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1 Introduction

The first systematic treatment of the orbit structure of a complex flag manifold X =
G/ P under the action of a real form Gy C G is due to J. Wolf [38]. Forty years
after his paper, these real group orbits and their cycle spaces are still an object of
intensive research. We present here some results in this area, together with other
related results on transitive and locally transitive actions of Lie groups on complex
manifolds.
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The paper is organized as follows. In Sect. 2 we prove the celebrated finiteness
theorem for Gy-orbits on X (Theorem 2.3). We also state a theorem characterizing
open Gy-orbits on X (Theorem 2.4). All results of Sect.2 are taken from [38].
In Sect.3 we recall for future use a theorem, due to B. Weisfeiler [36] and
A. Borel and J. Tits [4]. Namely, let H be an algebraic subgroup of a connected
reductive group G. Theorem 3.1 shows that one can find a parabolic subgroup
P C G containing H, such that the unipotent radical of H is contained in the
unipotent radical of P. In Sect. 4 we consider the factorizations of reductive groups.
The results of this section are due to A.L. Onishchik [30,31]. We take for granted
his list of factorizations G = H; - H,, where G is a simple algebraic group over
C and H;, H, C G are reductive complex subgroups (Theorem 4.1), and deduce
from it his theorem on real forms. Namely, a real form G acting locally transitively
on an affine homogeneous space G/H is either SO; 7 or SOz 5. Moreover, in that
case G/H = SOg/ Spin, and the action of Gy is in fact transitive (Corollary 4.7).
This very special homogeneous space of a complex group G has on open orbit of
a real form Gy, the situation being typical for flag manifolds. One can ask what
homogeneous spaces share this property. It turns out that if a real form of inner
type Go C G has an open orbit on a homogeneous space G/H with H algebraic,
then H is in fact parabolic, and so G/H is a flag manifold. We prove this in Sect. 5
(see Corollary 5.2) and then retrieve the result of FM. Malyshev of the same type
in which the isotropy subgroup is not necessarily algebraic (Theorem 5.4). It should
be noted that the other way around, the statement for algebraic homogeneous spaces
can be deduced from his theorem. Our proof of both results is new.

Let K be the complexification of a maximal compact subgroup Ko C Gy.
In Sect. 6 we briefly recall the Matsuki correspondence between Go- and K -orbits
on a flag manifold. In Sect.7 we define, following the paper of S.G. Gindikin and
the author [1], the crown E of Gy/ Ky in G/ K. We also introduce the cycle space of
an open Gy-orbit on X = G/ P, first considered by R. Wells and J. Wolf [37], and
state a theorem describing the cycle spaces in terms of the crown (Theorem 7.1).
In fact, with some exceptions which are well-understood, the cycle space of an open
Gy-orbit on X agrees with & and, therefore, is independent of the flag manifold.

In Sects.8 and 9, we give an outline of the original proof due to G. Fels,
A. Huckleberry and J. Wolf [11], using the methods of complex analysis. One in-
gredient of the proof is a theorem of G. Fels and A. Huckleberry [10], saying that
E is a maximal Gy-invariant, Stein and Kobayashi hyperbolic domain in G/ K
(Theorem 8.4). Another ingredient is the construction of the Schubert domain,
due to A. Huckleberry and J. Wolf [16] and explained in Sect.9. Finally, in
Sect. 10 we discuss complex geometric properties of flag domains. Namely, let
q be the dimension of the compact K-orbit in an open Gy-orbit. We consider
measurable open Gy-orbits and state the theorem of W. Schmid and J. Wolf [33]
on the g-completeness of such flag domains.

