266 II Local Deformation Theory

2 Equisingular Deformations of Plane Curve Singulari-
ties

In this section, we study deformations of plane curve singularities leaving cer-
tain invariants fixed, in particular, the multiplicity, the J-invariant and the
Milnor number. We define these notions also for non-reduced base spaces,
especially for fat points, and we develop the theory of the corresponding equi-
multiple, equinormalizable and equisingular deformations.

We again focus on the issue of versality in our study, and we approach it
from two points of view: as deformations of the equation, and as deformations
of the parameterization. The second approach culminates in a new proof of
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the smoothness of the base of a versal equisingular deformation. The equi-
singularity ideal plays a central role in the theory. It represents the space of
first order equisingular deformations and, geometrically, its quotient by the
Tjurina ideal represents the tangent space to the base of the semiuniversal
equisingular deformation inside the base of a semiuniversal deformation.

2.1 Equisingular Deformations of the Equation

We study now special deformations of plane curve singularities, requiring that
the topological type is preserved. Recall that the topological type of a reduced
plane curve singularity (C,0) C (C? 0) is the equivalence class of (C, 0) under
local, embedded homeomorphisms (Definition I1.3.30), and that the topological
type is equivalently characterized by numerical data such as the system of
multiplicity sequences (Theorem 1.3.42).8

To study deformations which do not change the topological type in the
nearby germs we must, first of all, specify the point of the nearby fibre where
we take the germ. More precisely, we have to introduce the notion of a defor-
mation with section.

However, in order to apply the full power of deformation theory, we need
deformations over non-reduced base spaces. In particular, we have to define
first order equisingular deformations, that is, equisingular deformations over
the fat point T;. Since “constant multiplicity” can be generalized to “equimul-
tiplicity” (along a section) over a non-reduced base, the system of multiplic-
ity sequences is an appropriate invariant for defining equisingular deforma-
tions over arbitrary base spaces. This approach was chosen and developed by
J. Wahl in his thesis. Based on Zariski’s studies in equisingularity [Zarl], he
created the infinitesimal theory of equisingular deformations and gave several
applications (cf. [Wah, Wah1]).

Throughout the following, let (C,0) C (C2 0) be a reduced plane curve singu-
larity, and let f € m? C C{z,y} be a defining power series. We call f = 0, or
just f the (local) equation of (C,0). Deformations of (C,0) (respectively em-
bedded deformations of (C,0)) will also be called deformations of the equation
in contrast to deformations of the parametrization, as considered in Section
2.3.

Definition 2.1. A deformation with section of (C,0) over a complex germ
(T, tp) consists of a deformation (i,¢) : (C,0) — (€,x) — (T,to) of (C,0)
over (T,tg) and a section of ¢, that is, a morphism o : (T,tg) — (€, xo) sat-
isfying ¢ o o = id(p ). It is denoted by (i, ¢, o) or just by (¢, ).

The category of deformations with section of (C,0) is denoted by Def (¢'q),
where morphisms are morphisms of deformations which commute with the

8 It is a general fact from topology (proved by Timourian [Tim] and King [Kin1])
that, if the embedded type of the fibres of a family of hypersurfaces is constant,
then the family is even topologically trivial.
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sections. Isomorphism classes of deformations with sections over (T, tp) are

denoted by Def & o) (T t0).

It follows from the definition that the section o is a closed embedding, mapping
(T, tp) isomorphically to o (T, ty). Moreover, by Corollary 1.6, we may assume
the deformation to be embedded, that is, any deformation with section is
given by a commutative diagram

(C,0) & (€, 29) “— (C2x T, (0, tp)) (2.1.1)

Lol

{to} —— (T’ %)

where (¢,z0) is a hypersurface germ in (C2xT),(0,ty)) and pr the natu-
ral projection. (¢, w) is defined by an unfolding F' € Oc2x7 (0,1, satisfying
F oo =0. Hence, F is an element of Ker(ou: Oczx1,(0,t0) — OT7tO) =: I, the
ideal of o(T,tg). After fixing local coordinates x,y for (C2 0), we get

I, =(x — o1,y — 09), o1 1= aﬁ(x), o9 1= aﬁ(y) € Ory, -

Hence, I, determines the section o.

The section o is called the trivial section if o(T,ty) = ({0} xT,tg), that
is, I, = (z,y). It is called a singular section if we have an inclusion of germs
o(T,to) C (Sing(®), p).

Next, we show that the section can be trivialized, that is, each embedded
deformation with section is isomorphic to an embedded deformation with
trivial section, that is, given by a diagram (2.1.1) with o the trivial section
(see Proposition 2.2, below). The proof is based on the relative lifting Lemma
1.1.27. In geometric terms, this lemma says that any commutative diagram of
morphisms of complex germs (with solid arrows)

(C"x T,(0,ty)) — — — — — — > (C™x T,(0,tp))
J J
(2, o) (7, y0)
\ /
(T, to)

where (Z2,z9) — (T,to) and (#,y0) — (T,ty) are induced by the pro-
jection, can be completed to a commutative diagram by a dashed ar-
row. The dashed arrow can be chosen as an isomorphism if n =m and
(Z,20) — (#,y0) is an isomorphism (respectively as a closed embedding
if n <mand (Z,z0) — (#,y0) is a closed embedding).
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Proposition 2.2. Let i : (27, z9) — (C™0) x (T,to) be a closed embedding,
and let pr: (C"0) x (T,t9) — (T,to) be the projection to the second factor.
Then each section o : (T,ty) — (£, xg) of proi can be trivialized. That is,
there is an isomorphism

¥ : (C"0) x (T, t) — (C™0) x (T, to)
commuting with pr such that v o o s the canonical inclusion
Yoo : (T tyg) — {0} x (T,ty) C (C™0) x (T,1p) .

Proof. Since (o(T),z0) = (T,to) — {0} x (T,to) is an isomorphism over
(T, tp), the statement follows by applying the relative lifting lemma to the
isomorphism of Or y,-algebras Oy (1) 4, =N O0} x(Tt0)- a

Corollary 2.3. With the above notations, we have
Ticioy = Def (&) (Te) = m/ (£, mj(f))

where j(f) C C{xz,y} denotes the Jacobian ideal and m C C{x,y} the mazimal
ideal.

Proof. Since each section can be trivialized, each deformation with section
of (C,0) over T is represented by f + eg with g € m. Such a deformation is
trivial iff g € (f,mj(f)) as shown in the proof of Proposition 1.25 and Remark
1.25.1. O

Definition 2.4. Let (i,¢,0), ¢ : (¢, 20) — (C?*x T,(0,t)) — (T,ty), be an
embedded deformation with section o : (T,ty) — (€, x0) of (C,0), and let
f be an equation for (C,0) C (C2%0) of multiplicity mt(f). Moreover, let
F € Ocaxr01t,) be a defining power series for (€,z0) C (C*x T, (0,1)),
and let I, C Ogaur (0.1,) denote the ideal of o(T,ty) C (C?x T, (0,to)). Then
(i,¢,0) is called equimultiple (or, the deformation (i, ¢) is called equimultiple
along o) iff
F e et

Note that this definition is independent of the chosen embedding and local
equation.

Definition 2.5. Let T be a complex space, U C C>?x T be open and
o:T—U, tr (01(t),02(t),t), a section of the second projection. We de-
fine the blowing up of U along o (or the blowing up of the section o) as the
complex space

Bly(U) := Blyry(U) := {(2;L) € U xP'| 2z = o(t) € L x {t}}
= {(m,y,t; ai:ay) € U x P! | as m—al(t)) = 1(y—(72(t))},

together with the projection 7 : B, (U) — U. In particular, if o is the trivial
section with o1 (t) = 02(t) = 0 for all t € T, then Bl,(C*xT) = Blo(C?) x T.
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As previously (when blowing up points), we can cover U x P! by two charts
UxV;:={a; 20} CU x P!, i =1,2. For the first chart we obtain (with
v = az/aq)

(UxV1)NBL,(U) = {(x,y,t,v) } vz —o1(t) =y — O'Q(t)}

with ideal sheaf (v(x — 01) — y + 02)Ouxyv,. Setting u:=z — o1 and elimi-
nating y, we see that (U x V1) N B¢, (U) is isomorphic to an open subset of
C%?x T with coordinates u,v,t. That is, if U = U; x Uy x T, U; C C open,
then

(U x Vi) N Bly(U) = {(u,v,t) € Uy x C x T | uv + 03(t) € Uz }

is an open neighbourhood of {0} x C x T', and v is an affine coordinate of C,
not just a coordinate of the germ (C,0). In these coordinates 7 is given as

T (UxVi)NBl(U) - UCC’xT, (u,v,t) — (u+0o1(t), uv+ oa(t), t).
Similarly, we have coordinates u, T, ¢ in the second chart (with @ affine) and
T (UxVa)NBle(U) = U, (u,7,t) — (@0 + o1(t), U+ 02(t), t) .

As Bl,(U) can be covered by these two charts, both being isomorphic over
T to open subsets in C?>x T, we can blow up sections of the composition
Bl,(U) — U — T by choosing coordinates of the charts and proceeding as
above. Different coordinates give results which are isomorphic over T'.

Furthermore, the construction is local along the sections. Hence, we can
blow up finitely many pairwise disjoint sections in an arbitrary order, or si-
multaneously, and get a blown up complex space, which is unique up to iso-
morphism over T. By passing to small representatives, we can also blow up
sections of morphisms of germs of complex spaces.

For each point o(t) € o(T) we get 7 1(o(t)) = P! with local equation
u = 0 in the first chart and with 7 = 0 in the second chart. Hence,

&=1""o(T)) =0o(T) x P*

is a divisor in B¢, (U), called the exceptional divisor of the blowing up (which
we describe below in local coordinates).

Now, let (T,t) be a germ, let o : (T,to) — (C?x T, (0,ty)) be a section
of the projection to (T,tp), and let (%,z¢) be the hypersurface germ of
(C%x T, (0,tg)) defined by F € Oc2x1,(0,10)- Fixing local coordinates, we can
write I’ as

F(z,y,t) = Zaij(t) (z—o1@®) (y—02(®)) ., aiy € Oryy,

and F(z,y,0) = f(z,y). Then F defines an embedded deformation of
(C,0) = (V(f),0) which is equimultiple along o iff
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mini + j | ai; # 0} = mt(f).

Let m: Bl,(C?x T, (0,t9)) — (C*x T, (0,tg)) be the blowing up along the sec-
tion o, which is a germ along the exceptional divisor o(T') x P! C B, (U) in
the blowing up of a small representative o : T — U C C? x T. Assume that F
is equimultiple along ¢. Then, in the first chart, we have

F(u,v,t) == (Fom)(u,v,t) Za” Huw) = w0 . F(u,v,t),

and, in the second chart,
F(u,v,t) == (Fonm)(u,v,t) =™ . F(u,v,t).

The functions F(u,v,t) and F(u,,t) (which are defined by these relations)
are holomorphic in the respective charts, and they define a unique zero-set in
the intersection of these charts.

We define the following (Cartier-)divisors in Bf, (C%x T, (0,tp)):

° (f the divisor given by F= 0, called the total transform of (€, xo).
e <, the divisor given by F = 0, called the strict transform of (€, x0).

As a divisor, we have

C =% +mt(f) &,

and ¢ and & have no common component. The divisor ¢ + & is called
the reduced total transform of (€, xo) In the first chart, it is given by
u- F(u,v,t) = 0, in the second by - F (7,7, t) = 0.

We shall call a family of plane curve singularities equisingular if it is equimul-
tiple and if the reduced total transform in all successive blowing ups (until
the special fibre is resolved) are again equimultiple along the singular sections.
This is Wahl’s [Wah] definition (if the base space is a fat point), and it implies
that all fibres are equisingular in the sense of Zariski [Zarl].

Definition 2.6. Let (C,0) C (C%0) be a reduced plane curve germ, and let
(i,¢,0) be an embedded deformation with section of (C,0) over (T,tg). If
(C,0) is singular, then (i, ¢, 0) is called an equisingular deformation of (C,0)
or an equisingular deformation of the equation of (C,0) if the following holds:
There exist small representatives for (i, ¢, o) and a commutative diagram of
complex spaces and morphisms

¢WN) — @(N-1) — ... — ©(0)

Lo o

I ey T T 0

juju ujm

M®) — py(N-1) — .. —— Ar(0) — {tp}

(2.1.2)
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together with pairwise disjoint sections

oo T e L, r=o,...

Y

7N_17

of the composition .2 = gD 228 T #(0) T with the follow-
ing properties:

(1) The lower row of (2.1.2) induces a minimal embedded resolution of the
plane curve germ (C,0) c (M©),0) = (C20).

(2) For (= 0, we have (%(0)7 1'0) = ((C2 x T, (OvtO))a (cg(O)v xO) = (%7 m0)7
ko = 1. Moreover, 0§0):T — #9) is the section (induced by) o, and
(), ) — (M), 15) — (T,to) defines an equimultiple (embedded) de-
formation of (C,0) along 050).

(3) For £ = 1, we have that m; : .#(") — #( is the blowing up of .2 () along
the section a§°), %M is the strict transform of €© ¢ .#(®, and &W is
the exceptional divisor of .

(4) For ¢ > 1, we require inductively that

° 052) (to), ... ,a,(f;) (to) are precisely the non-nodal singular points of the
reduced total transform of (C,0) C (M(?),0) = (C%0).
e Y UEW — #® — T induces (embedded) equimultiple deforma-

tions along oz(lf), . ,O'](:;), of the respective germs of the reduced total
transform C*) U E®) of (C,0) in M.

e The sections are compatible, that is, for each j = 1, ..., ky there is some
1 <@ < kg1 such that mp4q 0 or]@) = 01@71).

o w1 D) = 4O s the blowing up of . along 052)7 e ,a,(ci),
¢+ is the strict transform of €0 ¢ .#, and &“+1) is the excep-
tional divisor of the composition 71 o ... 0 mp11.

If (C,0) is smooth, each deformation with section is called equisingular.

We call a diagram (2.1.2) together with the sections O'y) such that (1)—(4)
hold an equisingular deformation of the resolution of (C,0) associated to the
embedded deformation with section (i, ¢, o).

Remark 2.6.1. (1) The sections crlm are also called equimultiple sections for
the equisingular deformation. By Proposition 2.2, p. 269, all sections can be

locally trivialized, that is, for each p = a](-e)(to), there are isomorphisms of

germs (.Y, p) = (C20) x (T,to) over (T,to) trivializing the section UJ@.

(2) Considering the restriction of the strict transforms %) to the special
fibre over tg, we get a minimal embedded resolution of (C,0) C (C? 0),

MO I vy e T ) T (C%0)

J J J J

cN) — oN-1) — ... — o) — (C,0).
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my is the blowing up of the origin, and w41, £ =1,..., N —1, is the simul-
taneous blowing up of all non-nodal singularities p; = cry) (to), j=1,...,ke
of the respective reduced total transforms of (C,0). However, it is not im-
portant that we blow up the points simultaneously. As the construction is
local, we can blow the points up successively in any order, the result is always
isomorphic. In the same way, w1 : 4t — 2" can either blow up .#®

simultaneously along the sections a]([) or successively in an arbitrary order.

(3) By semicontinuity of the multiplicity”, equimultiplicity of the reduced
total transform ¢ U £ along o' is equivalent to equimultiplicity of the
strict transform €9 and of the reduced exceptional divisor &) along o'*).
Indeed, if we want to preserve the topological type of the singularities along
o in the nearby fibres, it is not sufficient to require only equimultiplicity of
the strict transforms as is shown in Example 2.6.2, below.

(4) If the germ (C, 0) is smooth, then each (embedded) deformation of (C,0),
(C,0) = (€, o) — (T, to), with section o : (T, tg) — (€,x0) is equimultiple
along o.

If the reduced total transform in the special fibre C© U E®) | ¢ > 1, has a
node at ¢ € CO N E®  that is, if C®, E® are smooth and intersect transver-
sally at g, then there exists a unique section o, such that €0 U &Y is equi-
multiple along o,.

This implies that the definition of equisingularity remains unchanged if,
in Definition 2.6, we start with any (not necessarily minimal) embedded res-
olution as special fibre (in the bottom row of diagram (2.1.2)).

(5) Tt follows also that, for £ > 1 and ¢ € CON E®),
(€0, q) = (A,q) = (T, to)

is an equisingular embedded deformation of the germ (CYU E®), ¢).

(6) By Proposition 2.8 on page 275, the sections 0]@) are uniquely determined.

Since the minimal resolution is unique (Exercise 1.3.3.1), it follows that the
associated equisingular deformation of the resolution is uniquely determined
(up to isomorphism) by (¢, ¢,0). By (4), the same holds if the lower row of
(2.1.2) is any (not necessarily minimal) embedded resolution of (C, 0).

Ezxample 2.6.2. Consider the one-parameter deformation of the cusp given by
F:=22— 9% —t2y* k > 0. For k > 2, the deformation given by F is equimul-
tiple along the trivial section o : ¢t — (0,0,¢) (and o is the unique equimultiple
section), while, for k < 1 there is no equimultiple section.

After blowing up o, we obtain (in the second chart) the reduced to-
tal transform {v(u®— v — t2v*~2) = 0}. In the special fibre we get the re-
duced total transform of the cusp, which is the union of the smooth germ

9 For hypersurfaces, this is easy: if Fy(x) = F(z,t) = f(x) + g¢(), go(z) =0, is
an unfolding of f then, for ¢ sufficiently close to 0, the terms of lowest order of f
cannot be cancelled by terms of g¢. Hence, mt(f) > mt F; for ¢ close to 0.
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CM = {u? — v = 0} and the exceptional divisor E = {v = 0}, intersecting with
multiplicity 2 at the origin:

\/ CW = {u?—v =0}

E={v=0}

For k > 3, the blown-up deformation has the trivial section (') as unique
equimultiple section.

For k = 2 there are two different equimultiple sections through the origin
being compatible with o. Indeed, a section (1) is compatible with the trivial
section ¢ iff its image lies in the exceptional divisor &™) = {v = 0}. In other
words, a section ¢(1) through the origin is compatible with ¢ iff it is given by
an ideal (u — ta, v), o € C{t}. Since the ideal of the reduced total transform
v(u?— v — t?) is contained in (u —t,v)? and in (u+t,v)?, we get two equi-
multiple sections ag ) given by the ideals (u & ¢, v). Geometrically, the reduced
total transform of the special fibre (which is an As-singularity) is deformed
into the union of a line and a parabola, meeting transversally in two points,
and the equimultiple sections are the singular sections through the nodes. 1°
After blowing up o) (respectively one of the sections ag )), the reduced total
transform in the special fibre is the union of three concurrent lines.

Hence, for k = 2, we find no equimultiple section through the origin of the
respective reduced total transform {wv(u F 2t —v) = 0} (U = u £ t). Geomet-
rically, this is caused by the fact that the D4-singularity (of multiplicity 3) in
the special fibre is deformed into three nodes (each of multiplicity 2) in the
nearby fibres:

C® ={u-v=0 {u—v—2t=0}
EQZ{ﬂZO} EQ
Elz{EZO} El

If k > 3, the reduced total transform of F, wo(u — v — t>u*~37%~2), is con-
tained in (u, 7). Hence, it defines an equimultiple deformation along the triv-
ial section o(?).

10 Note that replacing > by ¢ in the definition of F', there is no equimultiple section
of the strict transform in case k = 2. At first glance, this might seem strange,
since fibrewise the As-singularity is still deformed into 2 nodes. But there is a
monodromy phenomenon which cannot be observed in the real pictures: a loop
around the origin in the base of the deformation interchanges the nodes of the
nearby fibres. Algebraically, this corresponds to the fact that there is no square
root of ¢ in C{t}. See also Figure 2.7.
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Fibres: over t <0 overt =0 overt >0

Fig. 2.7. The deformation of the cusp given by 2% — 3+ t3? is equimultiple along
the trivial section but not equisingular. Note that the real pictures are misleading:
the complex fibres are always connected.

We conclude that F' defines an equisingular deformation iff £ > 3: it is
even a trivial deformation, since F = 22— y3(1 — t?yF=3).

Finally, the case k = 2 shows that it is not sufficient to require equimul-
tiplicity of the strict transforms €9, ¢ > 0. Indeed, the strict transforms
‘gf), given by (u F 2t — T), are equimultiple along the section af ) with ideal
(w,v £ 2t), and the latter is compatible with O'(il ) (since its image lies in the

exceptional divisor zg’f) = {u=0}).

Definition 2.7. A deformation (i, ¢) of (C,0) over (T, ),

(C,0) < (% 1?0) (T, to),

is called equisingular (or an ES-deformation) if there exists an embedded de-
formation with section (4, ¢, o) inducing (¢, ¢) such that (i, ¢, ) is equisingular
in the sense of Definition 2.6. Two equisingular deformations of (C,0) over
(T, tp) are isomorphic if they are isomorphic as deformations over (T, tg). The
set of isomorphism classes of equisingular deformations of (C,0) over (T, t)
is denoted by Def(c 0) (T, tp), and

Def (0 (complex germs) — Sets,  (T',to) — Def (¢ 0)(T' o)

is called the equisingular deformation functor.

Proposition 2.8. Let (i,¢) be an equisingular deformation of (C,0) over

(T, to). Then the system of equimultiple sections 0 , £ >0, for the diagram
(2.1.2) is uniquely determined.

Proof.'! This result is basically due to Wahl, who proved it if (T,tg) is a

(0

fat point, and we refer to his proof [Wah, Thm. 3.2]. In general, let o, and

' Another proof of Proposition 2.8 is given in [CGL2], where it is shown that
uniqueness of the sections fails in positive characteristic.
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51@) be equimultiple sections with az@) (to) = 52@ (to) =: pi- Then, by Wahl’s
result, we may assume that oy) Hay) — 5?) x,) € Or 1, vanishes modulo an

arbitrary power of mr 4, where x,, denote generators of the maximal ideal of
01 _ ~(

O_yw,p, - Hence, 0,77 = '&il) ! by Krull’s intersection theorem. O

The approach of Wahl to equisingular deformations is slightly different. He
considers diagrams as in Definition 2.6, together with a system of (equimulti-
ple) sections satisfying all the required properties. Morphisms in this category
(denoted by Def é\é’o)) are morphisms of diagrams commuting with the given
sections. This approach is necessary to show that the corresponding functor
of isomorphism classes D_effvc,o) satisfies Schlessinger’s conditions and, hence,
has a formal semiuniversal deformation. By Proposition 2.8, the natural for-
getful functor %f\é,o) — Def (c,0) is injective, and we denote the image by
Def %)

Next, we want to show that equisingular deformations of reducible plane curve
singularities induce equisingular deformations of the respective branches. For
the proof we need the following statement which is interesting in its own:

Proposition 2.9. Let (C,0) C (C2%0) be a reduced plane curve singularity
and let (@,62), i=1,...,7, be reduced (not necessarily plane) curve singu-
larities. Let (6’,6) = ]_[jzl(@,ﬁl) be the (multigerm of the) disjoint union
and let T : (5’, 6) — (C,0) be a finite morphism such that, for sufficiently
small representatives, m induces an isomorphism

m:C\ {0} = O\ {0}.

Moreover, let (T, ty) be an arbitrary complex germ and consider a Cartesian
diagram

(C.0) —— (. 70)

- 8 A

(C20) —— (C*x T,(0,t0)) |#

Lo

{to} —— (T, t0)

with ¢ a flat morphism. Let (€, xq) ::%(‘g, 50) be the image of w, en-
dowed with its Fitting structure (see Definition 1.1.45). Then the Fitting
ideal Fitt (%* (C’)cg) (O,to)) is a principal ideal in Oczx 7 (0,1,) » the induced map
(€,x0) — (T,t0) is flat, and (C,0) — (€, x0) — (T, to) is an (embedded) de-
formation of (C,0).

Furthermore, the Fitting structure is the unique analytic structure on
T(€,%0) such that the projection to (T,to) defines a deformation of (C,0).
It coincides with the annihilator structure, that is, the ideal in Oc2xr(0,t0)
defining (€, x0) is the kernel of 7 Ocexr,(0,t9) = (9(@;’50.
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Proof. We work with representatives of the above germs which we always
assume to be sufficiently small.

By Proposition 1.1.70, m and 7 are finite morphisms. By the finite coher-
ence theorem 1.1.67, we may assume that 7.0 has a free resolution Fy by
Oy xr-modules of finite rank (U C C? a neighbourhood of 0). Moreover, we
can assume that the matrices in the free resolution F, have only entries in
J (to), the ideal sheaf of {to} in Or.

Step 1. We show that Fitt (%* ((9%7) )) is a principal ideal in Oczy7 (0,10):

(0.to
Since the above diagram is Cartesian, tensoring with C = Or/J(to) gives
1.0z ®o, C = m.0p, and its stalk at 0 is a finitely generated O¢z o-module

of depth 1 (since (C,0) is a reduced curve germ, hence Cohen-Macaulay). The
Auslander-Buchsbaum formula (in the form of Corollary B.9.4) implies that
each minimal free resolution of (W*Oé) o has length 1.

Since 7, O is a flat Op-module (via p.), tensoring the exact sequence (of
Oy xr-modules)

M. M ~
.—>.7:2—2>.7:1 —1>.7:0—>7T*O<67—>0

with C over Or leads to an exact sequence of Opy-modules

~—>~7:2®OT(C%’.7:1®OTC£.7:0®0T(C—>77*(95—>0.

By the choice of F,, all Op-entries of the matrices M; vanish at 0. Hence,
Fe ®0, C induces a minimal free resolution of the stalk (71'* (95) o+ Which has

length 1 by the above. It follows that the germ at 0 of M is injective, that
is, we have a short exact sequence of Oy-modules

0—’f1®OTCEf0®oTC—>W*Oé—>O.

Since the support of m,Og is C' (hence, of codimension 1 in U), the free mod-
ules F; and Fy must have the same rank. Moreover, Proposition B.5.3 implies
that we may also assume M to be injective. In particular, Fitt o, . (7:O0)
is a principal ideal in Oy« 1, generated by the determinant of M.

Step 2. (C,0) — (€,x9) — (T,1) is an (embedded) deformation of (C, 0):
Since m.Og|vnc\{oy = Oclunc\oy by assumption, all germs outside O of
det(M,) are reduced. Hence, det(M;) is reduced, and det(M;) ®o, C =

det(M 1) generates the ideal of C' C U. It follows that (€, z¢) with the Fitting
structure is flat over (7T, %) and defines a deformation of (C,0).

Step 3. The Fitting and annihilator structure on %(‘g, 6) coincide:

In general, Fitt := Fitt (%* (’)(g) C Ann (7~r* (’)%;) =: Ann. If we tensor the cok-
ernel by C over Op, the result is a Oy-sheaf with support at 0 € C, since the
sheaves W*O@ and O¢ are isomorphic outside 0.
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However, we know already that Fitt ®0,C = Fitt (71'*(95) is a radi-
cal ideal. Since Fitt ®0,C C Ann ®0,C and both have C as zero-set,
Hilbert’s Nullstellensatz implies that they must coincide. Hence, we have
Ann [/ Fitt ®0,C = 0. On the other hand, Proposition B.5.3 gives that the
stalk (Ann/ Fitt)s, is Org,-flat, hence, faithfully flat as Op,, is local. It
follows that Ann / Fitt = 0.

Step 4. To see the uniqueness of the analytic structure of (¢, zg), let (4", x0)
denote %(%, 0) with any analytic structure such that

(C,0) = (€', x0) — (T to)

is a deformation of (C,0). Then Oy 5, — (%*O%;) (0,t0) 18 injective by Propo-
sition B.5.3, since this is so after tensoring with C over Or,, and since
(7:O02) (0,t0) 15 Org,-flat. It follows that the ideal of (4”,x0) is the kernel
of Ocexr,(0,t0) = O%' 29 — (%*O?) (0,t0)- Since (7?*(9%;) (0,t0) 18 a ring with 1,
the kernel is just the annihilator of (77'*0%7) (0,40) Which coincides with the
ideal of (¢, x() as shown in Step 3 of the proof. O

Corollary 2.10. With the assumptions of Proposition 2.9, we have:

(1) Let F be a generator of Fitt(7.Oz)(0,t,)- Then F' is a non-zerodivisor of
Oc2x,(0,t0) -

(2) If (T,to) is reduced (respectively Cohen-Macaulay), then also (€,x0) is
reduced (respectively Cohen-Macaulay). If (T, to) and (C,Zo) are normal,
then (€, %) is also normal, and (€,%y) — (€, x¢) is the normalization

of (€, x0).

Proof. (1) Tensoring Oc2y1,(0,ty) F, Oczx1,0,t0) — O%,2o — 0 by C over
Or.+,, we can argue as in Step 1 of the proof of Proposition 2.9 to see that
multiplication by F' is injective.

(2) If (T,to) is reduced, 0‘67,550 and, hence, O ,, (which is a subring by
the second part of Proposition 2.9), has no nilpotent elements. If (T,¢) is
Cohen-Macaulay, also Oczx7,(0,t,) and, since F' is a non-zerodivisor, O 4,
are Cohen-Macaulay rings (Corollary B.8.3).

If (5,6) is normal, it is smooth and each deformation of (6’,6) is triv-
ial. Hence, (‘g, 50) = (5,6) x (T,to) which is normal if (7,¢p) is normal.
The singular locus Sing(%) is everywhere of codimension one (since the fi-
bres of € — T have isolated singularities). Thus, Sard’s theorem, applied to
T %Z\ 7 1(Sing(¥)) — € \ Sing(%), shows that 7 is generically an isomor-
phism. The result follows now from the universal property of normalization
(see Theorem I1.1.95). O

Proposition 2.11. Let f = fi fa, with fi1, fo € Ocz o non-units, define a re-
duced plane curve singularity (C,0), and let F' € Ocexr,(0,t0) define an equi-
singular deformation of (C,0) over an arbitrary complex space germ (T,tp).
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Fig. 2.8. The deformation of an Asz-singularity given by =2 — y*+ tz?y? is equisin-
gular along the trivial section. It splits into the equisingular deformations of the
smooth branches given by z+/1+ty2 — y? and /1 +ty2? + y> (real picture).

Then F decomposes as F' = F1Fy, where F1, Fy € Oczxr (0,1,) define equisin-
gular deformations of the plane curve germs at 0 defined by fi1 and fa, respec-
tively. Moreover, Fy and Fy are unique up to multiplication by units.

Proof. Since F defines an (embedded) equisingular deformation of (C, 0), Def-
inition 2.6 gives rise to a Cartesian diagram

(CN),0N)) s (V) 0(N)) (2.1.3)
lw O %i
(C%0) ——— (C%2x T,(0,t))
l - o]

{to} —————— (T' 1),

where (CV) 0(N)) is the multigerm of the strict transform of (C,0) = V()
at the intersection points with the exceptional divisor. Moreover,

7 (W), 0M) = V(F) C (C?x T, (0, t)),

and 7: (C™M),0M)) — (C,0) C (C20) is a resolution of the singularity of
(C,0). In particular, outside the special fibre 7 is an isomorphism onto
(C,0)\ {0}, the multigerm (C™),0(")) is smooth, and it can be written as

the disjoint union of (multi)germs (C™),0")) = (CfN),OgN)) I (CQ(N), OgN))
such that (C™,0(N)) = (€}, 0) := V(f;) for i = 1,2.
Hence, (%(N), O(N)) = (%I(N),Ogm) I (CKQ(N), OgN)) and the composition

(%(N)’ Oz(‘N)) _, ((C2 x T,(0,t0)) — (T, to)
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is flat and specializes to (Ci(N), Oz(-N)) 5 (C%0) — {to}. We get diagrams anal-
ogous to (2.1.3) for (Ci(N), OEN)) — (‘@(N), OEN)), 1=1,2, and all these dia-
grams satisfy the assumptions of Proposition 2.9. Applying the latter yields
Fy, Fy € Ogayr g such that V(E) = 7 (6™, 00) =: (%, o).

