Stress & Heat Flux: Repetitions from
Augustin Louis Cauchy and Joseph Fourier

“In the fields of observation, chance favors only the prepared” — Louis Pasteur

MetaData

The prose, video, slides and the Q&A in this chapter are directed at scoring the following points:
1. The concept of stress attained the current level of precision by AL Cauchy with his stress
principle that laid the background for the Cauchy laws of motion. A major cornerstone

of mechanics.



In establishing the notion of stress, this chapter begins with the concept of the traction
vector at a Euclidean point. The surface of interest at this point is identified by its
outward drawn normal.

Traction gets its direction, not from this surface, but from the resultant load vector. It is
important to distinguish between these two directions.

Cauchy postulated the existence of a stress tensor from which all other aspects of stress
are simple properties. From these we shall establish different kinds of stress states.

This chapter continues to the concept of heat flow and the associated concept of heat

flux.



Introduction

Until the 17th century the understanding of stress was largely intuitive and empirical. Ancient
and medieval architects did develop some geometrical methods and simple formulas to
compute the proper sizes of pillars and beams, but the scientific understanding of stress
became possible only after the necessary mathematical tools of differential and integral
calculus were invented in the 17th and 18th centuries:

We are eight short years away from the bicentennial of the seminal work on the concept of
stress. Augustine Louis Cauchy published, in 1827, a generalization of Euler’s works on
hydrodynamics in order to bequeath to the world, a precise notion of stress. This consummated
in the idea that a material body responds to externally applied loads through a tensor-valued

field, o(x, t) that came to be known as the Cauchy Stress Tensor.

What is “Stress”?

Stress is a measure of force intensity either within or on the bounding surface of a body
subjected to loads. The Continuum Model takes a macroscopic approach: Measurable
aggregate behavior rather than the microscopic, atomistic activities that may in fact have led to
them, and consequently, the standard results of calculus applicable in the case of limiting
values of this quotient as the areas to which the forces are applied become very small. It is
necessary to note that the word “stress” can mean a scalar, a vector or a tensor. Cauchy’s
Stress Principle gives precision to the term. It can mean, depending on the context and usage,

any of these three:

e Tensor —the Stress Tensor. This completely characterizes the stress state at a Euclidean
point. That such a tensor exists is proved as Cauchy’s theorem —a fundamental law in
Continuum Mechanics.

e Vector - the Traction or intensity of resultant forces on a specific surface. It has a magnitude
and a direction; this is, roughly speaking, what we have in mind when we say that stress is
“force per unit area.”

e Scalar — the scalar magnitude of the traction vector or some projections of the same in
certain directions. Once a direction is given, the scalar stress is the magnitude of the stress
intensity, or traction in that direction. Hydrostatic pressure is a pathological case. The



traction has the same magnitude in every direction because the stress tensor at any point in
a static fluid is spherical.

Consequences

It is a fact that, even in technical literature, we are often not precise as to which of scalar,
vector or tensor we have in mind when we use the word “stress”. This has created a lot of
confusion. For example, in public discussion for a, such as Quora, we see such questions as “Is
hydrostatic pressure a scalar?”. The number of erroneous notions on terms such as stress,
pressure, traction, etc. are common even from PhDs in as STEM areas and in Engineering! It
exposes weaknesses in the basic notions of stress.

It becomes more important when one tries to specify loads and stresses in such simulations
packages as Fusion 360, ANSYS, etc. The notion of “stress” must be properly understood to be
efficient in the use of such tools, first to properly specify boundary conditions, and to properly
interpret results at the post processing stage.

This chapter, among other things, aims to give clarity to these notions.

Body Forces, Surface Forces

In order to analyze stress and give it a proper characterization, it is convenient to classify forces

into two categories for the purpose of analysis: We follow AEH Love in his:

“... a distinction is established between two types of forces which we have called
‘body forces’ and ‘surface tractions’, the former being conceived as due to a
direct action at a distance, and the latter to contact action.” (Ref)

It is convenient to examine these forces by categorizing them as follows:

Body forces b (force per unit volume);

These are forces originating from sources (fields of force usually) outside of the body that act
on the volume (or mass) of the body.

Surface forces i.e.: F (traction on each surface: t™ is the force, t per unit area of surface
(whose normal direction is given by the unit vector, n across they which they act). It cannot be
overemphasized that t itself is a vector whose direction is inherent. The superscript n refers,

not to the direction of the traction but to the normal to the surface on which it acts! This



specification is important because a change in the surface orientation without leaving the

Euclidean point in question, gives a different value of traction, t.

Traction on a Surface

The loads applied directly to the body may themselves be similarly categorized as they can
come in form of body or surface forces. As an example, the weight of another body being
supported eventually acts as a surface force with a distributed intensity over the coverage of
the contact.
Figure 6.1 depicts the forces acting on an element AV surrounding a point P(x;, x5, x3) in a
solid body acted upon by the forces F;, F,, ..., F,,. As a result of these actions, the resultant body
force per unit volume is b(x4, x5, x3). Consider an infinitesimal area element oriented in such a
way that the unit outward normal to its surface is n. If the resultant force on the surface AS is
AF, and this results in a traction intensity which will in general vary over AS. Let the surface
traction vector on this elemental surface be t, it is convenient to label this traction t™ in order
to emphasise the fact that this traction is the resultant on the surface whose outward normal is
n. For the avoidance of doubt, it does not imply that the direction of t™ is n. We can write
that,

t™ = lim o = i
AS-0AS dS
The direction of the vector t(“), as obvious from the above equation, is obtained from that of
the resultant force vector itself. The surface label n, its outward drawn normal, is important

because, another surface, at the same point will produce a different traction and it will be

acting on that other surface.
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Note that in general, t™ = t™(x;, x,, x3) and n = n(xy, x,, X3) as the surface itself is not
necessarily a plane. It is only as the limit is approached that n is a fixed direction for the
elemental area and AF and t™ are in the same direction. Furthermore, the body force per unit
mass is gb. The density 0 = 0(x4, x,, x3) as it varies over the whole body. If the resultant body

force in the volume element AV is AB, we can compute the body force per unit volume
b= lim ~> = 128
0As-0AV  odV
-Euler-Cauchy Stress Principle
In figure 6.2, we have the body earlier depicted in 6.1 now cut in two through the location of
the element we are looking at. The outward pointing normal at the same location in the cut

body will face the opposite direction as
f;
f,

shown.
N—— JEEI——
The Euler—Cauchy stress principle states B
S
b
that upon any surface (real or imaginary) / ds(_,,‘
i as
that divides the body, the action of one S " ~t)
part of the body on the other is S \—/
equipollent to the system of distributed f

x4

forces and couples on the surface dividing
the body, and it is represented by a vector field
t™ = t(n,x,t)
to emphasize that the traction vector is a time dependent field that varies with the surface
orientation. The fact that the traction vector, to be fully specified, requires the specification of

two directions: The direction of the stress intensity vector, and the orientation of the surface on



which the traction acts. This fact, that to be fully specified, stress requires not one, but two
directions, has been used by several to define a tensor as possessing magnitude and two

directions in contrast with vectors that have magnitude and one direction. (Ref).

Cauchy Reciprocal Theorem

When there is a traction on a surface, what is the relationship of that vector to what happens
on the same surface, with the vector drawn in the opposite direction? That question is
answered by the Cauchy reciprocal theorem as shown in this section:

Consider the cross section around the small surface element at point P. Let the material
element is chosen initially to have a height h around surface §. We look at the equilibrium of
this small element as the height h approaches zero so that the element is now at the surface as

shown in figure (b).

tm

lim(t™A +t™A) = tWA+t™WAa =0
h—-0

tm =t = ™
n
b as it is clear from the picture that m — —n; t0™ — t(-™ as
s I h — 0. The stress vector on the surface whose normal is
tm / (S
~ ho O opposite to the surface normal is equal and opposite to the

stress vector on the present surface. This is also sometimes called Cauchy’s fundamental lemma

or Cauchy reciprocal theorem.

Normal and Shearing stresses

The surface traction is a not a simple quantity. First it is the vector intensity of the vector force
on the surface as the surface area approaches a limit in the acceptable process of continuum
mechanics. It is defined for a specific surface with an orientation defined by the outward
normal n. This implies that the traction at a given point is dependent upon the orientation of
the surface. It is a vector that has different values at the same point depending upon the
orientation of the surface we are looking at.

