xeon E5-2687 v2 processor (30M Cache, 2.70GHz).

IV. RESULTS
A. Simulations

1) Accuracy and runtime versus maximum cluster size k:
For the Sikora and Lipson networks, which are moderately
complex (k* = 5,7 respectively), accuracy and runtime gen-
erally improved as k increased (Fig. [2)). The relative deviation
| EE=LL | dropped sharply from slightly under 10~2 for k < k*
to under 10712 at k = k*. Thus, we picked k = k* (using a
clique tree) to minimize error and runtime.

For the Miiller network, which is highly complex (k* = 54),
accuracy and runtime generally improved with £ in the univari-
ate case, but varied less trivially with k in the multivariate case
(Fig. B). Relative deviation varied similarly in the univariate
(p = 1) and multivariate (p = 4) cases, greatly exceeding 1
(100%) for k < 10, dropping below 0.1 (10%) for £ > 11,
and below 0.01 (1%) when k£ > 25 for p = 1, or when
k > 20 for p = 4. It decreased rapidly from £ = 3 to 10,
and then more gradually from & = 11 to 53, with a sharp
drop (on the log-scale) at k = k* = 54. In contrast, runtime
differed markedly between p = 1 and p = 4. For p = 1,
runtime increased slightly from & = 3 to 35 then decreased
after £ > 35, therefore we picked &k = k* as the best value.
For p = 4, runtime increased substantially between k£ = 16
and 18, so we picked £ = 11 < k* for p = 4 to achieve both
a shorter runtime and good accuracy.

Calibration was consistently detected within 50 iterations
across all datasets for the Sikora and Lipson networks for
all k, and for the Miiller network only for k& > 35, with
the number of iterations required generally decreasing in k
(Table [). We expect runtime to decrease with k in these
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Fig. 2. Relative deviation and runtime (on the log-scale, vertical axis) versus maximum cluster size k£ for the Sikora and Lipson networks, in the univariate
and multivariate cases (across 100 datasets each). Trajectories of the mean values as k increases are traced. Top: relative deviation |(FE — LL)/LL|. Bottom:
post-compilation runtimes for passing messages and evaluating the FE (upon detection of calibration or after the first 50 iterations). For the Lipson network
in the multivariate case, the mean number of iterations before calibration was detected (4 1 standard deviation) is 7.87 &+ 0.32 iterations when k = 4 versus
11.22 4 0.44 iterations when k = 5. This explains the rise in runtime from k = 4 to k = 5.
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Fig. 3. Relative deviation and runtime (on the log-scale, vertical axis) versus maximum cluster size k for the Miiller network, across 100 datasets. Trajectories
of the mean values are traced. Top: relative deviation |(FE — LL)/LL|. The horizontal lines mark relative deviations of 10% and 1%. The shaded regions
indicate values of k with highly inaccurate FE (average error 2 10%). Bottom: post-compilation runtimes for passing messages and evaluating the FE (upon
detection of calibration or after the first 50 iterations). The shaded regions indicate values of £ where runtime is notably worse than for other values of k. In
the univariate case (left), calibration was consistently detected within 50 iterations after k& = 35. In the multivariate case (right), there is a large increase in
runtime around k = 16. For k = 3, 7,14, 15,16, 18 (marked on inset axis), the message schedule used two trees to span the cluster graph, while for other
values of k, the schedule used three trees. This explains the observed dips in runtime at k = 3,7, 14,15, 16, 18.

cases, as the decrease in the number of passed messages may
outweigh the increased cost per message. When calibration
was not detected within 50 iterations, then the runtime was
for 50 iterations exactly, and we expect it to increase with &
due to more expensive messages. The observed runtimes gen-
erally conformed with our expectations, with two exceptions:

runtime was not monotone decreasing from k = 3 to 5 for the
Lipson network, and not monotone increasing from k = 3 to
19 for the Miiller network. The former can be explained by
differences in the mean number of iterations before calibration
was detected (7.9 £ 0.3 iterations when k = 4 versus 11.2 &
0.4 iterations when k£ = 5), while the latter can be explained by



differences in the length of the message schedule (two versus
three spanning trees).