Since, as a set, (€,x0) = (%1,20) U (%2, x0), and since the structures
defined by F, respectively by FiFs, define both deformations of (C,0),
the uniqueness statement of Proposition 2.9 implies (F') = (F}F,). That is,
F = F1 F5 up to multiplication by units.

It is clear that the diagram (2.1.2) for (C,0) — (€, x¢) — (T,to) induces
diagrams for (C;,0) — (%;,x0) — (T, to), i = 1, 2. Since the strict transforms
of (¢,x0) are equimultiple along the sections in the diagram, and since the
multiplicities of the strict transforms of (61, x0) and (%62, z9) add up to the
multiplicity of the respective strict transform of (¢, ), it follows from semi-
continuity of multiplicities that the strict transforms of (€, zg), (62, o) are
equimultiple along the sections, too. As the reduced exceptional divisors are
equimultiple along the sections in the diagram, the reduced total transforms of
(%1, 20), (62, xo) are equimultiple along the sections, that is, the deformations
defined by Fi, Iy are equisingular. O

Remark 2.11.1. Conversely, in general, not every product of equisingular de-
formations of the branches defines an equisingular deformation of (C,0) (even
if the singular sections coincide). However, if f = f1 -...- f, and if the germs
defined by the factors f; have pairwise no common tangent direction, then
every product of equisingular deformations along a (unique) singular section
o defines an equisingular deformation of (C,0).

To show this, we may assume that s =2 and that ¢ is the trivial
section. Let Fy} = f1 + hy, F» = fo + ho define equisingular deformations of
V(Fy), V(Fy) along o. Then the product Fy F obviously defines an equimul-
tiple deformation along o. Since no branch of V(f;) has the same tangent

direction as a branch of V(f3), the equimultiple sections a}g), £ > 1, for the
equisingular deformation defined by Fj are disjoint to the equimultiple sec-
tions for the equisingular deformation defined by F5. As the strict transform
of fo at UJ(Z) (to) is a unit, the multiplicity of the strict transform of FyFy

(0

along such a section o’ equals the multiplicity of the strict transform of

f1+ hy along UJ(-Z). Thus, F}Fy defines an equimultiple deformation of the

strict transform of V(ff2) along 0](-[). As the deformation along O’§e) of the
reduced exceptional divisor induced by FiF5 coincides with the one induced
by Fi, and as the analogous statements hold for Fs, Remark 2.6.1 (3) implies

that FyFy defines an equisingular deformation of V(1 fa).

Proposition 2.12. Let ¢ : (€, x¢) — (M ,x0) — (T, to) be an embedded equi-
singular deformation of (C,0) along the section o : (T, 0) — (€, 0) with (T, 0)
reduced. Assume further that (C,0) = (C1,0) U (Cs,0) where (C1,0) and
(Cq,0) are reduced plane curve singularities without common components, and
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let ¢; : (6, x0) — (M ,x0) — (T, tg) be the induced deformations of (C;,0)
along o, i = 1,2 (Proposition 2.11). Then, for a sufficiently small representa-
tive € — M — T, the following holds:

(1) The number of branches of € is constant along o, that is,
r(%t,0(t)) =r(C,0), teT,

where €; = ¢~ L(t).
(2) The intersection multiplicity of €1 and €» is constant along o, that is,

io(t) (€1t Ca) =0(C1,Co), teT,

where €;; = ¢; (t).

?

We call families 41 — T and %> — T satisfying property (2) equiintersectional
along o.'2

Proof. (1) We use the notations of Definition 2.6 and consider the induced
sequence over t € T, C@(N) — %(Nfl) — ... <gt(0) = %;. Since the space %t(N)
has r =r(C,0) connected components, r(%;,o(t)) > r. If we would have
r(%6:,0(t)) > r, then the map ‘gt(N) — %; cannot be surjective on all branches
and, hence, there exists some £ such that the number of points in %t(e) N é"t(e) ex-
ceeds the number of points in ‘géz) N é’ée). Then there is some 1 < j < ky such
that mt (%t“)u é‘)t(f),aj(-z) (t)) < mt (%“)U géZ)’ a](-z)(O)) contradicting equisin-
gularity.

(2) It follows from Proposition 1.3.21, p. 190, that

io(C1,Ca) = > mt(C17, g mt(C{", q), (2.1.4)
q

where ¢ runs through all infinitely near points belonging to (C,0). Note that
mt(C,q) =0if g ¢ C9.
Since mt(C’i(ﬁ),a(t)) and T(Ci(?,a(t)) (by (1)) are constant, the induced
sequence
cgt(N)_) %(Nfl)ﬁ N %(0): G

is an embedded resolution of %;. Since, by definition of equisingularity,

mt(‘@i(é),o;-z)(t)) is constant in ¢ (for ¢ =1,2 and all ¢ and j), we get the

equality i) (€1, G2,t) = i0(C1, C2) by applying (2.1.4) to €1 ; and G2. O

2 This notion is generalized to non-reduced base spaces (T %) in Definition 2.65,
p. 364.
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Proposition 2.13. Let (C;,0), i =1,...,r, be the branches of the reduced
plane curve singularity (C,0). Let (6;,0) — (#,0) — (T,0) be embedded de-
formations of (C;,0) given by F; € O_y,0, and let (¢,0) — (#,0) — (T,0)
be the deformation of (C,0) given by F'=Fy-...- F,.. Let (T,0) be reduced.
Then (¢,0) — (T,0) is equisingular along a section o : (T,0) — (€,0) iff for
a sufficiently small representative T of (T, 0) the following holds:

(1) the number of branches of € is constant along o, that is, r(€;,0(t)) =
r(C,0) forteT,

(2) the pairwise intersection multiplicity of 6; and €; is constant along o,
that is, ie)(Ci,i, Cje) = 10(Cy, C;) fori#j andt € T, and

(3) (;,0) — (T,0) is equisingular along o fori=1,...,r.

Proof. If (¢,0) — (T,0) is equisingular along o, then (1)—(3) follow from

Propositions 2.11 and 2.12. For the converse, we use the notation as in Propo-

sition 2.12. If (€}, o(t)) is constant then C@(N) — % is an embedded resolution

of €}, since mt(%6;, o(t)) is constant by (3). Since (%;,0) — (T, 0) is equisingu-

lar along o, the multiplicity mt (‘é? u éi(g), U,(f) (t)) is constant for all ¢, k such

that a,(f) (t) belongs to cgl(? Since the intersection multiplicity i, () (%i,¢, €j,¢)

is constant, we have that mt (‘KZ(? U ‘@”j(ﬁ) u&g® o® (t)) is constant if o (t)

belongs to %i(’? ﬂ%j(ﬁ) by (2.1.4). It follows that mt(%t(e)u cgjf(é),cf,(f) (t)) is

constant for all £ =0,..., N —1 and 1 < k < k. O

2.2 The Equisingularity Ideal

In this section, we study first order equisingular deformations, that is, equi-
singular deformations over the fat point 7. = ({0}, C[e]/e?). The main result
is the following proposition:

Proposition 2.14. Let (C,0) C (C%0) be a reduced plane curve singularity
with local equation f € C{z,y}. Then the following holds:

(1) The set

there exists a section o such that f + eg
I°(f):=4 g€ C{x,y} ‘ defines an equisingular deformation of
(C,0) over T along o

is an ideal containing the Tjurina ideal {f,j(f)), where j(f) = <%, g—£>,

(2) The subset

es L es f +eg defines an equisingular deformation
I (f) = {g e1”(f) of (C,0) along the trivial section over T, [~

of I¢(f) is an ideal in C{x,y} containing (f,mj(f)). Moreover, as complex
vector subspace of C{x,y}, I°°(f) is spanned by Ig5(f) and the transversal

2-plane spanned by the partials % and %. Furthermore, we have
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mt(f) — 1 if g € I°(f)
mt(g) 2 {mt(f) ifgeIs(f).

Definition 2.15. The ideal I°(f) C C{z,y} is called the equisingularity
ideal of f € C{x,y}. IZ(f) is called the fized equisingularity ideal of f.

We prove Proposition 2.14 by induction on the Milnor number, making
blowing-ups as induction steps.

Recall that just requiring the multiplicities of the strict transforms in the
blown up family to stay constant is not sufficient to get equisingularity of the
original deformation. Indeed, the equisingularity condition in the induction
step translates to an equisingularity condition for the strict transform plus
extra conditions on the intersection with fized smooth germs, namely the com-
ponents of the exceptional divisor. This corresponds to the requirement that
the multiplicities of the reduced total transforms are constant in the defini-
tion of equisingularity. Therefore, we have to consider a slightly more general
situation in the induction step. This is the reason for introducing the ideals
Ig5(f) and Iﬁ;’leLk (f) below.

The following example of the cusp f = 22— 33 might be helpful for under-
standing the general situation: A first order (equisingular) deformation of the
strict transform C'") = {u? — v = 0} corresponds to an equisingular deforma-
tion f + g of the cusp along the trivial section exactly if its equation is of
the form u?— v + eg(uv, v)/v? and if there is a section o, : T- — E such that
the intersection multiplicity with £ = {v = 0} along o, is constant. In other
words, if I, = (v,u — ea) with a € C, then we require

ordt((t +ea)? +egD(t+ea, 0)) =2, (2.2.5)

for g™ (u,v) := g(uv,v)/v?. Now, we must continue blowing up. Note that
(t +ea)? 4+ egW(t+ea,0) = t2 + 2eat + gV (t,0).
Hence, replacing ¢(*) by ¢ — 2au = ¢V — aa(lf;;”), we may assume that
a =0, that is, o, is the trivial section. Then the above condition on the
intersection multiplicity is equivalent to ig(¢)—20au, F) > 2 = ig(u?*~v, F).
Similarly, a first order (equisingular) deformation of C'?) corresponds to
an (equisingular) deformation of C") satisfying (2.2.5) for a = 0 iff its equa-
tion has the form @ — 7 4 g™ (%, wv) /@ and the intersection point with the
components of the exceptional divisor does not move. The latter means that

ord (t +g®(t,0)) >
ord, (—t + eg?(0, t)) >

where ¢ (@,7) := ¢V (a, w) /7.
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This example suggests that in the inductive proof we should not only consider
I°5(f) but also the following auxiliary objects: let L, Ly, ..., Ly C (C2,0) de-
note smooth germs (respectively their local equations) through the origin
with different tangent directions. Consider the sections o, : T — L given by
the ideal I, := (z — ealy,y — eals), a € C, where £ = ({1, (3) € C? is a fixed
tangent vector to L, and let og : T. — (C? 0) be the trivial section. Define

f + g defines an equisingular deformation
of (C,0) with singular section o, in L and , ,
iaa (f + €9, L) = Z'0(]07 L)

I°(f) ==L g€ C{z,y}

f+eg defines an equisingular deformation
with trivial singular section oy and
oo (f +€9,L;j) =to(f, L) for j=1,...,k

Here i, denotes the intersection multiplicity along o, that is,

Ly Ly (f) =3 9€C{z,y}

ioo (f +g, L) :=ord,(f(t€ — cal) + eg(tl — k) ,

and we assume that the intersection multiplicities io(f, L) and io(f,L;),
j=1,...,k, are finite.

Proof of Proposition 2.14. We show that, for any smooth germs L, Ly, ..., Ly
(k> 0) as above, I ;1 (f), If°(f) and I°(f) are ideals in C{x,y}.
Step 1. We show that it suffices to prove the claim for Ig ; ; (f), k> 0.

Step 1a. Assume that Iﬁ;,L(f) is an ideal. Then I¢*(f) is an ideal, spanned
as a linear space by 1§ . (f) and f7, the derivative of f in the direction of L.
Furthermore, f; does not belong to I far(f)-

Indeed, f + eg defines an equisingular deformation with singular section
0q, o € C, iff the deformation induced by

flx —ealy,y —ealy) + gz — ealy,y — ealy)
= f(xvy) —&- (a : (81%(1'73/) + 622_5(x7y)) _g(l'vy)) ;
= f1(z,y)

is equisingular along the trivial section. We conclude that I7°(f) is spanned
as a linear space by Iﬁ;,L(f) and by f].
To show that I7°(f) is an ideal, we show that m - f7 C I£ (). Indeed,

m - f1, C Janr(f) = {g € C{z,y} [ io(g, L) > io(f, L)} Nm-j(f),

since do(f7, L) = io(f, L) — 1. On the other hand, jg,1(f) C I [ (f), since
the ideal jfz 1 (f) just describes the infinitesimal locally trivial deformations
of first order with trivial singular section and fixed intersection multiplicity
with L. Since i, (f +¢f},L) = io(f, L) — 1, we have f] & Iﬁ‘;L(f).
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Step 1b. Assuming that IZ5(f) is an ideal, we see in the same way that I°°(f)
is spanned as a linear space by IZ3(f) and the transverse 2-plane spanned by

% and %. We deduce that 1°°(f) is an ideal, the sum of the ideals I£(f)

and j(f), since we have the linear decomposition j(f) = C% + (C% +mj(f).
The inclusion mj(f) C I (f) results from the fact that mj(f) describes the
infinitesimal locally trivial deformations of first order with trivial singular
section.

Observe that mt(g) > mt(f) for all elements g € IZ3(f), since all germs
equisingular to f have the same multiplicity at the singular point. In view of
the preceding result, this yields, in particular, that mt(g) > mt(f) — 1 for all
elements g € I°%(f), since %, % satisfy the latter inequality.

Step 2. We prove that I¢; ; ;1 (f), k>0, is an ideal. To do so, we proceed
by induction on the number of blowing ups needed to resolve f.

Step 2a. As base of induction, we consider the case of a non-singular germ
f € C{z,y}. Then

]%j:,Ll...Lk(f) = {g € (C{J?,y} ‘ iO(g7Lj) > Z.0(.]07 L]) ) .7 = 17 sy k} )
which obviously defines an ideal in C{z, y}.

Step 2b. Assume that f is singular. Let 7: M — (C?%0) be the blowing
up of the origin, and let £ C M be the exceptional divisor. Denote by
Ly,...,Ly C M the strict transforms of Ly,..., Ly, by C the strict trans-
form of the germ (C,0), and by q¢i,...,¢s the intersection points of C' with
E. Let m :=mt(C,0), and let fi € On,q; be a local equation for the germ
(C.q;),i=1,....s.

From Definition 2.6, we see that f 4+ eg is the defining equation of an
equisingular deformation of (C,0) with trivial singular section and fixed in-
tersection multiplicities with Lq,..., L iff it is mapped under the injective
morphism

(r x id7.)* : Oc2ers (0,0) = OMxT. (4:.0)

to the product of the m-th power of the equation of the exceptional divisor £
and the equation of an equisingular deformation of the germ (C’ , qi) satisfying
the following conditions:

o if one of El, e ,Ek passes through ¢;, then the equisingular deformation
of (C, qi) has trivial singular section and fixed intersection multiplicities
with El, .. ,Zk and E (cf. Proposition 1.3.21),

e if none of El, . ,Ek passes through ¢;, then the equisingular deformation
of (C , qi) has singular section with values in E and it has fixed intersection
multiplicity with E.

Correspondingly, I3 ; 1, (f) is the preimage of @:;_, E™ - I, under
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b C{z,y} = B Ounyg,
i=1

where ~ _ ~
es . 1 .
- Iﬁz,i;...zkE(fl)’ if qleglu...ufk,
Finally, since resolving ﬁ, t=1,...,s, needs less blowing ups than resolving
f, the induction hypothesis and the result of Step la assure that I; C Ops,q,,
i=1,...,s, are ideals. Hence, I¢; ; ; (f) is an ideal, too. O

Example 2.15.1. We reconsider the proof of Proposition 2.14 to compute the
equisingularity ideal for A,- and D,-singularities.

(1) Let f, := 2?— y*Tte C{z,y}, p > 1. Then

I°(fu) = {fu3(fu)) = (2, 9") = {9 € Cla,y} |io(2,9) 2 n},  (2:2.6)

and, for L := {y = 0}, we get

IP(f) = @y ™) I8 () = I5(fu) = (fusm- 5 (f)) -

Indeed, as L is transversal to {f, = 0}, each equimultiple deformation along
the trivial section preserves the intersection multiplicity with L (which is
2), hence, I ;(f.) = If;(fu). The proof of Proposition 2.14 then shows
that, as a linear space, I7°(f,) is spanned by Iﬁi( fu) and the derivative
% = 2x. Now, we proceed by induction on wu: For g =1, equisingularity
is equivalent to equimultiplicity. Hence, I (f1) =m? = (fi,m-j(f1)) and
I(f1) =m=(f1,5(f1))

For p = 2, the considerations right before the proof of Proposition 2.14
show that g € C{x,y} defines an equisingular deformation of the cusp along
the trivial section iff ¢ € (@, v), which is equivalent to ¢(*) — 2au € (u?,v),
and thus to g € (2%, zy,y*) = (fu, m - j(f2)). As I°(f2) is spanned by I£5(f2)
and the two partials of fo, we get I¢(f2) = (fa,j(f2))-

For p1 > 3, let w: M — (C2 0) be the blowing up of the origin. Then there
is a unique intersection point of the strict transform of {f, = 0} with the
exceptional divisor E = 771(0). Locally at this point, the exceptional divisor
is given by {v =0}, and the strict transform is given by {u?—v*~1=0}.
Together with the induction hypothesis, the proof of Proposition 2.14 shows
that I£(f,) is the preimage of v? - (u, v~ 1) under 7 : (z,y) — (uv,v). Thus,
I8 (fu) = (2%, xy, y* ). Finally, 1°(f,) is spanned by I£3(f,) and the two
partials of f,,. Thus, I°°(f,) = (z,y").

(2) Let g, == y(2®— y*~2) € C{x,y}, u > 4. Then

Ies(g“) = <9u7j(gu)>a Iﬁ;(gu) = <gﬂvm ](gu» = <x37$2y,xy2’y,u71> .
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For p = 4, equisingularity is again equivalent to equimultiplicity. Hence, we
get I1£5(g4) = m® = (ga, m - j(g4)) and I°*(gs) = (g4, j(94))-

Now, let x> 5, and let 7: M — (C2%0) be the blowing up of the ori-
gin. Then there is a unique non-nodal singular point of the reduced total
transform of {g,, = 0} on the exceptional divisor E = 771(0). Locally at this
point, the exceptional divisor is given by {v = 0}, and the strict transform
is given by {u?—v*~*=0}. For p > 6, the proof of Proposition 2.14, to-
gether with Case (1), gives that I;(g,) is the preimage of v3 - (u, v*~*) under
*: (2,y) — (uv,v). Thus, I§(g,) = (2% 2%y, 2y?, y* ") = (gu, mj(g,)), and

I(gu) = (9> 3(gpn))-
It remains the case p = 5. Here, Iﬁ;(gg,) is the preimage under 7 of

the ideal v* - Ig5 p(u®— ) (with B = {v=0}). As I} 5(u®—v) = (u?,v), this
gives I£5(g5) = (2% 2%y, zy? y*). Hence, 1°°(gs5) = (g5,7(95))-

This example shows that, for f defining an Ay- or a Dy-singularity, the equi-
singularity and the Tjurina ideal coincide. The same holds for f defining a
singularity of type Fg, F7, Es, which we leave as an exercise:

Lemma 2.16. If f € C{x,y} defines an ADE-singularity, then

1°() = (£ 1) = (Fmi(f) -

The next proposition gives a general description of the equisingularity ideal
in the case of reduced semiquasihomogeneous, respectively Newton non-
degenerate (NND, see Definition 1.2.15), plane curve singularities. Note that,
for the NND polynomial f = (22— y3)(y>— 23), we get I1°°(f) = (f,4(f)) and
I (f) = (f;m-j(f)), but f does not define an ADE-singularity. Hence, the
inverse implication in Lemma 2.16 does not hold.

Proposition 2.17. Let (C,0) C (C%0) be a reduced plane curve singularity
with local equation f € C{z,y}.

(1) If f = fo+ [ is semiquasihomogeneous with principal part fo being quasi-
homogeneous of type (w1, ws;d), then

I°(f) = (G(f), 2°¢° | wia+ wa > d).

(2) If f is Newton non-degenerate with Newton diagram I'(f,0) at the ori-
gin, then the equisingularity ideal is generated by j(f) and the monomials
corresponding to points (a, 3) € N™ on or above I'(f,0).13

13 These monomials are just the monomials of Newton order > 1, where we say that
a monomial has Newton order § € R (w.r.t. f) iff it corresponds to a point on the
hypersurface § - I'(f,0) C R?.
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Fig. 2.9. Newton diagram of f = (z® — y*)(2? + zy — v*)(y°® — y3z + z°).

Remark 2.17.1. In fact, for a reduced Newton non-degenerate power series f,
we prove the following: let J, I*(f) C C{x,y} be the ideals

J = (z°y” | 2°9y® has Newton order > 1)

and

f + €g defines an equisingular deformation of
(C,0) where the equimultiple sections through
all the infinitely near non-nodes of the reduced

total transform of (C,0) are trivial sections

I*(f) == g€ C{z,y}

Then
I1(f) = G, L () = G, J) = GO, () -

The proof uses the following general facts for the Newton diagram at the
origin of a power series f € C{z,y} (see, e.g., [BrK, §8.4], [DJP, §5.1]):

if f is irreducible then I'(f,0) has at most one facet;
if f=f1-...-fs then I'(f,0) is obtained by gluing the facets of I'(f;,0)
(suitably displaced, such that the resulting diagram looks like the graph
of a convex piece-wise linear function, see Figure 2.9);

e the blowing up map 7* maps monomials of Newton order 1 (resp. > 1,
resp. < 1) with respect to f to monomials of Newton order 1 (resp. > 1,
resp. < 1) with respect to the total transform of f.

Proof of Proposition 2.17. As in the proof of Proposition 2.14 we proceed by
induction, making blowing-ups as induction steps. We simultaneously treat
the case of semiquasihomogeneous and Newton non-degenerate singularities.

Actually, what we suppose is that f is reduced and either Newton non-
degenerate, or a product of type f = xf’ (respectively f =yf'), or f = zyf’,
with f’ Newton non-degenerate. In the latter (“non-convenient”) cases, we
consider a modified Newton diagram I'(f,0) to define the Newton order. For
this, we omit vertical and horizontal facets (if they exist) and extend (if nec-
essary) the facets of maximal and minimal slope such that they touch the -
and y-axis, respectively.
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I'(f,0)

Fig. 2.10. Newton diagram I'(f,0) of a unitangential NND singularity.

Proposition 2.14 shows that we always have I°(f) = (j(f), [§;(f)) and
G, I(f)y C I*5(f). Thus, it suffices to prove that, under the given as-
sumptions, (j(f),§;(f)) is contained in the ideal generated by j(f) and the
monomials of Newton order > 1 w.r.t. f, and that the latter ideal is contained

in (5(f), I°(f)).

Step 1. We show that I°(f) contains the ideal generated by all monomials of
Newton order > 1 w.r.t. f.

Case A. f defines an ordinary singularity (including f smooth).
Then, I°(f) = Ig5(f) = (z,y)™ () hence the statement.
Case B. f is singular and unitangential.

Since f is either SQH or NND, the tangent can only be x or y. Let us assume
that it is y, that is, the Newton diagram has no facet of slope < —1 (see also
Figure 2.10). In particular, when blowing-up the origin, it suffices to consider
the chart x = u, y = uwv.

Now, let ¢ = z*y” be a monomial of Newton order > 1. Then, in particular,
f + €g is equimultiple along the trivial section and its reduced total transform
is given by

u-(f(“’“”)Jr g(u’m’)> f 9w ) (2.2.7)

ut(f) € umt(f) —u (’LL,’U) te umt(f)—1"

Since g(u,uv) is a monomial of Newton order > 1 w.r.t. the total transform
ut(f )f, the induction hypothesis gives that (2.2.7) defines an equisingular
deformation with all equimultiple sections through non-nodes of the reduced
total transform of uf being trivial sections. Hence, g € T°(f).

Case C. f has at least two tangential components.

It might happen that the Newton diagram has facets of slope < —1 (all corre-
sponding to branches with tangent x), > —1 (tangent y), and = —1 (tangent
az + By, a, B # 0). Since f is NND, the last-mentioned branches define an or-
dinary singularity, hence, impose no equisingularity condition to the respective
strict transforms.
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r(f,o)

Fig. 2.11. Newton diagram at the origin of the strict transform.

Thus, we can conclude as in Case B, considering both charts of the blowing-
up map and noting that the Newton diagram at the origin of the respective
strict transform equals the Newton diagram of the strict transform of the
respective tangential component.

Step 2. We prove that I£5(f) coincides with the ideal J generated by z f, y fz
and the monomials of Newton order > 1 w.r.t. f.

What we actually claim is that 1§ (f) C J (the other inclusion is given by
Step 1 and Proposition 2.14). To see this, note that the inclusion Iﬁ;(f) cJ
holds true for ordinary singularities (see Case A, above). It remains to consider
Cases B,C.

Case B. f is singular and unitangential.

Let us assume that f +eg, g € C{z, y}, defines an equisingular deformation
with trivial singular section. In particular, this implies that the reduced to-
tal transform (2.2.7) is equisingular (with singular section in the exceptional
divisor {u = 0}). Proposition 2.11 implies that

u - <f(u7v) +e- %) = (u + Egl(u,v)) . (f(u,v) + sgg(u,v)) ,

such that both factors define equisingular deformations with singular sec-
tion in {u = 0}. Hence, g; € u- C{u,v}, and Proposition 2.14 (respectively
its proof) and the induction hypothesis give

9(u, uv)

i € <Ufu,ﬁ,, terms of Newton order > 1 w.r.t. ﬂ . (2.2.8)
um

Those monomials in g leading to terms of Newton order > 1 w.r.t. f have
Newton order > 1 w.r.t. f, hence, are contained in I55(f) by Step 1. Moreover,
we compute that

=~ 9 (f(u,uv)) _u fy(u,w)

fo= v \ umt(H) wmt(f)

is the image for g = x f,, which is in IZ(f), too.
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The latter proves the claim as long as f has no component with tangent
u (then vf, has Newton order > 1). On the other hand, if some components
have tangent u, then some of the higher equimultiple sections of (2.2.7) have
to be in the strict transform of {u = 0}.

More precisely, let —p be the slope of the steepest facet in F(]?, 0) (see
also Figure 2.11), then we have the above restriction for N := [p] successive
equimultiple sections (including the present one).

Of course, the latter imposes N — 1 independent conditions to g(u,uv).

Since uf,, has Newton order > 1 w.r.t. f, this means that we have to exclude
Vfu, ..., v "1f, on the right-hand side of (2.2.8). But, due to the choice of
N, v" f, has Newton order > 1. Hence, we conclude that

g e <:1:fy, terms of Newton order > 1 w.r.t. f> .

Case C. f has at least two tangential components.

We can suppose that f = fifsf3, where fi; has tangent x, f; defines an ordi-
nary singularity, and fs has tangent y. Then, again by Proposition 2.11, any
equisingular deformation f + eg with trivial singular section splits as

f+eg=(fi+eg) (fat+ege)-(f3+eg3),

where (in view of the above)

g1 € <yj"1,m7 terms of Newton order > 1 w.r.t. f1> ,

g2 € <‘T7y>mt(f2)7

gs € <xf3)y, terms of Newton order > 1 w.r.t. f3> .

In particular, since products of terms of Newton order > 1 w.r.t. f1, f2, f3,
respectively, have Newton order > 1 w.r.t. f, it is not difficult to see that the
latter implies that

g€ <y1+mt(f2)+mt(f3)f1 o zmt(f1)+mt(f2)+1f3 v

terms of Newton order > 1 w.r.t. f> .

= <yfz,xfy, terms of Newton order > 1 w.r.t. f> .

Step 8. Combining Steps 1, 2 and Proposition 2.14, we conclude that

1(f) = G L) < G T) < G, () < I7(f) -

Hence all inclusions are equalities, which implies the statement of the propo-
sition. O

The proof of Proposition 2.17 shows that for f Newton non-degenerate, the
equisingularity ideal is generated by the Tjurina ideal and the ideal I°(f).
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This is caused by the fact that the equimultiple sections O’;Z) through all
infinitely near non-nodes can be simultaneously trivialized in this case. That
is, each equisingular deformation of a reduced Newton non-degenerate plane
curve singularity is isomorphic to an equisingular deformation where all the
equimultiple sections JJ@ through the infinitely near non-nodes of the reduced
total transform are globally trivial sections (see Proposition 2.69).

If f is Newton degenerate, however, this is not necessarily the case as the

following example shows:

Example 2.17.2. Consider the Newton degenerate polynomial

f=(x =29 -9’2y’ +2°+¢°,

defining a germ consisting of four transversal cusps. Blowing up the origin,
we get four intersection points ¢ 1,...,¢1,4 of the strict transform with the
exceptional divisor Ej, the germ of the strict transform being smooth (and
tangential to E7) at each ¢, see Figure 2.12. Thus, each deformation of
the (multigerm of the) strict transform is equisingular along some sections
aﬁl), .. .,04(11). However, since the cross-ratio of the four intersection points
qi1,---,q1,4 is preserved under isomorphisms, usually the sections can not be
simultaneously trivialized. Consider, for instance, the 1-parameter deforma-
tion given by

F(z,y,t) = (v —2y)*(z — y)*(z + ty)*y* + 2” +¢°, t € C close to 0.

After blowing up the trivial section, the strict transform of F' is a locally
trivial deformation of the strict transform of f along sections a%l), . ,04(11)
in the exceptional divisor, where the cross-ratio of 051)(t), e 04(11) (t) varies
in t. Although the family defined by F' is topologically trivial, it cannot be
isomorphic (not even C'-diffeomorphic) to an equisingular deformation with
trivial equimultiple sections. The induced deformation over T is defined by

f +eg, with
g = 2(z°y® — 6y + 132%y° — 122%y5 4 4ay”) .

We will see below, that, indeed, g € I°(f)\ (f,7(f),I°(f)) (see Example
2.63.1).

We use the previous discussion of the equisingularity ideal to show that a
generic element g € I°(f) intersects f with the same multiplicity x(f) as a
generic polar of f, ag—ic + 52—5, (a: ) € P! generic, does. Indeed, this is an
immediate consequence of the following lemma (since j(f) C I1°°(f)):

Lemma 2.18. Let f € C{x,y} be reduced, and let g € I¢*(f). Then

i(f,9) = k(f)-
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E3 4
— Eo 4 / Eo 4
E T Maaa
2, —_—
q3,4
q — Eas |/ Es3
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q — B |/ —  E2p
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g2, —_—
qs,2
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q1,1 N — a1 N
gs3,1
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Fig. 2.12. Resolution of {(z —2y)*(z — y)’z%y* + 2° + y° = 0}.

Moreover, with the notations introduced in the proof of Proposition 2.14, we
have

w(F) (). i 9 €120,
i) > 4 D+ D) —mi(), if 9 € I(F).

)4 + 3 (60 L) = mi() s f 9 € T 1, (1)

Proof. We proceed by induction on the number of blowing ups needed to
resolve the plane curve singularity {f = 0} and to make {f = 0} transversal
to the (strict transforms of) L, Ly, ..., L.

Step 1. As base of induction, we have to show for a non-singular f and trans-
verse smooth germs L, Ly, ..., Ly that i(f,g) > 0if g € I®*(f) orif g € If*(f),
and that i(f,g) > 1if g € I3 (f) orif g € Ig; ;1 (f). But this is obvious.

Step 2. We show that it suffices to prove the statement for g € Ig ;1 (f)-
Thus, let us assume that, for each g € IS ;1 (f),

k
i(f,9) = 5(f) +mt(f) + Y (i(f, Ly) — mt(f)) , (2.2.9)
j=1

The case k = 0 implies that i(f,g) > x(f) + mt(f) for each g € Ig;(f). More-
over, due to Proposition 2.14, the equisingularity ideal I°(f) is gener-
ated as a linear space by I ﬁi( f) and the partial derivatives of f. As
i(f,9) > w(f) + mt(f) for g € IZ5(f), and as each element of j(f) intersects
f with multiplicity at least k(f), we get i(f,g) > &(f) for each g € I%(f).