Given a K-orbit O and the corresponding Go-orbit O’ on X, S.G. Gindikin and
T. Matsuki suggested considering the subset C(0O) C G of all g € G, such that
g0 N O # @ and gO N O’ is compact, see [13]. If O is compact, then O’ is
open and O C O’. Furthermore, in this case C(0O) = {g € G | gO C O’} is
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precisely the set whose connected component C(0)° at e € G is the cycle space of
O’ lifted to G. This gives a natural way of generalizing the notion of a cycle space
to lower-dimensional Gy-orbits. Using this generalization, T. Matsuki carried over
Theorem 7.1 to arbitrary Go-orbits on flag manifolds, see [27] and Theorem 7.2.
His proof is beyond the scope of our survey.

2 Finiteness Theorem

Let G be a connected complex semisimple Lie group, g the Lie algebra of G, and g,
a real form of g. The complex conjugation of g over g is denoted by 7. Let G be
the connected real Lie subgroup of G with Lie algebra go. We are interested in G-
orbits on flag manifolds of G. By definition, these manifolds are the quotients of the
form G/ P, where P C G is a parabolic subgroup. It is known that the intersection
of two parabolic subgroups in G contains a maximal torus of G. Equivalently, the
intersection of two parabolic subalgebras in g contains a Cartan subalgebra of g.
We want to prove a stronger statement in the case when the parabolic subalgebras
are t-conjugate. We will use the notion of a Cartan subalgebra for an arbitrary (and
not just semisimple) Lie algebra [ over any field k. Recall that a Lie subalgebraj C [
is called a Cartan subalgebra if j is nilpotent and equal to its own normalizer. Given
a field extension k C k’, it follows from that definition that j is a Cartan subalgebra
in [if and only if j ® k’ is a Cartan subalgebra in [ ®; k’. We start with a simple
general observation.

Lemma 2.1. Let g be any complex Lie algebra, go a real form of g, andt : g — ¢
the complex conjugation of g over go. Let h C g be a complex Lie subalgebra. Then
b N go is a real form of h N t(h).

Proof. Forany A € h N t(h) one has 24 = (A + t(A)) + (A — ©(A)), where the
first summand is contained in h N gy and the second one gets into that subspace after
multiplication by 7. |

The following corollary will be useful.

Corollary 2.2. Ifp is a parabolic subalgebra of a semisimple algebra g, then p N
T(p) contains a t-stable Cartan subalgebra t of g.

Proof. Choose a Cartan subalgebra j of p N go. Its complexification t is a Cartan
subalgebra of pN(p), which is 7-stable. Now, pNt(p) contains a Cartan subalgebra
t’ of g. Since t and t’ are conjugate as Cartan subalgebras of p N 7(p), it follows that
tis itself a Cartan subalgebra of g. |

The number of conjugacy classes of Cartan subalgebras of a real semisimple Lie
algebra is finite. This was proved independently by A. Borel and B. Kostant in the
1950s, see [18]. Somewhat later, M. Sugiura determined explicitly the number of
conjugacy classes and found their representatives for each simple Lie algebra, see
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[34]. Let {j1, ..., im} be a complete system of representatives of Cartan subalgebras
of go. Foreachk, k = 1, ..., m, the complexification t; of j; is a Cartan subalgebra
of g.

Theorem 2.3 (J. Wolf [38], Theorem 2.6). For any parabolic subgroup P C G
the number of Go-orbits on X = G/ P is finite.

Proof. Define amap ¢ : X — {1,...,m} as follows. For any point x € X let
p, be the isotropy subalgebra of x in g. By Corollary 2.2, we can choose a Cartan
subalgebra j, of go in p,. Take g € Gy so that Adg - j, = j; for some k,k =
1,...,m. Since j; and j; are not conjugate for k # [, the number k does not depend
on g.Let k = ((x). Then ¢(x) is constant along the orbit Go(x). Now, for ¢(x) fixed
there exists g € Gy such that p,, contains t; with fixed k. Recall that a point of X
is uniquely determined by its isotropy subgroup. Since there are only finitely many
parabolic subgroups containing a given maximal torus, the fiber of ¢ has finitely
many Go-orbits. |