TABLE I
MEAN NUMBER OF ITERATIONS (4 1 STANDARD DEVIATION) TO
CALIBRATION FOR THE MULLER NETWORK AT po AND 0(2) (o).

mean number of iterations to calibration
k | univariate (p = 1) [ multivariate (p = 4)
35 43.18 4+ 3.40 46.38 + 1.65
40 24.69 £ 1.65 26.99 £ 1.40
45 13.34 £+ 0.84 13.99 £+ 0.17
50 7 + 0.67 7.66 + 0.48
51 5.85 £ 0.36 6.02 £+ 0.14
52 5.62 £ 0.51 598 £+ 0.14
53 4.18 + 0.39 4.62 + 0.49
54 2 2

2) Parameter estimation with a chosen k: Since k <
k* (using a loopy cluster graph) was chosen only for the
Miiller network in the multivariate case, we only assessed
the accuracy of LBP for parameter estimation in that setting.
We noticed a bimodal distribution in the relative deviation
|(MFE — ML)/ML| between the optimized FE (MFE) and the
true maximum LL at the true ML estimate (ML). The relative
deviation was below 5% for a “good” group of 67 datasets, and
exceeded 27% for the remaining “bad” 33 datasets (Fig. [D.I).

For the mean parameter, the MFE and ML estimates were
similarly far from g, though close to each other, across both
groups (Fig.[D.2)). For the variance and correlation parameters,
the MFE and ML estimates were similarly close to ¥g, po
in the “good” group, though the MFE estimates could be
much worse than the corresponding ML estimates in the
“bad” group. This “bad” group led to an increased root-mean-
square error for the MFE estimator compared to the exact ML

estimator (Fig. [D.3).

V. DISCUSSION

We showed empirically that the factored energy can closely ap-
proximate the log-likelihood using cluster graphs of maximum
cluster size £k much smaller than needed for exact inference
using a clique tree (k*). Further, we demonstrated that such
k, assessed for good FE approximation to the LL at the true
parameter values only, can be effective more generally for
parameter estimation by numerically optimizing the FE. The
resulting MFE estimates were very close to the theoretical
ML estimates a majority of the time. Theoretical analysis
reveals that this good performance is unsurprising, since the
LL surface and the FE surface assuming perfect calibration are
parallel over the parameter space under our simulation model:

Theorem 1. Consider the Brownian motion model of evolu-
tion for a p-dimensional trait, with root state x4 and homoge-
neous variance rate 35, on a bicombining phylogenetic network
with observed data Y at its leaves. Assume that all tree edges
have positive length, and each hybrid node has at least one
parent edge with positive length. Let I/ be a valid cluster graph
for this model, as in Def. If U can be calibrated, then its
factored energy differs from the log-likelihood by an additive
constant across all p € RP and X € RP*P positive-definite.

Proof. See Appendix O

The prospect of reliable MFE estimation is perhaps only
relevant for networks of high complexity, i.e., large k*, so that
there is a potential trade-off between approximation error and
runtime. For simpler networks and smaller trait dimensions,
belief propagation on a clique tree appears to run faster than
LBP.

A. Phase transitions for accuracy and runtime with maximum
cluster size

Given that the FE can approximate the LL well using & much
smaller than k*, it is natural to ask (1) if the approximation
error decreases with k, and (2) if there is a clear threshold
for k beyond which the error becomes acceptably low. In
our simulations, the approximation error appeared to decrease
with k, (Figs. 2H3). Notably, on the highly complex Miiller
network, the FE approximation error showed two distinct
regimes: a fast rate of decrease followed by a slow rate of
decrease, with a regime transition at £ = 11. This transition
aligned with the threshold £ > 10 to reach a reasonable
approximation with at most 10% error. For k£ < 10, the error
exceeded 100%. The abruptness of this transition suggests
that £ > 10 might correspond to the the required cluster
size for calibration to be possible, though calibration does
not intrinsically guarantee low error. Indeed, for the Sikora
and Lipson networks, for which the approximation error was
always under 0.1%, calibration was detected fairly quickly
(within 8 iterations). For the Miiller network, calibration was
detected consistently (within 50 iterations) only for k£ > 35.
Increasing the maximum number of iterations beyond 50
showed that calibration could be consistently detected for
k > 10. However, more iterations led the FE to diverge further
for k£ < 10. This boost in convergence and divergence from
more iterations provides an explanation for the apparent phase
transition in the FE accuracy after the calibration threshold
k = 10.

Runtime generally decreased with k£ for the Sikora and
Lipson networks. In contrast, runtime generally increased
until £ < 35 and decreased after £k > 35 for the Miiller
network. These trends can mostly be explained in terms of
the relative importance, for different problem sizes (defined by
network size and trait dimension), of having to compute more
expensive messages versus having to pass fewer messages
for calibration as k increases. However, there are aspects of
runtime behavior that require deeper explanation. Notably, for
the Miiller network for p = 4, there was a large increase
in runtime around k = 16, after which runtime was stable.
We suspect that a separate phase transition for runtime is
associated with memory latency, only observed when trait
dimension and network complexity, both of which parametrize
the space complexity of (L)BP, are higher.