Finally, we have seen in Step la of the proof of Proposition 2.14 that
mIze(f) C Ig; 1 (f). Thus, for each g € I7°(f), and for each h € m, we get by
(2.2.9)
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i(f,9) +i(f,h) =i(f, hg) 2 K(f) +mt(f) +i(f, L) — mt(f)
= w(f) +i(f, L)

If we choose h € m generically, then ¢(f, h) = mt(f) (Exercise 1.3.2.1), and we
obtain the wanted inequality i(f, g) > x(f) +i(f, L) —mt(f) for g € I7°(f).

Step 3. Let f € C{x, y} be an arbitrary reduced element defining a curve germ
(C,0) C (C%0), and let g € IfS 1, (f). Further, let 7 : M — (C? 0) be the
blowing up of the origin, and let £ C M be the exceptional divisor. Denote by
Ly,..., L C M the strict transforms of L1, ..., Ly, by C the strict transform
of the germ (C,0), and by ¢1, . . ., ¢s the intersection points of C' with E. Since
Ly, ..., Ly are supposed to be transversal smooth germs, each ¢; is contained
in at most one of the L;, and each L; contains at most one of the g;. Thus,
we may assume that for some 0 < ¢ < min{k, s}, we have

el «— i=j<t. (2.2.10)

Now, let ﬁ € Opq,, respectively e; € Opyq,, be local equations for the germ

of C , respectively of F, at ¢;, and denote by g; the total transform of g at g;
i=1,...,s. Then, due to Proposition 2.14, mt(g) > mt(f), and

—/g\l el = I;;Z;ZkE(fl) , dhist, (2.2.11)
et 1g(f:), if i> 0.

Moreover, due to Proposition 1.3.21, and since 35, i(f;, ¢;) = mt(f), we have
(.0) = me(r) mils) + 37 5)
Z ( (ﬁ’ mt(f ) + (mt(g) —mt(f)) 'i(ﬁwei)>
> mt(f)? + §z<f eﬁw) .

Here, by (2.2.11) and the induction hypothesis,
z’(f G ) . k(fi) +i(fived) +i(fi, Li) —mt(f;), if i<,
v ;nt(f) B n(ﬁ)—l—i(ﬁ-,ei)—m‘c(ﬁ-), if i>¢.
Thus,

s 14

i(f,g) > mt(f)? —|—Z(/§(fz) — mt(ﬁ)) —|—i:i(ﬁ,ei) + Zz(ﬁ,zl) .

=1 =1
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The statement follows, since > :_; z(ﬁ, e,;) = mt(f), since

S S

> (w(F) —mt(£)) = > (20(F) ~r(£))

1= 1=

= 26(f) — mt(f) (mt(f) = 1) = r(f)
= w(f) — mt(f)?

(due to Propositions 1.3.38, 1.3.35 and 1.3.34), and since

S

S illuLe) = 303 ilF Ly) = Yo (14 Ly) —mi(f)

i=1 Jj=11i=1 j=1
due to the assumption (2.2.10). O

Proposition 2.19. Let (i,¢,0) be an equisingular deformation over (C,0) of
the reduced plane curve singularity (C,0) C (C%0). Moreover, let

Cc ey sBXxT

(e

{0} &—1T

be a representative for (i,¢,0) with T C C, B C C? neighbourhoods of the
origin. Then, for all sufficiently small open neighbourhoods U C B of the ori-
gin, we can choose an open neighbourhood W = W (0) C T such that, for all
t e W, we have:

(i)
iv(C,Cy) ==Y i.(C,Cy) > K(C,0),

zeU

where Cy x {t} =€, C U x {t} is the fibre of ¢ overt.
(1) If o is the trivial section, we have even

iv(C,Cy) > K(C,0) +mt(C,0).

Proof. The hypersurface germ (%,0) C (C2x C,0) is defined by an un-
folding F € C{x,y,t} with f:= Fy € C{z,y} being a local equation for
(C,0) C (C2%0). We may assume that F # f, otherwise the left-hand side
in (i) and (ii) are infinite. We write

F(z,y,t) = f(z,y) + t" fm(2,y) + " g(z,y,t), m>1.

Then F := f +t™f,, defines an equisingular deformation of (C,0) over the
fat point ({0}, C{t}/(t™*')), with the (uniquely determined) singular section



296 II Local Deformation Theory

& = o mod (t™T1) given by the ideal Iz = (x —t™a,y—t"3), a, 3 € C. Sub-
stituting ¢ by e, we get that f + ef,, defines an equisingular deformation
over T, with the singular section being defined by the ideal (x —ea,y—ef).
If o is the trivial section, then o = 8 = 0. We obtain

e IG5 (f) if o is the trivial section,
m I¢(f) otherwise,

and Lemma 2.18 gives

) k(f) + mt(f) if o is the trivial section,
if, fm) 2 {n(f) otherwise .

It remains to show that for a sufficiently small neighbourhood U C C? of the
origin, we find some p > 0 such that

i(f, fm) = iu(C,Cy) = Y i=(C,Cy)  for 0 < [t < p.

zeU

We consider the unfolding of f,,, given by G := f,, + tg. By Proposition 1.3.14,
for U C C? a sufficiently small neighbourhood of the origin, we find some open
neighbourhood W C C of 0 such that G converges on U x W and such that,
for each t € W,

i(f, fm) = iv(C, D) =Y iz(C,Dy),  Dy:=V(Gy).

zeU

Now, the statement follows, since from the definition of the intersection mul-
tiplicity we get

iz(C, Ct) = i(fo Gz, fodr +1" [0z +tm+lgo¢2)
= i(fo¢Z7 fm oz thgo(bz) = iz(C7Dt)

with ¢, the linear coordinate change x — x + 21, y — y + 22, z = (21, 22). O

2.3 Deformations of the Parametrization

We describe now a different approach to equisingular deformations of a re-
duced plane curve singularity (C,0) C (C2% 0) by considering deformations of
the parametrization.
To define deformations of the parametrization (with section) we need de-

formations of a sequence of morphisms.
D ors fn fn-1 f1

efinition 2.20. Let (X,,,x,) ~> (Xn_1,Zpn-1) —— ... — (Xo,20) be a
sequence of morphisms of complex (multi-) germs.

(1) A deformation of the sequence of morphisms over a complex germ (T, ()
is a Cartesian diagram
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(Xna xn) % (%na -rn)
In O F,
(anh xnfl) (—> (%n,17 xnfl)

fn-1 O Frn_1

f1 0 Fy
(Xo,20) —— (20, 20)
O Fy

{to} —————— (T't0)

such that the composition Fyo...o F; : (25, z;) — (T,t0),i=0,...,n,is flat
(hence a deformation of (X, z;)).

(2) If (Z.),2)) — ... = (Zy,x() — (T’ t}) is another deformation of the se-
quence over a complex germ (77,t(,), then a morphism from the second defor-
mation to the first one is given by a morphism ¢ : (1%,t,) — (T, ¢o) and liftings

(2], x}) — (Zi,25), i =0,...,n, such that the obvious diagram commutes.

(3) The category of deformations of the sequence (X,,z,) — ... — (Xo, o)
is denoted by Def (x 2. )—..—(Xo.20)-

If we consider only deformations over a fixed germ (T,ty), then we get
the (non-full) subcategory Def (x, o ). —(xy.z0)(L>t0) With morphisms be-
ing the identity on (7',t0). Def (x, 2,)—...—(Xo.x0)(T>t0) denotes the set of

isomorphism classes of deformations in Def (x .y, . (xy.20) (T t0)-

(4) We call T(lxmwn)ﬂ...%(Xo,wo) = Def (X, wn)—..—(Xo,z0) (Tt) the set of iso-
morphism classes of (first order) infinitesimal deformations of the sequence
(Xn,xn) — ... — (Xo,x0).

(5) Deformations of the sequence (X, z,) — ... — (Xo,zo) over (T tg) satis-
fying (2o, x0) = (Xo, z0) X (T, to), together with morphisms of deformations
satisfying that the first lifting

(20,20) = (Xo,20) x (I",t5) — (Xo,20) x (T’ t0) = (X0, %0)

is of type id(x, z,) X, form a subcategory of Def x . )—.. —(x,a,) denoted
by Def (X, zn)—...—(X1,21)/(Xo,z0)- L€ set of isomorphism classes of first order
deformations of (X, x,) — ... = (X1,21)/(Xo, o) is

1 —
T(X )= (X1,21)/(Xosw0) = DL (X ,0m) = —(X1,21)/ (Xo,0) (T2) -
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(6) The functor

Def (X, wn)—..—(Xo,w0) - (cOMplex germs) — Sets,

(Ta tO) — D_ef(Xn,xn)H..,H(Xo,zo)(jz tO)

is called the deformation functor of the sequence (Xp,xn)—...— (Xo,20). In
the same way, we define the functor Def (x 2. )—..—(X1,21)/(Xo,z0)-

Since this functor satisfies Schlessinger’s conditions (Hyp), (H;) and (Hs), it
follows that T(l-XnﬁDn)Hm*’(Xo,ﬂio) and T(lewn)—»...H(Xl,xl)/(Xo,zo) are complex

vector spaces (see Appendix C).

Remark 2.20.1. Let {pt} denote the reduced complex germ consisting of one
point. Then deformations of (X,z) can be identified with deformations of
the morphism (X, z) — {pt}, and deformations of (X, z) with section can be
identified with deformations of the sequence {z} — (X,z) — {pt}. In other
words, the category Def y .y (vespectively Def(¥ ,)) is naturally equivalent
to Def (x u)—(pt} (respectively Def 3 (x o)—{pt})-

These definitions can obviously be generalized to deformations of diagrams
instead of deformations of sequences of morphisms and to multigerms in-
stead of germs and the corresponding deformation functors again satisfy Sch-
lessinger’s conditions (Hp), (Hy) and (Hs). We formulate this only for a special
case, which is needed below.

Definition 2.21. Let (X,7) = [, (X;,7;) and (X, ) =[]_,(X;, z;) be
multigerms, and let f: (7, E) — (X,z) be a morphism mapping the set
{z} ={=1,...,7.} onto {z} = {x1,...,x,}. Then a deformation of the dia-
gram

{z} — (X,2)

I

{r} — (X,2)

over (T,1o) consists of deformations over (T,ty) of (X,Z) and of {z} — {z},
which fit into an obvious commutative diagram. As a deformation of a finite
set of reduced points is trivially isomorphic to the disjoint union of the same
number of copies of (T,ty), such a deformation is equivalently given by a
commutative diagram

(X,7) — (2,2)
fl O lF
(X,z) —— (Z,7)

Loe

{to} ——— (T, to)
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where o = {01,...,05} and 7 = {71,...,0,} are (multi-)sections satisfying
oi(to) = x4, 7,(to) =%; for all i,j. Moreover, for each i€ {1,...,s} and
j€{l,...,r} such that z; = f(T;) we have 0; = F 05;. In this situation,
we say that the (multi-)sections o and & are compatible.

We call such deformations deformations of (7, E) — (X, x) with compati-
ble sections (or just deformations with section), and denote the corresponding
category by Def SX )= (X, . Recall that the multisections ¢ and & can be
trivialized (Proposmon 2. 2)

We wish to apply all this to deformations of the parametrization of a plane
curve singularity. To keep the notations shorter and to avoid overlaps in the
notations, from now on we denote the base points of the complex germs ap-
pearing by 0, 0 or 0; (without necessarily referring to an embedding in some
(C",0)).

Consider the commutative diagram of complex (multi-) germs

,0)

where (C,0) is a reduced plane curve singularity, j the given embedding, n
the normalization, and ¢ = j o n the parametrization of (C,0).

f (C,0)=(C1,0)U...U(C,,0) is the decomposition of (C,0) into ir-
reducible components, then (C,0) = (C1,0;)II...1I (C,,0,) is a multigerm
with (C;,0;) = (C,0) mapped onto (C;,0), inducing the normalization of the
component (C;,0). On the level of (semi-) local rings we have

66:@ o0, = O Cltd

J W.,wﬁ)
Oc,

0o ¢ Ocz0 = C{z,y}.

We fix coordinates z,y for (C20) and, for each i = 1,...,7, alocal coordinate
t; of (C;,0;), identifying this germ with (C,0). Then the parametrization
w={pi|i=1,...,r}is given by r holomorphic map germs

i = 80|(6“61) : (C7O) I ((C27 0)7 ti — (ml(tl)ayl(tl)) .

If f € C{z,y} defines (C,0), f decomposes in r irreducible factors fi,..., f;
with (C;,0) = (V(fi),0). With the identification Oz 5 = @;_; C{t;}, we have



300 II Local Deformation Theory
ot = ()i C{xy}ﬂ@c{t}

with ¢f(z) = 2;(t;), ¢l(y) = yi(t:), and Ker(p!) = (f;), Ker(¢#) = (f).

Remark 2.21.1. Since (C,0) and (C? 0) are smooth (multi-)germs, any defor-
mation of these germs is trivial (Exercise 1.3.1). Hence, any deformation of the
parametrization ¢ : (C,0) — (C2 0) over a germ (T, 0) is given by a Cartesian
diagram and isomorphisms

(C,0)—~ (¢,0) — (C x T,0)

l ol b

C20) " (#,0) — (C2x T,0) 7
Tk
{0} & (T,0) =—— (T.0)

with pr the projection, (?7 6) = H:Zl(?i,@-), and (?i,ﬁi) = (62- x T, @).
Compatible sections & and o consist of disjoint sections @; : (T,0) — (¢;,0;)
of prog;, where ¢; : (?i,@) — (A ,0) denotes the restriction of ¢, and a
section ¢ of pr such that po7; =0, i=1,...,r. Note that pr and pro¢ are
automatically flat by Corollary 1.1.88 and there is no further requirement on

. o

Let (¥¢,0) := gb(%, 6) with Fitting structure. Then, by Proposition 2.9, the
restriction ¢y : (¢,0) — (T',0) is a deformation of (C,0). Having fixed local
coordinates x,y for (C20) and t; for (C;,0;), the morphism

p={¢i|i=1,...,r}: (C x T,0) — (C*x T,0)
is given by r holomorphic map germs
¢i: (CxT,0) = (C*x T,0), (ti,s) — (¢i1(ti,s),s),

with qbi,l(ti,s) = (Xl( iy ) Y(tz,S)) X‘(ti,O) = .Z‘i(ti), Y;(ti,O) = yl(tz)
A section 7 : (T,0) — (C x T,0), s+ [[;_,7(s), compatible with the
trivial section o, o(s ) (0, s), is then given by r holomorphic germs

g;: (T,O) — (61 X T, 61), 51(3) = (ELl(S),S)
such that (X;(;(s)), Y;(7i(s))) = (0,0) € C2.
Definition 2.22. Let n : (C,0) — (C, 0) be the normalization of the reduced

plane curve germ (C,0) C (C20), let ¢ : (C,0) — (C20) be its parametriza-
tion, and let (T, 0) be a complex space germ.
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(1) Objects in the category Def @ 5)—(c,0) (T, 0), respectively in the category
Def(@,ﬁ)ﬁ(tc%o) (T, 0), are called deformations of the normalization, respec-
tively deformations of the parametrization of (C,0) over (T',0). They are
denoted by (i, 7, ®, ¢g) or just by ¢.

(2) The corresponding deformations of the normalization (C,0) — (C,0),
resp. of the parametrization (6, 6) — (C? 0), with compatible sections are
objects in the category Deff%c’ﬁ)ﬁ(c’o) (T, 0), resp. in Def%cﬁ)ﬂ((cz’o) (T,0).
Objects in these categories are called deformations with section of the nor-
malization, resp. of the parametrization, of (C,0). They are denoted by
(¢,7,0).

(3) T(%f%j—»(c,o)’ resp. T(lcsgjé(cz 0y denotes the corresponding vector space
of (first order) infinitesimal deformations of the normalization, resp. pa-

rametrization, with section.

We show now that isomorphism classes of deformations of the normalization
and of the parametrization are essentially the same thing.

Proposition 2.23. If (C,0) C (C%0) is a reduced plane curve singularity,
then there is a surjective functor from Def(?,ﬁ)ﬂ(c,o) to Def(aﬁ)ﬂ(cz’o), n-
ducing an isomorphism between the deformation functors Def 0.0)~(C.0) and
Def @ 5)—(c20)- The same holds for Def CCO )—(C,0) TESP- Def & (C.0)—(c20) @nd
the corresponding deformation functors.

Proof. We consider the category Def(a’a)*)(c’o)%(czyo) and show that the
natural forgetful functors from this category to Def &g _.(c,0) and to
Def (@ 5)—(c2,0) iInduce isomorphisms for the corresponding deformation func-
tors.

By Proposition 2.9, we have a functor from the category Def(@,ﬁ)—»(([:?,o)
to Def & 5)—(c0)—(c2,0) and, by forgetting (C?,0), to Def =5 (c,0)- The
relative lifting lemma 1.27 says that, for a given germ (T,0), the functor
Def ©,6)—(c,0)—(c20) (T, 0) = Def & 5)—(c,0) (T 0) is surjective (full) and in-
jective on the set of isomorphism classes. Hence, the deformation functors are
isomorphic.

To see that the two functors Def & 5)_(c0)—(c20) and Def @ 5)—(c20
are isomorphic, note that Proposition 2.9 easily implies that the forget-
ful Inap Def(676)_)(c70)/(c270) (1_'7 0) — Def(a,ﬁ)/(cz,o) (T, 0) iS an iSOmOI‘phiSm
of categories. Since (C2%0) is a smooth germ, each deformation of (CZ0)
%s trivial (Exgrcis.e 1.3.1), hence, Def(.a@)/((cz’o).(T, 0) — Def(a@)ﬂ('cz"o)(T, 0)
induces a bijection on the set of isomorphism classes, and similar for
(C,0) — (C,0) — (C?0). Together this implies the required isomorphism.

As sections from the base space to the total space of deformations are
not affected by the previous arguments, it follows that De fgc 0)—(C.0) and

Def (C’CO)—>(C2 0) &re isomorphic, too. g
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As an immediate consequence of Proposition 2.23, we obtain the following
corollary:

Corollary 2.24. Each deformation of the parametrization (with compatible
sections) induces an embedded deformation (with section) of the curve germ

(C,0).
Considering deformations over T, this yields vector space homomorphisms

1 o 1 1,sec B’ 1,sec
Ten -0 —Tco:  Tén-co — Lo

In Section 2.4 below, we describe these maps o’ and 4’ in explicit terms.

Ezample 2.24.1. Consider the cusp, parametrized by ¢ : t — (3 2), and the
deformation of the parametrization ¢ : (¢, s) — (32— s%t,t%— s2) over (C,0).
According to Proposition 2.9, the induced embedded deformation of (C,0) is
given by Ker(¢* : C{z,y} — C{t,s}). Hence, the deformation of the equation
is given by (V(x2 — 53— s%y?), 0) — (C,0), (z,y, ) — s, which is the deforma-
tion of the cusp into an ordinary double point along the trivial (singular) sec-
tion s+ (0,s) with image {0} x (C,0). The preimage in (¢,0) = (C x C,0)
of this image is {(s,t) | t*— s? = 0}.

It follows that the deformation (¢,0) — (¢,0) — (C,0) admits two sec-
tions s — {(s,t) | t = £s} which both map to the unique singular section of

(¢,0) — (C,0).

Equimultiple Deformations

We are now going to define equimultiple deformations of the parametrization.
The multiplicity of (C,0) satisfies mt(C,0) = >"'_, mt(C;,0), and the
multiplicity of the i-th branch satisfies

mt(C;,0) = min{ordti x;(t;), ordy, yl(tl)} =: ord(;,0;) =: ord ¢; ,

ord ¢; being the order of the parametrization of the i-th branch. This follows
from Proposition 1.3.12 (see also Exercise 1.3.2.1 and Proposition 1.3.21). We
call

mt(C,0) := (mt(Cy,0),...,mt(C,0))

the multiplicity vector of (C,0) which, therefore, equals

ord ¢ := ord(p,0) := (ord ¢y, ...,ord ¢, ,

the order of the parametrization of (C,0).

Note that ord ¢; = max{m ’ cpg (M@,0,)) C m@’g’o}, where the right-hand
side does not involve any choice of coordinates.

Let (¢,7,0) be a deformation with section of the parametrization of (C, 0)
over (T,0). We set
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Iz, = Ker(Eg : O?i,@ — OT70) , 1=1,..
1, = Ker(au 100 — (’)T,o) ,

'7"”7

which are the ideals of the respective sections. We have (;SE (I5) C Iz, and define
the order of the deformation of the parametrization of the i-th branch (along
Ti) as

ord(¢;,0;,0) := max{m | (bf([a) cIy'}.

The r-tuple
ord ¢ :=ord(¢,7,0) := (ord(d)l,ﬁl), . ,ord(qST,Er))

is called the order (vector) of the deformation of the parametrization of (C,0)
(along 7, 0).

Definition 2.25. (1) A deformation of the parametrization with section
(¢,7,0) € Def‘(s%‘iﬁ)ﬁ(cg,o)(T, 0) is called equimultiple if ord ¢ = ord .

We denote by Def%”’a)a(mo) (T,0) C Def‘(%‘iﬁ)ﬂ((c%o) (T, 0) the full subcate-
gory of equimultiple deformations of the parametrization. Moreover, the cor-

responding set of isomorphism classes is denoted by Dfef(egﬁ)ﬁ 2 0)(T, 0), and
we set

l,em R em

(C,0)—(C20) Dief(?ﬁ)ﬁ(C%O) (Te).-
(2) More generally, let m = (mg,...,m,), 1 <m; < ordy;, be an integer vec-

tor. Then we say that (¢,7) is m-multiple if ¢;(I,) C I7'* fori=1,...,7r.

m 1,m :
Def%,ﬁ)ﬂ(cao) (T,0), D_ef(é,ﬁ)ﬁ(«:’{o) (T,0), and T(aﬁ)ﬂ(c%ﬂ) have the obvious
meaning.

Note that Def% 0)—(c2o) coincides with Deff%cﬁ)_)(cgo) for m=(1,...,1),

and with Def &g (c2 ) for m = (ord gy, ... ord o).

If o and all the 7; are trivial sections (which we always may assume by Propo-
sition 2.2), then ord(¢;,d;) is the minimum of the ¢;-orders of X;(¢;,s) and
Yi(t;, s). If this minimum is attained by, say, X;, then equimultiple implies that
the leading term of (the power series expansion in ¢; of) X; is a unit in Or .
Moreover, the deformation is m-multiple iff ord;, X; > m; and ord, ¥; > m;
for all i. Furthermore, an equimultiple deformation of the parametrization of
(C,0) induces an equimultiple deformation (of the equation) of (C,0):

Lemma 2.26. Let (¢,7,0) be an equimultiple deformation of the parametri-
zation of (C,0). Then the induced embedded deformation of each branch of
(C,0) and, hence, of (C,0) itself, is equimultiple along o, too.
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Proof. First, assume that the base (7',0) of the deformation is reduced. For
each t € T near 0, ¢ induces a parametrization ¢, : (%t,ﬁ(t)) — ((CQ, J(t)) of
the fibre (%3, 0(t)) of (¢,0) — (T,0) over t. Since ¢ is equimultiple,

mt(C,0) = ord(p,0) = ord(¢;,7(t)) = mt(¢,0(t))

by Exercise 1.3.2.1.

For an arbitrary base (T,0), we may assume that (7,0) C (C"0), that
¢:(CxT,0) — (C*x T,0), and that the sections are trivial. Then it is clear
that there is an extension ;5 : (6 x C™, 6) — (C2 x C™, 0) of ¢ which is equi-
multiple along trivial sections and the result follows as before. a

However, the converse of Lemma 2.26 is not true as the following example
shows.

Ezample 2.26.1. (Continuation of Example 2.24.1) The deformation
(%v 0) = (V(Jf2—y3— 82y2)a 0) - ((C7 O) ’ (1‘7 Y, 3) S,

of the cusp to a node is equimultiple along the trivial section ¢. It is induced
by the deformation of the parametrization

¢:(CxC,0) — (C®x C,0), (t,8)+— (12— st t*— 5% 5)

either along the section @ :s— (s,s), or along the section 7 : s+ (—s,s).
However, (¢,7,0) is not equimultiple: I, = (z,y), Iz = (t—s) (or (t+ s)),
ord ¢ = mt(C, 0) = 2, while ¢*(I,) = (t3— st,(t—s)(t+s)) is contained in
I, but not in I2.
Next, we give an explicit description for the vector space T(Ig%)_) (©20) of first
order m-multiple deformations of the parametrization. 7 7

Let ¢ : (C,0) — (C%0) be the parametrization of ¢(C,0) = (C,0) =
Ui_,(C;,0), given by the system of parametrizations for the branches
ti — i(t;) = (mi(ti), yi(ti)), i=1,...,7r. In the following, we identify Oc o
with nﬁOc,o = goﬁocgo C Og 5, and also any ideal of O¢,o with its image in
Og5- Then the subalgebra

OC,O =C { [xil], [yl] } C é@{tz} = Oé’ﬁ
Ty Yr i=1

has C-codimension § = 6(C,0). We set
. .0 . 0 0 0
@-—m'%+y'a—y60a6'%@oaﬁ'a—

)

with
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. . 3} ) : (I

=)= [, g=iy):=|:][,
Yr

and with ;,y; denoting the derivatives of x;,y; with respect to t;. Let

r r
méﬁ = @m@@ = @t,@{tz} .
=1 =1

be the Jacobson radical of Og 5, and set, for any r-tuple m = (my,...,m,)
of integers,

= @, ~ i
If 1 <m; <ordy; for all i = 1, e, Ty We 1ntr0duce the complex vector space

m 0 0 0 0
Mg" = mcoax69 coa @ - mco+m003 @mCan

m 9 m 0 m 0 .0
= <(mC,0 /mc,o)% ©® (maa /mqo)a—y) /mc,o /mc.o (CL’% +ya—y> .
For 0 = (0,...,0), we set

0 0 . 0
Mg = (Oﬁ,O% (&) 0570@) / (cp . 0676 + OC,O% D 0070@> .

0 0 .0 .0
= <(Oc,o/@c,o)8$ @ (Oc,o/oc,o)ay> /Oc,o/@c,o (ﬂf‘ax + yay> :

Proposition 2.27. Using the above notations, the following holds:

(1) T (C 0 (C20) = MO and T(lcﬂg) L(c20) =MD if 1<m; <ordep; for all
i=1,...,r. In partzcular
1,sec ~ M(l"“’l) , Tl em ~ M(ord ©1,...,ord ) )

(C,0)—(C20) — (C,0)—(C20)

(2) Let (T,0) = (C* 0) with local coordinates s = (s1,...,s;). Moreover, let
¢ : (C x CF 0) — (C?x C¥ 0) define an m-multiple deformation of the pa-
rametrization along the trivial sections @ and o, given by r holomorphic germs

¢+ (C; x CF0;) — (C*x C*,0),  (ti,8) — (Xi(ti, 8),Yi(t;, 8), 8) .

Then (¢,7,0) is a versal (respectively semiuniversal) m-multiple deformation
iff the column vectors

X0 s iy 000 cqm O gm O
ds; " ox  9s; " oy ), €09z COgy”

j=1,...,k, represent a system of generators (respectively a basis) for the
vector space M;".
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(3) Let a? b € m™~ = @;_, 17" C{t;} be such that

i=1"

) ) a) o M) o
= |l = | = ) =1,...
8x+bj8x [aj 8x+[j] 8y’ 7 , k|

represent a basis for MZ7*. Then the deformation of the parametrization
¢ :(C,0) x (Ck 0) — (C20) x (C¥0) given by ¢; = (X, Y, s) with
k

Xi(ti,s) = xi(t;) + Zaf(ti)sj ,

j:l
Y(tms —yz +Zb] 5]7

1=1,...,7, is a semiuniversal m-multiple deformation of the parametrization
@ over (C*,0).

In particular, m-multiple deformations of the parametrization are unob-
structed and have a smooth semiuniversal base space of dimension dime (MJ*).

Proof. Let ¢ € Def & 5)_.(c20)(1:) be as in Remark 2.21.1, that is, ¢ is given
by
Xi(tie) = mi(ts) +eaits),  Yilti ) = yi(ts) +ebi(ts)

with a;, b; € (C{ti}, i=1,...,r, e2=0.

¢ is trivial iff there exist isomorphisms (C’ X TE70) = (C X Tgﬁ) and
(C*x T, 0) =N (C?x T.,0) over T, being the identity modulo ¢, such that
via these isomorphisms ¢ is mapped to the product deformation (that is, the
deformation as above with a;, b; = 0). On the ring level, these isomorphisms
are given as

r—x+epi(z,y), yr—y+epa(n,y),

1,19 € C{z,y} arbitrary, and as
tzl—>¥;:t2+€hz(t1), Z'Zl,...,’l’7
h; € C{t;} arbitrary, such that

zi(t) + ea;(t:) = zi(6;) + b (i (£), wi(:))
yi(ts) + eai(ts) = yi(t:) + ea (z:(:), vi (L)) -
Using Taylor’s formula and €2 =0, we get x;(t;) = x;(t;) + s (t;) hi(ts) and
ety (zi(t:), yi(t:)) = er (z:(t:), yi(t;)), and the analogous equations for y;(%;)
and e)s.
Hence, the necessary and sufficient condition for ¢ to be trivial reads

a; = Tihi +1(xi i), by = Gihi + Va(wi,15)
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that is,
“ 9 n 0 O @) 9 @) g
=+ | =€¢-O55+ -— @ .
ar ox b, y v-Heo @0 9z @0 oy

Moreover, ¢ is m-multiple along the trivial sections iff a;, b; € t™C{t;}. ¢ is
trivial along the trivial sections iff the above isomorphisms respect the trivial
sections, that is, 11,12 € mg2 o and h; € t;C{t;}. This proves statement (1).
As the proofs of (2) and (3) are similar to (but simpler than) the proofs of
the respective statements for equisingular deformations, we omit them here.
O

Ezample 2.27.1. (1) Consider the irreducible plane curve singularity (C,0)
parametrized by ¢ : t + (t2,¢7). Then

M (tm(C{t})2/(2t, 7t5) 5. C{t} + (2, 47V 2,17},

with § =0 if m =0, and § =1 if m > 0. As a C-vector space, Mg has the
basis {(0,1), (0,3),(0,¢%)}. Hence,
X(t,s) =1, Y(t,8) =t" + sit + sot>+ s3t°,

defines a semiuniversal deformation of the parametrization of (C, 0). Similarly,
form =1,

X(t,s) =t>+s1t, Y(t,8) =t + sot + sgt>+ s4t°
defines a semiuniversal deformation of the parametrization with section, and
X(t,s)=t*, Y(t,8) =t + 513+ sot°

a semiuniversal equimultiple deformation of the parametrization.

(2) Consider the reducible plane curve singularity (C,0) given by the local
equation z(x®— y°), and let (z;(t),y;(t)), i = 1,2, be parametrizations for the
branches of (C,0). To save indices, we write Oz 5 = C{t} ® C{t} instead of
C{t1} ® C{t2} and

T (t) _ 0 Y1 (t) _ t

o (t) t°) 7 Lw2(t) t3
as column vectors in C{t} & C{t}. Then Oz 5/Oc¢,0 has dimension § = 9 and
has the C-basis

o) (0 (3080 G- () ) () ()

Now, M is ((’)575/(’)@0)2 modulo
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((2) (7)) -omo= () - [a)) - ccrocan.

We compute a C-basis of Méo’o) as

() 6))-(0)-6)- (03 6) - ((3)- (3)
()60 () G- C62)- ) (- (D)

Hence, a semiuniversal deformation of the parametrization of (C,0) is given

by:
X1 (t, S) o S1
Xo(t,8)) — |\ 5+ sot + s3t? + 5413 + s5t* + 56t + 5787 |
Yl (t, S) o t
Yao(t,s)) — | t2 + sst

2.4 Computation of T' and T2

In the previous section, we gave an explicit description of the semiuniver-
sal deformation of the parametrization of a reduced plane curve singularity
j : (C,0) = (C20). In this section, we consider infinitesimal deformations and
obstructions for deformations of the parametrization and for related deforma-
tions. We are interested in explicit formulas for ' and T2 in terms of basic
invariants of (C,0), because these modules contain important information
on the deformation functors. For example, if T?= 0, then the semiuniversal
deformation has a smooth base space of dimensiom dimg¢ T*.