As a consequence of Theorem 2.3 , we see that at least one Gy-orbit is open in
X. We will need a description of open orbits in terms of isotropy subalgebras of
their points. Fix a Cartan subalgebra t C g. Let ¥ = X (g, t) be the root system,
g« C g, o € X, the root subspaces, It = X1 (g,t) C X a positive subsystem,
and TT the set of simple roots corresponding to . Every « € X has a unique
expression « = Y . Ny(a) - 7, where n, (o) are integers, all nonnegative for
a € X1 and all nonpositive for « € ¥~ = —X . For an arbitrary subset ® C TT
we will use the notation

® ={aeX|n,(a) =0whenever7r ¢ ®}, P ={aec Xt |agd}.
Then the standard parabolic subalgebra pe C g is defined by
Po = Py + Py

where

p'&):t+z 11

aEd”

is the standard reductive Levi subalgebra of pg and
P = Z 15
aed

is the unipotent radical of pg.
In the sequel, we will also use the notation

135”2 Z Ya-

—aedH
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Now, let £, be a maximal compact subalgebra of go. Then we have the Cartan
involution 6 : gy — go and the Cartan decomposition go = £ + my, where &
and my are the eigenspaces of 6 with eigenvalues 1 and, respectively, —1. A 6-
stable Cartan subalgebra j C gy is called fundamental (or maximally compact) if
j N € is a Cartan subalgebra of ;. More generally, a Cartan subalgebra j C gy is
called fundamental if j is conjugate to a 6-stable fundamental Cartan subalgebra.
It is known that any two fundamental Cartan subalgebras of g, are conjugate under
an inner automorphism of go. We will assume that a Cartan subalgebra t C g is
t-stable. In other words, t = j*, where j is a Cartan subalgebra in go. Then t acts
on X by t(@)(A) = a(r - A), whereax € X, A € t.

Theorem 2.4 (J. Wolf [38], Theorem 4.5). Let X = G/ P be a flag manifold. Then
the Gy-orbit of xo = e - P is open in X if and only if p = po, where

(1) p N go contains a fundamental Cartan subalgebraij C go;
(ii) @ is a subset of simple roots for £ (g, 1), t =i, such that TSt = 2.

The proof can be also found in [11], Sect. 4.2.

3 Embedding a Subgroup into a Parabolic One

Let G be a group. The normalizer of a subgroup H C G is denoted by Ng(H).
For an algebraic group H the unipotent radical is denoted by R,(H ).

Let U be an algebraic unipotent subgroup of a complex semisimple group G. Set
Ny = Ng(U), Uy = R,(N}), and continue inductively:

Ni = Ng(Uk—1), Ux = Ry(Ny), k >2.

Then U C U; and Up—y C Ui, Ny—y C Ng for all k > 2. Therefore there
exists an integer [, such that U; = Uj4;. This means that U; coincides with the
unipotent radical of its normalizer. We now recall the following general theorem of
fundamental importance.

Theorem 3.1 (B. Weisfeiler [36], A. Borel and J. Tits [4], Corollary 3.2). Let k
be an arbitrary field, G a connected reductive algebraic group defined over k, and
U a unipotent algebraic subgroup of G. If the unipotent radical of the normalizer
N (U) coincides with U, then Ng(U) is a parabolic subgroup of G.

For k = C, which is the only case we need, the result goes back to a paper of V.V.
Morozov, see [4], Remarque 3.4. In the above form, the theorem was conjectured
by LI. Piatetski—Shapiro, see [36]. For future references, we state the following
corollary of Theorem 3.1.