Assuming that reasonable accuracy cannot be attained be-
fore some calibration threshold k, it makes sense to pick a
cluster graph with this £ or higher when attempting to find
a good trade-off between accuracy and runtime. Additionally,
knowledge of the problem size and memory resources avail-
able should suggest a practical upper bound for k.



B. Choosing the maximum cluster size k

In practice, we need a way to choose k without expending
too much computational effort. For accuracy and runtime
considerations, this choice should intuitively depend on net-
work complexity and trait dimension. Our simulations suggest
that on networks with complexity as high as £* = 54 and
for small trait dimensions (p < 4), good accuracy may be
attained for £ ~ 10. Our results also suggest that using a
clique tree can still be optimal with both lowest runtime and
best accuracy for a univariate trait (p = 1). Since the space
and time complexities of representing a belief and sending
messages are parametrized by powers of the dimension pk
of the largest cluster’s belief precision (Sec. [V-CI)), a blunt
rule could be to choose k = k* if pk* < 60 and p < 2, and
k = min(cp, k*) otherwise, where ¢ & 3. This rule interpolates
our simulation results. It favors exact BP when runtime is
expected to be feasible, and otherwise chooses LBP with
large-enough clusters to attempt reliable calibration. Naturally,
its applicability is machine-dependent and should be further
evaluated. However, it considers the effects of problem size
on runtime, and has the advantage of being computationally
cheap to apply: k* is estimated once per network (e.g., using
the min-fill heuristic, which has polynomial complexity in the
number of nodes), independently of the observed data.

Choosing a good k is necessary but not sufficient for
accurate parameter estimation. Another choice to be made is
the maximum number of iterations n;., of LBP, at each fixed
parameter 6, before FE(6) is computed. Ideally, the FE should
be close to its limiting value after nje, iterations. Fortunately,
this may occur prior to calibration. In examples from [5}
Fig. 6], the FE converged faster and more smoothly towards
its limit than did the cluster graph beliefs. In our simulations,
we used nje; = H0 with reasonable effectiveness, regardless
of k. Alternatively, we could have sought to jointly optimize
k and nye, for good runtime and accuracy. For each k and for
some fixed reasonable 0, nje (k) can be chosen by tracking
the convergence of the FE (a computationally expensive task)
across iterations of LBP. The overall performance of different
(k, nier(k)) can then be compared over multiple datasets.

C. Making Gaussian LBP useful for phylogenetics

Gaussian LBP opens the door to many applications in phy-
logenetics, for analyses of large datasets under complex and
heterogeneous evolutionary models along complex phyloge-
netic networks, for which no methods currently exist. The
utility of Gaussian LBP for phylogenetics will require reliable
parameter estimation and scalability.

1) Reliability: MFE estimation appeared to be a reliable
proxy for ML estimation, for k and nj,, large enough, in a
majority of our simulations. However, there were practical
challenges in computing the FE. In Gaussian LBP, beliefs
and messages are parametrized as log-quadratic forms with
a precision matrix K (positive semidefinite) and a potential

vector h [5, Sec. 4(c)]:
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where xg are the variables in S; ; (the Scope of the message),
xy are the remaining variables in C; \ S; ; (to be Integrated
out) and K/Kj = Kg — KS,IKl_lK;I- All beliefs must have
a positive-definite precision for the FE to be well-defined,
and presumably be close enough to calibration for the LL
to be well approximated. Thus, the FE is typically computed
upon multiple traversals of the cluster graph, which makes the
resulting beliefs susceptible to numerical error (e.g., trunca-
tion) and hence limits the numerical precision of the FE. To
send a message, a principal submatrix of the belief precision
is inverted (K; above) but numerical error can render this
submatrix near-singular and prevent the message from being
computed. This hinders calibration since beliefs are unable to
“communicate” and keeps the FE ill-defined. This is a crucial
issue to deal with when many FE evaluations are required
during numerical optimization, such as to approximate the
gradient or to adapt the step size using line search.

In practice, we attributed failure to attain positive-definite
belief precisions during LBP, despite prior regularization, to
numerical errors driven by a poor candidate parameter 6 far
from the optimal value. For example, belief precisions are
scaled by the variance rate 3 in the homogeneous BM model
(Appendix so that large values of 3 can effectively
overwhelm adjustments made by regularization, which may
be much smaller. To deal with this practical challenge, our
implementation returned a very large value for the FE during
optimization (e.g., Inf or 10'%) whenever an infinite message
is encountered or the FE was ill-defined. This had the effect
of tuning down the magnitude of the step size of the optimiza-
tion routine to propose the next candidate value 6, and was
effective at steering candidate values towards the right order
of magnitude in our simulations.