The main tool is the cotangent braid of the normalization of (C,0),
n: (C,0) — (C,0), and of the parametrization ¢ :=jon: (C,0) — (C20).
This can be found in Appendix C.5, as well as the notations to be used and
the formula

Ti\x_yy =Ty H(F.Ox), i>0, (2.4.12)

where F': X — Y is any morphism of complex spaces, respectively of germs
of complex spaces.

To simplify notations, throughout this section we usually omit the base
points. That is, we write C instead of (C,0), C instead of (C,0), and C?
instead of (C2 0). Furthermore, we set

O =0c0=0cp0/(f), O=0g5= @lc{ti}-

The maps nf : O — O, resp. ¢t : Oc20 — O, are the C-algebra maps of n and
©, sending z to (z1,...,2,) and y to (y1,...,y,) in O. We set
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oo 0T O
7 8151 9 Yi - 3151

For computing T' and T2, we also need T, which we describe first:

Lemma 2.28. With the above notations, we have

(1) C—»CQ {(5 77) € Der(C (53 6) X DerC (OC2,07 O(C"’,O) ’ 50 <pﬁ = <pﬁ o 77} ’
™ TC

1\2 [

(2) T, C/C C/(C2 =0.

0 _
(3) T C\C c/c TC\C—»(CZ/([?*O'

(4) T\ o = {1 € Derc(Ocz0, Oczo) | P o =0} = Ocao - (£ + 1)

0 _
TC\C 0.

(5) T2 = Derc (O, 0) = Home (24,4, 0) .

(6) For each O-module N, respectively each Ocz-module M, we have

Moreover, T% = T%(@) , T(gz = T(gg (O(CZ’O) .

Proof. (1) The first statement is just the definition of Tg_}cr The definition
of T%_) o 1s analogous. From T% o=
sequence > in the braid of C' — C (see Figure 2.14), it follows that the
map T0 — TY is injective. However, in characteristic 0, every derivation

0 (shown in (2)) and from the exact

—C
of O hfts to O (cf. [Dell]), hence, we have an isomorphism.

(2) By definition, we have Tg'/c {5 € Derc (@, @) |§onﬁ = 0}. Each de-

rivation £ € Derc (5, 6) is of the form & =3, hi% for some h; € C{t;}.
Now, the equality & o nf = 0 implies that

0 :fonu(a:) = f(l‘l(h), . .,xr(tT)) = (h1j31,. . .,th"T) y

and, in an analogous manner, (hly'l, ceey hryr) = 0. Hence, foralli =1,...,r,

hi(&;,9;) = 0, which implies h; =0 as (&;,9;) # (0,0). The same argument
: 0

applies to Té/CQ.

(3) follows from the definition, respectively from the isomorphism (2.4.12).

(4) Tg\c = {¢ € Derc(0,0) | nf o £ =0} = 0, since n* is injective. The result

for TC\CQ follows in the same way, since Ker of = Of.

(5),(6) are just the definitions. O
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In the following, we use that, for (X, z) a smooth germ (respectively a com-
plete intersection germ), we have T}(T(M ) =0 for each finitely generated
Ox z-module and ¢ > 1 (respectively ¢ > 2). In particular, as plane curve sin-
gularities are complete intersections, Tg (M) = 0 for all i > 2.

The non-zero terms of the braid for the parametrization are shown in

Figure 2.13, with TC\C—>C2/<CZ being replaced by T2, (O) according to (2.4.12).

72:(0)
TL

—
T/c2

~ _
~
N\
C~>C2 - /
/ . //
N L

Fig. 2.13. The cotangent braid for the parametrization ¢ : C — C2.

The maps ¢* : T2, - + T2, (O) and ¢" : T% — T2, (O) in the braid can be
made explicit by using the isomorphisms in Lemma 2.28. Namely,

o C{:vy} @C{wy} —>69<C{t} @GBC{t}
is componentwise the structure map
€= (‘Il(tl)v s 7937“(t7')) y Yy (yl(t1)7 cee 7yT(tT)) )

while ¢’ = (¢],...,¢.) is the tangent map

0 0 0
! . . > _ > y . s ) — ., ) —
P (C{tz}a (C{t } EB (C{t } 8ti xz(tz)am + yz(tz)ay .

In particular, we have
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0 0
oz 0y 2.4.13
Y (2.4.13)

with
(0 Oy 0 0 [T e (.2
T\ an ) " o Y oy T |G ) e () oy

Using the results of Lemma 2.28 and the isomorphism (2.4.12), the braid for
the normalization looks as displayed in Figure 2.14.

0 < IR
) k — \ ) 4
- Tﬁ\c . Té/c
/ - \ 25
\ - Téoc
R \ 0

Fig. 2.14. The cotangent braid for the normalization n : C' — C.

Since we have T2(M) C T (M) for each O-module M, we can give the
following description of n* : T2 - + T2 (O) and n' : T — T2 (O) :
0 0 0 0

L O0— — 0 1 o~ 707 Y ~m 2
n 'Oax@oayDTC_’TC\C%/C_T(O)Coax@oay
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is given by z — (z1(t1),..., 2z (t)), y — (y1(tr), ... ,yr(tr)), and
@C{t }—— — Tt\ocyo C @C{t} @@C{t}

is given by % — ;ti(ti)a% + yi(ti)%
Lemma 2.29. With the notations introduced above, we have

Too =2T5 1 (0/0), iz0.

Proof. T appears in the exact sequence of complex vector spaces

C\C
0—»T37»Tg(@),$T1\C,ﬁchﬁTC(O),ﬁT\C S

of the cotangent braid for the normalization (see Figure 2.14). Moreover, by
Appendix C.4, we have the long Té—sequence induced by the exact sequence
0—0—0—0/O—0 of O-modules. Since T¢.(O) =T, we can replace

T%\ o by it (O/0) in the above exact sequence, whence the result. O

The following proposition is the main result of this section. As usually, 7
denotes the Tjurina number, § the d-invariant, mt the multiplicity, and r the
number of branches of (C,0).

Proposition 2.30. Let (C, 0) ((C2 0) be a reduced plane curve singularity,
defined by f € C{z,y}. Let n: (C,0) — (C,0) be the normalization, and let
¢ 1= jon be the parametrization of (C,0). Then the following holds:
(1) (i) T C\C2 =~ (0/0) % ® (0/0) % is a complez vector space of dimension
26
(i) T2,
) ()T e

one
(i) T2 s

() ()T} = ((0/0) & & (0/0)2) /(©/0) (& +§L) is a C-
vector space of dimension 20 — dimC(T%/Tg) =7-9.
(i) T2 oo =0
(4) (i) T} = (’)/((’)% + (’)%) is a C-vector space of dimension 7.
(it) Tg =0.
(5) (i) TS =Tk ., has C-dimension T — .

(i) TZ = O/O has C-dimension §.

1%

0.
(5(,% 681) /C’)( po —i—yay) is an O-module of rank
0.
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(6) (i) Té\c & Té\(CQ has C-dimension 24.
(i) T%\C =~ O/O has C-dimension §.
(7) (i) T&(0) = O (ja% + ya%) is a free O-module of rank 1. Here,
T = (fl, ... ,fr), y = (?1, ... ,jr), where
Z;
~ ged (4, )

xX; .

=t " (), 7= ﬁ =t ™ (),
where m; = min{ordy, ;(t;), ords, y;(t;)}.
(i1) T&(0) = T%\C is of C-dimension 4.
(8) (i) Té/c ~ 0 (i% —l—?%)/@ (:i:% +ya%) is a C-vector space of
dimension mt —r .

(i) T%/C has C-dimension 2§ + mt —r.

Proof. (1) (i) From the exact sequence - -+ in the cotangent braid for
the parametrization, we get Té\(C? = Coker(gp* : TcS? — T& ((9))7 and then the
formula follows from the explicit description of ¢*. (ii) is also a consequence
of the same exact sequence, noting that T2, (¢.Og) = 0 = T2, since (C?0)
is smooth.

(2) (i) and (ii) follow in the same way from the exact sequence — in the
cotangent braid for the parametrization and the explicit description of ¢’.
For the next statements, consider the exact sequences =—> in the braids
for the normalization and for the parametrization. From these we obtain the
rows in the following commutative diagram with exact rows and columns (with

1=0j)

0—TO  — T2 T TL . —0  (24.14)

To I ! £
T%H(CQ — T% T%\(C2 ’ Té;,CQ — 0

I
Homo (1/1%,0/0)

TL(0/0).

To define the map «, note that (£, p) € T2 satisfies £ o p* = ¢* o p. Since

C—C2
ker o* = I, we get p(I) C I. Hence, p induces a derivation 1 of O¢, and we
define a(&, p) = (&,71). As ¢* = n* o 5%, we have £ onf = nf on, and « is well-
defined.
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0)
to the surjection 2%, ,— (21070, and deduce that Hom@(ﬂao, O) injects into
Homocz,o(ﬁé%m O). On the other hand, applying Homocg,o(ﬁém,_) to the
exact sequence 0 — I — Og¢z9 — O — 0 gives rise to the exact sequence

To see that the map « is surjective, apply the functor Homoczo(

p—

0— Homo@’o(ﬂé%o, I — Hom@CQYO(QéQ’O, Oczp) — Homocz,0(9é2,07 0)—0

since Qég’o is free. Thus, each 7 € Derc(O, 0) = Homp (0249, 0) lifts to an
element p € Derc(Oc20, Oc20), which shows that « is surjective.

The third column results from applying Homep(__,O/O) to the defining
exact sequence of an,

0— I/12 -5 0Lg®0 — 2Ly — 0, (2.4.15)

with d induced by the exterior derivation. Note that (see Lemma 2.29)

Teo = T&(0/0) = Homo (2¢,0,0/0) ,

T%\@ = T (0/0) = Homo (282 ® 0,0/0) ,
and (see Proposition 1.25 and Generalization 1.27)

T (0/0) = Coker (d* : Homo (2824 ® O, 0/0) — Homo (1/1,0/0))
T¢ )2 (0/0) = Home (1/1%,0/0).

The last column in (2.4.14) is induced by the previous one. The commutativity
is obvious.

(3) Consider the cotangent braid for the parametrization to conclude that

’

TL ) = Coker(T2 £ T2 (0) /¢* (T))

T2 = Coker(T% -7k

c\C2

and then use (2.4.13) to get the first formula for Téﬁcc?'
To compute its dimension, we use the diagram (2.4.14), statement (1) (i),

and that T%HCQ =~ T2 by Lemma 2.28:

dimg T ., = dime Té\cg — dime Im(Tg — T4

6\({:2)
= 26 — dim¢ Im(Tg — Té\cz) = 26 — dimc(T5/T¢) .

A formula of Deligne (for the dimension of smoothing components for not
necessarily plane curve singularities, see [Dell, GrL]) gives, in our situation,

dimg(TE/Tg) =36 — 7.

(For an independent proof, see Lemma 2.32.) This proves (3) (i). The vanishing
of T%_)CZ follows from the cotangent braid for the parametrization.
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(4) follows from Propositions 1.25 and 1.29 (see also Corollary 1.17).

(5) By Proposition 2.23, we know that Defs_, o (T') = Def z_c2(T') for each
complex germ T, in particular, for T'=T.. Hence, TéH o= Téch which
proves (i).

To show (ii), we notice that the same argument proves

1 ~ 1
Tevo = Tonce

From the commutative diagram (2.4.14), it follows that d* is the zero map
and

Homo (I/1%,0/0) = T4(0/0),
and, since I/I? =2 Of, we get

T:(0/0) = 0/0,

which has C-dimension §. Furthermore, by Lemma 2.29, and by the braid for
the normalization, we get

whence (ii). 4

(6) We proved in (5) that Té\c %’Té\@, the latter being isomorphic to
Homo(Q&O ®0,0/0) =2 0/0&0/0O, which shows (i). (ii) was already
proved in (5).

(7) Applying Home (__,O) to the sequence (2.4.15), we deduce that T2 (O)
is a torsion free, hence free, O-module of rank 1, which equals the kernel of
the map

—

68% @53% = Homo (2t ® 0,0) = Homo (I/1%,0) = 0

given by the Jacobian matrix (g—’;, g—i). By the chain rule,
0 . 0 .
%(xiayi)xi + 8—y($uyz)yz =0.

Hence, -2 + ya% is contained in T2 (O), and it is a non-zerodivisor (in char-
acteristic 0). Therefore, T2 (5) is generated by ia% + ﬁa%, which proves (i).
(ii) follows from the braid for the normalization and from (8) (ii).

(8) (ii) follows from taking the alternating sum of dimensions in the exact
sequence —> of the cotangent braid for the normalization.

4 The fact that the homomorphism d* : T%\Cz — Home (I/1%,0/0) in the diagram

(2.4.14) is the zero map is equivalent to the fact that % and %5 annihilate O/O
which is proved here by using deformation theory. This fact can, of course, be
proved directly and gives then another proof of (5).
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(i) From the cotangent braid for the normalization and from (7) (ii), we
have

0 0
Tl/c = Coker (C’) T2 TC(O) o (iﬂa— +y6‘y>>

The statement follows from the description of n’, noting that, in characteristic
0, ordy, (gcd(:isi, yl)) = m; — 1, where m; is the multiplicity of the i-th branch.
Hence,

C/C - @C{t }/<ng xmyz >»
which is of C-dimension mt —r. O

The proof of Proposition 2.30 (5) and the footnote on page 315 yield the
following lemma which is of independent interest:

Lemma 2.31. For a reduced plane curve singularity (C,0) C (C%0) defined

by f € Oc2p, the Jacobian ideal j(f) = (gi, g£> C Ocz satisfies

i(f) - Oggs C Ocpo, thatis, j(f)-Oco C 1°C,0),

where 1°/(C,0) = Anno,. , (0g5/Oc.0) is the conductor ideal.

Next, we give an independent proof of Deligne’s formula, used in the proof of
Proposition 2.30, for plane curve singularities:

Lemma 2.32. For a reduced plane curve singularity (C,0) C (C2 0), we have
dime (T2 /T¢) = 35(C,0) — 7(C,0).
Proof. We use the notations of Proposition 2.30. As each derivation of O lifts

uniquely to O, the modules Tg and T%H o have the same image in T%. The

latter image consists of derivations £ = >, hiaiti € Derc (0, O) such that
there exists an n € Der(c((’) O) satisfying £ on* =n* on.

7 is of the form g1 Bw + g9 (r,ay, g1, 92 € O, such that g; 8f + 925, af = 0. Eval-
uating £ on* and n* on at x and at y, we obtain

hi -5 = g1(xi,vi), hi 9 = g2(xi,9:), i=1,...,r.
o i _ ., Of 6f —
The condition h; (mz o +yl ) 0 is fulfilled as z; a5 T Uig, =0 by the

chain rule. Hence, identifying T% with O, we get

Im (T2

2 o—T)=2{hcO|h-&cO, h-yeO}.

Now, we have to use local duality. Let w denote the dualizing module (or
canonical module of O), see [HeK1]. The dualizing module may be realized as
a fractional ideal, that is, an O-ideal in Quot(O), such that
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I'— Homp(I,w) =w:I={h € Quot (O) | hI Cw}

defines an inclusion preserving functor on the set of fractional ideals satisfying,
in particular,

wiw=0, wi(w:I)=1, dimcl/J=dimc(w:J)/(w:]I)

for each fractional ideals I, J. Since (C,0) is a plane curve singularity, hence
Gorenstein, we have w = O.

An explicit description of the dualizing module w can be given by means of
meromorphic differential forms. Let “(%,6(6) denote the germs of meromorphic

1-forms on (C,0) with poles only at 0. Set

wéo = {a € QL—(G)

g,(fa) = 0 for allfGO} ,

which are Rosenlicht’s regular differential forms (see [Ser3, IV.9]). We have
canonical mappings

R

d 1 1
0 — QC,O — Ny §2% = — Weo

C,0

with d the exterior derivation. Exterior multiplikation with df provides (for
plane curve singularities) an isomorphism

Ndf - wg’O =5 0dx A dy

see [Ser3, Ch. II]). Let Q¢ ¢ (= 2L ,/torsion) denote the image of 2%, in
( [ . C,0 & C,0
wg,o. Then

of
ox

of

dx N dy, 3_y

Adf:90,0;< da;/\dy>c(’)dx/\dy,

and, hence,

dime we' o/ Q0,0 = dime O /< gi gg >

All this can be understood in terms of fractional ideals. We can identify
the meromorphic differential forms on (C,ﬁ) with Quot((?) by mapping
g(t;)dt; — g(t;)t;. Under this identification, we get ideals in Quot(O) cor-

responding to Wc os to “Q@ 5 respectively to £2¢ 0. We denote these fractional

ideals by w, £2, respectively 2. Note that, as {2¢ o is generated by dz and dy,
we obtain {2 = <.’[c7y>0 C O, and, hence,

Im (T2

S o= T2)={heQuot(0) | n2Cc O} =0:10.

To compute the dimension of TS/T¢ = O/(O : 2), we use that
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dimc (0/(0 : 2)) = dime (O : (0 : 2) /(0 : 0)) = dime(£2/1°4),

where I¢ = © ) O is the conductor ideal. Furthermore, we use that the resi-
due map res : O x w — C, (h,a) — Y ;_, resg, (ha) induces a non-degenerate
pairing between O/O and w/O. In particular,

dime (w/0) = dime(0/0) = 4.

We have the inclusions [ “d C ) C O Cuw. As (C,0) is a plane curve singular-
ity, dime (O/1°%) = 2§ (see 1.(3.4.12)), and we get

dime (£2/1°) = dimg (O /1°%) + dime (w/O) — dimg (w/2)
=20+6—7 =30 —T,

proving the statement of the lemma. a

We continue by describing the vector space homomorphisms

7 !
1 & 1 1,sec B8 1,sec
Te 02 — Tc, T — T

C C—C2

(see page 302) in explicit terms, see (2.4.16) on page 319.

Let (C,0) be given by the local equation f € C{x,y} with irreducible
decomposition f = f1 ... f.. Let (C;,0) be the branch of (C,0) defined
by fi, i =1,...,r. Further, let x;(¢;),v:(t;) € C{t;} define a parametrization
v; : (C,0) — (C;,0) C (C2%0) of (C;,0). In addition to the notations intro-
duced before in this section, we set

r
m:=mco, m= maﬁ = @th{tl} .
i=1

Every deformation of the parametrization ¢ = (¢1,...,¢,) of (C,0) is
given by a deformation of the ¢;. Over T, it is defined by

Xi(ti,E) = xl(ti) + 5ai(ti) 5
Yi(ti, ) = yi(ti) + ebi(ts) ,

ay b1
a=|:],b=]":
a, b,

If we consider deformations with (trivial) sections, we assume that a,b € m.
As each section can be trivialized (Proposition 2.2), this no loss of generality.

with

€0 =0g5=EPC{t:}.

i=1

Lemma 2.33. Let x;(t;) + ea;(t;), yi(t;) +ebi(t;), i =1,...,7, define a de-
formation of the parametrization of (C,0) over T.. Then the induced defor-
mation of the equation is given by
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f—elg+hf)
for some h € C{x,y} and for g € C{x,y} a representative of

o 0
6_f N ba_f €0 =Clz,y}/lf).

Moreover, g € (z,y)C{z,y} if a,b € m.

Here, aaf + baf has to be interpreted as an element of O via

of ar(t) 5t (w1(t1), 1 (1))
00 1) 2 (0,0 1)

and similarly for baf . By Lemma 2.31, we know that gf O CO and

gf -m C m and that the analogous statements hold for ﬂ Hence, a rep-

resentative g can be chosen as in Lemma 2.33.

If we write f = f; - fz then

) (a1, wi(1)) = aa() S (et i) - i), s 4)

Qan|
g2 32

(since f; (aci(ti),yi(ti)) = 0) and similarly for 31;1-.

In Proposition 2.30, we computed T 2 and Y seéz, and in Proposition 1.25

we showed that T}, Jc2 =2 Hom(c{w)y}« f),0) = (9 The same argument yields
1l,sec ~
TC/C2 =
It follows that the homomorphism o/, resp. 3, is given by the class mod
(9(%, g—£>, resp. mod m(%, g_£>’ of
0 0 af af
+b—+—a— +b—. 2.4.16
Yoz T8y T %ar T %%y (24.16)

Proof of Lemma 2.33. Let F; = f; + €g; define the deformation of (C;,0) in-
duced by z;(t;) + a;(t:), yi(t;) + €b;(t;). Then

0= Fi(z; +ca;, y; +¢b;)

OF; OF;
= Fi(zi,yi) +¢ (aiax (i, y:) + biay(xi,yz’)>
Of; ofi
- Egl('rlayz) + 3 <CL1%($Z, 1) + bza—y(xuyz)>

It follows that the right-hand side vanishes on the branch (C;,0). Hence, we
get, for some h; € C{x,y},

—gi =ki+hifi,
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where k; € C{x,y} is a representative of

8f1 Of;
@iy Thig,

€ Oc; 0 = C{z,y}/(fi)-

This shows already the claim in the unibranch case. For the case of several
branches, the deformation of (C,0) is given by

F=Fi-....F,=fi-...-fy+e-> g.fi.
=1

Consider the image of g;f; in @)_, C{t;}. Since ﬁ(xj( t;),y;(t;)) =0 for
j # 1, only the i-th component is non-zero and we get

gzﬁ(l'z(tz)ayl(tl)) = *az(tz)({;]; (zi(ts), yi(t:)) ﬁ(xz(tz)vyl(tz))

+hi(t) fj; CABRATS BEACTRAS)

which is the i-th component of a + b a

We close this section by computing T for deformations with section. In ad-
dition to the above short hand notations, we introduce

_/of of
(f5y) 0

Proposition 2.34. (1) We have the following isomorphisms of O-modules:
(i) The = (@/m) & o (W/m) ) /@/m) (22 +95)
(ii) T = m/mJ
) Té/séc ~m ( 5+ y8y> /m ( 5+ yay) , where

t~ m+1(

where O = C{z,y}/(f).

(i7 y) T y)) t—m—i—l _ (tl—mﬁ—l’ o 7t;1rw+1) ,

with m; = min{ordy, x;(¢;), ordy, y;(t;)}.

(2) There are exact sequences of O-modules

0 — Ti,sec N Ti,sec N Té,sec N m/ﬁj N O7

c/c C—C
0—>Té/c —TL = ThH—0/0J —0.

With respect to the isomorphisms in (1), the map Tl’sec — Tl’seC maps
the class of a2 + ba% € (m/m)2Z & (m/m) 5. 9 to the class ofaaf + b
mod mJ and similar for the second sequence.
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(3) (i) dime T3, = dime T, + dime J/mJ — 7,
(ii) dime T5°° = dime Té +dime J/mJ — 1,

. 1,sec
(i) dimg TC/C dim¢ T C/C =mt—r.

Moreover, if (C,0) is not smooth, then dim¢ T1 ¢ =7 —-5—r+2 and
dime TY*“ =7+ 1.

Proof. (1) Since Tcl, S Té *°C2 (Proposition 2.23), the first isomorphism
follows from Proposition 2.27. The proof of Proposition 1.25 shows that
Té ¢ > m/mJ. The third isomorphism follows in the same way as the iso-
morphism in Proposition 2.30 (8)(i) (or from the exact sequence in statement
(2)).
(2) The exactness at the first three places is given by the exact sequence
> in the braid of Figure 2.14 on page 311 (for deformations with, resp.
without, section). The statement about the map T Lsee Té’sec was proved in
Lemma 2.33, the cokernel being obviously m/mJ The same argument works

for Tl o Tk,

(3) The formula for the dimension of Tl/sec follows from Proposition 2.30

and using that multiplication with (¢1,...,¢.) € m induces an isomorphism

Tk e Té/sgc Since TL = ©/J, the dimension formula for T,°* follows from

the inclusions mJ C J C m C O (for a singular germ (C, 0)).
To prove the formula in (i), we use the exact sequence in (2). Using that

dim¢ Téﬁ c=T— & by Proposition 2.30 and using the exact sequence for

deformations without sections, we get dimc ©/O.J = § + mt —r and, hence,
dime¢ m/mJ = § + mt —1. Taking into account the dimension formulas for

Té/sgc and for T1 ¢ we obtain the formula for 7L Seé

To show that dlmc J/mJ = 2 if (C,0) is singular, we assume to the con-

trary that dimc J/mJ = 1. Then the Tjurina ideal (f, %, g—£> C C{z,y} can

be generated by f and some C{x,y}-linear combination aaf + baf of the
partials. But then the definition of the intersection multiplicity together with
Propositions 1.3.12 and 1.3.38 imply that

() = dime Clr. g} /<f +ba—f>zn<f>=u<f>+mt<f>—1-

But this is impossible if mt(f) > 1.

Corollary 2.35. The composed map Tl’sec Té o= T} sending an ele-

ment aaz + bay € mm7 + may to aaf + baf is injective on the vector sub-
space

0 0

TL = TL = {a +b—

min{ordy, a;,ords, b;} > mt f;
c—C c—C2 Oz dy ‘

forechi=1,...r
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Proof. If aa% + ba% € Téi"é, is mapped to zero, then the exact sequence (2)
together with (1)(iii) of Proposition 2.34 implies that, for some h; € C{¢;},

0 0 0 0 0 0

i b = gty T g dm(d— +9= ) .
“ 8x+ Oy ! (x 8z+y 8y> o m(x8x+y8y)

By the equimultiplicity assumption, ordy, (h;t; mit1) > 1. This shows that

) g - — 0 .9 . . . 1,sec 1,sec
az; + by, is an element of m(x - + ya—y) which is zero in Té/c C TG*CD'

2.5 Equisingular Deformations of the Parametrization

We define now equisingular deformations of the parametrization. In this con-
text, (embedded) equisingular deformations of the plane curve germ (C,0)
as defined in Section 2.1 are referred to as equisingular deformations of the
equation. In contrast to the semiuniversal equisingular deformation of the
equation, the semiuniversal equisingular deformation of the parametrization
has an easy explicit description. This description shows that its base space
is smooth. We use this to give a new proof of the result of Wahl [Wah] that
the base space of the semiuniversal equisingular deformation of the equation
is smooth. This implies that the p-constant stratum in the semiuniversal de-
formation of (C,0) is smooth.
In order to define equisingular deformations of the parametrization
kA
¢:(C,0) = ]_[1(@,@) — (C20)
i=
of the reduced plane curve singularity (C,0) = (J;_,(C},0), we fix some no-
tations that will be in force for the rest of this section.
If ,y are local coordinates of (C%0), and if ¢; are local coordinates of
(Ci,0;), then ¢ = (p;)7_, is given by

tz’&) (ml(tz)vyl(tl))v i:]-?"'vra

where z;,y; € C{t;}. Let C C M be a representative of (C,0), and let M C C?
be an open neighbourhood of 0. Let 7 : M — M be a finite sequence of point
blowing ups, let C, C; be the strict transforms of C' and C;, respectively, and
let p:= CnNa1(0).

Any point p € p arising this way, including 0 € C, is called an infinitely

near point belonging to (C,0). For p € p, we set

A, = {z ‘ 1<i<r, 51 passes through p} ,
(Cp,0) := U (C;,0), the corresponding subgerm of C at 0,
i€,

(C,p) = U (@,p), the germ of C at p,

i€,

):= ]I (C;,0;), the multigerm of C at p.
i€,

=B

(.

3
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Of course, {4, | p € p}, is a partition of {1,...,7}. (M, p) denotes the multi-
germ Hpeﬁ(ﬁ7 p), and (é,ﬁ) denotes the multigerm Hp€5(57p>- The restric-
tion of ¢,

v+ (C.D) — (C%0)
is a parametrization of (Cj,0). Since (Cp,0) and (C,p) have the same nor-
malization, ¢, factors through (M , p). The induced map

% (C.p) — (M,p)

is a parametrization of (C, p). Furthermore, 7, : (M ,p) — (M, 0) denotes the
germ of 7 at p. .

Let, for the moment, w : M — M be the single blowing up of the point
0 € M. Then we identify 7—1(0), the first infinitely near neighbourhood of 0,
with P!, and we have for a point p = (3 : o) € P*

A, ={i f 1<i<r, (C;,0) has tangent direction p=(3:a)}.

We want to describe @, for p belonging to the first infinitely near neighbour-

hood of (C,0), in terms of local coordinates u, v for (M7 p). We can assume
that m, is given by

(w,u(v+a)) ifp=(1:a),
= 2.5.17
Wp(u, 'U) { (U’U,’U) lfp _ (O . 1) , ( )
(see Remark 1.3.16.1) and that @, is given by
Pi(ti) = (ui(ti)»vi(ti)) , 1€y,
for some u;,v; € t;C{t;}. As ¢, = m, 0 @p,, we get, for all i € A,
(Ui7ui(vi+a)) ifp=(1:0a),
i Yi) = . 2.5.18
(w0 3) {(W%‘Wi) ifp=(0:1). ( )

Now, consider a deformation ¢ : (?, 6) — (A ,0) of ¢ over (T,0), with com-
patible sections o : (T,0) — (.#,0) and & = (7;)7_, : (T,0) — (%,0). For an
arbitrary infinitely near point p € p consider the restriction of ¢,

Op (?,ﬁ) =11 (?Z—,@) — (A ,0),

icA,

given by
ti — (Xi(t:),Yilts)), i€ Ay,

X;,Y; € Oz 5. = Oro{t;}. Together with o and 7, = (Ei)ie/l , ¢p is a defor-
i:0i ,
mation with compatible sections of ¢, over (T),0).
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Let T be a representative of (T,0), and let .# = M x T. Assume that

71 M — M is afinite sequence of blowing ups of sections over 1" such that the
restriction over M x {0} induces the blowing up M — M considered before
(and which was denoted by the same letter 7).

For equisingularity, we require that ¢, factors through (E/Z p), that is,
there exists

¢p:(?7ﬁ)4’(%7p)7 peﬁa
such that ¢, =7, o @,, Tp (/Z/v,p) — (A ,0) being the germ of 7 at p.
The existence of ¢, is in general not sufficient, since it is not necessar-
ily a deformation of the parametrization of (C, p). In fact, the special fibre

of (‘g, p) — (T,0) is in general the union of (CN',p) with some exceptional
divisors. ThAi§ will be clear from the following considerations. .

Let w: M — M be the blowing up of 0 € M, and let 7 : .# — .# be the
blowing up of the trivial section {0} x T" in .#. The above coordinates u, v of

(M, p) induce an isomorphism (/Z/v,p) =~ (C?0) x (T,0), and with respect to
these coordinates, ap : (?,ﬁ) — (/// 7p) is given by

gp Tt (Ul(tl)a ‘/;(tl)) ) i€ Apa
with U;,V; € Oz, 5, = Oro{ti}. Moreover, for all i € A,, we have the relation

(UZ,Uz(V; +Ol)) ifp = (1 : Oé),

(Xi,Y:) = { (UZV“Vz) ifp=(0:1),

where X;,Y; define ¢, : (?,T)) — (A ,0). Now, let f € C{x,y} define (C,0),
let F € Orof{z,y} define (¢,0) C (#,0), and let Fe Oro{u,v} define
(¢.p) C (A#,p).

If the (x,y)-order of F' is not constant, that is, if ord, , F' = ord, , f —n
for some n, then (ﬁ mod mr,) € C{u,v} and /. defining the strict transform
(C,p), satisfy the relation (F mod mz,) = e f with e € C{u,v} defining the
exceptional divisor of m, (e =wif p=(1:a), and e=v if p=(0:1)). That
is, the special fibre of (<€~, p) — (T,0) is given by the germ of {¢” = 0} U C at

p.
The definition below forbids this for each infinitely near point belonging
to (C,0) if the deformation is equisingular.