Second, it is a function of the coordinate variables. It is a field in the 3D Euclidean Point Space.
Therefore proper to write,

t(n) — t(n, X, t) = t(n) (.Xl,xZ, X3, t)



to make these dependencies explicitly obvious. In general, t™ and n are not in the same
direction; that is, there is an angular orientation between the resultant stress vector and the
surface outward normal. Consequently, it is customary to express the stress vector as a vector
sum of its projection prjn(t(“)) along the normal n and the shearing stress;
™ = t® — prj, (t@)

on the surface itself. Since n is a unit vector, ||n|| = 1,

1 2

prin(t®) = (7o) @@ WE® = (1 @
t™ = t® — prj, (t™)

=t — (n @ mt™

=(I-nQ®ntW
7 = lria(e)| = 0 @ m®]|anc,
r= 6] = e - prin(e™)|

The normal and shearing components of

(n @ n)t

the stress vector are called the normal and
shear tractions respectively. Since their
directions are known, is it customary to
refer to their magnitudes alone. (l —m® n))t(“)
Cauchy’s Theorem

According to the Cauchy Postulate, the
stress vector t™ remains unchanged for all
surfaces passing through the point P and having the same normal vector n at P, i.e. having a
common tangent at P. This means that the stress vector is a function of the normal vector n
only, and it is not influenced by the curvature of the internal surfaces.

The state of stress at a point in the body is then defined by all the stress vectors t™ associated
with all planes (infinite in number) that pass through that point. However, this does not help in
determining the stress on another surface oriented at a different normal at that point. In order

to find this, we depend on Cauchy’s theorem. The principle behind it stems from the fact that



knowing the stress vectors on three mutually perpendicular planes, the stress vector on any
other plane passing through that point can be found through coordinate transformation
equations.

Cauchy’s Stress Theorem states that:

Provided the stress vector t(")acting on a surface with outwardly drawn unit
normal nis a continuous function of the coordinate variables, there exists a
second-order tensor valued field o(x), independent of n, such that t™ js g linear
function of n such that: t™ = a(x)n

The tensor ¢ in the above relationship, the tensor of proportionality, is called Cauchy Stress
Tensor. It is also the “true stress” tensor for reasons that will become clear later. The standard
proof of this important theorem examines the balance of forces on an arbitrarily small
tetrahedron (Cauchy Tetrahedron) element with the base coinciding with the surface of interest
and vertex located at the origin with the three sides coinciding with the Cartesian coordinate
planes as shown in figure 6.3.
Proof:
To prove this expression, consider a tetrahedron with three faces oriented in the coordinate
planes, and with an infinitesimal base area dA oriented in an arbitrary direction specified by a
normal vector n (Figure 6.3). The tetrahedron is formed by slicing the infinitesimal element
along an arbitrary plane n. The stress
T3 A

(n) vector on this plane is denoted by t™ The

—t(el) stress vectors acting on the faces of the

tetrahedron are denoted as t©?), t(¢2) and

(1_'11 t3) From equilibrium of forces, Newton’s
ro second law of motion, we have
> h (n) (e1) (e2)
|.. pgdA a=t dA_t 1dA1_t ZdAZ
dm = pd) _tega,
- —tles) = tWd4 — tedda,

where the left-hand-side of the equation

Figure 6.3. Balance of forces in a tetrahedron.(redraw.
g ff { 4 represents the product of the mass enclosed by



the tetrahedron and its acceleration: p is the density, a is the acceleration, and h is the height
of the tetrahedron, considering the plane n as the base. The area of the faces of the
tetrahedron perpendicular to the axes can be found by projecting dA into each face:

dA; = (n-e;)dA = n;dA

and then substituting into the equation to cancel out dA:
h
t™WdA —tedn,dA = p (5 dA) a

In the limiting case as the tetrahedron shrinks to a point, the height of the tetrahedron
approaches zero (h — 0). As a result, the right-hand-side of the equation approaches 0, so the
equation becomes,
tm = gledy,,
We are now to interpret the components t(e) in this equation. Consider t(e0) the value of the
resultant stress traction on the first coordinate plane. Resolving this along the coordinate axes,
we have,
te) = [e, - tleV]e; + [e, - teV]e, + [e5 - teV]es

= 011€1 + 012€; + 013€3

= 01j€;
Where the scalar quantity o7 jis defined by the above equation as,
01j =€ - tlen)
, or in general, we write that,

o =e; -t i=123

. Figure 6.4 is a graphical depiction of this

definition where we can see that g;; =

€ - t(e) js the scalar component of the

stress vector on the i coordinate plane in
the j direction. For any coordinate plane
therefore, we may write, tled = 0;j€;j, so that the stress or traction vector on an arbitrary plane

determined by its orientation in the outward normal n,

10



t® =t = g;;ejm;
Which is another way of saying that the component of the vector T™ along the j coordinate
direction is g;;n; which is the contraction, 6(x, t)n = t™, This proves Cauchy Theorem.
Obviously, g;; are the components of the stress tensor in the coordinate system of computation
that we have used so far. The Cauchy law, being a vector equation remains valid in all
coordinate systems. We will then have to compute the different values of the stress tensor in
the system of choice when for any reason we choose to work in not-Cartesian coordinates.
The normal and shearing stresses can now be written in terms of the Cauchy stress tensor;
Normal stress,
(n @ Mt™ = (n ® n)on
= (n-on)n,
and the shear stress,
I-(m®n)t™ = (I- (n®n))on.
The magnitude of the normal stress, ¢ = n - on.

On the coordinate surfaces, using equation , in terms of the stress tensor, we can see that,

011 e, - oe; On the coordinate surfaces, we can see that,

01z e, oe; o =e -t =¢; - oe;

013 €3-0€; Here, we have adopted the convention that the first
021 €, - 0€; subscript refers to the normal to the coordinate

022 €z 06€; plane, the second to the direction of the stress

023 €3 0€; component. The opposite convention can also be
031 €, - 0¢€;3 adopted. By the time we examine the law of

032 €, 0€; conservation of angular momentum, it will become
033 €3 0€; clear that the Cauchy stress tensor is necessarily

symmetrical, and therefore both conventions give
the same values.
The arguments that proved Cauchy theorem could have been based on non-Cartesian

coordinate systems. The stress equation must remain unchanged however and the stress

11



tensor characterizing the state of stress at a point remains an invariant. As it is with any second-
order tensor, its components in general coordinates will be obtained from,

oc=0,8 ®g =0'g®g =0;8 Qg =0'g/®g;
Because the Cauchy stress is based on areas in the deformed body, it is a spatial field.
Whenever it is more convenient to work in Lagrangian coordinates, a stress tensor based on
this may become more appropriate. Several such stress tensors are in use. This is the subject of

the next section.

Nominal Stress, True Stress
As stated earlier, Cauchy stress tensor is a spatial field. It is the stress tensor in the current
configuration. It is the true stress because the traction computed from it is based on the
currently measurable area.
For any given element, a comparison can be made between the current area and the original
area that transformed to it. From kinematics, we recall that the vector current area, da = nda
in a deformed body

da = F¢dA
where dA = NdA is its image, in the material coordinates, and F€ is the cofactor of the
deformation gradient. The resultant force acting on an area bounded by AS in the deformed

coordinates is the sum, fAS t"da of the traction vectors, t™ over the area; it can be obtained,

using Cauchy stress theorem, t" = on, so TN — SN

that,

dP=j anda=j oda
AS AS

=f GFCdA=f SNdA =f SdA
AS, AS, AS,

a t! = gn

where S = 6F¢ = JoF T is called the First Reference
Configuration

Piola-Kirchhoff Stress Tensor. Its transpose,

ST = JF 16T

Spatial
Configuration

is the stress tensor from the material viewpoint. It is called the nominal stress. Tractions based
on this tensor are measured with respect to areas in the material configuration. Symmetry of
the Cauchy stress tensor (to be established further on) implies that ST = JF~16T = JF 1o

12



This transformation by the cofactor tensor, applied to o to produce S, when applied as in this
or any other case to any tensor is called a Piola transformation. Whenever,

A = BF¢ = JBF T
A is said to be the Piola Transformation of B. In the above expression for nominal stress, we
have used the yet-to be proved fact that the Cauchy stress tensor is symmetric. This will be
established later. The components of the S stress are the forces acting on the deformed
configuration, per unit undeformed area. They are thought of as acting on the undeformed
solid.

Recall that the ratio of elemental volumes in the spatial to material, coordinates

W o GetF
qy —J = de

where F is the deformation gradient of the transformation. It therefore follows that the
Kirchhoff stress T, defined by
T=Jo

is no different from Cauchy Stress Tensor during isochoric (or volume-preserving) deformations
and motions. It is used widely in numerical algorithms in metal plasticity (where there is no
change in volume during plastic deformation).
While the Cauchy Stress tensor is symmetric, neither the Piola Kirchoff tensor, nor the norminal
stress tensor are. A second tensor, a material stress tensor, is the symmetric Piola-Kirchhoff
Stress, £ is useful in Conjugate stress analysis. It is defined by,

S=JoF T =FE
In terms of the Cauchy stress o we can write,

E=JF 'oFT.
This second Piola-Kirchhoff stress is, just like Cauchy stress is symmetric for,

ET = JF 'oF )T = JF16F T = E.