In general, it is difficult to anticipate how implementation
and input (e.g., regularization method, trait model, candidate
parameter values, network edge lengths) jointly contribute to
numerical errors. Efforts to improve numerical robustness are
further complicated by the difficulty of checking if a message
fails for numerical or theoretical reasons. Theoretical work
is needed to tease these cases apart, e.g., by proving or
disproving that regularization can theoretically guarantee well-
defined messages throughout LBP.

2) Scalability: We suggested that LBP may scale better
with network complexity than BP, or the naive approach
of computing the inverse covariance for the leaf states to
obtain the LL. Here, we compare the cost of these approaches



theoretically as the data and cluster graphs get larger and more
complex.

The cost of computing the LL or FE using (L)BP mainly
consists of (i) the cumulative cost for messages and (ii) the
cost of either fully integrating the root belief to obtain the
LL for BP, or evaluating the FE at the final beliefs for LBP
(Appendix [C). The cost of a message is O(d®), where d is the
dimension of its precision matrix and is at most kp. Hence,
cost (i) is O(s(kp)?), where s is the scheduled number of
messages to be passed. Cost (ii) is O((kp)®) for BP and
O((veg+ece)(kp)?) for LBP, where v, and e, are the numbers
of clusters and edges in the cluster graph. Since the cluster
graph is connected and at least 2e.; messages need to be
passed (one in each edge direction) before computing the FE,
we have v, + e < 2e, < 5. Thus, the combined cost of
(i) and (ii) is O(s(kp)?) for (L)BP. Now using s* and k* for
BP on a clique tree and keeping s and k for LBP, the above
suggests that sk < s*k*3 for LBP to be competitive with
BP.

The cost of the naive approach depends on how the inverse
covariance Vlgalf for the leaves is computed. Let n and n be the
number of leaves and internal nodes in the network. For linear
Gaussian networks, Vi can be obtained in O((np)?) as
follows. In a preorder traversal of the network, we can compute
the marginal (co)variances for node v: var(X,) = V, +
qy var(Xpa(U))qUT, and cov(X,, Xy) = qucov(Xpagw), Xu)
for w listed before v, using notations from Def. [2.2] Assuming
that each hybrid node has a bounded number of parents
(typically 2), these operations construct the covariance V
over all n + 7 nodes in O((n + 1)?p*). For the BM model
with the weighted-average rule, g, has form r, ® I for
some row vector r,, so the cost to construct V drops to
O((n + 7)?p?). Finally, we get get Vi as a submatrix of
Vi, and invert it in O((np)?). The costs presented for (L)BP
and the naive approach are driven by matrix inversion, and
have similar multiplicative constants (Appendix [C)). For (L)BP
to be competitive with the naive approach, the above suggests
that the scheduled number of messages should be s < (n/k)3.

A clique tree constructed from a chordal graph over the
same node set as the original phylogenetic network has at
most n+n clusters 38, Prop. 4.16], and join-graph structuring
constructs clique trees with exactly n + n clusters [11f]. In
either case, the number of messages s* is at most 2(n + 7).
Combining with the earlier criterion, (n + 72) < (n/k*)? is
favorable for BP to be competitive with the naive approach.
In a rooted binary network n = n — 1+ 2h [39, Lem. 2.1], so
this criterion simplifies to (n + h) < (n/k*)3.

We illustrate these bounds using the Miiller network, whose
number of leaves n = 40 is moderately small, but with h =
361 hybrids. Our clique tree had £* = 54, ef, = 800 edges,
and s* = 1600 to pass a message in each edge direction.
Our cluster graph with k = 11 had e, = 1160 and required
s = (980 x 2) x 3 x 50 from traversing 3 spanning trees
repeatedly njer = 50 times. As sk3 > s*k*3, LBP is expected
to be slower than BP, which aligns with our runtime results
in the univariate case (Fig. [3} bottom-left). However, both are
expected to be slower than the naive approach for the BM
model, because they require to pass many more messages than

(n/k*)3 ~ 0.4 (for BP) or (n/k)3 ~ 48 (for LBP).

The optimal number of scheduled messages s* is known
for BP on given a clique tree: s* = e, (from one traversal).
However, for LBP it is generally unclear how to devise
schedules that minimize s, while getting close to calibration.
The reliance on suboptimal message schedules limits the utility
of LBP. Adaptive schedules have been proposed to improve
the per-message efficiency of attaining calibration [40]—[43]],
yet these use more memory and introduce a computational
overhead for selecting messages. Although convergence of the
FE is more relevant than calibration for deciding when to stop
passing messages, it is less used since repeated evaluations of
the FE are computationally impractical.