Definition 2.36. A deformation (¢,7,0) € Def%cé)—»(@o) (T,0) of the pa-
rametrization ¢ : (C,0) — (C2%0),
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(C,0) —— (%,0)
ol om s
(C%0) = (M,0)— (.#,0) |z

Le

{0} —— (T7,0)

is called equisingular if it is equimultiple and if the following holds

(i) For each infinitely near point PE M belonging to (C,0), there exists a
germ (/// p) and morphisms qbp, op, fitting in the commutative diagram
with Cartesian squares:

(C.p) = (¢.p)

Jépl 0 £¢7p
(M,p) — (A ,p)

L e |
(M,0)~—— (A,0) |o»

Lo p

{0} —— (T 0)

such that (gp,ﬁp, op) is an equimultiple deformation of the parametriza-
tion ¢, of (6’ p) over (T,0), with compatible sections &, 7.

(ii) The system of such diagrams is compatible: if the germ (M ! q) domi-
nates (M p) (that is, if there is a morphism (M’, ) (M p) with dense

image), then there exists a morphism (///’, q) — (j//v,p) such that the
obvious diagram commutes.

(iii) If (,//?7, q) is consecutive to (/le p) (that is, if there is no infinitely near
point between the dominating relation) then (//?7, q) is the blow up of
(/le p) along the section op.

Remark 2.36.1. (1) In order to check equisingularity of a deformation of
the parametrization ¢ : (C,0) — (C%0), we need only consider infinitely
near points appearing in a minimal embedded resolution of (C,0). Since,
if 7' (M',p’) — (C?0) is any infinitely near neighbourhood of (C,0), then
there is an isomorphism (M’,p’) =N (M ,p) commuting with 7/ and 7, where
T (M, p) — (C?0) is an infinitely near neighbourhood of (C,0) belonging to
the minimal embedded resolution of (C,0).
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(2) If (C,0) is an ordinary singularity, then (C,p) is smooth for each in-
finitely near point p # 0 belonging to (C,0). Then @, : (C,p) — (C,p) is an
isomorphism and it follows that (¢, 7, o) is equisingular iff it is equimultiple.

We denote by Def(% )= (C20) the category of equisingular deformations of the
parametrization ¢ : (6, 6) — (C2%0), and by Def¢ (C ) (C20)

ing functor of isomorphism classes. Moreover, we introduce

the correspond-
l,es
(C.0)—(c20) = Pl 0)—c20) (T2)

the tangent space to this functor.

Note that T(lceé) (20 is a subspace of T, (c 0)—(C20) for each vector m satis-

fying 1 < m; < ord ¢p; for all 4.
Recall the notation ¢ = (p;)i_y, with ¢;(t;) = (2;(t;), yi(t;)), and

. (0" 24_ i\ K
7=\t ),_ 00 "\t ),_, oy

In view of Proposition 2.27, p. 305, we obviously have the following statement:

Lemma 2.37. There is an isomorphism of C-vector spaces,

0 0
1,es ~ TE€Ss P _ # fan) # m —
j(C,ﬁ) (C2,0) — Igp /(SD l”C,O 2 ([uCz,O)ax @ ( Cz,O)ay) P

where 157 := I(eg 0)—(C2,0) denotes the set of all elements

oo (Mo 0o
a,) O b.) O C0 dx ¢0 oy

such that {(:cl ) +eai(ti), yit:) + ebi( ) |Z =1,. T} is an equisingular
deformation of the parametrization ¢ : (C’ ) ((C2 0) along the trivial sec-
tions over 1.

We call I2% the equisingularity module of the parametrization of (C,0). Tt
is an Oc¢ o-submodule of ¢*Oczg = Oﬁ,ﬁ% @ 05,56%’ as will be shown in
Proposition 2.40. Here, Oz = Derc(Ocz, (9((;2 0).

The natural map Oz 5 — ¢*Ocz0 maps 7 to @5 690 + 95, B . Hence, in in-
variant terms, we see that I is a submodule of

©*Ocz0/ (Me 5Oz + ¢ (Me2060c20)) -

Remark 2.37.1. (1) If (C,0) C (C2%0) is smooth, then each deformation
(¢,7,0) € Defsec 0)—(C2, 0)(T 0) is equisingular. This follows as each defor-
mation is equlmultlple and the lifting to the blow up of ¢ is a deforma-
tion of the strict transform by the considerations before Definition 2.36. As
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the strict transform is again smooth, we can continue, and the conditions
of Deﬁnition 2.36 are fulfilled. It follows that, for a smooth germ (C,0),

es 1,es
Ig :mcoax@mcoay and T(CO)H((C20 {0}.

(2) If (7,0) C (C"0) and if ¢ is given by X;(t;),Yi(t;) € Orof{t;}, then we
can lift the non-zero coefficients of X; and Y; to Oc¢n g, getting in this way
)?i(ti), fﬁ(tl) € Ocno{t;} having the same t;-order as X;,Y;. The same holds
after blowing up the trivial section. Hence, as there is no flatness requirement
(Remark 2.21.1), we can extend m-multiple, respectively equisingular, defor-
mations over (C™ 0). In particular, when considering m-multiple, respectively

equisingular, deformations of the parametrization, we may always assume that
the base (T, 0) is smooth.

Ezample 2.37.2. (Continuation of Example 2.24.1.) The deformation of the
parametrization (,s) — (32— s%t,t2— s%,s), s € (C,0), of the cusp to a node
is not equisingular along any section, since it is not equimultiple for any choice
of compatible sections (7,0) (note that & must be a single section, not a
multisection, since the cusp is unibranch).

The first order deformation of the parametrization

(t,e) = (tP—et,t?—e,e), €2=0,

is also not equisingular. However, the corresponding deformation of the
equation, given by 22 — y3 — ey?, is equisingular (along the section o with
I, = (x,y + 5)). The same deformation of the equation is induced by the
equisingular deformation of the parametrization (t,¢) +— (¢ % — £,€).

This shows that an equisingular deformation of the equation (over T;) can
be induced by several deformations of the parametrization. Exactly one of the
inducing deformations of the parametrization is equisingular. This example
illustrates the existence, resp. uniqueness, statements of Proposition 2.23 and
Theorem 2.64.

The following theorem shows that Def & Def & 0)—(c20) is a “linear” subfunctor of
Def ‘Eé‘ 0)—(C20)" As such, it is already completely determined by its tangent
space. We use the notation

0 R £ R
a=1:|,¥= bJ E@C{ti}, j=1,...,k.
T =1

J
.

Theorem 2.38. Let ¢ : (U, 6) — (C2%0) be a parametrization of the reduced
plane curve singularity (C,0), and let s = (s1,...,8k) be local coordinates of
(C* 0). Then the following holds:

(1) Let ¢ : (C,0) x (C¥ 0) — (C%0) x (Ck 0) be a deformation of ¢ with triv-
ial sections over (CK 0), given by ¢; = (X;,Y;, s) with
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Xi(ti,s) = z;i(t —|—Za DETR ag € t;C{t;},
Yi(t;,s) = yi(t +Zb1 )s;j, bl e t;C{t;},

1=1,...,7r. Then ¢ is equisingular iff aJ ~+ bj v € I forallj=1,... k.

(2) Let ¢ = {(X;,Y;,8) |i=1,...,r}, X;,Y; € Ockyo{ti}, be an equisingular
deformation of @ with trivial sections over (C¥ 0). Then ¢ is a versal (respec-
tively semiuniversal) object of Def(%,ﬁ)ﬁ((cz,o) iff

%)s(jl (.tl: 0) o 8Y1 (th 0) o

. R e j=1,...,k,
2Xo(1,.0)) 9 | 2, 0)| O

represent a system of generators (respectively a basis) of the C-vector space
1,es

T(a@)ﬂ((ﬁ2 0)’

(8) Let a] ‘9 bj@ I8, j=1,...,k, represent a basis (respectively a sys-

tem of genemtors} of T1 o8 Then ¢ = {(X;,Y,8) |i=1,...,7} with

—(C%0)°

Xi(t;, s) = x;(t +Za i)Sj

Yiltiss) = wilt +zzf

s = (s1,...,5,) € (Ck 0), is a semiuniversal (respectively versal) equisingular
deformation of ¢ with trivial sections over (C¥ 0). In particular, equisingular
deformations of the parametrization are unobstructed, and the semiuniversal
deformation has a smooth base space of dimension dimc T(1 es) _(c20)

For the proof, we need some preparations. We fix local coordinates x,y of
(C%0) and ¢; of (C;,0;). Assume that

<¢a 67 U) = {(¢i75i70) | Z = 17 ] T} € Defg%ﬁﬁ)_,(c270)(T7 0)
is given as
(7,0) = (Cx T,0) & (C*x T,0) 25 (T,0), ¢ = (¢idr)_,,

(see Remark 2.21.1), with ¢; = (X;,Y;), X;,Y; € O, xr,@;,0), and with o,
o= (Ei)izl the trivial sections.
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We have to consider small extensions (T',0) C (T,0) of base spaces, that
is, we assume that the surjective map Or o — O7v o has one-dimensional ker-
nel (whose generator is denoted by ¢). To shorten notation, we set

A= OT,O 5 A/ = OTQO .
Then we have the analytic A-algebras (respectively analytic A’-algebras)
At} = O@xT,(m,o) o At} = Oa,xTC(@,O) ’
A{z,y} = O(C2><T,(0,O) ;o Adzy} = OC?xT',(o,o) .

Note that, as complex vector spaces, A = A’ @ ¢C, and that emy = 0. The
deformation (¢,7,0) over (T, 0) is given by

Xi(t:) = X[(t;) +ea;,  Yi(t;) =Y/ (t;) + eb;,

with X;,Y; € A{t;} and a;,b; € C{t;}, where XY/ € A’{t;} define a defor-
mation of the parametrization with compatible sections @, ¢’ over (77,0). On
the ring level, ¢; is given by

of Az, yy — Alt), X, ye Y, i=1,...r.

Furthermore, the residue classes z;(t;), respectively y;(t;), of X;(t;), respec-
tively Y;(¢;) modulo m 4 define the parametrization of the i-th branch (C;, 0),
1=1,...,7.

Proposition 2.39. Consider the diagram with given solid arrows

@0 @0)

IE= ]
(A'5)C > (M,P)
&' lﬂ’ O 7rY 4 T

o (a0)C s (#0) s

Al 8
(T

,0) —— (T,0) .
where (T",0) — (T,0) is a small extension of complex germs. Assume that

(Z)’ (¢/ — 71'/ o 5/’5/’0'/) c D@ffgia)_)((c%o)(Tlvo).

(i) 7 - M — M is the blowing up of the section o’. Let (L//Alzfpv) be the
multigerm at the set p of infinitely near points belonging to (C,0) in the
blow up M of 0 € M.



330 II Local Deformation Theory

(i)’ o' = {0, | p € p} is a (multi-)section such that (gi) G',0') is an object

of Def G5y~ (3.5 (15 0):

Then the following holds: The data given in (1)’ - (iii)’ can be extended over
(T,0) as indicated in the diagram. More precisely, there exist dotted arrows
making the above diagram commutative, respectively Cartesian, such that

(Z) ((b =Tmo ¢?E7 0) € Def?%n’ﬁ)_}(czp) (Ta 0)7

(i) 7 : M — M is the blowing up of o,

(iii) o = {5]0 |p € ﬁ} is a (multi-)section such that (5, T, 5) is an element of
Def(C 0y (31 @(T,O),

Furthermore, (qﬁ,&) satisfying (4ii) is uniquely determined by (¢,7,0) and

(¢',5").

Proof. We use the notations introduced above. Since we consider (multi-)

germs at 0,0 and p, we may assume that all sections o, 77, i =1,...,r, and

0, p € p are trivial. Let ¢ : (C,ﬁ) — (C?20) be given by z;,y; € t;C{t;}, and

let ¢’ be given by X/, Y/ which are elements of t;A’{t;} as the sections are

trivial.

Step 1: Uniqueness. Assume we have extensions (b, ,o,0 over (T,0) as
claimed, with 0,7 the trivial sections. Then ¢, : ( ) — (A,0), p € P, is
given, on the ring level, by a map

¢ - Ala,y} — 6/91 Aftiy, 2= (Xi)iea,, y— Yi)iea,,
1€y

where
X; :X{—I—Ea,-, Y, Z}/i/—l—é‘bi, a;, b; EtiC{ti}.
Further, ip : (?, ﬁ) — (/ZZp), p € p, is given by a map
G Auv} = @ Al we Uiea,s v (Wiea,
i€y

where ~

Ui:U{+s’&i, Vi:Vil—FEbi,
Ei,gi € C{t;}, and 5;, is given by U/, V/, i € Ap. Since o is the trivial section,
the blowing up of o, 7 : (A i)) (A ,0), is given by

mh: Afx,y} — Af{u,0}, pep,

with ﬁg(a) =aq for a € A and (u,v) — (u,u(v + a)) if p=(1:«), respec-
tively (u,v) +— (uv,v) if p= (0: 1), where, as usually, we identify the excep-
tional divisor in M with P'. The condition Gp =TpO ‘Ep implies X; = U;,
Y; = U;(V; + «), hence,
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X!+ ea;=U +ea;, Y!+ebj= Ul +ea;)(V+ebi+a)
for p = (1: «). Moreover, X; = U;V;, Y; = V;, hence
X] +ea; = (U + ;) (V +¢b;), Y/ +eby=V/+eb;
forp=(0:1).
Comparing the coefficients of ¢, we obtain for p = (1 : «)
ai=a; b =biu; +a;(v; +a),

where u; = (U] mod ma/) and v; = (V/ mod ma/) (recall that ¢-my = 0).
Equivalently, since z; = u;,

B b — ai(vs
Gima, Boazalita (2.5.19)
Z;

7 i — biu; .
bi=b;, = e, (2.5.20)
Yi

In particular, 5 is uniquely determined by ¢, o and (Z’ .
The condition o = ¢ o & implies that ¢ is uniquely determined with

ot (u) = THU + a;) = () (u) + €ot(a@;) fori € A,.

As 0, and @; are trivial sections, the right-hand side equals £a;(0), where
a;(0) is the constant term of @;. In the same way, we have 65 (v) = b;(0) for
all i € A,. In particular, we get the equalities

(@i(0),:(0)) = (a;(0),b;(0)), foralli,j e A,,pep, (2.5.21)

which is a necessary and sufficient condition for the (multi-)sections o and &
to be compatible. Moreover, 7 is trivial iff a;(0) = b;(0) = 0 foralli =1,...,r.

Step 2: Existence. We can define the extensions ¢, &, 0,0,0 over (T,0) using
the above conditions. We choose o and @ as trivial sections, and we define ¢
by

XiZZX,L(—F&(li, )/i::}/i/+€bi7

with a;, b; € C{t;} satisfying the following conditions:

ordy, (a;),ordy, (b;) > mt(C;, 0), (2.5.22)
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and, if p=(1: «),

b; i bj .
~(0) - a%(()) = L(0) - az—J(O) , foralli,j € A,, (2.5.23)
7 7 J J
while for p=(0:1)
a; a; .
y—(O) = y—(O) , foralli,jeA,. (2.5.24)
i j

Note that for p = (1 : ) and ¢ € A, we have ordy, (x;) = mt(C}, 0), while for
p=(0:1) and i € A,, we have ordy, (y;) = mt(C;, 0), showing that % and o
are power series. N

By (2.5.22), (¢,7,0) is equimultiple and, defining @;,b; as in (2.5.19),
respectively as in (2.5.20), they are well-defined power series in C{t;}. We
define gbp by U; = U] +¢ea;, V; =V + eb;. Then, using (2.5.19) and (2.5. 23),
the condition (2.5. 21) is satisfied, since for p = (1: @) and ¢ € A, we have
a;(0) = 0and v;(0) = 0. Forp = (0 : 1), we can argue similarly using condition
(2.5.24). Hence, we can define a section o, satisfying 7, = {Eo Tp by setting
Foai (u) :=ea;(0), Eﬁ,(v) :=¢b;(0),

p

for some ¢ € A,. The condition ¢ = 7 o ¢ is automatically fulfilled. O

Remark 2.89.1. (1) Note that for p # g € p and for ¢ € A, j € A, there is no
relation between (a;,b;) and (aj,b;).

(2) If 0,7 and &’ are the trivial sections, then the extension & is trivial iff, for
all p € p and all i € A,, we have %(O) =agt(0)if p=(1:a)and {1(0)=0
ifp=(0:1).

(3) The extension ¢ of ¢’ in Proposition 2.39 has only to satisfy (2.5.22)—
(2.5.24). Hence, it is not unique.

We describe now the behaviour of the equisingularity module IZ* under blow-
ing up. -
Let ¢ : (C 6) (C20) be a parametrization of (C,0) = |J;_,(C;,0), let

( A) ) be the blowing up of 0, let (6’,5) = Hpeﬁ(é,p) be the
strict transform of (C’, 0), and let @ : (C, O) (C,ﬁ) be the induced param-
etrization of (5,]5) Further, let z,y be local coordinates for (C20), and
let u,v be local coordinates for (M, p), satistying m(u,v) = (u,u(v + a)) if
p=(l:a)en(0) =P, and 7(u,v) = (uwv,v) if p=(0:1).

Recall that, for p € p, we have i € A, iff the strict transform a of C;
passes through p, and that A,, p € p, is a partition of {1,...,7}.

Then ¢ is a multigerm (Gp)peﬁ’ with

oy (Cp) = 11 (Ci,0;) — (M,p), ti — (ui(ti),vi(ts))

i€,
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a parametrization of the germ (5,1)). Furthermore, for Ei,gi,ai,bi e C{t:},

we set
_ ai by ay by
() ) e () (D)
ay b, ayr by

Proposition 2.40. With the above notations, the following holds:

(1) Let (a;,b;) € t;C{t;} ® ;C{t;}, i = 1,...,r, be given. Fori € A, set

(ai,b;) = (?i,biuij— Eiﬁfui +a)) z:fp =(1:a),
(CLi’Ui + biu;, bi) ifp=(0:1).

Then a — + by 8 el iff a a =+ b 8 ey and min{ordy, a;,ordy, b;} >
mt(Cy, O) for each i=1,.

(2) Given a;,b; € t;C{t;} such that min{ords, a;, ords, b;} > mt(C;,0) for
eachi=1,...,r. Fori€ A, set

bi — a;(vs
<ai7 a;(v; + @)

Ly

—“;%wﬂ ifp=>1:0),
(@i, b;) = '

a; a; ;

= — 2(0),b; ifp=(0:1).
Thena8 —|—b GIzgiﬁaax"'baelm

(3) 15> is an Ocso-submodule of m 5 © mer g 2

Proof. (1) By definition, a8 era% € 1% iff xi(t;) +eai(ti), yi(ti) + ebi(ti)
defines an equisingular deformation ¢ of ¢ : t; — (z;(t;),y;(t;)) over T along
the trivial sections o, @;. Similarly for a8 + b 8 € Ies = @peﬁfg‘:, where
az; = (a Bau)p€§ and (ap75;) = (a:)iea, 7;-

We apply (the proof of) Proposition 2.39 with 7" = {0}, T' = T, and with
¢ given by x; + ea;, y; +eb;. If ¢ is equisingular, it is equimultiple. Then,
after blowing up o, the induced deformation ¢, of ¢, over T, along the trivial
section is given by @; + €d;, U; + £b; (see (2.5.19), (2.5.20)).

Since any infinitely near point belonging to (5,p) belongs also to (C,0),
we get: If ¢ is equisingular, then blowing up o induces, by definition, an
equisingular deformation ¢, of @,, for each p € p. Conversely, if, for each
D € D, 5,; is equisingular, and if ¢ is equimultiple, then ¢ is equisingular, too.
Thus, a + by, 6 € I3 iff ¢ is equimultiple and a a -+ b 8 eIz
(2) Given a;, bi, we can argue as in (1) if the section & in the proof of Propo-

sition 2.39 is trivial. The result follows by applying (2.5.19), respectively
(2.5.20).
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(3) To see that Ig® is an O¢ o-module, let g = (g;)i—; € Oc,0 C O ). and
let (a,b) define an element of 15°. We argue by induction on the number of
blowing ups needed to resolve the singularity (C,0). We start with a smooth
germ. Remark 2.37.1 gives IZ* = m@,ﬁa% + m@,ﬁa%’ which is an Oc o-module.
By induction hypothesis, we may assume that I €5 containing a-= a + bi is
an O¢p-module. That is, g - (a,b) € I, where a,b are defined as in (2).

We notice that (ﬁ,g’l\l}/z) — (gﬁi,gigi) equals (O, gi(bi';i’” (O)) — %TH(O))

if p= (1: a), respectively (g;(%(0)) —£2(0),0) if p= (0: 1). In any case, it
has no constant term. It follows that

a£+ b(9 a+b8 Ems 2Ganvgcfes
9950 9% You " "ou Coigy W MCigy e

and, hence, ga8 +gb 0 ¢ Ig . By (1), we conclude ga% +gb8% S
which proves the claim. a

Lemma 2.41. Let (77,0) C (T,0) be a small extension of germs with € a
vector space generator of ker(Oro — Ops o). Let

(¢,7 Ela OJ) € Def (e%’G)H(CZO) (Tlv 0) )

with @ ,0’ the trivial sections, and with ¢' given by X[, Y] € ;07 ofti},
i=1,...,7. Furthermore, let (a,b) € mg 5 & mg g, and let (b be the deforma-
tion over (T,0) given by X; = X| +ea;, Y; =Y/ + eb;, with trivial sections
a,0. Then
T Def T,0 0 b 0 12

(¢30—70—) € ef(éﬁ);»((c‘z’o)( ) ) <~ a’% + aiy € @
Proof. Let (¢,7,0) be equisingular, let p € M be an infinitely near point
belonging to (C,0), and let ¢, : (_ _) (/// p) Eznap be as in Definition
2.36. With respect to local coordlnates of (// p) (;Sp is given by U} + ca;,
V! + eb;, and its restriction to (T7,0), ¢, is given by Ul v.

Then U, V/ is equimultiple and, hence ord a;, ordb > min {ord ug,ord v; }
with u;,v; a parametrization of (C’ p) that is, u; + €a;, v; + eb is equimul-
tiple over T.. It follows that x; + ca;, y; + €b; is equisingular over 7. Hence,

8 8 es.
- tbg €13

Conversely, let ax- 8 + b s € IZ°. We argue again by induction on the num-
ber of blowing ups needed to resolve (C,0), the case of a smooth germ (C, 0)
being trivial. As X/, Y/ is equisingular over (7", 0), it is equimultiple, hence,
X;,Y; is equimultiple, too. Blowing up the trivial section, we get that

Ui=U +ea;, Vi=V/+eb;,
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with (a;,b;) and (’di,gi) related as in Proposition 2.40, defines a deforma-

tion of (é,p) over (T,0) by (2.5.19), respectively (2.5.20), in the proof of
Proposition 2.39. By induction, this deformation is equisingular and, hence,
as ord a;,ord b; > min {ord z;,ord y;}, X;,Y; define an equisingular deforma-
tion of (C,0). O
Lemma 2.42. Let (¢, 7, 0) € Def%co)_)((ci, 0) (T,0), and let Ty denote the fat
point given by Or g/mT , N>0. Then (¢,7,0) is equisingular iff it is
formally equisingular, that is, iff, for each N > 1, the restriction to Ty,
(¢N,ON,0N) is equisingular over Ty .

Proof. Since the necessity is obvious, let (¢n,Tn,0n) be equisingular over
Ty, for all N > 0. It follows that, for all N > 0, ¢ is equimultiple along o,
hence ¢ itself is equimultiple along o. Therefore, we can blow up ¢ and obtain,
for each point p in the first infinitely near neighbourhood of 0 belonging to
(C,0), a deformation ¢p (% p) (,//l , p) of the strict transform (5’,p) of
(C,0) at p along the sections @, 0, (see the considerations before Definition
2.36).

The restriction to Ty, (51,) N3 Op,N;Op, N), is equisingular, hence equimul-
tiple for all N > 0. Hence, (Ep is equimultiple along o, and we can continue in
the same manner. Since an arbitrary infinitely near point belonging to (C,0)
is obtained by a finite number of blowing ups, the result follows by induction
on this number. O

Proof of Theorem 2.58. (1) Since X,;,Y; mod (sq,..., s?, oSk, J =1k,
define an equisingular deformation over T, and since we can apply Lemma
2.41, the necessity is obvious.

For the sufficiency, let aJ 8 + b] s € IZ°. Since each extension of Artinian
local rings factors through small extensmns, it follows from Lemma 2.41 that
¢ mod (s)M*1 is equisingular over the fat point Ty = ({0}, Or,0/(s)¥*1).
Now, apply Lemma 2.42.

As (3) is an immediate consequence of (2), it remainb to prove (2):
Let ¢ be versal (respectively semiuniversal), and let a-= dac + by 8 € I2°. Then
the equisingular deformation (z; + ea;,y; +€b;)i_; can be 1nduced (re-
spectively uniquely induced) from ¢. Hence, the class of a% + ba% in

l,es

(C©0)—(C2, 0)
tion) of (
the condltlon is indeed necessary.

For the other direction, we have only to show that (¢,7,0) with 0,7
denoting the trivial sections, is formally versal by [Flel, Satz 5.2] (see also
Theorem 1.13).

Thus, it is sufficient to consider a small extension (Z’,0) C (Z,0), with eC
being the kernel of A = Oz — Oz = A'.

is a linear combination (respectively a unique linear combina-

(tz,O))l 1(% + (g; (ti,O))::la%, j=1,...,r. This shows that




336 II Local Deformation Theory

Let (¢,7,7) € Def%ﬁ)ﬂ(@%) (Z,0) with trivial sections 7,7, such that the
restriction (¢, 7,7') € Def @ 5)—(c20) (£, 0) is induced from (¢, 7, 7) by some
morphism 7’ : (Z’,0) — (C¥,0). We have to show that (1,7, 7) is isomorphic
to the pull-back of (¢,, ) by some morphism 7 : (Z,0) — (C*,0) extending
7. By Remark 2.37.1 (2), we may assume that (Z’,0) is smooth, that is, we
may assume that A’ = C{z}, z = (21,...,2,), and that

A =C{z,e}/{z1&,...,28,€%).

The pull-back map n'*¢ : (C x Z',0) — (C?x Z’,0) is then given by the power
series X; (t;,n'(2)), Yi(ti,n'(2)).
Let ¢’ be given by U/ (t;, z), V/ (t;, z) € A’/{t;}, and let ¢ be given by
Ui=Uj +eui, Vi=V/+eveA{ti}, wui,v; € C{ti},
with
(Ui(ts), Vi(t:)) = (zi(t;), yi(t:)) mod my .
The morphism 7’ : (Z',0) — (C¥,0) is given by 0’ = (n1,...,m), i € C{z},
and the extension 7 : (Z,0) — (CF 0) is then given by
n=1n"+en’, 1°=(nl,....n) e C.
The assumption says that there is

e an A’-automorphism H' of A'{z,y} = C{z,y, 2z}, v — Hj, y — H}, with
Hi, H) € (x,y)A'{z,y}, and
e an A’-automorphism b’ of @;_, A'{t;}, t; — h} € t; A'{t;} = t,C{t;, z},

with H' and h’' being the identity modulo m ., such that the following holds
fori=1,...,7:

Xi(ti,n') = Hi(U; (1), V{ (R})) , Yi(ti,n') = Hy (U (), Vi (k7)) . (2.5.25)

We have to extend n', H and h' over (Z,0) such that these equations ex-
tend, too. That is, we have to show the existence of n° = (n?,...,n?) € C¥,
HY HY € (z,y)C{z,y}, h° = (h),...hY) € @._, t;C{t;}, such that

Xi(ts,n'+en’) = (H{ + eHY) (Ui (h; + ehy), Vi (R + <hy)),  (2.5.26)
Yi(ti,n'+en’) = (Hy + eHy) (Ui (hj + hy), Vi(hi + ehy)) . (2.5.27)

Applying Taylor’s formula, and using that em4 = 0, we obtain

Xi ti / 0 2 z 0
(tim' +en’) = )+e E a 1)
X,
_ / . / _l . . 0
= X(ti,n') +¢ E._ 95, (t:,0) -7}, (2.5.28)

Yz(un"'577) Y, +€Za tuO
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Moreover, with * denoting the derivative with respect to t;,
Ui (h; + sho) Ui(h}) + eU; (h) - h? = U!(h}) + a(:‘cih? + ui) ,
Vi(li + ehi) = Vi () + & (gahil + vi)
Since H' is the identity mod my4/, we have

OH] OH]
=1 d ’
Oz mod ma, Oy

Az, y}.

85; — Applying again Taylor’s formula, and using that
h’ =id mod my, the right-hand side of (2.5.26) equals

(H} + eHY) (U] (h]) + 2 (R0 + s, VI (h]) + 2 (il + v3) )
= Hy (U (h}), Vi (h3)) + & (HY (U (h7), Vi (h)) + 1+ (@ihi + u;))
= Hy (U] (h), Vi (h})) + e (HY (2, y5) + @i + ui) (2.5.29)
and similar for the right-hand side of (2.5.27).

Using (2.5.25), (2.5.28) and (2.5.29), we have to find (19,...,n9) € C*,
HY, HY € (x,y)C{x,y}, and hY € t;C{t;}, such that

—(Hf (zi(ti), yi(ts)), Hg(%(%);%(h))) . (2.5.30)

Since (¢, 7,7), with ¥ glven by U’—|— eu;, Vi +ev;, is equisingular, Lemma
2.41 gives that (u;)7_; 2 + (vi)j—; ay S But then the assumption implies

that (2.5.30) can be solved (respectively solved with unique 7Y, ...,n2). This
proves that (¢,7,0) is versal (respectively semiuniversal). O

The fact that IZ* is a module provides an easy proof of the openness of versali-
ty for equisingular deformations. Consider an equisingular family of paramet-
rizations of reduced plane curve singularities over some complex space S. That
is, we have morphisms of complex spaces

¢S

with pr and pr o¢ being flat, ¢ belng finite, together with a section o : S — &
and a multisection 7 = (E ) : S — €, such that, for each s € S, and

My :=pr~1(s), €s = (prop)” 1( ), the following holds:
o (Myols)) = (C20),
. qb(&i(s)) =o(s), (%S,Ei(s)) ~(C,0),i=1,...,r,
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e the restriction ¢, : (¢5,5(s)) = [[/_, (€5, 04(s)) — (Ms,0(s)) is the pa-
rametrization of a reduced plane curve singularity (‘Kg,a(s)) with r
branches, and

e ¢:(%¢,0(s)) — (#,0(s)) is an equisingular deformation of the parame-
trization ¢s.

We say that a family & L 25 S as above is equisingular (resp. equisingu-
lar-versal) along (0,7) at s, if ¢ : (¢,5(s)) — (.#,0(s)), together with the
germs of @ and o, is an equisingular (resp. a versal equisingular) deformation
of ¢s.

More generally, let o0 = (0(1), . (4)) be a finite set of dlSJOlIlt sections,
oS — . #,and 7= (TY,... ,5(5)) be disjoint multisections, @ : S — €,
70 = (Eg-l));"zl. If € —.# — S is equisingular (resp. equisingular-versal)
along (a(i)7 E(i)) fori=1,...,0 at each s € S, then we say that € — .# — S
is an equisingular (resp. equisingular-versal) family of parametrizations of re-
duced plane curve singularities (along (0,7)).

Theorem 2.43. Let € 2, M5 S be an equisingular family of paramet-
rizations of reduced plane curve singularities over some complex space S. Then
the set of points s € S such that the family is equisingular-versal at s is ana-
lytically open in S.