Corollary 3.2. Let k = C and let G be as above. The normalizer Ng(U) of a
unipotent algebraic subgroup U C G embeds into a parabolic subgroup P C G in
such a way that U C R,(P). For any algebraic subgroup H C G there exists an
embedding into a parabolic subgroup P, such that R,(H) C R,(P).
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Proof. Put P = Ng(Uj) in the above construction. Then U C U; = R, (P). This
proves the first assertion. To prove the second one, it suffices to take U = R,(H). O

4 Factorizations of Reductive Groups

The results of this section are due to A.L. Onishchik. Let G be a group, H,, H, C G
two subgroups. A triple (G; H;, H,) is called a factorization of G if forany g € G
there exist 1y € H; and h, € H,, such that g = h; - hy. In the Lie group
case a factorization (G; H,, H;) gives rise to the factorization (g; b1, ) of the Lie
algebra g. By definition, this means that g = h; + bh,. Conversely, if (g; b1, h2) is
a factorization of g, then the product H| - H, is an open subset in G containing
the neutral element. In general, this open set does not coincide with G, and so
a factorization (g; b1, h2) is sometimes called a local factorization of G. But, if
G, H, and H, are connected reductive (complex or real) Lie groups, then every
local factorization is (induced by) a global one, see [31]. We will give a simple
proof of this fact below, see Propositions 4.3 and 4.4.

All factorizations of connected compact Lie groups are classified in [30], see also
[32], Sect.14. If G, H; and H, are connected reductive (complex or real) Lie
groups, then the same problem is solved in [31]. The core of the classification is
the complete list of factorizations for simple compact Lie groups. We prefer to state
the result for simple algebraic groups over C. If both subgroups H;, H, are reductive
algebraic, then the list is the same as in the compact case.

Theorem 4.1 (A.L. Onishchik [30,31]). If G is a simple algebraic group over
k = C and H,, H, are proper reductive algebraic subgroups of G, then, up to a
local isomorphism and renumbering of factors, the factorization (G; Hy, H3) is one
of the following:

(1 (SLZn; Spva SLZn—l)s n=>72

(2) (SL2u; Span, S(GLy X GLyy—1)), n > 2;

(3) (807; G2, SOg);

4) (807; G, SOs);

(5) (807;G2,80; x SOy);

(6) (802,:8502,—1,8SLy), n > 4

(7) (8024:802,-1,GL,), n > 4;

(8) (8044:S04n—1,Span), n = 2;

(9) (SO4n; SOsn—1,Span - Sp2), n = 2;
(10) (SO4n; SO4p—1,Span - k™), n > 2;
(11) (S016;S015,Spin9);

(12) (SOs; SO7, Spin,).

Although this result is algebraic by its nature, the only known proof uses
topological methods. We want to show how Theorem 4.1 applies to factorizations
of complex Lie algebras involving their real forms.
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Lemma 4.2. Let t : g — g be the complex conjugation of a complex Lie algebra
over its real form go. Let h C g be a complex Lie subalgebra. Then g = go + b if
andonly if g = b + 7(h).

Proof. Letg = go+ bh. Forany X € goonehasiX =Y + Z, where Y € go and
Z € b. This implies

2X =—iZ—1(iZ) e h+ t(h).
Conversely, if g = § + t(h), then for any X € g there exist Z;, Z, € b, such that
X =Z+1(22) = (Z1 - 2Z2) + (Z1 + 1(Z£y)),

hence X € § + go. |

Proposition 4.3. Let G be a connected reductive algebraic group over C and let
H,, H, C G be two reductive algebraic subgroups. Then g = b, + b, if and only if
G = H,- H,.

Proof. Tt suffices to prove that the local factorization implies the global one.
Let X = G/H, and let n = dim(X). If L is a maximal compact subgroup of
H, and K is a maximal compact subgroup of G, such that L C K, then X is
diffeomorphic to a real vector bundle over K /L. Therefore X is homotopically
equivalent to a compact manifold of (real) dimension n. On the other hand, H; has
an open orbit on X. Since X is an affine variety, closed H;-orbits are separated
by Hj-invariant regular functions. But such functions are constant, so there is
only one closed orbit. Assume now that H; is not transitive on X, so that the
closed H;-orbit has dimension m < n. A well-known corollary of Luna’s Slice
Theorem displays X as a vector bundle over the closed orbit, see [21]. Thus X is
homotopically equivalent to that orbit and, by the same argument as above, to a
compact manifold of (real) dimension m. Now, for a compact connected manifold
M of dimension n, one has H;(M,Z;) = 0ifi > n and H,(M,Z,) = Z,,
see e.g.,[9], Proposition 3.3 and Corollary 3.4. Therefore two compact manifolds
of dimensions m and n,m # n are not homotopically equivalent, and we get a
contradiction. |

As a corollary, we have a similar proposition for real groups.