3) Possible use cases: The theoretical bounds above, which
do not account for implementation details such as cost of
memory access, shed some light on possible use cases for
LBP to fit Gaussian trait models on phylogenetic networks.
For example, it may not be easy for (L)BP to decrease runtime
compared to the naive approach since the covariance matrix
for the leaves can be efficiently constructed. This applies to
standard models such as the BM or Ornstein-Uhlenbeck (OU)
process, possibly combined with edge length transformations
[8L Ch. 6] or heterogeneity in the evolutionary parameters
(e.g., the variance rate and optimum for the OU model)
across different sets of edges in the network. For LBP to be
beneficial, both (n/k)3 and s* (k* /k)3 have to be large enough
to accommodate multiple traversals of the cluster graph. These
conditions may be less favorable for smaller networks, which
generally have smaller £* [5| Fig. 5].

In conclusion, our analysis points to two main settings
where LBP could be useful: large phylogenetic studies on
thousands of leaves [44]]-[47] when their history involves retic-
ulate evolution, and phylodynamic studies, which increasingly
involve large highly-reticulated networks [32]], [48], [49]. In
particular, the framework it provides is amenable to the use
of flexible multi-regime Gaussian trait models [19], [50] that
we expect to see wider usage of in both settings.

D. Future work

We conclude by listing several theoretical and engineering
challenges that could be tackled.

1) Do our regularization strategy and spanning trees mes-
sage schedule, in combination, ensure that all messages
are theoretically well-defined? If not, can alternative be-
lief initializations and schedules provide this guarantee,
or a stronger one that ensures that belief precisions
remain positive-definite after every belief update?

2) How can we best incorporate regularization during mes-
sage passing to improve robustness to numerical error?
For example, if we know theoretically that a message
should be finite, but requires inverting a submatrix that
is singular due to numerical error, we can regularize
the sender and sepset beliefs for this submatrix to
be invertible. This does not approximate the original
message but allows LBP to proceed, and can be applied
regardless of whether the message is theoretically well-
defined. Additional heuristics or theory could improve
regularization techniques during message passing.



3) We relied exclusively on join-graph structuring to con-
struct cluster graphs of a desired maximum -cluster
size k. Can modifications or alternatives to join-graph
structuring be devised to produce cluster graphs with
better structural features to achieve calibration more
often and faster, given a desired k? For example, larger
sepsets tend to be favorable for calibration. However,
join-graph structuring typically includes multiple size-1
sepsets by construction.

4) Where to initialize the optimization? We used parameter
estimates that assume no phylogenetic correlation, which
adapt to the data yet are fast to calculate. A reasonable
improvement could be to use the ML estimates assuming
the major tree — the tree obtained by keeping only the
parent edge with the largest inheritance weight, for each
node in the networkE] These estimates can be efficiently
computed for the BM model [51]]. For other models such
as the OU process, even naive estimates that assume no
phylogenetic correlation require numerical optimization
for some parameters.

This non-exhaustive list stresses the equal importance of
theory and implementation for making this tool more useful
to applied researchers.
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APPENDIX A
COVARIANCES FROM PATH DIAGRAM

We derive here the trait covariance (rescaled by 10~3) implied
by the path analysis in [34f], which we used in our simulation
study for the multivariate case with p = 4 traits.

Amass (0.8 —-0.71 —-0.8 0.49

LL 0.8 081 —041] 10-3
LMA | - . 1.1 —-04
Nmass 0.5

Fig. A.1. Left: Path diagram of four leaf traits: photosynthetic rate (Amass),
leaf lifespan (LL), leaf mass per area (LMA), leaf nitrogen content (Nmass),
reproduced from [34} Fig. 2, top]. Self-loops are labeled by the trait’s variance,
e.g., var(LMA) = 0.0011. Bidirectional edges between two traits are labeled
by their covariance, e.g., cov(Nmass, LMA) = —0.0004. Undirectional edges
from one trait to another are labeled by linear dependence weights, e.g.,
Amass = d - Nmass + e - LMA + €. Right: Covariance matrix implied by
the path diagram. Each covariance is the sum of contributions from all valid
paths between the two traits. The contribution of each path is determined
by its edge weights. Calculations of the covariances from adding up distinct
path contributions are given below. For example, there are three paths for
cov(Amass,LL) and two paths for cov(LMA, Amass).

cov(Amass, LL) = gh + ecf + dbf = —0.00070914

)
cov(LMA, Amass) = ce + bd = —0.00079914
cov(LMA,LL) = ¢f + ceh + bdh = 0.00081305
cov(Nmass, Amass) = ad + be = 0.00049407
cov(Nmass,LL) = adh + beh + bf = —0.00040551

APPENDIX B
LIKELIHOOD AND FACTORED ENERGY SURFACES

We consider a bicombining phylogenetic network N = (V| E)
with n leaves, where all tree edges have positive length, and
each hybrid node has at least one parent edge with positive
length. On this network, we assume the BM model for the
evolution of a p-dimensional trait with state p at the root of
the network and homogeneous variance rate 3.