Proof. Since the set in question for several sections is the intersection of the
corresponding sets for each section, we may assume that o is just one section.
Let Iz C O denote the ideal sheaf of the section . Then we define a subsheaf
e  , of Iz ¢* Derog(On, O) = I5 - $*O 45, as follows: For s € S and
local coordinates x,y of .#; at o(s) and t; of €5 at 7;(s), ¢ is given near 7(s)
by X;,Y; € Os s{ti}. Moreover a local section of Iz - ¢* Derpg (O, O z) is
given by (a )17106; + (bs ): 16y7 ai,bi € Ogs{t;}. The local sections of the
sheafI%s_}//[ are, by definition, those local sections of I - ¢* Dero, (O_z, O.4),
for which X; + a;,Y; + b; defines an equisingular deformation of ¢, over the
germ (.5, s). Since equimultiplicity in the infinitely near points of (j/ , a(s))
belonging to (‘KS,U(S)) is preserved near s, X; + a;,Y; +b; also define an
equisingular deformation of ¢, over (S, s’) for s’ in some open neighbourhood
of s. It follows that 12 s, indeed, a sheaf, and that the stalk at s generates
the stalks at s’ close to s. Hence, 0. IZ is a coherent O_y,-module by
Proposition 2.40 and A.7.

Consider the quotient sheaf

Tl ' = (prog). ( //;/ Iz 9%/s+¢ Yl 9//1/5)))

which is a coherent (Og-sheaf, since the support of the sheaf to which
(prog). is applied is finite over S. In local coordinates z,y and ¢;, the image
of (prog). @?/S = (prog). P;_, (’)?62 in (prog).¢*O 4,5 is generated by

(XZ 50 T dey) . Hence, the stalk at s of Tl ©s ', equals T(lc;sg( ) (e

— M
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Moreover, we have the “Kodaira-Spencer map”
1,es
05 — T,

T

which maps 6 € Og, to (6(X; )61 +9(X )ay)z , in local coordinates. The-
orem 2.38 (2) implies that the cokernel of this map has support at points
s € S, where ¢ is not equisingular-versal. But since the cokernel is coherent,
this support is analytically closed, which proves the theorem. a

To compute a semiuniversal equisingular deformation of ¢ : (U, 6) — (C?0),
we only need to compute a basis of Té’es by Theorem 2.38. Moreover, if all
branches of (C,0) have different tangents, Remark 2.11.1 gives

r

l,es __ 1,es

T<P _GBT%‘ ’
i=1

where ¢; is the parametrization of the i-th branch of (C,0). In general, T;“‘"S
can be computed, as a subspace of MZ™, by following the lines of the proof
of Proposition 2.39.

Ezample 2.43.1. (1) Consider the parametrization ¢ : t — (¢2,¢7) of an As-
singularity. By Example 2.27.1, MZ™ has the basis {t3 t5 9 } Blowing up

the trivial section of X (t,s) = t2, Y(t, 8) =tT+ st + 52t5 we get

Y(t,s
Ut,s)=1t*, V(ts)= X((t7 3% =10+ 51t + sot?

which is equimultiple along the trivial section iff s; = 0. Blowing up once more,
we get the necessary condition so = 0 for equisingularity. Hence, Té’es =0, as
it should be, since Ag is a simple singularity.

(2) For ¢:t— (t%,t7), a basis for the C-vector space MZ™ is given by
{t“aay,t‘r’ gy,tg 0 } respectively by {t4 aaz,t‘l(%,ﬁ 9 } Blowmg up the trivial
section, only ¢ By, respectively t4 a
It also survives in further blowmg ups. Hence, X (t,s) = t3, Y(t,s) = t° + st8
(respectively X (t,s) =t + st*, Y(t,s) = t°) is a semiuniversal equisingular
deformation of .

, survives for an equlmultlple deformation.

(3) Reconsider the parametrization given in Example 2.27.1 (2):

(-1 ) 1)

A semiuniversal equimultiple deformation is given by

[igg] = [?5+ 1834 sott 83t6+s4t9] ) [2823] - [ig] '
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Blowing up the trivial section shows that only the parameters s3 and s4 sur-
vive. These survive also in subsequent blowing up steps. Hence,

Xi(t,s)) (O Yi(t,s)] _ (¢t
Xo(t,s)) — | t0+s3tC +s4t?) 7 | Ya(t,s)) — ()
is a semiuniversal equisingular deformation.

2.6 Equinormalizable Deformations

We show in this section that each deformation of the normalization of a re-
duced plane curve singularity (C,0) — (C,0) induces a d-constant deforma-
tion of (C,0). Conversely, if the base space of a d-constant deformation of
(C,0) is normal, then the deformation is equinormalizable, that is, it lifts to
a deformation of the normalization (C,0) — (C,0) and, as such, it induces a
simultaneous normalization of each fibre. Hence, over a normal base space, a
deformation of (C, 0) admits a simultaneous normalization of each of its fibres
iff the total d-invariant of the fibres is constant.

The study of equinormalizable deformations has been initiated by Teissier
in the 1970’s. The main results of this section are Theorem 2.54 and Theorem
2.56 due to Teissier, resp. to Teissier and Raynaud [Tei]. A generalization to
families with (projective) fibres of arbitrary positive dimension was recently
given by Chiang-Hsieh and Lipman [ChL]. They also give a complete treat-
ment for families of curve singularities, clarifying some points in the proof
given in [Tei]. We follow closely the presentation in [ChL] which is basically
algebraic. By working directly in the complex analytic setting, we can avoid
technical complications that appear when working with general schemes.

We consider first arbitrary morphisms f : X — S of complex spaces. Such a
morphism f is called reduced (resp. normal) if it is flat and if all non-empty
fibres are reduced (resp. normal).

Definition 2.44. Let f: X — S be a reduced morphism of complex spaces.

A simultaneous normalization of f is a finite morphism v : Z — X of com-
plex spaces such that f = f ov : Z — S is normal and that, for each s € f(X),
the induced map on the fibres vs : Z, = f~1(s) — X, = f~1(s) is the normal-
ization of Xj.

We say that an arbitrary morphism f : X — S of complex spaces admits a
simultaneous normalization if it is reduced and if there exists a simultaneous
normalization of f.

The morphism f is called equinormalizable if X is reduced and if the
normalization v : X — X of X is a simultaneous normalization of f. We call
f equinormalizable at = € X, if f = for: X — S is flat at each point of the
fibre v~ 1(z) and if, for s = f(x), the induced map v, : f~1(s) = X, — X,
is the normalization. A morphism (X,z) — (S5, s) of complex space germs is
equinormalizable if it has a representative which is equinormalizable at z. We
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shall show below that, under some mild assumptions, equinormalizability is
an open property.

Remark 2.44.1. If v: Z — S is a simultaneous normalization of f, then, for
each s € S and z € X, = f~!(s), the diagram

(Zs,Zz) & (Z,2)

al g

(Xs,2) — (X, z)

! s

{s} ——(S,9)

is a deformation of the normalization map vs : (Zs,%) — (X, ), that is, an
object of Def ;. =) (x.,2) (5 s) in the sense of Definition 2.20. Here, (Z,%)
denotes the multigerm of Z at z = v=1(z).

First, we show that a simultaneous normalization does not modify X at normal
points of the fibres.

Lemma 2.45. Let v : Z — X be a simultaneous normalization of the reduced
morphism f: X — S, and let

NNor(f) := {x € X | z is a non-normal point of the fibre f~*(f(x))}.

Then N := NNor(f) is analytic and nowhere dense in X, and the restriction
v:Z\v Y N)— X\ N is biholomorphic.

Proof. Since f is flat, NNor(f) is the set of non-normal points of f, which is
analytic by Theorem 1.1.100. Since the fibres of f are reduced, hence generi-
cally smooth, every component of X contains points outside of N. It follows
that N is nowhere dense in X.

For z € X, s = f(x), the restriction v, : Zgy — X, is the normalization of
the fibre X by assumption. For « ¢ N, the germ (X, ) is normal and, there-
fore, v=1(z) consists of exactly one point z € Z and vy : (Zs, 2) — (X, ) is
an isomorphism of germs. Since f o v is flat, v : (Z,2) — (X, ) is an isomor-
phism, too, by Lemma 1.1.86. This shows that v: Z\v=}(N) — X \ N is
bijective and locally an isomorphism, hence biholomorphic. a

Proposition 2.46. Let f : X — S be a morphism of complex spaces.

(1) If f is reduced, then X is reduced iff S is reduced at each point of the

image f(X).
(2) If f is normal, then X is normal iff S is normal at each point of the image

f(X).

Proof. Since each reduced (resp. normal) morphism is flat, the statement fol-
lows immediately from Theorem B.8.20. O
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In particular, if f admits a simultaneous normalization v : Z — X, then Z is
normal iff S is normal at each point of f(X) (apply Proposition 2.46 to f o v).

Corollary 2.47. Let f : X — S be a reduced morphism of complex spaces. If
[ is equinormalizable at © € X, then S is normal at f(x).

The corollary implies that a normal morphism need not be equinormalizable:
If f: X — S is a normal morphism, then idx is a simultaneous normalization
of f, independent of S. However, if S is not normal at some point f(z), then X
is not normal at z. If v : X — X is the normalization then f o v is not normal
by Proposition 2.46 and, hence, f is not equinormalizable at x. For example,
by Theorem 1.1.100, each small representative f : X — S of a deformation of a
normal singularity Xy (e.g., an isolated hypersurface singularity of dimension
at least 2) is a normal morphism and, hence, equinormalizable if and only if
S is normal.

The following example shows that for a non-normal base space S strange
things can happen:

Example 2.47.1. Let F(x,y,u,v) = 23+ y?>+ uz + v be the semiuniversal un-
folding of the cusp C' = {23+ y?= 0}, let D = 4u®+ 27v? be the discriminant
equation of the projection 7 : V(F) — C2, (x,y,u,v) — (u,v), and consider

f:X=V(F,D)— A=V(D)cC

That is, f is the restriction of the semiuniversal deformation 7 of (C,0) over
the discriminant A which is, in this case, the J-constant stratum (see page
355).

Then f is reduced, but f is not equinormalizable because otherwise A
has to be normal by Proposition 2.46. To see what happens, note that the
normalization map is v : X = C> — X C C*, given by

(T, 1) V= (2, y,u,v) = (—&T5 — 311, 5515 + 2T To, — = T7, A5 TP) .

The map f = fov, given by the last two components of v, has V(T}) as
special fibre, which is not reduced. The morphism f is also not flat, since
Ox.0®04,0ma0 — Ox o = C{T1, T2} is not injective (the non-zero element
%Tl ®u+ %9 ® v is mapped to zero).

This family does not even admit a simultaneous normalization v : Z — X
with Z non-normal. Otherwise, the corresponding deformation of the nor-
malization of the cusp (see Remark 2.44.1) could be induced by a mor-
phism (A,0) — (C,0), where (C,0) is the base space of the semiuniver-
sal deformation of the normalization of A (see Proposition 2.27). By the
semiuniversality of the deformations, the tangent map of the composition
(4,0) — (C,0) — (A,0) must be the identity, contradicting the fact that the

tangent map of the normalization (C,0) — (A, 0) is the zero map.
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Exercise 2.6.1. Recompute Example 2.47.1 by using SINGULAR. First com-
pute the singular locus, then the discriminant by eliminating x and y, and
finally the normalization of X using the library normal.lib.

We start by studying the equinormalizability condition locally.

Lemma 2.48. Let f: (X,z) — (S,s) be a flat morphism of complex space
germs with reduced fibre (Xs,x) and with reduced base (S,s). Further,
let (X,7) % (X,z) be the normalization of (X,x), let (X,,T) be the fi-
bre of f= fowv, let vs:(Xs,T) — (Xs,2) be the restriction of v, and let
n: ()?S,EE) — (X5, x) be the normalization of (X5, x). Set

0 :=0x., 0= V*OYja
Os :=0x, 2, O, = VS*OYS,E’ O, = n*OEZS 5
Then there is an h € O such that the following holds:

(1) h is a non-zerodivisor of O, O, O, O, and hO, C Oy. Moreover, O/hO
is Og s-flat.

(2) If (X4, %) is reduced, then n factors as n: (Xs,7) = (X s, %) = (X, 2)
where T is the normalization of the multigerm (X,,T). Hence, there are
inclusions Oy — Oy — (55 and h is a non-zerodivisor of O,.

(3) If (S, s) is normal, then hO C O and the Og s-module O/hO is torsion

free.

Proof. Let (N,z) C (X, x) denote the non-normal locus of f, which is an ana-
lytic subgerm by Theorem I1.1.100. Since f is flat, the intersection (N N X, x)
is the non-normal locus of (X, ), which is nowhere dense as the fibre (X, x)
is reduced. Again by Theorem 1.1.100, the nearby fibres of f are also reduced,
hence (N, z) is nowhere dense in (X, ).

Therefore, there exists some h € O which vanishes along (N, z) but not
along any irreducible component of (X, z) or of (Xs,z). Thus, h is a non-
zerodivisor of O and of Os. Since h is invertible in the total ring of fractions of
O and of Oy, it is a non-zerodivisor of @ and of O,. Further, since h vanishes on
the support (N N X, z) of the conductor I¢? = Anngp, (O,/0O,), some power
of h is contained in I¢¢ by the Hilbert-Riickert Nullstellensatz. Replacing h
by some power of h, we get the first part of (1). Applying Proposition B.5.3
to Ogs — O and h: O — O, it follows that O/hO is Og .-flat.

A similar argument shows that (X, x) and (X, ¥) have the same normal-
ization if (X, ) is reduced, which shows (2).

Finally, we prove (3). Since (5, s) is normal, the non-normal locus of (X, x)
is contained in the non-normal locus of f. Thus, h vanishes along the non-
normal locus of (X, z). As above, it follows that some power of h is contained
in Annp(O/0). Replacing h by an appropriate power, h satisfies hO C O.

To show that O/ hO is Og,s-torsion free, we have to show that each non-
zero element of Og g is a non-zerodivisor of O/hO, that is, Og N P = {0}
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for each associated prime P of the O-ideal hO (see Appendix B.1). Since O
is the integral closure of O in Quot(0), the ideal hO is the integral closure of
the ideal hO in Quot(O). Hence, hO C hO C vVhO and hO and hO have the
same associated prime ideals. Since O/hQO is Og c-flat by (1), Ogs NP = {0}
as required. |

Proposition 2.49. Let f: (X,z) — (S,s) and v: (X,T) — (X,z) be as in
Lemma 2.48. Denote by (X s,T) the fibre of f = fov, and by vs : (Xs,T) —
(Xs,x) the restriction of v to this fibre.

(1) If (X, ) is reduced, thcﬁf: (X,7) — (S, 5) is flat.
(2) Let (S, s) be normal. If (X s,T) is normal and if (X, x) is equidimensional,
then vy is the normalization of (Xs,x) and f is equinormalizable.

Note that, under the assumptions of Proposition 2.49, (X, z) is equidimen-
sional iff there exists a representative f: X — S such that every fibre of f
is equidimensional. This follows from Proposition B.8.13 since f is flat and
(S, s) is normal (hence, equidimensional).

Proof. (1) We use the notations of Lemma 2.48. The element h is invertible
in the total ring of fractions of O, and we have inclusions O — h='O and
Oy — h~'O,. Tensoring O — h~ 'O with C, we get a long exact Tor-sequence

. — Tory%* (0, C) — Tory*>* (h10,C) — TorS** (k' 0/0, C)
— 0 ®p,, C— hto ®og., C.

Since h™'O 2 O is flat over Og s, we have Tor?s’s(h_l(’),(C) =0 for each
i > 1 (Proposition B.3.2). Further, by assumption, O ®cog, C = O, is re-
duced and, hence, injects into O, by Lemma 2.48. Thus, the last arrow
displayed in the above sequence is injective. Altogether, this shows that
Tor?s’s (h~10/O,C) = 0, and the local criterion of flatness (Theorem B.5.1)
implies that h=10/0 is Og ,-flat and that Tor, ** (h=10/0,C) =0 for i > 1.
From the Tor-sequence, we read that Tor?s *(0,C) = 0, whence O is Og s-flat
by the local criterion of flatness.

For (2), we choose sufficiently small representatives of the involved mor-
phisms and spaces. Let Ny be the (analytic) set of non-normal points of X =
f71(s). If 2’ € X\ Ng, then X is normal at 2’ by Proposition 2.46 (since (9, s)
is normal). Hence, the fibre v~1(2’) consists of a unique point 2z’ € X, and
v:(X,z') — (X, ') is an isomorphism. It follows that v, : (X, 2") — (X, 2')
is an isomorphism, too. Thus, v, : X, \ v; 1 (N,) — X, \ N, is bijective and
locally an isomorphism, hence biholomorphic. To show that v, : X, — X is
the normalization, it suffices to show that v 1(NN) is nowhere dense in X .

Choose z € T = v~ !(x). Then v : (X, z) — (X, ) normalizes some com-
ponent of (X, ) and, since (X, z) is equidimensional, dim(X, z) = dim(X, z).
Since the germ (X, z) is normal, it is irreducible. Applying Theorem B.8.13
to f and to f, we get
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dim(X, z) > dim(X, z) — dim(S, s)
= dim(X, z) — dim(S, s) = dim(X,, x) .

Since v, is a finite morphism, v4 (X, z) is an analytic subgerm of (X, x) of di-
mension dim(X, z). It follows that dim v(X, z) must be equal to dim(X5, 2)

and, therefore, v(Xs,z) is an irreducible component of (X, z). As Ny is

nowhere dense in X, it follows that v~1(N,) is nowhere dense in X . O

The following corollary shows that equinormalizability of f : X — S at a point
x € X is an open property, provided that X is equidimensional at z and S is
normal at f(x).

Corollary 2.50. Let f: (X,z) — (S, s) be a flat morphism of complex space
germs, where (X,x) is equidimensional, (S,s) is normal, and the fibre
(Xg,2) = (f~1(s), 2) is reduced. Let (X,T) = (X,z) be the normalization of
(X,x), and assume that the fibre (X4, @) of f = fov is normal. Then there
exists a representative f : X — S which is equinormalizable.

Proof. We may choose sufficiently small representatives f : X — S such that
f is reduced (Theorem 1.1.100), S is normal and X is reduced (Proposition
1.1.93) and equidimensional. Let v : X — X be the normalization. Then we
may assume that the special fibre X, of f = f o is normal at each point
z € T = v~1(x). By Proposition 2.49 (1), f is flat, hence normal at each point
z € v~ 1(z). By Theorem 1.1.100, the set of normal points of f is open, hence
we may assume (after shrinking X and X if necessary) that f is normal. Since
X is equidimensional at each point, we can apply Proposition 2.49 (2) to every
non-empty fibre of f which shows that v normalizes every fibre of f. Hence,
v: X — X is a simultaneous normalization of f: X — §. a

We turn back to global morphisms and show, in particular, that a reduced
morphism f: X — § with X equidimensional and S normal is equinormaliz-
able iff all non-empty fibres of f = f o v are normal.

Theorem 2.51. Let f: X — S be a reduced morphism of compler spaces,
where S is normal.

(1) If f admits a simultaneous normalization v : Z — X, then v is necessarily
the normalization of X .
(2) Let v : X — X be the normalization of X and f = f ov. Then the follow-
ing holds:
(i) v is a simultaneous normalization of f iff for each s € f(X) the map
vs s f1(s) — f7Y(s) is the normalization of the fibre f~1(s).
(i) If X is locally equidimensional, then v is a simultaneous normalization
of f iff for each s € f(X), the fibre f~1(s) is normal.

Proof. (1) Since S is normal, hence reduced, X is also reduced (Proposition
2.46 (1)) and the normalization of X exists. Moreover, since f = f o v is nor-
mal by assumption and, since S is normal, Z is normal, too (Proposition
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2.46 (2)). To show that v : Z — X is the normalization, it suffices (since v is
finite and surjective by assumption) that v : Z \ v=}(IN) — X \ N is biholo-
morphic, where N denotes the set of non-normal points of f. But this was
shown in Lemma 2.45.

(2) If v is a simultaneous normalization, all non-empty fibres of f are
normal and v induces a normalization of all non-empty fibres of f by definition.
The converse is a direct consequence of Proposition 2.49 (1), resp. Corollary
2.50. O

Next, we consider families of curves and prove the d-constant criterion for
equinormalizability. In order to shorten notation, we introduce the following
notion:

Definition 2.52. A morphism f:% — S of complex spaces is a family of
reduced curves if f is reduced, if the restriction f : Sing(f) — S is finite and
if all non-empty fibres €, = f~1(s) are purely one-dimensional.

Recall that for a reduced curve singularity (C, ) the d-invariant is defined as
§(C,z) = dimg (n.Op 5 /Oc), where n : (C,Z) — (C,z) is the normalization
of (C,x). For a family of reduced curves f : € — S and s € S, we define

5(%) =Y 8(%u,x).

TECs

This is a finite number, since the fibre %; has only finitely many singulari-
ties and since §(%s,x) is zero if (and only if) (%5, z) is smooth. The family
f:% — S is called (locally) §-constant if the function s +— 6(%) is (locally)
constant on S.

If f: (€, 2) — (S,s) is a flat map germ with reduced and one-dimensional
fibre (%5, x), then there exists a representative f : € — S which is a family of
reduced curves such that €5 \ {«} is smooth. If there exists such a represen-
tative which is d-constant, we call the germ f: (%, x) — (5, s) d-constant or
a d-constant deformation of (€, x).

Lemma 2.53. Let f : € — S be a family of reduced curves with reduced base
S. If f is equinormalizable, then f is locally &-constant.

Proof. Let v : € — € be the normalization. By assumption, the composition
f = fowv is normal, hence flat, and the direct image sheaf v, O is also flat
over Og. Moreover, since v, : €5 = f ~1(s) — ¥, is the normalization, the in-
duced map O, — .0z _is injective. Thus, Proposition B.5.3 gives that the
quotient 1,0=/0O is a flat Og-module. Since this quotient is concentrated
on Sing(f), which is finite over S, the direct image f.(v.O%/O) is locally
free on S. Since v normalizes the fibres, we get that

dim¢ (f* (I/*O?/ch) ®0515(C) = dimc (1/3*0?5 /O%) = (%)

is locally constant on S. O
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We want to show the converse implication under the assumption that S is
normal. We start with the case that S is a smooth curve:

Theorem 2.54 (Teissier). Let f:(¢,0) — (C,0) be a flat morphism such
that the fibre (6o, 0) is a reduced curve singularity. If v : (€,0) — (€,0) is the

normalization and f = fov, then the fibre (€,0) = (f~1(0),0) is reduced.
Moreover:

(1) For each sufficiently small representative f : € — S C C, we have
5(%0,0) = 6(%,) + 0(€0,0) for each s € S\ {0}.

In particular, § is upper semicontinuous on S.
(2) f:(€,0) — (C,0) is equinormalizable iff it is §-constant.

Proof. Note that (%,0) has only isolated singularities since the germ (%, 0)
is purely two-dimensional. Moreover, by Remark B.8.10.1 (2), Og’ﬁ is Cohen-
Macaulay, thus depth((’)ﬁ@) = 2 and f is a non-zerodivisor of Oz - The latter
shows that Oz is flat over Oc g (Theorem B.8.11). Since O ¢ is also O¢ -
flat, and since the fibre (%5, 0) is reduced, the quotient 0% 5 /O% 0 is Oc o-
flat (Proposition B.5.3), hence free. This shows that there exists a sufficiently

small representative f : € % € I, § € C such that
g(cgs) = dim¢ (f* (U*O?/ch) ®Os,s (C) = dim¢ (1/5*0?8 /chﬁ)

is constant on S.

Since f is a non-zerodivisor of Oz35, depth Oz 5 =1 and the fibre Gy is
reduced at 0. After shrinking the chosen representatives, we may assume that
each fibre ?S, s € 8, is reduced at each of its points. Hence, € and %, have
the same normalization %.

By Proposition 2.55 below, we may assume that 0 € S is the only critical
value of f. Therefore, € is smooth, that is, €, = € for s # 0, which implies
that

5(%s) = 0(%,) for s#0.

For s = 0, we have inclusions Og, — Oz — O% , hence
5(%0) = 6(%0) + 0(60)

which proves (1), because §(%y) = 6(%,) for s # 0.

For (2), note that if f is d-constant, then 0(%p,0) = §(%,) for each s
and, by (1), 6(%,0) = 0, which shows that (%,0) is smooth. Hence, f is
equinormalizable by Proposition 2.49 (2). The converse implication was shown
in Lemma 2.53. O

Proposition 2.55. Let f: % — S be a family of reduced curves with S re-
duced. Then there is an analytically open dense subset U C S such that the
restriction f: f~1(U) — U is equinormalizable.
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Proof. Since S is reduced, S\ Sing(S) is open and dense in S and, replacing
S by S\ Sing(S), we may assume that S is smooth.

Let v : % — € be the normalization of ¥ and f := fov. For a point
x € €\ Sing(f), we have (¢,x) = (€s,x) x (S,s) with f being the projec-
tion to the second factor under this isomorphism (Theorem I.1.115). Since
(S,s) is smooth and f (in particular, €) is smooth at Z = v~!(z), it fol-
lows that T consists of one point and that v : (€,%) — (%, z) is an isomor-
phism. Thus, v(Sing(f)) C Sing(f), the restriction f : Sing(f) — S is finite as
composition of the finite maps v and f|sing(s), and the set of critical values
X := f(Sing(f)) C S is a closed analytic subset of S.

Since the fibres 7_1(5), s€U:=5\2%, are smooth, the restriction

v 7_1(U) — f71(U) is a simultaneous normalization of f~1(U) (Theorem
2.51 (2)(i)). We have to show that U is dense in S.

Since % is normal, the singular locus Sing(%) has codimension at

least 2 in ¥. Since f is flat and its fibres have dimension 1, the image

f(Sing(%)) = f(v(Sing(%))) C ¥ has codimension at least 1 in S, too (The-

orem [.B.8.13). Hence, f: Til(U) — U is a morphism of complex manifolds
and Sing(f|?71(U)) is nowhere dense in U (Sard’s Theorem 1.1.103). There-
fore, X' is nowhere dense in S and its complement U is open and dense in S.

O

We turn now to the general theorem due to Teissier and Raynaud [Tei] (see
the proof given by Chiang-Hsieh and Lipman [ChL]):

Theorem 2.56 (Teissier, Raynaud). Let f:% — S be a family of re-
duced curves with normal base S. Then f is equinormalizable iff f is locally
d-constant.

Proof. By Lemma 2.53, it suffices to show that f equinormalizable implies
that f is locally d-constant.

Step 1. Let v : € — € be the normalization and f = f o v. For each s € S, let
€, = f~'(s) and €, = f~'(s). By Theorem 2.51, we have to show that, for
every fixed s € S, the fibre € is normal. Hence, the problem is local on S and
we may (and will) replace f : € — S by the restriction over a sufficiently small
(connected) neighbourhood of s in S. Let n : €, — €, be the normalization of
%, and denote by v, : €5 — €, the restriction of v. By the universal property
of the normalization, the map %, — %, — % factors through v and, hence, n
factors through vy,

n:‘é%?siﬁﬁs.

For x € €, let T := v () and 7 := n~!(x). We have, on the ring level, mor-
phisms of (semilocal) algebras

Os =04, — O = O%Sj —0s: =05 -,

55T
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where the composition Oy — O, is injective. o _
We have to show that, for s € S and x € %5, the map Oz — O is an
isomorphism.

Step 2. We show that O, = (58 holds for s outside a one-codimensional analytic
subset of S.

Since normalization is a local operation, we have f~'(U) = f~1(U) for
each open subset U C S. Hence, the claim follows from Proposition 2.55. That
is, there is a closed analytic subset X' C S of codimension at least 1 containing
the set of critical values f(Sing(f)). Then

YL vy Lu=s\ 2.

is smooth and v : f~1(U) — f~}(U) is a simultaneous normalization, hence
O, 20, forseU.

Step 3. Let s € S be arbitrary, x € €,, T = v~ !(z), and set
O := chw, 6 = I/*O?,T .

We choose h € O as in Lemma 2.48. Since h is a non-zerodivisor of Oy, and
since Oy has dimension 1, the quotient Og/hO; is Artinian. Therefore, O/hO
is a quasifinite, hence finite, Og s-module. By Lemma 2.48 (1), O/h0O is Og ;-
flat, hence free of some rank d. Since h is invertible in the total ring of fractions
of O, h"10/O =2 O/hO is Og s-free of rank d.

The question whether O, — (55 is an isomorphism is local in x and s.
Thus, we fix  and s = f(z) and we can assume that € and S are sufficiently
small neighbourhoods of z and s such that h is a global section of O and
such that

€= fu(h 104/ Og)

is a locally free Og-sheaf of rank d. Moreover, f : € — S is d-constant with
0 := 6(€s,x). Since the quotient v,O</O« is concentrated on Sing(f) (by
Step 2), which is finite over S, we get that

L= f.(1.07/Og)

is a coherent Og-module. Since hO C O, we have v, Oz C h~ 'O, which in-
duces an exact sequence

0— V*O?/O(g — h*1(9<g/0<g — hilog/V*O? — 0

of coherent O%-modules whose support is finite over S. Hence, applying f,,
we obtain an exact sequence of coherent Og-modules

0—L—E—E/L—D (2.6.31)

with £ being locally free of rank d.
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Let U be as in Step 2. Then, for ' € U C S, we have VS*O?S, = n*chgg/
and
Lo, C=n0z [Og, = T (n.02,),/0%.,
y€Sing(%,/)

has complex dimension §(%, ), which coincides with § since f is J-constant.
Therefore, L]y is locally free of rank J.

By Lemma 2.48, 65/ C h= 'Oy and, hence, Oy /Oy — h~ 104 /Oy is in-
jective. It follows that the sequence (2.6.31) stays exact if we tensor it with C
over Og o, ' € U. As a consequence, the restriction £/L|y is locally free of
rank d — 6.

Step 4. Assume for the moment that the quotient £/L is everywhere lo-
cally free on S. Then Tory>*(£/L,C) = TorY** (h=10/0) = 0 and, apply-
ing ®o,,C to the exact sequence 0 — O — h™'O — h7*0/O — 0, we get
that O, — h‘i(’)s is injective. Hence, O, is reduced and we have inclusions
Oy — Oy — O,.

Since £/L is locally free of rank d — §, L is locally free of rank ¢ and, hence,
0,/0, 2 L @0, , C has complex dimension §. This proves that O, = O,
which, by Step 1, implies that f is equinormalizable.

Hence, it remains to show that £/L is locally free on S.

Step 5. Assume that there exists a coherent subsheaf £ of £ with E|U =Ly
for some open dense subset U C S, such that the quotient & /E is locally free
on 5. We show that £ = L.

By Lemma 2.48 (3), we know that h=*0/0 = O/h0 is Og s-torsion free.
Hence, the quotient £/L is torsion free for S sufficiently small. Consider
the subsheaf £ + L of &, which coincides with £ on U. Thus, the quotient
(L+ L)/L is a torsion subsheaf of the torsion free sheaf £/L. It follows that
(L+ CN)/E is the zero sheaf, that is, £ C £. Similarly, £ C L.

Thus, it remains to show that the sheaf £|y has an extension to a coherent

subsheaf £ of € on S such that the quotient &£/ Lisa locally free Og-sheaf.

Step 6. To show the existence of /3, we use the quot scheme of £. Let
¢ = Grassq—s(€) be the Grassmannian of locally free Og-module quotients
of &£ of rank d — § (see [GrD, 9.7]). That is, ¢ is a complex space, projective
over'® S, such that, for each complex spaces T over S, there is a bijection

Mors (T, %) {(’)T-subsheaves F of Er such that Er/F is}
S ) .

a locally free Op-module of rank d — 9

which is functorial in 7. Here, for an Og-module .#, we denote by .#1 the
pull-back to T

15 We say that X is projective over S if the morphism X — S is projective, that is,
if it factors through a closed immersion X — PY x § for some N, followed by the
projection PV x § — S.
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By Step 3, the quotient /Ly is a locally free Opy-module of rank
d — 4. Hence, under the above bijection, Ly corresponds to an S-morphism
Y:U—9. Any extension 1/) S — & of ¢ corresponds to an Og-submodule
L C & such that EU = Ly and E/L' isa locally free Og-module of rank d — §.