Proposition 4.4. Let G, Hy and H, be real forms of complex reductive algebraic
groups GC, Hl(C and HZ(C. For G connected one has g = by + by if and only if
G = H,- H,.

Proof. 1f g = b +h, then g€ = h;“+5,". Thus G© = HE-HE by Proposition 4.3.
The action of HE x Hy on G, defined by

g hghy', g€ G h e HE,
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is transitive. For g € G C G® we have the following estimate of the dimension of
(H; x H,)-orbit through g:

dim H,gH, = dim H, + dim H, — dim (H, N gH,g™")
> dim¢ Hl(C + dimg¢ Hz(C — dim¢ Hl(C n gHz(Cg_1 = dim¢ G© = dim G.
But G is connected and each coset H;gH, is open, hence G = H| - H,. O

We will use the notion of an algebraic subalgebra of a complex Lie algebra g,
which corresponds to an algebraic group G. A subalgebra h C g is said to be
algebraic if the associated connected subgroup H C G is algebraic. In general,
this notion depends on the choice of G. However, if g is semisimple, which will
be our case, then b is algebraic for some G if and only if h is algebraic for any
other G. An algebraic subalgebra of g is said to be reductive if H is a reductive
algebraic subgroup of G. Again, for g semisimple the choice of G does not
matter.

Theorem 4.5 (cf. [31], Theorem 4.2). Let g be a simple complex Lie algebra, b C
g, b # g, a reductive algebraic subalgebra, and go a real form of g. If g = go + b,
then g is of type Dy, by is of type B3, embedded as the spinor subalgebra, and g is
either 017 or 503 5.

Proof. In the notation of Lemma 4.2 we have g = h + ©(h). Note that t(h) is a
reductive algebraic subalgebra of g. Choose G simply connected. Then 7 lifts to an
antiholomorphic involution of G, which we again denote by 7. Let H; and H; be the
connected reductive algebraic subgroups of G with Lie algebras ) and, respectively,
7(h). By Proposition 4.3 we have the global decomposition G = H; - H,. Since
H; and H, are isomorphic it follows from Theorem 4.1 that the factorization
(G; Hy, H,) is obtained from factorization (12). More precisely, G is isomorphic
to Sping, the universal covering group of SOs, and H,, H, are two copies of Spin,
in Sping. We assume that H; is the image of the spinor representation Spin; — SOs
and H; comes from the embedding SO; — SOg. The conjugation t interchanges
H, and H,. We want to replace t by a holomorphic involutive automorphism of G
with the same behaviour with respect to H; and H,. For this we need the following
lemma.

Lemma 4.6. Let G be a connected reductive algebraic group over C. Take a
maximal compact subgroup in G which is invariant under t. Let 0 : G — G be the
corresponding Cartan involution and let 0 = 0t (= ©0). For a reductive algebraic
subgroup H C G, the factorization (G; H,t(H)) implies the factorization
(G; H,o(H)), and vice versa.