Stress Invariants & Decompositions

Principal Invariants
As is the case with any second-order tensor, Cauchy Stress Tensor has associated scalar-valued

functions called invariants because their values are dependent only on the stress fields alone

13



and independent of coordinate systems chosen to represent them. From equations , we
easily see that, for a set of arbitrarily selected linearly independent vectors, a,b and c,
11(0') =tro=o0y

[oa,b,c] + [a,6b,c] + [a,b, oc]
[a,b, ]

= 011 + 033 + 033

I,(6) =treo®

1
= E(aiia,-,- = 005
= 011022 — 021012 + 022033 — 032033 + 011033 — 031013

[oa, ob, c] + [a, 6b, oc] + [0a, b, oc]
— ,and
[a,b, ]

I5(0) = deto
= €jk0i10j20k3

[oa, ob, oc]
[a, b, c]

Additive Decompositions
Again, as is the case with any second order tensor, the stress tensor admits two additive

decompositions. It can be broken into its symmetric and skew parts:
1 1
c ZE(O'-I-O'T) +§(0'—0'T)

=symo + skwo
A more important additive decomposition is the separation into spherical and deviatoric parts.

Let
St()
S = ro

The spherical and deviatoric parts of o are:

o =spho+deve
where sph 6 = sl, and dev 6 = o — sl. The second principal invariant of the deviatoric stress
tensor,

I,(dev o)

14



Plays a crucial role in the design of metallic elements and is usually computed in the various
design software as the Von-Mises or Equivalent Stress.
In a static fluid, shear stresses vanish; and with it, the deviatoric part of the stress.

Consequently, for a fluid at rest,
1
o =spho = §tr(¢r)l = —pl

so that the pressure is the negative of the third of trace of the stress tensor,

p= —3 r(o).

States of Stress Examples

The law of Cauchy states that the state of stress at any point in a body is completely
determined by the Cauchy Stress tensor. We therefore only need to specify the surface of
interest once this tensor is known. Equation____ provides the stress at any given surface as the
operation of the tensor on the unit normal to the surface. In this section, we see examples of
stress tensors for simple states of stress. Uniaxial, biaxial and triaxial stresses, pure shear as
well as hydrostatic stress. Each will be computed by the product of Cauchy stress on the surface

unit normal.

Uniaxial Stress

Given any vector v and a scalar stress

intensity o, the Cauchy stress tensor field for

uniaxial stress in the same direction as v is

given by:

2

o(x) = (ﬁ) c(vQv)

Uniaxial stress of intensity o in direction of the unit vector, e, is therefore given by the stress

tensor field,

6(x) =o(e; ®ey).

15




In figure___, a bar is aligned to direction e; as shown. Consider a surface with unit outward

drawn normal n at an angle 8 as shown. The resultant traction on this surface can be found,
using equation ___:
t™ = on=0(e; ® e)n
= ce,(e; - n)
= (ocosfB)e,;
From the last expression, uniaxial stress tensor creates traction in only one direction no matter

the orientation of the plane on which it acts. When the plane is oriented at right angles, 6 = g,

to the direction of uniaxial stress, the surface traction is

t(ne=r/2) = (a cos %) e, =o.

On a surface with normal in the direction of uniaxial stress, 8 = 0, and the surface traction,
t(n9=0) = O'el.
For all other surfaces, it is a non-zero vector of magnitude less than o and always in the same

direction e;.

Biaxial Stress

Given two perpendicular unit vectors e; and e,, the stress

tensor field,

o(x) =06, Qe +o0e;, e, +03e; Qe, +ose;, Qe ‘ e;
is a bi-axial stress tensor. The traction on an arbitrary plane .
oriented with a unit normal, outwardly drawn, n {1

t™ = o(x)n = (01e; Q e; + 0,6, Ve, + 06, Ve, +o.e, De;)n

=o.e;(n-ey) + o,e,(n-e;) + ;e (n-e;) +ose,(n-e;)

= g,e, cos ¢ + g,e,sing + g;e, sin ¢ + g€, cos P
If the eigenvalues (principal stresses) of o(x) are {s;, s, 0}. 6(X) in this case has the spectral
form,

o(x) = s;u; Q@ u; +su; @ uy

where u;and u, are the corresponding eigenvectors (principal planes)
Triaxial Stress
The most general stress tensor in a triaxial field will be in the form,

16



o(x) = 0;;€;  e;
By the balance of angular momentum, to be shown in the next chapter, only six of them will be
independent. In spectral form (using principal directions), the number of independent terms
becomes 3. If e;, e, and e5 are also principal directions, then,
6(x) =01e; Qe +0e;, ¥ e, +03e; Qe
is a triaxial stress field. gy, 0, and g5 are, as we shall soon see, the principal stresses or
eigenvalues of the stress tensor.
Pure Shear
The stress tensor field,
ocx)=1(e; Qe,+e,Re;)
is a state of pure shear of intensity 7.

The traction on an arbitrary plane n '

| e—
tW =ex)n=1(e; De, +e, De;)n e
1
=1e;(n-e,) + te,(n-e;) - E TI
= 7e,sin ¢ + Te,cos i e

At the e;plane (that is, perpendicular to

e) ¢ =0.

t™ = 7(e;sin 0 + Te,cos0) = te,

Similarly, at ¢ = %,
o /i

t = ¢ (e1 sin> + Te, cos E) = 1€,

Showing that the resultant stresses on the coordinate planes are shear of the same intensity as

7. This situation is depicted by the diagram in figure__ above.

When ¢ = 7,
e e

+
V2 V2
where n is the surface with normal at 45° to e, axis. When ¢ = %n,

e, e
t™ = T(—l——2>=—rm

V2 V2

17



where n is the surface normal at 135° to e; axis. The tensile and compressive stresses on these

planes are shown in figure b above.

The eigenvalues of o(x) are {7, —7, 0}. Furthermore, & in this case has the spectral form,
olx)=tu; Qu; —tu, @ U,

Hydrostatic Pressure

It is customary to characterize the state of stress called “hydrostatic pressure” in terms of a

cuboid with coordinate compressive

p
P normal stresses. This way of description
p
p ~ 2 only tells part of the story. While it is
——
S p . .
pd true that hydrostatic state of stress is
p \/
\ usually compressive, it is possible to
p create a tensile case.

More important is the fact that hydrostatic pressure is a state of stress that creates the same
traction at every surface, no matter what the orientation of the surface is, at that point. The
spherical stress tensor,
o(x) = —pl
Is hydrostatic pressure of intensity p. In fact, every spherical stress tensor creates hydrostatic
pressure. The traction t™ on a surface with unit outward normal n is
t™ = ¢(x)n
= —pln
= —pn.
This always produces a traction, normal to the surface of the same magnitude, no matter the
orientation of the surface. For this reason, the stress intensity of a fluid at rest is independent
of the orientation of the surface at that point. While it may vary from point to point, it is

constant for every surface orientation at a given point.
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Principal Stresses and Principal Planes.

Principal stresses are the eigenvalues of the Cauchy Stress Tensor. The surfaces in which they
act, are the eigenvectors. We know from Cauchy’s stress law that the components of the stress

tensor can be depicted as shown in the figure below.

We also know that by suitable rotations, we are able to
transform the components of the stress tensor into other

orthonormal systems of coordinates using rotation tensors.

The Stress Eigenvalue Problem

Xz

The eigenvalue problem for the stress tensor is simply this: )
Can we find suitable rotations such that the only stress components V\lle have to deal with are
the normal stresses? If so, what will those normal stresses be? What will those directions be?
Given any tensor ¢ and a vector n, the product on is obviously a vector. When can we have the
new vector to be such that,
on = an

Or, expressed in component form, g;;n; = an,.
This will happen only when we can solve the equations,

|01 — ady| = 0
Opening the determinant gives us the equation,

—a*+La?—La+13=0

This is the characteristic equation of the stress tensor. A most important equation in
mechanical design as we shall see.
The three solutions to this equation are the principal stresses, o1, g, and g53. The principal
directions can be obtained by substituting each back in the equation, g;;n; = an; and solving
for the three vector directions in each case.

11, I, and I5 are called the Principal Invariants of the stress tensor. They are extremely

important scalars in design.
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Plane Rotations

the following examples show.

We obtain the stresses and the directions as shown.

As usual, we can rotate to this new set of

coordinates after the transforming rotation tensor
Given any stress tensor, you can use Mathematica

to obtain the eigenvalues and principal directions as

***Examples have been moved***Reword above

Let the coordinate system be rotated to point in the direction of the polar coordinates shown

so that the normal stresses are now g,.and gy, while the shear stresses are 7,4. The unit vectors

are rotated from {e,, e,, €5} to {e,, eg, e,} such that,

e, = cos fe; +sinf e,ey = —sin fe; + cosf e,e, = e;

For this transformation of coordinates, the rotation tensoris,e; Q@ e, + e, X ey + e; X e,.