To see that ¢ has such an extension 7,[1 S — ¥4, consider the graph of 1,
I'y CU x ¥, and let Iy, be the analytic closure!® of I'y, in S x 4. We have to
show that in the commutative diagram

Echg

<Cs

the map p is an isomorphism. Here, p, pg, resp. ¢, gy are induced by the pro-
jections to the first, resp. second, factor.

Step 7. Since S is normal and the restriction of p to a dense open subset of
IT/, is an isomorphism onto a dense open subset of S, we only have to show
that p is a homeomorphism (Theorem 1.102). Since ¥ — S is projective and
since F_d, is closed in S x ¢, the projection p is projective, hence closed. It
follows that p is surjective and that p~! is continuous if it exists (that is, if
p is injective). Thus, it remains to show that, for each s € S\ U, the fibre
p~1(s) consists of only one point.

Let z = (s, L) € p~'(s) C I}, be any point. Then z € I} \ I}y, where, by
our assumptions, I, ¢\F w is of codimension at least 1 in I3, and I is
smooth. Thus, we can choose an irreducible germ of a curve C' in I, such
that C'N (Fw \Fw) ={z} and C\ {z} is smooth (we may, for instance, in-
tersect (I'y,z) after a local embedding in some (C%,0) with a general lin-
ear subspace of dimension d1m(F¢, z) — 1 and taking an irreducible compo-
nent if necessary). Then the image p(C) is an irreducible curve in S such
that p(C)N(S\U) = {s} and p(C) \ {s} is smooth. Consider the normal-
ization of p(C), ¢ : D — p(C) C S, ¢(0) =s, where D C C is a small disc
with centre 0. The map ¢ o (¢[p\(03) : D \ {0} — ¢ corresponds to a subsheaf
Lp\foy = ©*(Lv) of Ep\(oy = ¢*(Ev) such that Ep\(01/Lp\ oy is locally free
of rank d — 4.

By Theorem 2.54, the submodule Lp\ [0y C Ep\ oy extends over D to a
submodule £ C Ep := ¢*E such that Ep /L’ is locally free of rank d — § and
L' ®0,,C= 58/(’)3 Cé&p®op, C= h=10,/O,. The Op-module L' corre-
sponds to an extension x : D — ¢ of ¥ o (¢|p\j03) and x(0) corresponds to
the vector subspace Oy of 53.

16 The analytic closure of a set M in a complex space X is the intersection of all
closed analytic subsets of X containing M.



352 II Local Deformation Theory

The graph I'p C D x ¢ is mapped under ¢ x id onto C x4 C Iy x 4
such that (0, Os) is mapped to (s, L). Hence (s, O;) is the unique point of the
fibre p~1(s). O

2.7 §-Constant and p-Constant Stratum

In the previous sections, we considered equisingular, respectively equinor-
malizable deformations. Here, we study arbitrary deformations of a re-
duced plane curve singularity (C,0) C (C%0) and we analyse the maximal
strata in the base space such that the restriction to these strata is equi-
singular, resp. equinormalizable (possibly after base change). Recall that
6(C,0) = dime 7.0 5,/ Oc,0, where n : (C,0) — (C, 0) is the normalization,
and that p(C,0) = dim¢ O¢2 0/((%, 8y>’ where f =0 is a local equation of
(C,0).

Let F : € — S be a family of reduced curves (see Definition 2.52). If F' is
equinormalizable, then F' is locally §-constant by Lemma 2.53. We show now
that, for each given k, the set of points s € S such that §(%€5) = k is a locally
closed analytic subset of S. Here, €, = F~!(s) and 0(%,) = >, e 6(%s, ).

Let us introduce the notation

A= F(Sing(F)) C S,

the set of critical values of F', also called the discriminant of F. Since
F : Sing(F') — S is finite, the discriminant is a closed analytic subset of S
(by the finite mapping Theorem 1.1.68). We endow A with the Fitting struc-
ture of Definition I.1.45.

For k > 0, we define

AL(K) == A%(k) == {s € S| §(¢.) >k},
Al (k) = AP (k) = {s € S| (%) = k},

where 1(6s) = 3 cqp. (%5, ) < 00 (since u(%s, z) = 0 for z a smooth point
of €,). We show below that A%(k) and A¥(k) are closed analytic subsets of S
(Proposition 2.57) which we endow with its reduced structure. In particular,
A%(0) = A*(0) = Sypeq and A%(1) = A*(1) = Apeq.

If T'— S is any morphism, we use the notation

Ti6r —T
to denote the pull-back of F': 4 — S to T.

Proposition 2.57. Let F : € — S be a family of reduced curves and let k be
a non-negative integer. Then A%(k) and A*(k) are closed analytic subsets of

S.
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Proof. Since A%(k) and A*(k) are defined set-theoretically and since the in-
duced map Fg, , : €s,,, — Srea is a family of reduced curves, too, we may
assume that S is reduced.

We start with A% (k) for some fixed k. Since the question is local in S, we
may shrink S if necessary. If A%(k) = S, we are done. Otherwise, there exists
an irreducible component S’ of S such that §(%;,) < k for at least one sg € 5.
By Proposition 2.55 and Lemma 2.53, there exists an analytically open dense
subset U’ C S’ such that §(%) is constant, say &/, for s € U’ and some integer
k' <k (U’ is connected since S’ is irreducible).

We claim that &' < 6(%s,) < k. Indeed, if &' # 6(%, ), choose a curve germ
(D, sp) C (S,s09) which meets S"\ U’ only in sg and apply Teissier’s The-
orem 2.54 to the pull-back of F(p ) to the normalization of (D, sq) (see
Step 7 in the proof of Theorem 2.56) to obtain that k' < §(%,,). Hence,
A%(k)n S" 8"\ U’ which is closed in S.

We see that if A%(k) # S then there exists a closed analytic subset S; € S
such that A%(k) C S;. Applying the same argument to Fs,, we get that ei-
ther A%(k) =Sy or there exists a closed analytic subset Sy C S; such that
A%(k) € Sy, etc.. In this way, we obtain a sequence S 2 S; 2 S, D ... of
closed analytic subsets containing A°(k). This sequence cannot be infinite,
since the intersection of all the S; is locally finite. Hence, A% (k) = Sy for some
¢ which proves the proposition.

For A*(k) we may argue similarly, using Theorem 1.2.6 and Remark 1.2.7.1
(and its proof), to show the existence of U’ as above such that u(%;) < k if
Al(k) C S. O

Exercise 2.7.1. Call a morphism F': 2 — S of complex spaces a family
of hypersurfaces with isolated singularities if F' is reduced, if the restriction
F : Sing(F) — S is finite and all non-empty fibres 2 = F~!(s) are pure di-
mensional and satisfy edim(Z2;,x) = dim(Z5,z) + 1 for each z € Z5. Show
that, locally, Z is isomorphic to a hypersurface in some C™ having only
isolated singularities. Moreover, show that the sets

A (k) = {s € 5| u(2:) = k},
Ap(k) = {s € S[7(Z5) > k},

are closed analytic subsets of S. Here, 7(Z5) = >_ ¢ o T(Z5,z) is the total
Tjurina number of Z5.

HINT: For A% (k) you may proceed as in the proof of Proposition 2.57 and for AL (k)
as in Theorem 1.2.6.

We continue by studying in more detail the relation between deformations of
the normalization (C,0) — (C,0) and deformations of the equation of (C,0).
To simplify notations, we omit the base points of the germs, resp. multigerms,
in the notation and work with sufficiently small representatives.

This understood, let € — ¥ — Bg_, - denote the semiuniversal deforma-
tion of the normalization C' — C, and let 2 — B¢ be the semiuniversal de-
formation of C. By versality of 2 — B¢, there exists a morphism
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a: (Bg_¢,0) — (Be,0)

such that the pull-back of ¥ — B¢ via « is isomorphic to € — Bg_,». A
priori, a is not unique (only its tangent map is unique due the semiuniversality
of 2 — B¢). However, in our situation, « itself is unique (see Theorem 2.59).
The statements about the §-constant stratum, resp. the p-constant stratum,
of (C,0) in (B¢, 0) established below then follow from properties of a.

We first study deformations of C'/C, that is, deformations of the normaliza-
tion which fix C'. In terms of the notation introduced in Definition 1.21, we
study objects of Def (©.0)/(C,0)> T€sD. their isomorphism classes. Recall that
mt := mt(C, 0) denotes the multiplicity, r := r(C,0) the number of branches
and ¢ := 6(C, 0) the d-invariant of (C,0).

Proposition 2.58. With the above notations, the following holds:

(1) The restriction of € — %6 — Bg_. to a~1(0) represents a semiuniversal
deformation of C/C.

(2) The map « is finite; it is a closed embedding iff mt = r.

(8) In particular, the functor %(576)/(070) has a semiuniversal deformation
whose base space B@/c consists of a single point of embedding dimension
mt —r. This point is reduced iff (C,0) consists of r smooth branches.

Proof. (1) Since each object in Def&_,~(S), S any complex space germ, maps
to the trivial deformation in Def(S) iff it is an object of Defz,(S), we
get that the restriction of the semiuniversal deformation of the normalization
to Bg o = a~'(0) is a versal element of Def . By Lemma 2.28 (1), the
map T%H c™ Tg induced by « is an isomorphism. From the braid for the
normalization (see Figure 2.14 on page 311), we get an exact sequence

0= T50 — Tg_ o — To- (2.7.32)
Thus, the pull-back of the semiuniversal object of Defs_,~ to Bg /C satisfies
the uniqueness condition on the tangent level to ensure that it is a semiuni-
versal object for Defw ¢

(2) Assume to the contrary that o is not finite, that is, dim B/ > 0. Then
there exists a reduced curve germ (D,0) C (Bg,¢,0) such that, for each
s € D\ {0}, the germ of D at s is smooth (D sufficiently small). The restric-
tion of € — ¢ — Bg_ o to (D,s) is a family (¢p,Z) — (¥p,z) — (D, s)
such that (€p,z) = (C,0) x (D, s) — (D, s) is the projection (since €p — D
is trivial). By Theorem 2.51 (1), (¥p,%) — (¢p, ) is the normalization of
(6p,z). Hence, (€ p,7) = (C,0) x (D,s) and (¢p,T) — (6p,z) — (D,s) is
a trivial deformation of the normalization C' — C.

By openness of versality [Flel, Satz 4.3], € — ¢ — Bg_ - is versal over
(Be_.c, $). However, it is not semiuniversal as it contains the trivial subfamily
over (D, s).
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By Propositions 2.30 and Theorem 2.38, Bs_ . is a smooth
complex space germ  of dimension 7(C,0)—4(C,0). Hence,
dim(Bgs_,,s) =7(C,0) —§(C,0). Because (Bg_,o,s) is a versal, but
not a semiuniversal base space for the deformation of the normalization of
the fibre (%5, x), its dimension is bigger than 7(%s,z) — §(%s, x). However,
(6s,2) = (C,0) and, therefore, 7(%5,z) =7(C,0) and §(%s,x) = 6(C,0),
which is a contradiction.

This shows that « is finite and, hence, a~*(0) is a single point, which is
of embedding dimension dim¢ Té o= mt —r by Proposition 2.30.

Thus, we proved statement (2) and, at the same time, (3) since mt = r iff
(C,0) has r smooth branches. O

The next theorem relates deformations of the parametrization to the &-
constant stratum in the base space of the semiuniversal deformation of the
reduced plane curve singularity (C, 0).

Let ¥ : 2 — B¢ denote a sufficiently small representative of the semiuni-
versal deformation of (C,0), 9, = ¥~1(s) the fibre over s, and call

A6 = {S S BC | 5(95) = 6(67 0)}7

respectively the germ (A%,0) C (Bg,0), the 6-constant stratum of ¥. Since
§(2s) < 6(C,0) by Theorem 2.54, A° = A% (5(C,0)) and A° C B is a closed
analytic subset (Proposition 2.57). We set 6 := §(C,0) and 7 := 7(C, 0). Using
these notations, we have the following theorem:

Theorem 2.59. Let ¥ : 9 — Be, resp. € — € — B&_ o, be sufficiently
small representatives of the semiuniversal deformation of (C,0), resp. of the
semiuniversal deformation of the normalization (C,0) — (C,0). Then the fol-
lowing holds:

(0) Bc, resp. Bg_ o are smooth of dimension T, resp. T — 4.
(1) The §-constant stratum A° C Be has the following properties:
(a) A? is irreducible of dimension T — 4.
(b) s € A° is a smooth point of A® iff each singularity of the fibre
9D, = W~1(s) has only smooth branches.
(c) There exists an open dense set U C A° such that each fibre D, s € U,
of ¥ has only ordinary nodes as singularities.
(2) Each map o : Bs_, — Bc induced by versality of ¥ satisfies:
(a) a(Bp_c) = A%,
(b) a: Bg_ o — A? is the normalization of A, hence unique.
(c) The pull-back of ¥ :29 — Bc to Bs_, o via o is isomorphic to
¢ — Bs_~ and, hence, lifts to the semiuniversal deformation
€ — € — Bg_ o of the normalization.

Corollary 2.60 (Diaz, Harris). The §-constant stratum (A% 0) has a
smooth normalization. It is smooth iff (C,0) is the union of smooth branches.
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Proof of Theorem 2.59. Recall that we work with a sufficiently small repre-
sentative ¥ of the semiuniversal deformation of (C,0).

(0) follows from Corollary 1.17, p. 239, resp. from Theorem 2.38, p. 327, and
Proposition 2.30, p. 312.

(1) Let s be any point of A°. Then, by openness of versality, the restriction
of ¥ over a sufficiently small neighbourhood of s in B¢ is a joint versal de-
formation of all singular points of %,. It is known ([Gus, Lemma 1], [ACa,
Théoreme 1], [Teil, Proposition I1.5.2.1, Lemma I1.5.2.8]) that each reduced
plane curve singularity can be deformed, with total J-invariant being constant,
to a plane curve with only nodes as singularities. Hence, arbitrarily close to
s, there exists s’ € A% such that the fibre 2, has only nodes as singulari-
ties. For a node, the d-constant stratum consists of a (reduced) point in the
one-dimensional base space of the semiuniversal deformation. Since ¥ induces
over some neighbourhood of s’ a versal deformation of the nodal curve Zs
with d nodes, it follows that (A°,s’) is smooth of codimension § in (B¢, s').

It follows that the set U € A9 of all s € A% such that Z; is a nodal curve
is open and dense in A° of dimension 7(C,0) — §(C, 0).

To show the irreducibility of the J-constant stratum, we have to prove that
U is connected (see Remark (B) on page 62). Let sg,s1 € U be two points.
Although the fibres 7, are not germs, they appear as fibres in a J-constant
deformation of (C,0) and, hence, can be parametrized: if A is the irreducible
component of A? to which s; belongs, let ANf — A? be the normalization and
apply Theorem 2.56 to the pull-back of ¥ to ANf

In particular, there exist parametrizations

o = ((p§-i));:1 : H Dj—9,CB, i=0,1,
j=1
of 9s,, where the D; C C are small discs, B C C? is a small ball, and where

r is the number of branches of (C,0).
Now, join the two parametrizations by the family

¢=(4;),_,: [ Dy xD—BxD,
j=1

where D C C is a disc containing 0 and 1, and where

@ : (t,8) > (1—8)0 (1) + s (t), G=1,....r.

Being a nodal curve is an open property. Hence, for almost all s, ¢
parametrizes a nodal curve. That is, there is an open set V' C D, being the
complement of finitely many points, such that 0,1 € V and the restriction
¢ [1joy Dj x V — B xV is finite and ¢(D; x {s}) is a nodal curve for
s € V. Applying Proposition 2.9 to ¢’, we see that the image of ¢’ defines
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a family of nodal curves which is d-constant (being induced by a deformation
of the normalization) and which connects Z,, and %;,. This show that U is
connected.

To complete the proof of (1), we have to show that (A?,s) is smooth iff
the singularities of &, have only smooth branches. By openness of versality,
(Bc, s) is the base space of a versal deformation for each of the singularities
of 9,. By Proposition 1.14, (A%, s) is smooth if the germs of the J-constant
strata in the semiuniversal deformations of all singularities of &, are smooth.
Hence, it suffices to show that (A?,0) is smooth iff (C,0) has only smooth
branches. This is shown now when we prove (2).

(2) By (0), Bg_ ¢ is smooth of dimension 7(C,0) — 6(C, 0). Its image under
a is contained in A° by Lemma 2.53.

Since A% is irreducible and of the same dimension (as shown in part (1)
above), a surjects onto A%. Let n : A® — A? denote the normalization of A%
By the universal property of the normalization, a factors as o =noa for a
unique morphism & : Bg_,» — A’ By the first part of the proof, we know
already that (A°,s) is a smooth germ (hence, AV 2 A locally at s) for Z;
a nodal curve. Further, « is finite and bijective over the locus of nodal fibres
by Proposition 2.58. Hence, & : Bg_ o — A? is surjective and finite and an
isomorphism outside a nowhere dense analytic subset. It follows that « is the
normalization of A° (Remark 1.1.94.1) and, hence, an isomorphism (since A°
is normal).

Finally, we show the smoothness statement of (1)(b). The epimorphism
Theorem 1.1.20 implies that o : (Bg_ ,0) — (B¢, 0) is a closed embedding
(hence, an isomorphism onto (A%, 0)) iff the induced map of the cotangent
spaces is surjective, that is, iff the dual map T% |, — T¢ is injective. However,

from the exact sequence (2.7.32), we know that the kernel of this map is Té/c
which has dimension m — 7 by Proposition 2.30. This shows that (A%, 0) is

smooth iff m = r, which means that (C,0) has only smooth branches. O

We turn now to the p-constant stratum. As before, let € — € — Be_, o, resp.
%9 — Bg, denote the semiuniversal deformation of the normalization, resp. of
the equation, of (C, 0). Moreover, let the right vertical sequence of the diagram

ges (GEEN g@sec
! 1

ges 5 qpsec i
! 1Te

es C sec
Bé% C Béﬂc

be the semiuniversal deformation with section of the normalization which con-
tains as a subfamily the semiuniversal equisingular deformation (with section)
of the normalization, given by the left vertical sequence.
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Here and in what follows, we identify the semiuniversal deformations (with
section) of the normalization and of the parametrization according to Propo-
sition 2.23.

Forgetting the sections, we get a (non-unique) morphism B%® .— Be_.c
which we compose with the map « defined above to obtain a morphism

sec o
BCHC Be_,c — Be .

We can formulate now the main result about the p-constant stratum:

Theorem 2.61. Let BE* ., resp. Be, be sufficiently small representatives of
the base spaces of the semiuniversal deformation with section of the normal-
1zation, resp. of the semiuniversal deformation of the equation, of the reduced
plane curve singularity (C,0). Let o : B%* . — Bc be any morphism in-
duced by versality as above. Then the following holds:

(1) The tangent map of a*¢c restricted to the tangent space of BZ . is in-
jective.

(2) a®¢ maps the base space BZ . of the semiuniversal equisingular defor-
mation of the mormalization isomorphically onto the u-constant stratum
A* C Be.

(8) In particular, A* is smooth of dimension dimc T1 o8

—C2’

Before giving the proof of this theorem, we recall the explicit description of the
maps €% — BZ*, 2 and € — BZ . , from Proposition 2.27 and Theorem

2.38: Let aJ + bj 5 € max &) may, j =1,...,k, represent a basis of

2 m x2+£ + a@ma
By ar Yoy "or Y Moy ) )

3

0
l,sec _ —
Tole=mg, @

Then the deformation

k
Xi(ti, s) = mi(ti) + > al(t:)s; ,
It (2.7.33)
Yi(ti, s) = yi(ts) + Zbi(ti)sj ;
j=1

represents a semiuniversal deformation of the normalization over

(BE© 0, 0) = (I52,,0) = (CX0).

If the aja% + bja%, j=1,...,0, ¢ <k, are chosen from Ies N such that they
represent a basis of the vector subspace

TLe =18 wlel+92) + (mdamd
(e Ox y@y Ox Ay
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of Té’ieéz, then (2.7.33) with k replaced by ¢ represents a semiuniversal equi-

singular deformation of the normalization over

es ~ 1,65 17586 ~ sec
(Bé_,cr()) = (Tﬁ_,cza 0) C (Ta_)(czao) = (Bﬁ_,cﬂ 0) .

For the proof of Theorem 2.61, we make now use of the following results of

Lazzeri, Lé and Teissier:

Proposition 2.62. Let ¢ : € — S be a sufficiently small representative of an
arbitrary deformation of the reduced plane curve singularity (C,0) with S
reduced. Then the following holds:

(1) If u(€s) = p(C,0) for each s €S, then there exists a unique sec-
tion 0:5 —%€ of ¢ such that €s;\{o(s)} is smooth and, hence,
w(Cs) = w(s,0(s)) for each s € S.

(2) Let o : S — € be a section of ¢. Then u(€s,0(s)) is independent of s € S
iff 6(€s,0(s)) and r(6s,0(s)) are independent of s € S.

(3) If 0 : S — € is a section of ¢ such that u(€s, o (s)) is independent of s € S
then the multiplicity mt(%s, o(s)) is independent of s € S.

Proof. (1) is due to C. Has Bey [Has] and Lazzeri [Laz] (for arbitrary isolated
hypersurface singularities); the existence of the section to Teissier [Tei]. For a
proof of (2), see e.g. [Tei]. (3) is due to Lé [Le, LeR]. O

Proof of Theorem 2.61. (1) The tangent map of a*“: B ,— Bc is the
map o : T%’f& — T} described in Lemma 2.33. By Corollary 2.35, we know

A 1 1 .
that /|1 is injective since T2, C T2, by construction.
T—c2 ¢—-C

C—C2
This proves already (applying the epimorphism Theorem I1.1.20) that
a’e° B is a closed embedding mapping B%:C isomorphically onto a

smooth closed analytic subset A C B (for sufficiently small representa-
tives).

(2) We prove that A = A¥. For the inclusion A% C A* note that the defor-
mation ¢ — BE s d-constant along the given section o : BE — K

since it has a simultaneous normalization €* — %°* (see Lemma 2.53).

Moreover, we claim that 7(&,0(s)) = r(C,0) for all s € S. If we assume
the contrary, then (€%, 0(s)) > r(C,0) =:r for s € U\ {0}, U some open
neighbourhood of 0 € S (since r branches are given by the parametrization).
The extra branches of (€%, 0(s)) split off in some strict transform %, ob-
tained by successively blowing up equimultiple sections. Hence, they are not
in the image of (¢°¢*,0). This implies that the deformation of the parametri-
zation of (€%, 0(s)) is not equimultiple (see Example 2.26.1), contradicting
the definition of equisingularity.

From the relation p = 26 — r + 1 (Proposition 1.3.35), we get that the Mil-
nor number u(€E%, o(s)) is constant in s and, hence, A% C A~
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To show the opposite inclusion, A > A¥, we apply Proposition 2.62. It
yields the existence of a section p : A¥ — P of the restriction of ¥ — B¢ to
A* such that 6(Zs, p(s)), 7(Zs, p(s)) and u(Zs, p(s)) are constant for s € AH.

Hence, A" C A° and, therefore, A* is in the image of a: B o — Bc.
Moreover, being r-constant and mt-constant implies as in the proof of
(1) that the restriction of € — % — Bg_ o to a~!(A*) admits uniquely
determined compatible sections o :a '(A*)— % and 7;:a"'(A*) — F,
i=1,...,7=7r(C,0), such that the deformation of the parametrization
I, (¢,5i(s)) — (€, 0(s)) is equimultiple for s € a~*(A#*). This shows that
a~t(A#) is in the image of the morphism BE" . — BZ*° ,— Bg_ . that is,
(a®)=1(Ar) C B

Now, we blow up % along the equimultiple section o : a~1(A*)— € to
get a family ¢/ = Hz/zl(%’,bvi(s)) of (multi)germs. Since 7(%;,0(s)) is con-
stant, the number of branches of (¢”,7;(s)) is constant for i = 1,...,7". By
Proposition 1.3.34, we have

(¢ 0(s)) = a(i6") + L)

where mt = mt(%ﬂ,a(s)) = mt(C,0). Hence, for each ¢ =1,...,7’, the map
germ (%’,52-(5)) — (Bs_,¢,S), is a d-constant family. Applying, again, the
relation p = 25 — r + 1, we get that ,u(%', Ei(s)) and, hence, mt(%’, Gi(s)), is
constant for s € a~!(AH). Therefore, we can argue by induction on the num-
ber of blowing ups needed to resolve (C, 0), to show that after blowing up there
exist always equimultiple sections. We conclude that (a**‘)~"(A*) C BE ..
O

2.8 Comparison of Equisingular Deformations

The main purpose of this section is to prove the equivalence of the functors
of equisingular deformations of the parametrization and of equisingular defor-
mations of the equation. Moreover, we discuss related deformations.

We start by reconsidering the constructions and results of this chapter,
describe their relation and discuss computational aspects.

In Section 2.1, we introduced equisingular deformations of (C,0), also
denoted equisingular deformations of the equation, and proved that equisin-
gular deformations of (C,0) induce equisingular deformations of the branches
(Proposition 2.11). We defined (Definition 2.7) the equisingular deformation
functor D_ef(eé’o) as a subfunctor of Def (¢ o), where we required the existence

of an equimultiple section o = ¢(®) and of equimultiple sections o*) through
the infinitely near points of successive blow ups of (C,0). By Proposition
2.8, these sections are unique if (C,0) is singular (which we assume in this
discussion).

We can also consider equisingular deformations as deformations with sec-
tion, where the section o is part of the data (Definition 2.6). The set of
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isomorphism classes of equisingular deformations with section over (T)t¢) is

denoted by Def eg%e)c(T, to) and the functor

De fegsoe)c : (complex germs) — (sets), (T,tp) — Def(eésoec(T, to)
is called the equisingular deformation functor with section. By definition,

Def (Eééoec is a subfunctor of D—effé’coy

Since o is uniquely determined by Proposition 2.8, Def(¢, o and Def (eés‘(f)c
are isomorphic functors, but they are not equal. In particular, in concrete
calculations, we have to distinguish them carefully.

In Section 2.2, we defined the equisingularity ideals 1°°(f), Ig;(f) and gave
explicit descriptions for semiquasihomogeneous and Newton non-degenerate
singularities. For Newton-degenerate singularities, these ideals are quite com-
plicated and no other description, besides their definition, is available.

We show now how I°*(f) and If;(f) are related to the functors Deff? ;) and

Def 25

oy 1,es es 1,es,sec es,sec
Proposition 2.63. Let Ti2'g) = Def (¢, o (T:.), resp. Tito) " =Def CO)( )
be the vector spaces of infinitesimal equisingular deformations (resp. with sec-
tion) of (C,0). Then we have

oy = I(H)/(f.3(F)) € Oc20/{£,5(5) = Tico)
Tl = 1N/ fmi(f)) © m/(fmi(f)) = TS

where m = me2g.

The statement follows from Proposition 2.14, noting that the ideals (f,j(f))
(resp. (f,mj(f))) describe the infinitesimally trivial (embedded) deformations
(resp. with trivial section) of (C,0) (see Remark 1.25.1 and Corollary 2.3).

For Newton degenerate singularities, the vector spaces T'- % S) and T (1063)9“
cannot be easily described. In particular, they are, in general, not generated
by monomials (see the example below). However, in [CGL1], an algorithm
to compute both vector spaces is given. This algorithm is implemented in
SINGULAR and can be used to compute explicit examples:

Ezample 2.63.1 (Continuation of Example 2.17.2). The following SINGULAR
session computes a list Ies whose first entry is the ideal I°(f) (given by a

list of generators), whose second entry is the ideal I£;(f), and whose third
entry is the ideal (j(f),I°):

LIB "equising.lib";

ring R = 0, (x,y),ds;

poly f = (x-2y) 2% (x-y) 2*%x2y2+x9+y9;
list Ies = esIdeal(f,1);
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We make SINGULAR display ideal generators for the quotient I°(f)/(f,j(f))
and for 125 (f)/(f,mj(f)):

ideal J = f,jacob(f);

ideal IesQ = reduce(Ies[1],std(J));
simplify(TesQ,11);

//-> _[1]=x3y5-3x2y6+2xy7

//-> _[2]=y9
//-> _[3]1=x2y7
//-> _[4]=xy8

ideal mJ = f,maxideal(1)*jacob(f);
ideal IesfixQ = reduce(Ies[2],std(mJ));
simplify(IesfixQ,11);

//-> _[11=x3y5-xy7+9/4y9

//=-> _[2]=x2y7-y9

//-> _[3]=xy8+y9

//-> _[4]l=y10

From the output, we read that 1°°(f) is generated as an ideal by the Tjurina
ideal (f,j(f)) and the polynomials x3y® — 3225+ 2xy", 3° 2?y” and xy®, and
similarly for I£5(f). Finally, we check that

@y’ — 6oty + 132°y° — 120%y° + day” € I°(F)\ (£, 5 (f), I°(f))
as claimed in Example 2.17.2:

poly g=xb5y3-6x4y4+13x3y5-12x2y6+4xy7;
reduce(g,std(Ies[1]));

//-> 0

reduce(g,std(Ies[3]));

//-> 1/3x3y5-x2y6+2/3xy7

In order to prove properties of equisingular deformations of (C,0), we in-
troduced in Section 2.3 (equimultiple) deformations of the parametrization
¢ : (C,0) — (C20), and we computed the vector spaces T and T2 for sev-
eral related deformation functors in Section 2.4. In Section 2.5, we defined
equisingular deformations of ¢ and showed that they have a rather simple
description. In particular, the functor of equisingular deformations of ¢ is a
linear subfunctor of the functor of (arbritrary) deformations with section of
o and, thus, each versal equisingular deformation of ¢ has a smooth base
(Theorem 2.38).

The link between deformations of the parametrization and deformations
of the equation is given in Proposition 2.23 which is based on Proposition 2.9.
It says that each deformation of the parametrization induces a unique (up to
isomorphism) deformation of the equation. By Lemma 2.53, such deformations
of (C,0) are d-constant. Conversely, if the base space (T, 0) is normal, then
a d-constant deformation of (C,0) over (T, 0) is induced by a deformation of
the parametrization (Theorem 2.56).
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If (B¢,0), resp. (Bg_,¢,0), is the base space of the semiuniversal de-
formation of (C,0), resp. of the parametrization ¢ of (C,0), then (B¢,O0)
and (Bg_, ¢, 0) are smooth, the natural map o : (Bg_,o,0) — (B¢, 0) maps
(Bg_.c»0) onto the -constant stratum and (Bg_, -, 0) — (A% 0) is the nor-
malization (Theorem 2.59, using that deformations of the parametrization and
of the normalization coincide by Proposition 2.23).

The base space (B%:(CQ,O) of the semiuniversal equisingular deforma-
tion of the parametrization is a subspace of the base space (B%eicz,O)

of the semiuniversal deformation of the parametrization with section. The-
orem 2.38 yields that (B%:CQ,O) is smooth. Moreover, the natural map
a*: (BE* 2,0) — (Bc,0) takes (BZ .,,0) isomorphically onto the y-
constant stratum (A 0) C (B¢, 0) (Theorem 2.61).

It still remains to complete the relation between equisingular deformations
of the parametrization (Definition 2.36) and equisingular deformations of the
equation (Definition 2.7):

Theorem 2.64. Let (C,0) C (C%0) be a reduced plane curve singularity.

(1) Every equisingular deformation of the parametrization of (C,0) in-
duces a unique equisingular deformation of the equation, providing a functor
Def& 2 — Def ¢

(2) Every equisingular embedded deformation of the equation of (C,0) comes

from an equisingular deformation of the parametrization (which is induced by
the equisingular deformation of the resolution); that is, Def& . — Def¢ is
surjective.

(3) The functor Defg . — Def induces a natural equivalence between the

functors DefZ ., and Def¢.