Proof. First, if (G; Hy, H») is a factorization of a group, then one also has the
factorization (G; Hl,Hz) where H, = nglgl ,Hz = ngzg2 are conjugate
subgroups. In the setting of the lemma, choose H = gHg™!' so that a maximal
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compact subgroup of H is contained in the chosen maximal compact subgroup of
G. Then 6(H) = H and, consequently,

t(H)~t(H)=0(H) ~ o(H),

where ~ denotes conjugation by an inner automorphism. By the above remark, one
of the two factorizations (G; H,t(H)), (G; H,o(H)) implies the other. |

End of proof of Theorem 4.5. We can replace H, by a conjugate subgroup so that
H, and H, are interchanged by o. The factorization is in fact defined for SOs, in
which case the subgroups are only locally isomorphic. For this reason o is an outer
automorphism. It follows that the restriction of o to the real form, i.e., the Cartan
involution of the latter, is also an outer automorphism. There are precisely two real
forms of D4 with this property, namely, s0; 7 and s03 5. The remaining noncompact
real forms 50,6, S04 4, and sog are of inner type, see Sect. 5. We still have to show
that so; 7, as well as so03 5, together with the complex spinor subalgebra, gives a
factorization of g = sog. So let T be the complex conjugation of g over s0; 7 or 503 5.
Define o as in the lemma and denote again by o the corresponding automorphism
of g. The fixed point subalgebra of o has rank 3, whereas g has rank 4. Thus o
is an outer automorphism of g. There are three conjugacy classes of subalgebras
of type B3 in g. Let Y be the set of these conjugacy classes. The group of outer
isomorphisms of g acts on Y as the group of all permutations of Y, isomorphic to
the symmetric group S3. Choose C € Y so that(C) # C andleth € C. Applying an
outer automorphism of g, we can arrange that ) corresponds to Spin, and o(h) =
507. Therefore g = bh + o(h) by Theorem 4.1 and g = go + h by Lemmas 4.6
and 4.2. |

Corollary 4.7. Let G be a simple algebraic group over C, Gy a real form of G, and
H C G a proper reductive algebraic subgroup. Then the following three conditions
are equivalent:

(1) Go is locally transitive on G/H ;
(i1) Gy is transitive on G/H;
(iii) Up to a local isomorphism, G = SOs, H = Spin,, Go = SO;7 or SO3 .

Proof. Theorem 4.5 says that (i) and (iii) are equivalent. Proposition 4.4 shows that
(i) implies (ii). |

5 Real Forms of Inner Type

Let go be a real semisimple Lie algebra of noncompact type. Let go = €y + mo be a
Cartan decomposition with the corresponding Cartan involution 6. It is known that
6 is an inner automorphism of gy if and only if ¥ contains a Cartan subalgebra of
go. If this is the case, we will say that the Lie algebra gy and the corresponding Lie
group Gy is of inner type. Clearly, go is of inner type if and only if all simple ideals
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of gy are of inner type. The Cartan classification yields the following list of simple
Lie algebras of inner type:

sh(R), su,,,50,, (p orq even),s0%,,sp m(R), 85,4,
EIL, EIIL, EV, EVI, EVII, EVIII, EIX, FI, FII, G.

As we have seen in Sect. 1, a conjugacy class of parabolic subalgebras has a
representative p, such that g = go + p. In other words, for any parabolic subgroup
P C G the real form G has an open orbit on G/ P. For real forms of inner type the
converse is also true.

Theorem 5.1. Let g be a complex semisimple Lie algebra, gy a real form of g
of inner type, and j a compact Cartan subalgebra of go. If § is an algebraic Lie
subalgebra of g satisfying g = go + b, then by is parabolic. Moreover; there exists
an inner automorphism Ad(g), g € Go, such that ) = Ad(g) - po, where @ is a
subset of simple roots for some ordering of (g, ©). Conversely, any such b satisfies
g=4go+h.

Corollary 5.2. Let G be a complex semisimple Lie group, Gy C G a real form of
inner type, and H C G a complex algebraic subgroup. If Gy has an open orbit on
G/H then H is parabolic.

For an algebraic Lie algebra h we denote by R,(h) the unipotent radical and
by L(bh) a reductive Levi subalgebra. For the proof of Theorem 5.1 we will need a
lemma that rules out certain factorizations with semisimple factors.