To prove Theorem |1} we derive difference equations for how
the FE changes when X is linearly transformed or when p is
shifted, and prove their equivalence to the difference equations
for the LL. This will show that the LL and FE surfaces are
parallel, as claimed in Theorem m

Using notations from section Y =vec([Y1...Y,]) €
R™ is the random vector of the leaf states, distributed as
Y ~N(1, ® u,P, ® X), and Y is the corresponding vector
of observed data.

1. Log-likelihood difference equations

Let LL(u,X) denote the LL at the parameters yp and 3,
and define 0% (p1, 2, ¥) = LL(u1,¥) — LL(p2, %) and
65 (p, 31, 39) = LL(u,%1) — LL(p, X2). The following
equations are easily derived:

1 n
05" (1, AB,Z) = = |Y = 1y @l — 5 log|A] (D)
oHL ) = — L1, @ Ap|?
1 (N%:U'la ) - 75” n® /‘val (8)
(1, @ Ap) 'V Y = 1, ® 1)

where V, = P,0%, U=V, HI,©(A'-L,)), A € RP*P
is full-rank such that AY is symmetric positive-definite, and
Ap = pg — p1.

2. Factored energy difference equations

To derive the corresponding quantities for the FE (@), we
consider the energy and entropy terms separately:

energy term entropy term
=Y Ep-(logeily)+ Y H(B) = Y H(u;)
c; eV CieVv {C:,C;}e&
At calibration, . .\, Eg- (log;) = Zvev\{p} Eg: (log ¢),

where J; is the belief of some cluster that contains node v
and its parents, ¢, is the factor for node v (Def. [2.4), and p is
the root node. We work with 3y, Eg: (log ¢,), which
is more convenient for our calculations.

1) Varying 3 for a fixed ;1: Under the BM model, we have
Xy | Xpa) ~ N((v @ 1) Xpa( v),é 3). If v is a tree node,
v = [1] and ¢, is the length of v’s parent edge. If v is a
hybrid, 4 = [y1 72] contains the inheritance weights of the
parent edges of v and ¢, is a weighted-average of their lengths,
weighted by their inheritance weights. Then

1
EB;‘ (1Og ¢v) = 9 Eﬂﬁ ( v,pa(v) ||]23v®(€v2)*1

+ log|27¢, X))
9)

1/~
D) (”Mv,pa(v)‘ 2]3]]@(&2)71 + log |27(, 2|

+ tr((B, ® (gvz)il)[Kggl}v,pa(v)))

where B, = [1,-1]"[1,-1] if v is a tree node, B, =
[1, =1, —=2] T[1, —y1, —y2] if v is a hybrid node, and X, pa(v)
stacks the states of node v on top of those of its parents. Upon
calibration, fi, pa(y) = E(X, pa(v y | Y) does not depend on U,
or on X [52 Sec. SM-4]. [Kﬁ* Jv,pa(v) denotes the submatrix
of Kﬁ* corresponding t0 X, ha(v), Where Kg: = Jg. @ 37 1
is the precision of 3; and Jg. does not depend on yu, X,orY
[52, Lem. 3]. Note that tr((B, ® (£,%)71)[K 81 o pa(v)) does
not depend on X.



We are now ready to determine how the energy varies with
the variance rate 3. Letting 5*(-) denote 5* as a function of
3

> (Bp: (amy(log ) — B ) (log ;)

c; ey
= Z (Egs(ax)(log @) — Eg: () (log ¢y,)) (10)
veV\{p}
—Z H:uupa v)HU 710g|A|)
veV\{p}

where U, = (¢;'B, ® 7!)(I,, ® (A~! —1,)) does not
depend on U, and n,, is the number of rows or columns of B,
(ny = 3 if v is hybrid, 2 otherwise). When there is absorption
of evidence in ¢,, e.g., if the value of X, or Xpa(v) is observed
or fixed as a parameter, the effect on @]) is that the trace term
changes but remains independent of 3. Thus, continues
to hold in this case.