The proof of this theorem is less evident than one might think, in particular
for non-reduced base spaces.
Before giving the proof, we need some preparations. If

Y :(¥%,0) — (A,0) — (T,0)

is an embedded equisingular deformation of the reduced plane curve singular-
ity (C,0) C (C?0) along a section o : (T,0) — (%,0), then we consider the
associated equisingular deformation of the resolution (see Definition 2.6, p.
271, and Remark 2.6.1 (6)),

(€M), pN)y — .. —— (D), pV) —— (%,0) (2.8.34)

I S

(M), pN)y TN T2 ) 0y T (L, 0)
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with (multi-)sections @ : (T,0) — (€Y, p®), ¢=1,...,N, which are
unique by Proposition 2.8, p. 275.

If we restrict the diagram to {0} C T', we obtain an embedded (minimal)
resolution of (C, 0) with (C©), p() c (M ®), p()) the strict transform of (C, 0).
We denote by E®) c M©, resp. & c .#Y, the exceptional divisor of the
successive blowing ups of the points 0, p(), resp. of the (multi-)sections o
and 0U), j < ¢, such that COUE® c MO resp. €OU &Y c . #Y, are
the reduced total transforms of (C,0), resp. the deformations of the reduced
total transforms.

The composition (¢,0) := (W), p(N)) 2, (A ,0) — (T,0) together with
the section (T,0) % (.#,0) — (T,0), which we denote also by o, and the
(multi-)section oY), which we denote by 7, is a deformation of the param-
etrization. The deformation (¢,7,0) € DefF (T, 0) is uniquely determined
(up to isomorphism) by (¢, ) € Def & (T, 0). We call it the deformation of the
parametrization induced by the equisingular deformation of the resolution of
(4,0).

Theorem 2.64 implies that (¢,7,0) is equisingular, that is, an object of
Defﬁ_,C(Ta 0)

We have to generalize the concept of constant intersection multiplicity (see
page 281) to families with non-reduced base spaces.

Let (M,p) be a germ of a two-dimensional complex manifold and let
(C,p) C (M,p) be a reduced curve singularity given by f € Ops,. Consider
an embedded deformation

¢ : (€,p) — (M,p) = (T,0)

of (C,p) with section o : (T,0) — (€,p). Then (¢,p) C (A ,p) is defined by
a holomorphic germ F' € O_z p,.

Consider a second reduced curve singularity (D, p) C (M, p) given by a pa-
rametrization ¢ : (D,0) — (M, p) such that (D, p) and (C, p) have no common
component. Let

¢:(2,0) = (A ,p) = (T,0)

be a deformation of ¢ with compatible sections @ : (7,0) — (2,0) and
o:(T,0) — (A ,p). We assume that the section o coincides with the com-
position (T,0) = (€,p) — (A ,p), where o : (T,0) — (%, p) is the section
for the embedded deformation (¢, p) — (T,0) from above.

If (D,p) has r branches (D;,p), i =1,...,r, then (2,0) = [[;_,(%:,0;)
and @ = (7;)i=1.,- We may (and do) assume that (2;,0;) = (C x T,0),
i=1,...,r, that (.#,p) = (C>x T,0), and that ; and o are the trivial sec-
tions. Then the deformation ¢ is given by maps ¢; : C x T — C?,i=1,...,r,

(2:,0;) = (C xT,0) — (C>x T,0) = (M,p),
(ti,s) — (di(ti, s),s) .
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Definition 2.65. With the above notations, we say that the deformation of
the equation v : (¢,p) — (#,p) = (T,0) of (C,0) with section ¢ and the

deformation of the parametrization (2,0) = ¢ % (i, p) S (T,0) of (D, p) with
compatible sections @ and o are equiintersectional (along o) if

ordti(Foqﬁi):ordti(fogoi), ’L':17...,’I”.

We call ordy, (F o ¢;) the intersection multiplicity of the deformations (¢, o)
and (¢,7,0).

Remark 2.65.1. Let the base space (T,0) be reduced. Then, for sufficiently
small representatives,

ordy, (F ) qﬁi(ti,s)) =) (Cs, Pis), s€T.

Here, €, = ¢~ 1(s) and Z; s = $;(Z; N (C x {s}) are the fibres of 1 : € — T
and 2 — T over s, where 2 = ¢(2) — T is the induced deformation of the
equation (Corollary 2.24).

Hence, for reduced base spaces, equiintersectional along o means that
the intersection number of €5 and %; s at o(s) is independent of s € T' for
1=1,...,r

Proposition 2.66. Let (D,0), (L,0) C (C%0) be reduced curve singularities
with (L,0) smooth and not a component of (D,0). Let

x:(2,0) — (#,0) = (C*x T,0) — (T,0)

be an equisingular deformation of the equation of (D,0) along the trivial sec-
tion o and let (2,0) 2, (A,0) — (T,0) be the deformation of the parame-
trization of (D, 0) with trivial (multi-)section @ : (T,0) — (2,0) induced by
the equisingular deformation of the resolution of (D,0) associated to (x,0).
Assume that (¢,T,0) is equisingular as deformation of the parametrization.
Further, denote by ¢ : (£,0) — (#,0) — (T,0) the (trivial) deformation of
(L,0) along o and by

(T 0)

,0) =
(D,0)U (L,0) along o.
o) are equiintersectional

the induced deformation of the equation of (C,0) :=
Then (xr,0) is equisingular iff (¢¥,0) and (¢, 7,
along o.

Proof. (1) Let (xr,0) be equisingular. Since the statement is about the
branches of (D,0), we may assume that (D,0) is irreducible. Choos-
ing local analytic coordinates x,y of (C%0) and t of (C,0), the map
¢:(%¢,0)=(C xT,0) — (C>x T,0) is given by

t— (X(t),Y(t) with X,Y € Oroft}
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such that (z(t),y(t)) := (X(¢),Y(t)) mod mro parametrize (D, 0).
Since (¢, 7, 0) is equisingular, it is equimultiple along o, that is,

min{ord, X (t),ord, Y (t)} = m,

where m = min{ord; z(t), ord; y(t)} is the multiplicity of (D, 0).

We may choose the coordinates such that x =0 is an equation for
(L,0) C (C%0). Then ord, X (t) is the intersection multiplicity of (v,0) and
(¢,7,0) and we have to show that ord; X (t) = ord; z(t).

We prove this by induction on the number n of blowing ups needed to
separate (D, 0) and (L, 0).

If n =1, then the germs (D, 0) and (L, 0) intersect transversally so that
m = mt(D, 0) =1io(D, L) = ord; x(t). Since (¢,7,0) is equimultiple along o,
ord; X (t) > m and, hence, ord; X (t) = m = ord; z(t).

Now, let n > 1 and consider the blowmg up A4 — # of the trivial sec-
tion o (for a small representative .# of (.#,0)). Since n > 1, there is a unique
point p = pM e .#M® belonging to DN L, and (.# ™M), p) = (MM, p) x (T,0)
in the notation introduced right after Theorem 2.64.

We choose local coordinates u,v identifying (M), p) with (C2 0). Then
the (germ of the) blowing up

x T,0) = (#Y,p) 5 (#,0) = (C*x T,0)

o :(T,0) — ,p) is the trivial section.
Let C'(l) (DM, p) U (LY, p) be the strict transform of (C,0). Then,
by Remark 2.6.1(5), p. 273,

(W, p) = (2WU.2WY, p) — (a#Y,p) — (T,0)

(c?

is given by (z,y) = (uv v) and the identity on (7',0). We assume again that
(
p) =

is an equisingular embedded deformation of (C'"),p) along o"). The induced
deformation ¢ : (LW, p) — (#®), p) — (T,0) of (LW, p) along ¢V is de-
noted by (™), o).

Since (2,0) 2, (A ,0) — (T,0) is induced by the equisingular deforma-
tion of the resolution, we have an induced map

_ (1)
(2,0) L= (™, p) — (T,0)

such that ((b(l)7 T, 0‘(1)) is an equisingular deformation of the parametrization
of (D™, p). Using the coordinates u, v, the map ¢(1): (C x T,0) — (C?x T, 0)

is given by
— (U®), V() with U,V € Oroft}

Vit
such that (u(t),v(t)) := (U(t),V(t)) mod mro parametrize (D™, p).
Now, (™M), 0M) and (¢M), 7, (1)) satisfy the assumptions of the lemma
and (2 p) and (ZM), p) are separated after n — 1 blowing ups. Hence, by in-

duction assumption, (¢, o) and (¢(M), 7, (1)) are equiintersectional along
(1)
o\,
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Since we assumed that L is given as = = 0, we get that L(Y) and D) meet
in the chart given by (z,y) = (uv,v) and LM is given by u = 0. Moreover,
the exceptional divisor &) in (C?x T, 0) is given by v = 0 and we have

The assumption n > 1 implies that ig(L,D) = ord; z(t) > ord; y(t) = m.
Thus, ord; V() = ord; Y (t) = m. Since ord; X (t) = ord; U(t) + ord; V (¢) and
ord; z(t) = ord; u(t) + ord; v(t), we have to show that ord, U(t) = ord; u(t).

Since L") is given by u = 0, the intersection multiplicity of (™), ¢c(?)) and
(™M), 7, 0M) is ord; U(t). Since (v, M) and (¢, 7, 0(V)) are equiintersec-
tional along o™, we have ord; U(t) = ord,; u(t) as claimed.

(2) Let (v, 0) and (¢, 7, ) be equiintersectional. Since (L, 0) is smooth, (¢, o)
is equimultiple. Since (x, o) is equisingular, (x, o) is equimultiple, too.

Consider the equisingular deformation of the minimal embedded resolution
of (D, 0) associated to (x, o). Then the deformation

(290 89,p0) > (A, p) - (T,0)

of the reduced total transform (DU E®, p() of (D, 0) is equimultiple along
the (multi-)section o). It remains to show that the deformation

(20U 20U &0, pO) < (4, p¥) - (T,0) (2.8.35)

of the reduced total transform (DU LOU E®, p®)) of (DU L,0) is equi-
multiple along o(® for ¢ > 1.

We prove this claim again by induction on n, the number of blowing ups
needed to separate (D, 0) and (L, 0).

If n =1, then D® and L™ do not meet in M® for £ > 1 and the claim
is trivially true.

Let n > 1 and p € MM the unique intersection point of L(*) and EM.
Denote by A, C {1,...,7} the set of indices such that the strict transform

D£l) of the i-th branch (D;,0) of (D, 0) passes through p for ¢ € A,. Set

(D:MO) = U (D;,0),

i€,

and let (D™, p) be the strict transform of (D,,0).

Choose coordinates z,y of (C20) and u,v of (M), p), and let = 0 be
the equation of (L,0) C (C%0). Since n > 1, we have the relation z = uv and
y = and (LW, p) ¢ (MW, p) is given by u = 0.

Let ¢; : (2;,0;) — (M,0), resp. ¢\") 1 (2:,0;) — (. ™), p), be the defor-
mation of the parametrization of (D, 0), resp. (Dgl)7 p) (along the trivial sec-
tion 01(,1)), i € Ap, given by t; — (X;(t;), Yi(t;)), resp. t; — (Us(t:), Vi(ti)). We
have the relations
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Xi(t:) = U(t:)Vits), Yi(ts) = Vilts), i€ 4y,

and the same for the reductions mod wmr gy, (xi(ti),yi(ti)), resp.
(ui(t;),vi(t;)), which are the paramerizations of (D;,0), resp. (DO)7 D).

2

For i € A,, the smooth germ (L, 0) is tangent to (D;,0) and, hence,
ig(L, Dl) = ordti (Ez(tz) > Ol"dti yz(tz) =:m; = mt(D“ 0) .

Since ¢; is equimultiple along o, ordy, Y;(¢t;) = m,; and, since (¢,0) and
(¢,7,0) are equiintersectional, ords, X;(¢;) = ordy, z;(t;). Since, by the above
relations, ord:, X;(t;) = ordy, U;(t;) + m; and ord, ;(¢;) = ordy, u;(t;) + my,
we get ordy, U;(t;) = ordy, u;(t;) for all i € A,,.

Since v = 0 is the equation of the trivial deformation

W (LW, p) — (W, p) — (T,0),

it follows that (@), o) and ( U = [Tica, oM 7,,05) are equiintersec-
tional. Hence, we can apply the induction hypothesis to (D(l) u LM, p) and it
follows that the deformation (2.8.35) is equimultiple along o(®) for all £ > 1
as claimed. 0

Proof of Theorem 2.64. (2) Let ¢ : (¢,0) — (.#,0) — (T,0) be an embed-
ded equisingular deformation of the equation along o, and let

(€,0) L (#,0) — (T,0)

be the deformation of the parametrization induced by the equisingular defor-
mation of the resolution along sections @, o.

We prove that (¢,7,0) is equisingular by induction on the number N =
N(C,0) of blowing ups needed to obtain a minimal embedded resolution of
(C,0).

If N =0, then (C,0) is smooth and every deformation is equisingular.
Thus, let N > 0.

We consider the blowing up (.#ZW),p(M)) — (.#,0) of (.#,0) along o,
with the uniquely determined equimultiple sections 01(,1) (T,0) — (™, p)
for each p € p") (see Proposition 2.8, p. 275). Let (€1, p), resp. (&W),p),
denote the strict transform of (%,0), resp. the exceptional divisor. By Re-
mark 2.6.1 (5), (MU &M, p) — (#M), p) — (T, 0) is an equisingular embed-
ded deformation of the reduced total transform (CMuU EM), p) of (C,0).

Moreover, by induction hypothesis (N(C™"), p) < N), the induced map

_ (1)
(€,p) L (4D, p) — (T,0)

together with the sections 7, and 01(,1) defines an equisingular deformation
of the parametrization of (C'V),p). To show that (¢,,0) is equisingular, it
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remains to show that ¢ = (¢;);=1.,» is equimultiple along &, (see Remark
2.36.1 (1)).

Choosing coordinates and using the notations as in the proof of Proposition
2.66 with all sections trivial,

¢i : (CxT,0) = (€,0) — (#,0) = (C*x T,0)
is given by X;(¢;), Y;(¢;) and we have to show that
min{ord, X;(t;),ords, Y;(¢;)} = min{orde, x;(t;),ordys, yi(t;)} =: m;.

Let (C(l), pi) C (MM, p;) be the strict transform of (Cj,0).

K2

Choosing coordinates u,v of (M®), p;) = (C2 0),
¢V 1 (CxT,0) = (%,,0,) — (Y, p;) = (C2x T,0)

is given by U;(t;), Vi(ti) € Oro{t;} defining an equimultiple deformation of
the parametrization of (C’i(l), Di)-

In the two charts covering .#(1), we have (x,y) = (u,uv), resp. (z,y) =
(uv,v), depending on p; € EM) = P!, We may assume that {z = 0} is tan-
gent to the branch (C;,0). Then {y =0} is transversal to (C;,0), hence
m; = ordy, y;(t;). Since {z = 0} and (C;, 0) are not separated by blowing up
0 in (C%0), p; = 0 in the chart given by (z,%) = (uv,v) and &1 is given by
v=0in (C*x T,0).

Now, we apply Proposition 2.66 with L = E(®) to the deformation of the
parametrization ((b( ) , 0,0 l( )) of (C-(l), p;) and to the embedded deformation

(MU EW, p) s (D, p) — (T,0)

of (C}l)u E®) p) and get that they are equiintersectional.
Since &) is defined by v, equiintersectional means that

ordy, V;(t;) = ordy, v;(¢;) .
Since we have the relations ;(t;) = w;(t;)vi(t:), vi(t;) = vi(t;), and
Xi(t:) = Us(t)Vi(ts),  Yi(ts) = Vi(ts) ,

we get m; = ordy, y;(t;) = ordy, v;(t;) = ordy, Y;(t;) < ordy, X;(¢;). This proves
that ¢; is equimultiple along &, 0(1), i =1,...,r, which had to be shown.

(1) Let (¢,0) 2, (A,0) — (T,0) be an equisingular deformation of the pa-

rametrization with section 7, o and (¢,0) — (¥, 0) (T, 0) the induced de-
formation of the normalization, which yields a functor (by Proposition 2.23,
p- 301). We have to show that v : (¢,0) — (T, 0) together with the section o
is equisingular in the sense of Definition 2.6.
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We may assume that & and o are trivial sections. We argue by induction
on the number of blowing ups needed to resolve the singularity (C,0). The
case (C,0) being smooth is trivial. In the general case, Lemma 2.26, p. 303
yields that (€,0) — (T,0) is equimultiple and we may consider the blowing
up of (#,0) along o,

where (€, p) is the (multi)germ of the strict transform of (¢, 0). By Definition
2.36 and Proposition 2.23, there is a morphism ¢ : (%,0) — (%,p) — (T,0)
and a (multi)section ¢ : (7,0) — (Cg,@ such that (¢,7,5) is an equisingular
deformation of the parametrization of (‘g,@ By induction hypothesis, for
every p € p = (0), (‘g, p) — (T,0) is an equisingular deformation of the
equation of the strict transform (C, p) of (C,0) along & by Lemma 2.26.

Let & C .# be the exceptional divisor. We have to show that, for each

pED, N .

(Cué,p) = (A,p) — (T,0)
is an equisingular embedded deformation of the reduced total transform
(C~' U E,p) along ¢, : (T,0) — (//Zp) By Proposition 2.66, we have to show
that the deformations (¢, 7, o) and (,0) with ¢ : (&,p) — (4, p) — (T,0)
are equiintersectional along o. .

We choose coordinates z,y of (M,0) = (C20) and u,v of (M,p) = (C%0)
as in the proof of (2) and consider a branch (C;, p;) of (C,p). Assuming that
{z =0} is tangent to (C;,0), we have m; := mt(C;,0) = ordy, y;(¢;). As in
the proof of (2), we have that the deformations of the parametrization bi
resp. ¢;, of (@,pi), resp. (Cy,0), are given by U;(t;), Vi(t;), resp. by X;(t;),
Yi(t;), satisfying the relations X;(¢;) = U;(t;)Vi(t:) and Y;(¢;) = Vi(¢;). Since
¢; is equimultiple along the trivial sections @;, o, we have

ordy, Y;(t;) = ordy, y;(t;) = ordy, v;(t;) = ordy, Vi(t;) .

This proves that (¢, o) and (gzNSi, 7;,0;) are equiintersectional along o and hence
(1).
(3) By (1), we have a natural transformation Defg o — DefE. 1t is easy to

see that the equisingular deformation of the parametrization in (2) is unique
up to isomorphism. This proves the claim. O

Corollary 2.67. Let (C,0) C (C%0) be a reduced plane curve singularity and
let i: (A" 0) — (B¢, 0) be the inclusion of the p-constant stratum in the
base space of the semiuniversal deformation of (C,0). Then the restriction of
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the semiuniversal deformation (¢,0) — (B¢, 0) to (A% 0) is an equisingular
semiuniversal deformation of (C,0), that is, i*(¢,0) — (A 0) is isomorphic
to (€5°,0) — (BE,0).

Proof. By Theorem 2.61, i*(%,0) — (A# 0) lifts to a semiuniversal equisin-
gular deformation of the parametrization (¢ 0) — i*(%¢,0) — (A* 0) and,
therefore, the result follows from Theorem 2.64. a

As an immediate consequence, we obtain:

Corollary 2.68. A deformation of the equation of (C,0) over a reduced base
(T,0) is equisingular iff, for sufficiently small representatives, the Milnor
number is constant (along the unique singular section,).

For a reduced plane curve singularity (C,0) with local equation f € C{z,y},
we introduce

7¢(C,0) := 7(C, 0) — dimc TV°(C, 0) = dimc(C{z, y} /T (f)),

which is equal to the codimension of the p-constant stratum (A*,0) in the
base of the semiuniversal deformation of (C, 0) (Theorem 2.64 and Proposition
2.63).

One of the reasons why equisingular deformations of the parametrization
are so easy is that they form a linear subspace in the base space of the semiu-
niversal deformation of the parametrization (Theorem 2.38). This is in general
not the case for equisingular deformation of the equation (see Example 2.71.1
below). Hence, the question arises whether there are singularities for which
the p-constant stratum is linear. The answer was given in [Wah]:

Proposition 2.69 (Wahl). Let (C,0) C (C%0) be a reduced plane curve

singularity with local equation f. Then the following are equivalent:

(a) There are 7" = 7(C,0) — 7°°(C, 0) elements g1,...,g, € 1°°(f) such that
eV (f+Y tigi) € (C2x €7,0) 2 (€7, 0)

is a semiuniversal equisingular deformation for (C,0).
(b) Let g1, ...,gr € I°°(f) induce a basis for I°°(f)/(f,7(f)). Then

eV (F 4D tigr) € (€% C7,0) 2 (€7 0),

is a semiuniversal equisingular deformation for (C,0).

(¢) Each equisingular deformation of (C,0) is isomorphic to an equisingular

deformation where all the equimultiple sections aj(-f) through non-nodes of
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the reduced total transform COUE®O c M®, ¢ =1,...,N, of (C,0) are
globally trivial sections.'”

(d) Each locally trivial deformation of the reduced exceptional divisor E of a
minimal embedded resolution of (C,0) C (C%2x{0},0) is trivial.

(e) I°°(f) = (f.3(F), I°(f))."®

Our construction implies the following “openness of versality” result for equi-
singular deformations: Call a flat morphism ¢ : 4 — S of complex spaces a
family of reduced plane curve singularities if the restriction of ¢ to Sing(¢)
is finite and if, for each s € S and each x € €, := ¢~ 1(s), there is an isomor-
phism of germs (¢, z) = (C20) mapping (s, ) to the germ of a reduced
plane curve singularity in (C2 0).

Ifo = (¢,...,0®)is a system of disjoint sections 0(?): § — € of ¢, then
we call the family ¢ equisingular (resp. equisingular-versal) at s € S along o
if the induced morphism of germs ¢ : (%, a(i)(s)) — (S, s) is an equisingular
(resp. equisingular-versal) deformation of (‘(o’fg, o(i)(s)) fori=1,...,¢.

Combining Theorems 2.64 and 2.43, we get openness of equisingular-
versality:

Theorem 2.70. Let ¢ : € — S be a family of reduced plane curve singulari-
ties which is an equisingular family at s along o for all s € S. Then the set of
points s € S such that ¢ is equisingular-versal at s is analytically open in S.

Let us conclude with formulating explicitely how equisingular deformations
look like for semiquasihomogeneous and Newton non-degenerate singularities.
In fact, Propositions 2.17 and 2.69 imply that for semiquasihomogeneous and
for Newton non-degenerate plane curve singularities, the semiuniversal equi-
singular deformation of the equation is completely determined by its tangent
space:

Corollary 2.71. Let (C,0) C (C? 0) be a reduced plane curve singularity with
local equation f € C{xz,y}, and let 7/ = 7(C,0) — 7°5(C, 0).

(a) If f = fo+ [ is semiquasihomogeneous with principal part fo being quasi-
homogeneous of type (w1, ws;d), then a semiuniversal equisingular defor-
mation for (C,0) is given by

0V <f > tigi) C (C*x C7,0) = (C7,0),

17 See Definition 2.6, p. 271, for notations. Since the reduced total transform con-
tains the (compact) exceptional divisors, there are obstructions against the global
trivialization (that is, by an isomorphism of a neighbourhood of the exceptional
divisors) of the sections, for instance by the cross-ratio of more than three sections
through one exceptional component.

8 For the definition of I°(f), see Remark 2.17.1, p. 288.
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where g1, ..., g, represent a C-basis for the quotient

G, 2*y? | wia+waB > d)[5(f) .

(b) If f is Newton non-degenerate with Newton diagram I'(f,0) at the origin,
then a semiuniversal equisingular deformation for (C,0) is given by

eV <f +y tigi) c(C*xC™,0) 2 (C",0),
=1
where g1,. .., g represent a C-basis for the quotient

G(f), 2%y | 2%9yP has Newton order > 1/i(f).

Moreover, in both cases each equisingular deformation of (C,0) is isomorphic
to an equisingular deformation where all the equimultiple sections through
non-nodes of the reduced total transform of (C,0) are trivial sections.

A.N. Varchenko proved that the last statement holds for equisingular defor-
mations of isolated semiquasihomogeneous hypersurface singularities of arbi-
trary dimension [Var, Thm. 2]. In particular, if f € C{x} = C{z1,...,z,}isa
convenient semiquasihomogeneous power series, then Varchenko’s result says
that all fibres of a u-constant deformation of the singularity defined by f are
semiquasihomogeneous of the same type (see [Var]). The analogous statement
for Newton non-degenerate hypersurface singularities does not hold for n > 3.
In fact, the Newton diagram of the fibres may vary in a p-constant deforma-
tion of a Newton non-degenerate singularity (see, for instance, [Dim, Example
2.14]).

Remarks and Exercises

Using Gabrielov’s result ([Gabl]) which states that the modality of the func-
tion f with respect to right equivalence is equal to the dimension of the
p-constant stratum of f in the (u-dimensional) semiuniversal unfolding of f,

we get
7¢(C,0) = p(C,0) — modality(f) .

In fact, the semiuniversal unfolding of f being a versal deformation of (C,0),
this formula follows from Theorem 2.64, since the codimension of the u-
constant stratum in any versal deformation of (C,0) is the same.

Alternatively, in terms of the minimal free resolution of (C,0), the codi-
mension 7%(C, 0) can be computed as

1
T¢(C,0) = Z % - #{q | q is a free point} — 1, (2.8.36)
q

where the sum extends over all infinitely near points to 0 belonging to (C, 0)
which appear when resolving the plane curve singularity (C,0), and m, de-
notes the multiplicity of the strict transform of (C,0) at ¢q. Here, an infinitely
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near point is called free if it lies on at most one component of the exceptional
divisor. The computation of 7°°(C,0) by Formula (2.8.36) is implemented in
SINGULAR and accessible via the tau_es command. For instance, continuing
the SINGULAR session of Example 2.63.1, we get:

tau_es(f); // compute tau"es by the formula

//-> 38

vdim(std(Ies[1])); // compute taues as codimension of I"es(f)
//-> 38

Comparing the equisingularity ideal 7°(f) with the equiclassical ideal I¢(f)
and the equigeneric ideal I%(f) (see [DiH]), we can give an estimate for
7¢(C,0) in terms of the “classical” invariants § and k:

k(C,0) —(C,0) < 7¢(C,0) < k(C,0) < 27%(C,0).

In fact, the vector spaces 1°¢(f)/{f,j(f)) and I°9(f)/{f,7(f)) are isomorphic
to the tangent cones of the germs of the (x,d)-constant stratum (that is,
the stratum where x and 0 are both constant), and the d-constant stratum,
respectively. Since equisingular deformations preserve the multiplicities of the
successive strict transforms, § and x = g — mt+1 (Propositions 1.3.34 and
1.3.38) are constant under such deformations. Therefore, the equisingularity
stratum is contained in the equiclassical stratum and the same holds for the
tangent cones. For a smooth germ, the tangent cone is the same as the tangent
space and therefore we have

J() C{£,3(f) CI=(f) CI(f) CI(f). (2.8.37)
The above estimate follows then from the dimension formulas
dime C{z, y}/1%°(f) = 7°(C,0) ,
dime C{z,y}/I%(f) = x(C,0) — §(C,0),
dime C{z, y}/I¥(f) = 6(C,0).

Exercise 2.8.1. Compute the Milnor number, Tjurina number, 7%, and
modality for the singularities at the origin of {z™ 4 y™ = 0}, {a™y +y™ = 0},
resp. {a™y + zy™ = 0}, m,n > 2.

In [CGL1], we give an algorithm which, given a deformation with section of
a reduced plane curve singularity, computes equations for the equisingularity
stratum (that is, the py-constant stratum in characteristic 0) in the parameter
space of the deformation. The algorithm works for any, not necessarily re-
duced, parameter space and for algebroid curve singularities C' defined over an
algebraically closed field of characteristic 0 (or of characteristic p > ord(C)). It
has been implemented in the SINGULAR library equising.1ib. The following
example shows the implemented algorithm at work.
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Ezample 2.71.1. Consider the reduced (Newton degenerate) plane curve sin-
gularity with local equation f = (y* — 2)? — 219, We compute equations for
the p-constant stratum in the base space of the semiuniversal deformation
with section of (C,0) where the section is trivialized (for more details see
[CGL1)):

LIB "equising.lib"; //loads deform.lib, sing.lib, too

ring R = 0, (x,y), 1s;

poly f = (y4-x4)"2 - x10;

ideal J = f, maxideal(1)*jacob(f);

ideal KbJ = kbase(std(J));

int N = size(KbJ);

N; //number of deformation parameters

//-> 50

ring Px = 0, (a(1..N),x,y), ls;

matrix A[N][1] = a(1..N);

poly F = imap(R,f)+(matrix(imap(R,KbJ))*A) [1,1];

list M = esStratum(F); //compute the stratum of equisingularity
//along the trivial section

def ESSring = M[1]; setring ESSring;

option(redSB);

ES = std(ES);

size(ES); //number of equations for ES stratum

//-> 44

Inspecting the elements of ES, we see that 42 of the 50 deformation parameters
must vanish. Additionally, there are two non-linear equations, showing that
the equisingularity (u-constant) stratum is smooth (of dimension 6) but not
linear:

ES[9];

//-> 8*%a(42)+a(2)*a(24)-a(2)"2
ES[26];

//-> 8%a(24)+8*a(2)+a(2)"3

The correctness of the computed equations can be checked by choosing a ran-
dom point p satisfying the equations and computing the system of Hamburger-
Noether expansions for the evaluation of F' at s = p. From the system of
Hamburger-Noether expansions, we can read a complete set of numerical in-
variants of the equisingularity type (such as the Puiseux pairs and the inter-
section numbers) which have to coincide with the respective invariants of f.
In characteristic 0, it suffices to compare the two Milnor numbers. To do this,
we reduce F by ES and evaluate the result at a random point satisfying the
above two non-linear conditions:

poly F = reduce(imap(Px,F),ES); //a(2),a(24) both appear in F
poly g = subst(F, a(24), -a(2)-(1/8)*a(2)"3);

for (int ii=1; ii<=44; ii++){ g = subst(g,a(ii),random(1,100)); }
setring R;
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milnor(f); //Milnor number of f
//-> 57
milnor (imap (ESSring,g)) ; //Milnor number of g
//-> 57

Finally, we show that for the reduced plane curve singularity with local equa-
tion f = (y* — 2*)? — 2% none of the properties (a)—(e) of Proposition 2.69
is satisfied.

Its reduced total transform has the form

(lines and arrows indicating components of the exceptional divisor and the
strict transform, respectively). In particular, since the cross-ratio of the 4
intersection points of components of the exceptional divisor E is preserved by
a trivial deformation, (d) is not satisfied.

To see the failure of (c), consider the equisingular deformation

= (y4fx4 +t~:c2y2)2 _ glo

Since F induces a locally trivial deformation of £ which varies the cross-ratio
of the four intersection points, it cannot be isomorphic to an equisingular
deformation with trivial equimultiple sections U§Z).

Property (e) fails, too:

LIB "equising.lib";

ring R = 0, (x,y),ds;

poly f = (y4-x4)"2-x10;

list Ies = esIdeal(f,1);

Ies[3]; // the ideal <f,j(f),I"s(f)>
//-> _[11=x3y7

//-> _[2]1=x2y8

//-> _[3]1=xy9

//-> _[4]1=y10

//-> _[5]=x8-2x4y4+y8-x10

//-> _[6]=8x7-8x3y4-10x9

//-> _[71=-8x4y3+8y7

ideal J = std(Ies[3]); // compute standard basis
size(reduce(maxideal(10),J)); // m~10 in <£f,j(£),I"s(£)>7
//->0

vdim(J); // dim_C C{x,y}/<f,j(£),I"s(£)>
//-> 43
vdim(std(Ies[1])); // dim_C C{x,y}/<f,j(£),I"es(£)>
//-> 42

simplify(reduce(Ies[1],J),10);
//-> _[1]1=x6y2-x2y6
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From the output, we read that (f,5(f), I*(f)) = (f,j(f), m?), while, as com-
plex vector space, the equisingularity ideal is generated by (f,j(f), m!®) and

the polynomial 2%y (y* — 2%) & (f,j(f), m'?).
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