Lemma 5.3. Let g be a simple complex Lie algebra and let H1,h, C g be two
semisimple real Lie subalgebras, such that b, N, = {0}. Then g # by + ha.

Proof. Assume h; + b, = g. Let G be a simply connected Lie group with Lie
algebra g and let H,, H, be connected subgroups of G with Lie algebras b, h,.
Then G = H, - H, by Proposition 4.4. Therefore one can write G as a homogeneous
space G = (H; x H,)/(H, N Hy), where H; N H, embeds diagonally into the
product. Because G is simply connected, we see that the intersection H; N H; is
in fact trivial. But H3(G,]R) ~ R, whereas dim H3(H,-,R) > 1, see e.g., [32],
Chap. 3, Sect. 9, and so the decomposition G = H;| x H; yields a contradiction. [

Proof of Theorem 5.1. Write go as the sum of simple ideals gio, kK = 1,...,m.
Each is stable under the Cartan involution 8 because 6 is an inner automorphism.
Furthermore, each g is again of inner type. Thus the complexification g, =
(gk.0)C is a simple ideal of g, and g = g, ® ... ® gn. Let 1 : g — g be the
projection map.

Assume that § is reductive. We want to show that then h = g. For each k we
have g = gk.o + mx(h). If mx (h) # g, then gi o is isomorphic to 0, 7 or 035 by
Corollary 4.7. Since gy ¢ is of inner type, this cannot happen. Hence 7y (h) = g for
all k. In particular, b is semisimple, and so we write § as the sum of simple ideals
h=h &... Db, Since 7, (h;) is an ideal in g, there are only two possibilities:
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i (h1) = gi or i (h;) = {0}. If, for k fixed, we have 7y (h;) # {0} and 74 (h;) #
{0}, then in fact s = [, because otherwise

Ok = [0k, 9k] = [ (h1). 7 (hs)] = 7 ([By. bs]) = {0}.

We want to make sure that m = n. In that case, renumbering the simple ideals of
g, we get i C g; for all /. This implies h; = g; for all / and h = g. Now, if
n < m, then one and only one b; projects isomorphically onto g; and g, for p # k.
Let oy = (mk|h) ™! and w, = (7, |h;)~". Then

Ok @ 9p = (1 ® 7p) (1) + (Gr0 @ 9p0),
hence
b = o (8k0) + @p(8p.0)s

and so a simple complex Lie algebra b; is written as the sum of two real forms. This
contradicts Lemma 5.3.

Assume from now on that R,(h) # {0} and take an embedding of b into
a parabolic subalgebra p, such that R,(h) C R,(p), see Corollary 3.2. Then
g = go + P, i.e., the Gy-orbit of the base point is open in G/ P. By Theorem 2.4 p
is a standard parabolic subalgebra, p = pe, where:

(i) p N go contains a fundamental Cartan subalgebraj C go, which is now compact
(recall that g is of inner type);

(i) @ is a subset of simple roots for some ordering of (g, t), t = i (since j is
compact, t(a) = —a forall @ € X(g,t) and tt = X~ for any choice of
=),

By our construction, R, () C p%. Applying an inner automorphism of po, assume
that L() C p%. Since 7(go) = g—o for all root spaces, we have

t(py) = po and t(pg) = pg".
Observe that 7(h) + h = g by Lemma 4.2. Therefore
T(Ru(h)) + Ru(h) = 1(pg) + Py = Po" + P
and so we obtain
Ru(h) = po.
We also have
T(L(h)) + L) = po.