Note that this is the transpose of the tensor for vector transformation.

Let the Cartesian unit vectors be e, e,, e;. Let g, ayand g, be the normal stresses and t,,, the

only non-vanishing shear stress.

The tensor components after the rotation to plane polar system shown given below is derived

from the following Mathematica Notebook:

20

_oxtoy,  0x—o0y

oy = > + > cos 260 + Ty, sin 26
o, t+ o Oy — O.
0p = x2 Y _ x2 Y cos 20 — T, sin 20
Ox — 0y
Trg = — sin 26 + 1y, cos 26

X2



http://mathworld.wolfram.com/RotationMatrix.html

CauchyStr = { {0y, Tyys @}, {Tuys Oy, @), {8, B, 0;}1};

eg = {1, @, @};

ez = {0, 1, @};

e3 = {0, 0, 1};

er[a_ ] :=Cos[x] eq +Sin[a] e3;

es[a@_ ] 1= -5in[a] eq + Cos[a] es;

e;[a ] 1= e3;

Rot[a ] := TensorProduct[e;, e.[2]] + TensorProduct[e;, es[2]] + TensorProduct[es, e;[=]]

Rot[&]

{{Cos[e], 5in[&], @}, {-5in[&], Cos[2], @}, (@, @, 1}

MatrixForm[%]

xForm=
¢ Cos[g8] S5in[g] @
-5in[g] Cos[g] ©
[ % 1)
RotStr[©] = Rot[©] .CauchyS5tr.Transpose[Rot[&]]
{{Sin[8] (5in[&] oy + Cos[8] Tyy) + Cos[E] (Cos[S8] gy + Sin[8] Ty,
Cos[€] (5in[8] gy + Cos[8] Tyy) - 5in[8] (Cos[8] gy + 5in[8] Ty}, @},
{Cos[8] (-5in[8] gy + Cos[8] Tyy) +5in[8] (Cos[8] oy - 5in[8] Ty,

-5in[g] (-5in[9] oy + Cos[8] Tyy) + Cos[O] (Cos[O] oy - S5in[8] Ty}, 0}, {@, 0, o;}}

MatrixForm[Simplify[%] ]

xForm=
cosl[!?w-x + 52 8) Ty +sin:[9m,l- ;1 [—sin28) oy + 2 cos2 8ty +siN2 G ey 0
; . . ) ¥ .
—i [—sin(2 8oy + 2 cos(2 8ty +si2 B ey | SIT(8) oy + COSI) (COSIB oy — 2 SINE) Ty} O
0 0 o-

Mohr Stress Circle: 2D
If the coordinates of initial reference were to have been principal coordinates such that g; =

ox < 0, = 0y, the rotated equations take an especially simple form,

o, +0q 0, — 04

> > cos 20

0, =

o, + o 0y, — O
Og = 22 Ly 22 Lcos20 = a+bcosa

02 — 01 .
Trg =—— —sin 20 = bsina

The parametric representation of a circle radius b, the difference between the principal stresses
whose center, a, is at the average of principal stresses. Showing that the normal and shear

stresses at an angle 6 is a point at angle 26 on the circle.
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To compute the state of stress and obtain the tractions at a given surface or plane, the Mohr
stress circle is not so useful in the view of modern computational tools. However, it remains a
veritable visualization tool. The 3-D equivalent of this tool can be obtained in the following way:
Mohr Circle: 3D
To find a similar graphical representation for the 3-D situation, given three principal stresses,
0, < 0, < 03, Observe that, the normal stress at any orientation given by the unit normal, nis,
0 = n - on, so that,
o = oyn? + o,n3 + o,n
The stress vector on the plane, by Cauchy stress law, t™ = gn. The square of its magnitude is
the square of the normal stress magnitude, o2 plus the square of the shear stress, 72so that,
0% + 12 = ofn? + oZn + oin3
And finally observe that, the magnitude of the unit vector n implies,
nf+ns+ni=1

Solving these as three equations for n?,n3 and n3, using the following Mathematica code:

y:
Simplify[
SOlVe[{—U+d101+azaz+a3c3 ::9_'
~o"2-Tt™"2+a701™"2 + 20,2 +a3 0372 =20, oy +0ay +a3 =1},
{a1, az, a3}]]
it _G60o02+0 c
« 0¥ T =003+ 0 (—0+03
g = ~ ~ { ~ .
s | w2 V1 T3
G2 -T2 04 (G-0Ca) + GG it _o5o (-o \
) =G ="+ Ot (\G=03) +003 O +LC -002+01 (\-0+02)
a3 =3 (5 s\ (6 -~ Pz = ( Y G-
\\-l_uz A\./Z_u3 \Jl—u3v l_uz‘u3y

We represented the squares of the magnitudes by a; = n?, @, = n% and a3 = n3,
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The numerator of these can be plotted as equations in the 7, o coordinates by the code below,

Where we have used the values of o; = 2,0, = 15, and g3 = 50

cr - 2 o c J: o aga )
[ ] o + L 7\J‘u'3*u2[7u'*q3_\
1401 = — -
L (01 -03) (O1-03)
—::2—:2—:51{3—33}—:7:3 32—1’.2—5:2—31[—5—52:”
@2 = o — 5. (o0 — o s Oz 7 P S ]
(03 -0y) (03 -03) (0 —03) (-0 +03)

{{yl, y2, y3}} =y /. {0150, 03 > 15, 03 > 5}

15 (5-0) -50+c? + ¢? 1, ;

oy = ( , 07> —— (5@ (-5+0) +50-0-17%),

L 1575 350 '
‘ 1 N 2.2y
0'3%459 (50 (15-0) -150+0" + 1 J 1]

yi[c ] :=-15(5-0) +50-0"2;

ya[oc ] :=-50 (15-0) +15 0 - oc"2;

yo[o.] :=50 (c-5) +50-0"2;

Plot[{Sqrt[yi[c]], Sart[y,[o]], Sqrt[ys:[o]1]}, {o, @, 5@},
AspectRatio » 1/2, Filling -» {{1 -> {2}}, {3~ {2}}},
FillingStyle - LightBrown, AxesLabel -> {o, t}]

T
Stresses in the shaded

2o§ .| regionare the only

_ possible stress states.

Heat Fluxes

The rate at which heat flows through a surface is quantified by FourierOStokes law of Heat
Fluxes. This is the fundamental law in heat flow. Cauchy’s postulated the existence of a stress
tensor on the basis of which the load intensity arising from mechanical forces (body and surface

forces) can be elegantly quantified in a consistent manner.
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The counterpart of this for thermal exchanges with the surroundings is the Fourier-Stokes heat
flux theorem. In this section, after stating this law, we shall examine its implications for material
(reference) configuration and the transformation of the heat flux from spatial
(current_configuration.
Consider a spatial volume @8; with boundary 0 @3;. Let the outwardly drawn normal to the
surface be the unit vector n. Fourier Stokes heat Flux Principle states that
Aq(x, t) — vector field such that, the heat flow out of the volume is

h(x,t,098;) = h(x,t,n) = —q(x,t) - n
q(x,t) is called the heat flux through the surface.

Heat flow into the spatial volume @8; volume is

qx,t) -nda=| Jq(x,t)-F"TINdA=| JF'qxt)-dA=| Q-dA
0GB} 0% 0B 098

Q(X, t)is a Piola transformation of the spatial heat flux. That is,
Q(X,t) = JF*q(xt)
Hence to obtain the material heat flux from the spatial heat flux, we do a Piola transformation

on the latter.

Piola Transformation

Recall that, in order to obtain the Piola-Kirchhoff’s stress from Cauchy Stress earlier, we also
took the latter through the same Piola transformation.
Begin with Cauchy stress law,

on = t"
we see that the Cauchy stress tensor is a spatial tensor because it transforms a spatial vector (in
this case, the normal to a spatial area) to a spatial vector — the traction in spatial configuration.
Recall, in the chapter on Kinematics, we saw the following tensors: Deformation gradient, F, its
transpose, FT, inverse F~1,and cofactor, F€,the left V,and right U, stretch tensors, as well as

the various strain tensors. By the same consideration, we have the following table:

Deformation gradient, F dx = FdX Material to Spatial
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Transpose of Deformation gradient, FT Spatial to material
Inverse of Deformation gradient, F~1 dX = Fldx Spatial to Material
Cofactor of Deformation gradient, F€ da = F¢dX Material to Spatial
Rotation Tensor, R Material to Spatial
Transpose of Rotation Tensor, RT Spatial to Material
Left Stretch Tensor, V Spatial

Right Stretch Tensor, V Material

Rotation Tensor, R Material to Spatial
Lagrange Strain Tensor, E E— l(UZ -1 Material

2
Eulerian Strain Tensor, e E= %(l _v? Spatial

The list is not exhaustive. From the above we can see that some tensors transform across the
configurations while others transform within the configuration. We therefore have material
tensors, spatial tensors and two-toe tensors that transform across configurations. In this latter
group, we observe that some transform one way (for example material to spatial) while the
other may reverse the transformation as can be seen in the pair of the deformation gradient
and its inverse; or the rotation tensor and its transpose.
In this light, we see that, while Cauchy stress is a spatial tensor, the first Piola Kirchhoff stress is
a two-toe tensor, transforming from material to spatial. To see this, observe that, given an
elemental material area, dA,
SdA = oF°dA

= oda = onda

= t"da
the last expression being the spatial traction on the elemental spatial area. The tensor basis of
the first Piola Kirchhoff tensor is therefore from Spatial to Material.
For a spatial tensor A, Piola transformation, AF€ creates a two-toe tensor from material to
spatial configurations.