We now consider the entropy term, starting with the contri-
bution of a single cluster:

H(p; (%)) =
H(3;/ (A%))

m;p

(14 log2m)
- H(F; (%)) =

where m; = |C;]. holds for edge beliefs y; ; as well, but
with m; ; = |S; ;| and J u;, replacing m; and Jg:. Summing
over the contributions from all clusters and edges:

> (H(5;(A%)) — H(5/ (%))

1
+§log|J[}}®2| .
. ' (11)
%log\Al

Ciev
{Ci,C; }es (12)
1
= 5(2 m; — Z m; ;) log |Al
C,eV {Ci,Cj}Eg
Vi—n-—1
— H+10g|A\

where the last equality is a consequence of the running-
intersection property (Def. 2.5] condition 3). Indeed, for each
non-root internal node in N, the clusters that contain that node
induce a subtree of U, so that the node appears in one more
cluster than sepset.

Let Fu(u7 ) denote the FE at the parameters p and X,
and define (52 (/,L, 21722) = Fu(,u, b ) Fu(/,&, 22) Then
combining the energy and entropy terms gives us:

1, ..
52FE(,LL7A272) = Z 75”/‘1},;)&(1})”%]7, -
veV\{p}

_2) Varying p for a fixed 3: Define 615 (1, p2, %) =
FU(.UJME) - FU(,U272) and let ﬁv,pa(v)(') denote ﬁv,pa(v)
as a function of the root state p. From (TI)), the entropy term
of the FE does not depend on p. From the energy term in (),
we get:

n
5 log|Al. (13)

1 ~
(ﬁ‘E(/‘Qvﬂl’ 2) = _5 Z (”:uv,pa(v)(luﬂ)H]231,®(ZUE)*1
veV\{p}

_ ||ﬁv,pa(v) (,Ufl) “]2311@(@,1’2)—1) . (14

3. Comparing the log-likelihood and factored energy surfaces

The difference equations and are equal for a clique
tree since the factored energy of a clique tree is equal to the
log-likelihood. Further, the terms in (I3)) do not depend on the
cluster graph U as long as calibration is attained. Therefore,
equality must hold for any calibrated cluster graph, that is:

63 = 65E. By the same reasoning, the difference equations
and must be equal for any calibrated cluster graph,
and 6t = 6FF, B
Now letting §(p, X) = LL(p, X) — Fy(p, X), we get
5+ A, AS)
= (LL(t, AX) + 07 (1 + Ap, p, AS)) — Fy(n + Ap, AS)
= LL(/”H AE) - ﬁu (/t, AE)
= (LL(, 2) + 65 (1, AS, %)) — F(p, AZ) = §(1, 2)

which implies that § is a constant function over p and X
positive definite. Thus, the FE is equal to the LL up to an ad-
ditive constant as claimed in Theorem [I] and optimizing either
quantity is theoretically equivalent for this homogeneous BM
model. In practice however, the FE is computed from beliefs
that are only approximately calibrated, and this may translate
to different optimization landscapes for both quantities.

APPENDIX C
COMPLEXITY ESTIMATES

We evaluate here the cost of BP, LBP, and inverting the
covariance for the leaves to calculate the LL or FE, in terms
of number of floating-point operations.

1. Cost of passing a message

From (6), a message /i;—,; is obtained by marginalizing out
variables xy from the scope z = vec([xg z1]) of a belief 3;

with parameters
Ks Ks; hs
K = T, h= and g,

[K; K hi g
where exp(g) is the constant of proportionality, that is,
Bi(z) = exp(—||z||%/2+h " x+g). Computing ji;_, ; requires
computing the message parameters [5, Alg. 2]:

K = Ks — K 1K 'Kg 1
hmsg = hg — KS,IKflhI
Imse = g + (log |2WK;1| + ||h1||K;1)/2 .

Computing K ! from Ky € R4*% ysing an LU decompo-
sition uses (5/3)d? + O(d?) flops [53 Sec. 3.1-3.2], where
di < kp, k is the maximum cluster size, and p is the trait
dimension. Given K, only the matrix product Kg 1Ki "K{ |
in the computation of K, may have above-quadratic com-
plexity in kp. For KSI € R¥s*d the cost of sequentially
evaluating ((Kg K )Kgl) uses 2(dsd2 d2dy) flops 53
Tab. 1.1.2], which equals (kp)3/2 in the worst case when
ds = dp = kp/2. Thus, the cost of computing a message is at
most (5/3 +1/2)(kp)? ~ 2(kp)? if the lower-order terms are
dropped. This upper bound applies to BP and LBP regardless
of the specific cluster and sepset involved, though the average



cost per message depends on the whole distribution of cluster
and sepset sizes and the message schedule, and is impractical
to evaluate.