For a material vector, dX, Piola Transformation, FTdX = JF~1dX creates a spatial vector.
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Euler-Fourier Law of Heat Flow

Examples

5.1

a-t=pn.t™
if and only if the associated Cauchy stress tensor is symmetric.

Let o be the Cauchy stress tensor. It follows that,

T

n-tY =n-ecn=0-0'n

This is the definition of the transpose of the tensor. But nn - t™ = @ - on. This can be equal to

n-o'nonlyif

a Mathematica code

EChapterFiveOOLnb - Wolfram Mathematica 11.3

File Edit Inset Format Cell Graphics Evaluation Palettes Window  Help

In[1= Eigenvalues [{ {01, o1}y {03y 023} ]
21 ;1 % -
Out[i}= { — [Ulacl—\/’Ui—chczaaia:lcri ], - [Ulacza\jai—lalczacia:lcri b
2 72 1

Shows the eigenvalues. If the eigenvectors are u; and u, respectively we have,

6(x) = s;u; ® u; + su;, @ u,
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a The unit normal to the given plane is the vector n = % (2e; +3e, + e3).The

traction vector is o n.

In the Mathematica code shown, the Cauchy stress tensor components are entered using the
Sig= ({1, 4, -3}, {4, 1, 0}, {-3, 0, 0} } variable Sig. The normal to the surface is
(i1,4,-3),04,1,@}, (-3,8,0]] entered with the variable NorVec. The

NorVec = {2/Sqrt[14], 3/Sqrt[14], 1/Sqrt[14]} (ENSOr operation on this normal as in

5 3 N Cauchy theorem is to take the product ¢ n

4 —_

: ! ] as shown in symbolic form. Hence the
7 w12 i 1a y

result.
Trac = 5ig . NorVec // MatrixForm

itrieForm=
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We need to refer the same tensor to another orthonormal system. First, we have
only two of the three vectors &, and §5. We need to find &;.
$1=§2 X §3

Taking the above cross product, we find that §; = % (—e; — 4e, — e3). Note

that Mathematica computes this directly in Cross($,, &3).
It is necessary to rotate the Cauchy stress tensor and the appropriate rotation
tensor is:

Q=¢1Qe+$: Qe +8:Qe;
The Mathematica code below computes the rotations QoQT of the Cauchy
tensor o fromeq, €5, e3t0§4,&5, &3 :
Recall from last term that to rotate a vector, you only need to operate the
relevant rotation tensor on it. However, in this case, you need to operate the
rotation and its inverse — which is its transpose in order to obtain a rotation of
the stress tensor to a new coordinate system as we have shown. The decimal

floating points are computed to see the simple numbers.



ey = {1, 8, @};5 €2 = {8, 1,8} e3 = {8, 8, 1};
€2 = {1/5qrt[2], @, -1/5qrt[2] };

€3 ={2/3,-1/73, 2/3};

£1 = Cross[£a, &3]

1 242 1

{ =

¥ ¥

¥
342 3 342

Q = TensorProduct [£1, 21] + TensorProduct([£:, €3] + TensorProduct[£1, 23]

1 1 2. 242 1. 1 1 2.
11——J _J_I‘JE— JGJ—_I‘JE——J—_J b
vz vz 3 37 svz vz 3
Newsig = Q.5ig.Transpose[Q] // MatrixForm
peForm=
o L_ u 1—_|2"\."_.1 o L_ u 2—_|1"\."—1
S S ') IS DY [_2_;‘2;—2] ER R O F
3 Y2 12 142 142 3 ) 12
L2 B L2 2
8 a4z 1 242 1”,:—[ 1«.-'_1] g a4z N
AL R I | Te=
3 vz 3 3 'z
a2 L_ CRES 27 L_ 2
R vz ! * ot -Eﬁ[_z_ 1 -Zﬁ] Jz 1vz ¥ !
1 142 Wz U iz 1 1z Sy

N[%] // MatrixForm

pcForm=
@.,165831 -8.794529 8,498365
~@.794529 - @.995729 4.53838 l
B.495365 4.5388 2.8317
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a We first need to find the normal to the surface. The surface here is not plane. However, there
is a tangent to the plane at the point of interest. We take the gradient of its equation to find
the unit vector along this normal.

BxI_, x2 5 x3 ] 1= xI™2 4 x22 % x3
MormalVec = Grad [d[x1y Xas Xals {H1a ¥2s ¥a}]

': 2 iy 2 Wiy 1:'

UnitNormalVec = Normalize [NormalVec] /. {x; -+ 1/2, xa =+ 5Sqrt[3] /2, x3 =+ -1}

Varsigma[x1 5, x2 4 x3 ] i1= {{5x2x3, I3 x2"2, 0}, {Ix2"2, 0, -x1}, {8, -x1, @}}

TractionVec = Varsigma[l. / 2, Sqrt[3] /2, -1] .UnitNormalVec // MatrixForm

itroeForm=
-@.193649 ¢
a8.782624 ‘

~-8.387298

a Obtain the unit normal n and operate the Cauchy stress ¢ on it. To find the normal and the

shear stresses, invoke the dyad (n @ n) on slide 18 and the projection tensor (I — n @ n).
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CauchyStr = {{3, 1, 1}, {1, @, 2}, {1, 2, 8} };
NorVec = 1/ Sqrt[2] {8, 1, 1};
TracVec = CauchyStr.NorVec

N7,7,V7)

Eigenvalues [Cauchystr]

4, -2,1)

vecs = Eigenvectors [CauchyStr]

2.1 1_1 1_:'_1 ':a.'l ‘1.1 1,.'.1 '1.1 1.1! 1

gy = {1.,8,0}; €2 ={0,1.,0}; e3={0.,0,1.};

Q = TensorProduct[e;, Normalize[wvecs[[1]]]] + TensorProduct[e;, Normalize[vecs[[2]]]] +
TensorProduct[e;, Normalize [vecs[[2]]]]

| 1@.816497, B.4B8248, ©.408248), [@., ©.787187, 8.787187), | @.57735, 8.57735, B.57735)

NewCauchy = Q. Cauchy5tr .Transpose[Q] // MatrixForm

trizeForm=

4. @. e.-
a. ~2. 8.

~1.66533«18 ' @, 1.,
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Recall that the principal stresses are the eigenvalues

of the stress tensor while the principal directions are

the eigenvectors. The principal stresses are:

1
02 =5
1
0 =3

2 2 2
(Un + 03, — \/011 + 401, — 201105, + 022)

= —81.98

(Un + 03, + \/0121 +40f, — 209105, + 0222>

=121.98

The Principal directions are given in the row vectors,

2 2 2
_0-11 + 0-22 + \/0-11 + 4‘0-12 - 20-110-22 + 0-22

204,

2 2 2
_0-11 + 0-22 - \/0-11 + 4‘0-12 - 20-110-22 + 0-22

204,

As computed in the following Mathematica code:

[]QS.? Stress.nb - Wolfram Mathematica 11.3

File Edit

Dut[4)=

Qut[5)=

Insert Format Cell Graphics Evaluation Palettes
CauchyStr := {{0u,y O12}s {0125 On2}}
Eigenvalues [CauchyStr]

1 'os 5 - 1

~ |F1 ¢ G N Oy # A0 - 201 O 4 O1p |y~

2t 2
N[gﬁl ! - I:O'j_j_ —l4’9_.| 093 = 199_.. T332 —0'9}

81.9884, 121.98)
Eigenvectors [CauchyStr]
Oy + Op3 + %) Oy +40); - 20y 0y + O i
» 1
2012 )

N[%] /. {011 - 48, 01 - 100, 033 - 0@}

@.8198064, 1.1, /1.2198, 1.

Al o12 MPa
-\ - - - -
-
. N 1 -
A L
- \ -
\
-l Q ﬂ Al
P 5 g 1 .
\ A
=T \ :
. -
- N L
.4 \ A
\ Y
-
- - - -
Ay
AY
.
1| =[-0.82,1.]
1 =1[1.22,1.]
Window Help
' 7 2 3
|511 * Oz + % LTI,_ 45;1 2 O11 T2z :El
{ = 2
Oyy + O35 = %) Oy # 40y, - 204y O3 + 035
2012

o011 MPa
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In each case, the traction, t™ = on. The normal to the plane is the unit vector,

1 . .
3 (2eq — 2e,+ e3). The scalar product, ¢ = t" - n gives the normal stress while the shear

stress can be computed from: T = /[|t?||? — a2. This is shown in the following code:

EQS.B Stress.nb * - Wolfram Mathematica 11.3
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

In[1= Cauchyl = { {12, 9y @.}, {9y -2, 0}, {8, B, 6}}
Cauchy2? = {{9, @, 12.}, {0, -25, 8}, {12, @, 16} }
Cauchy3 = {{1, -3., Sqrt[2]}, {-3, 1, -Sqrt[2]}, {Sqrt[2], -Sqrt[2], 4}}
VecNor =1/3{2., -2, 1}
Tracl = Cauchyl . VecNor
Trac2 = Cauchy2 . VechNor
Trac3 = Cauchy3 . VecNor

OuE= 2., 7.33333, 2.)
outEl= [1@., 16.6667, 13,3333

out7= [ 3.13887, -3.13887, 3.21895)

Ir[2l:= Nor5trl = Tracl.VecNor
Nor5tr2 = Trac2.VecNor
Nor5tr3 = Trac3. VecNor
Shearl = Sqrt[Norm[Tracl] ~2 - Norstri~2]
Shear2 = Sqrt[Norm[Trac2] ~2 - Norstr2~2]
Shear3 = Sqrt[Norm[Trac3] ~2 - Norstr3~2]

ouE= - 2.88880
Outlz}= B.88178x10 ¢
Cutli0}= 5.25708
Culi= 7.38973
oufiz= 23,5782

Cwt[12}= 1.55556



a For a plane with equation, ¢ = X1 + X + X3 = 6, the normal vector to the plane is

grad ¢ 1
n=—"—"-=_(e; +ete
leradgll — y3 o1 T €2*e€s)

The point of interest is (1,2,3). Traction vector is: t*(1,2,3) = 6(1,2,3)n. The following
code implements this:

EQS.Q Stress.nb * - Wolfram Mathematica 11.3
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
In[1]:= f1 = Grad [ {x1 + x2 + ®3} 5 {xl, x2, x¥3}];
MorVec = 1/ Norm[f1]
CauchyStr[xl_, x2 , x3 ] == {{12x1*2, 9x1 x2, @}, {9xI x2y, =2x2x3"2,0)},
{@, 8, 6 x1 x272}};
tracstr = CauchyStr[1, 2, 3] . NorVec[[1]]
1 1 1

| I

Out[Z}= {4

oupi= 11843, -6+ 3,843 )

b Normal traction, ¢ = t" - n and shear is given by: Sigma = tracStr. NorVec[[1]] ¢ =
_ 12
VIItY|? — a2 is computed here:
Morm [ tracstr]
10 6
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The principal stresses and directions are the In[71:= Eigenvalues [CauchyStr[1, 2, 3]]
Eigenvectors[CauchyStr[1, 2, 3]]
eigenvalues and eigenvectors at this point. They are
OutlT}= [ -42, 24, 18)
computed in:
Cutfel= (-1, 3,8}, (8,@,1 , 3,1,8)]

EQS.‘IO Stress.nb * - Wolfram Mathematica 11.3

File Edit Inset Format Cell Graphics Evaluation Palettes Window Help

CauchyStr[x1 , x2 , x3 ] 1= {{12x172, 9 x1 x2, B}, {Ixlx2, -2x2x3%2,01},
{0, @, 6x1 x272}};

fE1lipt = x2"22x3"2

de = Grad [fELLipt, {xl, %2, x3}] /. {x1 = 5, ®x2 =+ 2, x3 » 1}

VecNorEllipt = d¢e / Norm[de]

Tracle = Cauchystr[5, 2, 1] .VecNorEllipt[[1]]

fPlane = x1 + x2 + 3 x3

¢p = Grad [fPlane, {x1, x2; x3}]

VecNorPlane = ¢p / Norm[dp]

Traclp = CauchyStr[5, 2, 1] .VecNorPlane[[1]]

Function CauchyStr in the above code contains the stress tensor at any given point. ¢pe and

¢p are the elliptic surface and plane functions respectively. The respective normal vectors are

grad ¢

using the Norm[] function. Tractions are
Igrad gl *>'"8 !

computed as shown by the formula: n =

7 n —
computed from the relation, t on as shown. Eigenvalues [CauchyStr (5, 2, 1] ]

Principal stresses and principal planes are computed Eigenvectors [Cauchy5tr([5, 2, 1]]

from the eigenvalues and eigenvectors of the Cauchy stress. Independent of planes of action.



Results:

(a) Traction vector on the elliptical surface, {18\/§, = %, 48\/5}

(b) Traction on the plane surface: {%,%,%}

(c) Eigenvalues {2(74 ++7801),120,2(74 —v7801)}
—(76+7801) 1 0

(d) Eigenvectors are given by the rows of 0 0 1

—(76—7801) 1 0

The unit normal here is CauchyStr5 = {{2.0, 3.5, 2.5}, {3.5, @.e, -1.5}, {2.5, -1.5, 1.8}};
ff5[x1_, x2_, x3_] :=x1"2+ (x2-2) "2+ x3"2;

obtained by normallzmg UnitNormal5 = Normalize[Grad[ff5[xq, X2, X3], {X1, X2, x3}1] /.

the gradient of the sphere g > Tagip <0 Ty 83 <0 A1
TracVec5 = CauchyStr5.UnitNormal5 /. {x; » 1., x3 -> 1, x3 -> 2}
equation. t" =onis {1.4288690166235205" , ©.20412414523193156", 2.4494897427831783" }
NorVec5 = TensorProduct [UnitNormal5, UnitNormal5] .TracVec5
given by ta klng the {1.0206207261596578" , -1.0206207261596578" , 2.8412414523193156" }
ShearStr5 = Sqrt[Norm[TracVec5] *2 - Norm[NorVec5] *2]
dot product of the 1.3540064007726593"

stress tensor with the unit normal at the point of interest. As before, shear is given

by:

r = el = o2
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The first step here is to calculate the unit normal to the plane. To do this, we normalize the

cross product of the line joining the points Normalize[Cross[{1, 2., -5}, {2, 8, 3}]]

(1,2,-5) and (2,0,3) to the origin. 10-483604, -0.874475, -0.269069)

We can now find the
traction vector, t" = on

using this unit normal:

o=-332,t=224

Cauchystr = {{2.8, 3.5, 2.5}, {3.5, 8.8, -1.5}, {2.5, -1.5, 1.8} };
TracStr = CauchyStr.NorVec;

NorStr = Trac5tr.NorVec

Shearstr = Sgrt[Norm[TracStr] 2 - NorStr~2]

~3.32127

2.24484

From the formula given in

equation , using the .

nomenclature of the question, g,, = 0 . - \~— — — — ;
011+ 0 011 —0p _ - “\ =
= > 5 cos 20 + 04, sin 20 . . i’ L
011 — O ;
T=——2"24in 20 + gy, cos 26 T Y T
: — -
_50+50 (‘I‘[)+3O_ (T[)—6348 I —
g=—+--cos |3 sin(7) = 63. 8
50 01 T
T= —75in (g) + 30 cos (5) = —6.65

300 kPa

AREENYN
‘\\/o =45°




o, to Oy — O
a o, = xz 4 xz ¥ cos 20 + 1, 5in 26 *2
€g
Oy +0o, 0,—0O X
Op = x2 L x2 2 cos 26 — T, sin 20 X8 1. e,
GT
Oy — 0y | o
Trg = — sin 20 + t,,, cos 20 5
6 Xy Trg“0g
What we are looking for is the stress after we have 39
rotated the axis by 8 = 45° = /4. Normal stress, X5

oxt+o, o0,—0
=T 2
3004600 300-600

cos 26 + Ty, sin 26

T
> + > cosE + 500 sinz =950
Shear Stress,
300600  m T
Trg = —Tsm §+ 500 cos 5= 150

o, + o Oy — O
a o, = x2 Yk x2 2 cos 26 + T, sin 26
o, + O Oy — O.
Og = xz L xz ycosZG—TxysinZG
Ox — 0y |
Trg = — > sin 26 + 1, cos 26

What we are looking for is the stress after we have rotated the axis by 8 = 60° = /3