2. Cost of evaluating the FE

From Appendix the FE is the sum of an energy term and
an entropy term. Cluster beliefs contribute to the energy and
entropy, and edge beliefs only contribute to the entropy. Their
contributions are independent and their costs add up to the
total cost of evaluating the FE. For a given cluster or edge,
let exp(—|z||k,/2 + h¢ « + go) be the initial belief before
regularization, exp(—||z|%/2 + h"x + g) be the final belief
before the FE is computed, and d be the dimension of K.

The energy of a cluster belief is exp(—||K~'hll%, /2 +
tr(KoK 1) + hd (K~h) + go). Computing K~! from K
using an LU decomposition uses (5/3)d®> + O(d?) flops.
Given K1, only tr(KoK™!) potentially has above-quadratic
complexity in d. However, this term can be computed in O(d)
flops by considering only the diagonal entries of KoK™!.
Hence, the cost of evaluating the energy term of the FE is
at most (5/3)vee(kp)?3, where v, is the number of clusters in
the cluster graph, if the lower-order terms are dropped.

The entropy of a belief is —log(|K/(27e)|)/2. Given an
LU decomposition for K, |K| can be computed in O(d)
flops. Otherwise, computing the decomposition to obtain the
determinant uses (2/3)d®> + O(d?) flops. Hence, assuming
that the energy term of the FE has been computed and every
cluster belief has been LU decomposed, the additional cost of
evaluating the entropy term of the FE is at most (2/3)ec, (kp)?,
where e, is the number of edges of the cluster graph, if
the lower-order terms are dropped. Thus, the total cost of
evaluating the FE is O((veg + €cq) (kp)?).



APPENDIX D
SIMULATION STUDY: SUPPLEMENTAL FIGURES

We provide here more details on the simulations under the most complex Miiller network, for a multivariate trait (p = 4).
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Fig. D.1. Top left: Relative deviation (on the log scale, horizontal axis) between the maximum FE attained (l\ﬁ) and the theoretical maximum LL (1\//[1)
for the Miiller network in the multlvarlate case, using a cluster graph with k£ = 11. The 100 replicates can be clearly divided into 67 “good” datasets (black)
for which the relative deviation \(MFE ML) /ML\ is below 0.05, and 33 “bad” datasets (red) for which it is large, over 0.27. Top right: estimation error
from each optimization objective (LL vs FE) for the p = 4 variance parameters (diagonal terms in 3I), on the log-scale. Bottom: estimation error for the
remaining parameters: 6 correlations p and 4 ancestral values p. Within each boxplot, the 100 datasets are shown by individual points separated into the
“good” (black) and “bad” (red) groups defined in the top-left panel. For the variance and correlation parameters, estimates based on numerically maximizing
the FE are noticeably less precise and less accurate when the optimized FE is a poor approximation of ML (red points).
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Fig. D.2. Parameter estimates for the Miiller network in the multivariate case using a cluster graph with £ = 11, estimated by either numerically maximizing
the FE (vertical axis) or maximizing the exact LL (horizontal axis). Axes are not necessarily on the same scale across different plots (axes markings are
su/p\ssed for readability) but in each plot, the line corresponds to y = x where both estimates are equal. Points are colored as in Fig. m based on whether

|(MFE — ML)/ ML| is below 0.05 (black) or above 0.27 (red). The MFE estimates align well with the ML estimates in the former case, but not so in the
latter case.
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Fig. D.3.  Root mean square (RMS) of the differences between the MFE (§MFE) and ML (§ML) estimates for the BM model parameters under the Miiller
network in the multivariate case, using a cluster graph with & = 11. ; and E, ; are the estimates of the ancestral mean and var1ance rate for trait 4. p; j is
the evolutionary correlation between traits ¢ and j, from X, and p; ; is its estimate. For each parameter, the RMS of GMFE - OML is computed from all 100
replicates, then recomputed for the “good” subset (67 replicates) and “bad” subset (33 replicates), for which |(MFE ML) / ML| was below 0.05 or above
0.27 respectively, as in Fig. @ Left: for u, the RMS difference between the two estimators is well below their RMSE (RMS between their estimate and
the true value), which are all above 28. Middle: for the log variances log 3; ;, the RMSE ranges in [0.09,0.11] for the ML estimator, and in [1.18,2.79]
for the MFE estimator. The RMS difference between the two estimators is much smaller for the “good” subset than for the “bad” subset, showing that the
bad subset is driving the increase in the RMSE of the FE estimator compared to the exact ML estimator. Right: for the correlations p; ;, the bad subset is
also driving an increase in the RMSE of the FE estimator (ranging in [0.52, 0.73]) compared to the exact ML estimator (whose RMSEs are in [0.03, 0.13]).
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