Normal stress,

40+0 40-0 _
o= > + > cos 2m/3 + 100 sin 2w /3

2T 2T
=20+ 20 cos—-+ 100 sin7 = 50v3 +10

=0 i BT 100 cos ZF = —67.32
T= ZSln 3 CoS 3 = .
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a _ax+ay Ox — Oy

s > + > cos 26 + Ty, sin 26
O, T+ O Oy, — O.
Oy = x2 Y _ x2 Y cos 20 — T, sin 26
Ox — 0y |
Trg = — > sin 26 + 1, cos 26

What we given is the stress gy after we have rotated the axis by 8 = 45° = /4

Normal stress,

_ 40 + (F¥) 40 — (FY)

30 > >

s
cosi — 20sinm/2

60 — 40 + 40 cos = + 20 sin =

Oy = %l- 2=4'0
1+c057
40—-40 & T
O = Trg = — > 51n5+ 20 coszz 0
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a CauchyTensl6[x1_, x2 , x3_] :=
{{-2x1"2, -7+4 x1x2+x3,1+ x1-3x2},
{-7+4 x1x2+x3,3x1""2-2x2"2+5x3, 0},
{l+x1-3x2,0, -5+x1+3x2+3x3}};
NorVecl6 = Normalize[{1l, 1, 1}];
TracVecl6 = CauchyTensl6[xy, X3, x3] .NorVeclé

{ 2X§ l+x3-3x3 -7+4x1X%Xp2+%x3 -7+4x1X3+X3 3x%—2x%+5x3
- + + s + ’
Vi 43 V3 N V3
1+X1—3X2 —5+X1+3X2+3X3
‘ J

V3 V3

NorStrlé = TracVecl6.NorVecl6 /. {x3 » 1., X3 » 1., x3 - 3.}
6.666666666666669"
ShearStrl6 =
Norm[ (IdentityMatrix[3] - TensorProduct [NorVecl6, NorVeclf]) .
TracVecl6] /. {x1 » 1., x » 1., x3 > 3.}
7.760297817881877"

a CauchyStrl?7 = { {12., 9, @}, {9, -2, @}, {©, 0, 6}}; Norm[TanStrl7]
NorVecl7 = Normalize[{2, 1, 2}];
TracVecl?7 = CauchyStrl7 . NorVecl7; 5.16995
SurfDyadl7 = TensorProduct [NorVecl7, NorVecl7];
NorStrl7 = SurfDyadl7.TracVecl7; Sqr[%"2 + %%"2]

TanStrl7 = (IdentityMatrix[3] - SurfDyadl?7) .TracVecl?7; 17 8525

TracVecl?7

Norm[TracVecl?7]
{11.,'5.323333, 4.}

12.8625
Norm[NorStrl7]
11.7778
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Ei CauchyStr = { {57., 9, 24}, {9, 5@, @}, {24, @, 43}};
PrinStr = Eigenvalues [CauchyStr];
PrinDir = Eigenvectors [CauchyStr];
MaxShear = 1/ 2 (PrinStr[[1]] - PrinStr[[3]]);
PrinStr

{76.9635, 49.1961, 23.8464}

PrinDir // MatrixForm

-@.787925718521862° -0.2629977767151812° -©.5567811456422992
©.8841@92237488279" -8.9416946420469905° ©.3257864939194993"
-©.6099989452288006 ©.20986512474173025° ©.7641059587759337"

MaxShear

26.5615
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The first Piola Kirchhoff stress, S is obtained by the Piola transformation of the Cauchy stress o:

_ _ -T EQ5.51 Stress.nb * - Wolfram Mathematica 11.3
S = oF¢ = JoF N | | |
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
The given code app“es in[1}= DefGra = {{x1°2, -x1x3, 2x2°2}, {x1, 3x3~2, x2x3}, {x2%3, 5x2, x3}};
CauchyStr = {{3x3, x1x3, -2x2x3}, {x1x3, 2x3, 3x2x1}, {-2x2x3, Ixlx2, x1x2}};
PiOIa tranSformation Piolal = MatrixForm[Det [DefGra] CauchyStr . Transpose[Inverse[DefGra]]] /-
{{xl =1, x2 91, %30}, {¥x1 -1, x2 21, x3 1}, {x¥x1 21y x250; x3+1}}
using the second formula (e e e, (19 -3 -8, (18 -2 0
Cuf3= (| 8 6 @ |, |-1 1 2 |,|5% 1 @|;:
‘l3e 2 -15, 3@ -2 -18. @ @ @

as Mathematica did not

provide for the direct evaluation of the cofactor tensor. As an example, in full tensor form, the
solution of (a) is simply,

0 0 0 E;
S=(e; e €e)|l 0 6 0 |Q|E
30 2 -—15 E;
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a From eq uation the [E] @5.52 Stress.nb * - Wolfram Mathematica 11.3 - O

File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

second Piola Kirchhoff stress int}= DefGra = {{x172, -x1x3, 2x22}, {x1, 3x32, x2x3}, {x2x3, 5x2, x3}};
CauchyStr = {{3x3, x1x3, -2x2x3}, {x1x3, 2x3, 3x2x1}, {-2x2x3, 3x1x2, x1x2}};

Piola2 = MatrixForm[Det [DefGra] Inverse[DefGra] . CauchyStr . Transpose[Inverse[DefGra]]] /.

can be found from the first by ((X1 21, %251, X390}, {x1 21, X221, x3 51}, {x1+1, x2+8, x3+1}}
the formula: E =]F_1°-F_T- oup | : ? 33" ’_‘T :’ E119 s :5 !; :
The second Piola Kirchhoff 82 % \ez .w.se) le o
tensor for case (b) is,
259 31 -
2 2 E;
E = (E1 EZ E3) 31 3 ® E2
2 2 3

82 —-10 =50

a Cauchy stress tensor o is a spatial tensor. It transforms a spatial vector to a spatial vector. First
Piola Kirchhoff is a two-toe tensor. It transforms a material vector to a spatial vector. The
second Piola-Kirchhoff tensor transforms from material vector to material vector. It is
therefore a material tensor as can be seen from its tensor basis. Note that when a tensor
transforms from material to spatial, its first tensor basis is spatial followed by a material basis.
The reverse is true for a tensor that transforms from spatial to material.

Furthermore, we observe the fact that the second Piola Kirchhoff tensor is symmetric while the

first Piola Kirchhoff is not symmetric.
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We need to find the unit normal
to the surface at the point in
guestion. This is to normalize the
gradient of the surface function
as shown. At the point (1,1,1),

this normal given by NorVec in

E Q5.54 Stress.nb * - Wolfram Mathematica 11.3 et

File Edit Inset Format Cell Graphics Evaluation Palettes Window Help

In1= DefGra = {{x172, -x1x3, 2x242}, {x1, 3x342, x2x3}, (x2x3, 5x2, x3}}3

CauchyStr = {{10x3, x1x3, -x2x3}, {x1x3, 2x3, 3x2x1}, {-x2x3, 3x1x2, x1x2}};

Pp=x1%2 +#5x1x3 +3x1x2x3 -8

NorVec = Normalize[Grad[é, {x1, x2, 3x3}]] /. {3l 4 1., x2 48, x3 » 1}

Piolal = MatrixForm[Det [DefGra] CauchyStr . Transpose[Inverse[DefGra]]] /.
{x1 1., x2 50, x3 +1}

Piola2 = MatrixForm[Det [DefGra] Inverse[DefGra] . CauchyStr . Transpose [Inverse[DefGra]]] /.
{x1 2 1., x2 50, x3 +1)

TracVec = CauchyStr.NorVec /. {x1 1., x2 -8, x3 + 1};

MatrixForm[TracVec]

NorStr = Dot [TracVec, NorVec]

shearstr = Sqrt [Norm[TracVec] ~2 - NorStr~2]

the attached code. Traction stress, t™ = on, is obtained by operating Cauchy stress on the

normal o and the shear T comes from taking the square root of the difference between the

8.01
norm of the traction and the normal stress: t® = | 1.43 |, 0 = 6.63,7 = 4.73. First and second
0.
Piola Kirchhoff stresses are:
31. —-9. 0.
Piolal =S = oF¢ = 5. 1. 0.
0. 0. O.
245 —-6.5 0.

Piola2 =E=F l6F¢=|-65 25 0.
0. 0. 0.




The unit normal at points A, B and C are e, e, and e; respectively. The traction vector on the

surface containing A is the vector,

EQS.SS Stress.nb * - Wolfram Mathematica 11.3 -
x1 —_— x% xl —_— x3 —_— 2x2 x3 1 File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
xl —_ x3 xz — x% 0 0 In1):= ::::ﬁt: :1(,(0’(,10-);(2"2, x1 -x3, -2x2x3}, {x1- x3, x2-x1"2, 0}, {-2x2x3, 0, x1x2}};
—2%X;%3 x1%, ) 10 5 e
MatrixForm[CauchyStr.NorVecA]

xl —_— xZ ] [0 75 TracVecA = CauchyStr.NorVecA /. {x1 -+ 1., x2 +0.5, x3 » 0.5}

MatrixForm[CauchyStr.NorVecB)

= xl — x3 TracVecB = CauchyStr.NorVecB /. {x1 -+ .5, x2 + 1, x3 + 0.5}
MatrixForm[CauchyStr.NorVecC]
—2x2x3 TracVecC = CauchyStr.NorVecC /. {x1 - .5, x2 - 0.5, x3 » 1}
X1 — x3 2x2x3 1.0
For the B and C, we have, |x; — x1 0 75 and = | 0.0 | respectively.
0 X1X2 1. 0.25
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EQS.SG‘nb * - Wolfram Mathematica 11.3

It is easy to see that the product
File Edit Inset Format Cell Graphics Evaluation Palettes Window Help
QBQT = A infi}= CauchyStrl = {{3., 1, @}, {1, 2, @}, {0, 0, 0}};
CauchyStr2 = {{2., @, 1}, {0, 0, 0}, {1, 0, 3}};
Q={{0, -1, 0}, {0, 0, 1}, {-1, 0, 0} }
Eigenvalues [CauchyStri];

which shows that A is simply a rotation

Eigenvalues [CauchyStr2] ;

of B by the given rotation tensor. The Mat1 = Eigenvectors [CauchyStr1]|
Mat2 = Eigenvectors[CauchyStr2]
code shown gives the same eigenvalues i (<1, O} 5 (050513, (=1, 8 0))

Outfel= [ [@©.850651, ©.525731, @.), (0.525731, -0.850651,0.), (0.,0.,1.))

which means that both stress tensors

Ou[7}= [ {-0.525731, @., -@.850651), [ -@©.850651, @©., ©.525731), (0., -1., 0.

have the same principal stresses. , )
= Q.CauchyStri.Transpose[Q] // MatrixForm

However the eigenvectors are not the

same. The normalized eigenvectors of A can be obtained by simply rotating the eigenvectors of

B using the same rotation tensor. Note that, to rotate a vector, you do not post-multiply with

the transpose: If vectors u and v are eigenvectors of A and B respectively, then, u = Qv

is the required rotation.



a The three principal invariants of these stress [ Qs57b * - Wolfram Mathematica 11.3
File Edit Insert Format Cell Graphics Evaluation Palettes  Window

tensors are the trace, trace of the cofactor CauchyStr = ({3., 1, 8}, {1, 2, 01, {0, 0, 51};
CauchyStr2 = {{2., @, 1}, {0, 5, @}, {1, @, 3}};
and their determinants. The attached code Det [Cauchystri]
Det [CauchyStr2]
computes all three. As there is no direct Tr[Cauchystrd]
Tr [Cauchystr2]
function for the cofactor, we note that for any Tr[Inverse[Transpose [CauchyStr1] ] ] Det [CauchyStri]

Tr[Inverse[Transpose [CauchyStr2]]] Det[Cauchy5tr2]|
tensor T, the cofactor is, TS = JT~T where |

is det T. In the three cases, the answers are the same showing that the states of stress

depicted is the same in both cases: tr T = 10, tr T® = 30, and det T = 25

a We need go no farther than the fact that the trace of these two tensorstrA =5 # trB = 16

are different. It is not necessary to compute other invariants.
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a Substituting the known principal stresses in ~ Elassesresno - weifom Mathematia 113

File Edit Inset Format Cell Graphics Evaluation Palettes Window Help

the eigenvalue expression and testing the e Coudhystre (oA 0 20, (0 1 20
Eigel‘waiues [CauchyStr]

outcome as shown in the attached out= ((c11,0,2), (@,1,2], 8,2, 033

. R 1 V{i 1 i
notebook gives the unknown stresses as ouiz= | o1L, ; |1 + 033 -4 17 - 2033+ 0337 I, ; [1‘ o33+ 417 - 2033 4 0337 ‘ i
011 = 1and 033 = 1. The test also confirms wi21- Solve[1+0-Sqrt[17-2 040°2) ==-2,7]

ouf3 ({o=1)}
o1 0 2
. Inisr= 5={{1, @, 2}, {0, 1, 2}, {0, 2, 1}}
that the eigenvaluesof [ 0 1 2 Jare Eigenvalues (5]
0 2 0.33 ouls (11, @,2), (8,1,2), (8,2,1}}

ouE= (3, -1, 1)

3,-1,1.

a In the attached code, the eigenvalues are af,%(B +f—+13 -6 + ﬁz),%(B +p +

V13 =60 + ,6’2) which shows that & = 5. We solve for 5 using
(5 + ,\/g) — 3 + ﬁ + \/13 _ 63 + ﬂZ E‘]QS.ED Stress.nb * - Wolfram Mathematica 11.3

File Edit Insert Format Cell Graphics Evaluation Palettes Window

Which yields, B = 2. The full state of stress is Wi CanchyStr = ({8, 8, 1) {8; &, 8}, {1, & 3}}
Eigenvalues [CauchyStr]
therefore oult= ({58, @,1}, (@, a, @], (1,0,3]]
7

! | .
oufzE {a, — (3-5.\}13.5,5-52',— [3-;3-\}13.5,3-,-32|.
2 a2l )

(U

Infz}= Solve[-2+ f + Sqrt[13 - 6 3 + f~2] = Sqrt[5], £]

_ o N
oS Ul O
w o

Outfgl= [ (B =22})

47



a Using the tensor with the matrix of
eigenvectors to transform
immediately diagonalizes the stress
tensor to its diagonal form with its
eigenvalues (Principal stresses) on
the diagonal.

We can also compose the Rotation

tensor of coordinates from

€; €; €3tothe eigenvectors
d 92

tensor product,

. Qe +q; Ve, +q; W e;

qs. The transpose of the

EQ5.62 Stress.nb * - Wolfram Mathematica 11.3
File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
CauchyStr = N[ { {3 %3, x1x3, -2x2x3}, {x1x3, 2x3, 3x2xl},
{=2x2%3,; 3x1w2, ¥x1 %23}, 5] /- {(¥1lal., x2 1., x3a1.};
CauchyStr // MatrixForm

Q = Eigenvectors [Cauchy5tr] ;
DiagStr = Chop[Q.CauchyStr.Transpose[Q], .01] // MatrixForm

Out[ 2}/ MatricForm=

3. 1. -2
1. 2. 3 ‘
2. 3.

Owrt[4)/MatrizForm=

4.8856 <] ]
a 3.81323 a
a a 2.41883 )

el = {1, @, 0};

22 = {0, 1, 8};

e3 = {0, @, 1};

R = TensorProduct[Q[[1] ], 1] + TensorProduct[Q[[2])], 2] +
TensorProduct [Q[[3]], &3]

Inf 1= TrueQ [ = Transpose[R] ]

Quif+J= True

Because we are rotating, not the tensor, but the coordinate system. We tested if these two

tensors are the same in the statement: TrueQ[Q == Transpose[R]] which returned True.

Therefore we could simply use the packed eigenvalue matrix or create a proper rotation

tensor. The result is the same because our original tensor is packed into an identity tensor.

a Recall that I, (F) = tr F¢ = I; tr F~T = I; tr F~1 since the trace operation does not

change with transposition. The result follows.
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The principal invariants of both tensors are the same. in both cases: trA = trB = 10, tr T =

tr B¢ = 30, and det A = det B = 25. They
EQS.GS Stress.nb * - Wolfram Mathematica 11.3

therefore represent the same stress state. File Edit Insert Format Cell Graphics Evaluation Palettes Window F

nfp= CauchyStrl = {{2., @, 1.}, {0, 5., 0}, {1., 8, 3.}};
Q1 = Eigenvectors [CauchyStri] ;
RotStrl = Chop[Ql.CauchyStri.Transpose[Q1], .©01];
Cauchy5tr2 = {{3., 1., 0}, {1., 2., 0}, {0, 8, 5.}};

The tensor containing the eigenvectors of

each tensor will diagonalize each.

5 Q2 = Eigenvectors[CauchyStr2];
The transpose of the same tensor with RotStr2 = Chop[Q2 - CauchyStr2 . Transpose[Q2], -001];

return to the original. The product of the = R = Transpose[Q2]-Q1;
R2 = Transpose[Q1] .Q2;

transpose of the eigenvectors of B with the R1-Cauchystri.Transpose [R1]

ouf - 113.,1., 0.}, (1.,2.,8.], (8.,6.,5.})
eigenvectors of A is the rotation tensor that transforms A to B as shown in the attached code.
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a QT(0) =1+ WTsin6 + (WH2(1 — cos0)
Since W is a skew tensor (all vector crosses are), Its transpose is its negative,
Clearly, it becomes obvious that,
QT(#) =1— Wsin6 + W2(1 — cos 6)
=1+ Wsin(—0) + W2(1 — cos(—0))
= Q(-6).
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