hence, again by Lemma 4.2,

P = (p%)o + L(h), where (pi)o = ply N go-
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Write pj, = s + 3, where s is the semisimple part and 3 the center of p,, denote
by 7y, 7, the corresponding projections, and put so = s N go, 30 = 3 M go. Then
s = 59 + ws;(L(h)). Since s¢ is a semisimple algebra of inner type and 7 (L(h))
is reductive, we get w,(L(h)) = s by what we have already proved. Therefore
L(h) = s + 3«, where 34 is an algebraic subalgebra in 3. On the other hand, 3 =
30+, (L(h)) = 30+3+. But 30 is compact, so 3x = 3 and L(h) = py,. Together with
the equality R, (h) = pg, this gives h = po. To finish the proof, recall that any two
compact Cartan subalgebras of gy are conjugate by an inner automorphism. For the
converse statement of the theorem, note that, j being compact, (ii) in Theorem 2.4 is
fulfilled for any ordering of X (g, t). |

We now recover a theorem of FM. Malyshev in which b is not necessarily
algebraic. Of course, our Theorem 5.1 is a special case of his result. We want to
show that the general case can be obtained from that special one. We adopt the
notation introduced in the above proof. Namely, s = s¢ is the semisimple part and
3 = 3o is the center of the reductive algebra pJ,.

Theorem 5.4 (F.M. Malyshev [22]). Let g, go and j be as in Theorem 5.1. If § is
a complex Lie subalgebra of g satisfying g = go + b, then there exists an inner
automorphism Ad(g), g € Go, such that h = Ad(g)(a + so + py,), where @ is a
subset of simple roots for some ordering of £(g,i®) and a is a complex subspace
of 30 which projects onto the real form (3¢)o. Conversely, any such b satisfies

g=go+h.

Proof. Let b be the algebraic closure of b, i.e., the smallest algebraic subalgebra
of g containing h. According to a theorem of C. Chevalley, the commutator algebras
of h and b, are the same, see [8], Chap.II, Théoréme 13. Applying an inner
automorphism Ad(g), g € Gy, we get

balg = Po = 30 + 50 + Py
by Theorem 5.1. Since b contains [hag, baig] = S0 + Py, it follows that
h=a+se+ ps.
where a C 3¢ is a complex subspace. Observe that
7(h) = t(a) + 5o + g

By Lemma 4.2 we have g = b + t(h). Clearly, 3¢ is 7-stable. The above expression
for 7(h) shows that 3o = a+7(a). Again by Lemma 4.2, this implies 3o = (3¢)o+a
or, equivalently, 36 = i - (3s)0 + a. Thus a projects onto (34 )o. Since Ty = pg",
the converse statement is obvious. |

If go is a real form of outer type (= not of inner type), then a Lie subalgebra
h C g, satisfying g = go + b, is in general very far from being parabolic. Some
classification of such b is known for type D, see [23]. Here is a typical example of
what can happen for other Lie algebras.
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Example 5.5. Let g = sl,,(C), n > 1, and let t(A) = A for A € g, so that
go = sk, (R). Then there is a fundamental Cartan subalgebraj C go and an ordering
of the root system X (g, t), t = j €, such that the set of simple roots IT is of the form
I =&Uu WU {y}, where ® and ¥ are orthogonal, t(®) = —W¥ and 7(y) = —y.
The standard Levi subalgebra of peyw can be written as

Pouy = 51 + 82 +3,

where 51 and s, are isomorphic simple algebras of type A,—; interchanged by t and
3 1s a T-stable one-dimensional torus. Set

h=s51+3+ P
then
(h) =5+ 3+ Poliy-

Therefore h + t(h) = g, showing that g = go + b. Note that b is an ideal in the
parabolic subalgebra p = peuy, such that p/b is a simple algebra.

The construction of j and the ordering in X (g, t) goes as follows. Take the Cartan
decomposition gy = £ + my, where ¢, = 50,,(R). Define j as the space of block
matrices

aq bl
—b1 aq
aj bz
—bz ar
a, b,
b, a,
with real entries and £ a; = 0. Then j is a fundamental Cartan subalgebra and

i =jN€ +jNmyg. Consider a; and b; as linear functions on j and t = j €. Then it is
easy to determine the root system X (g, t). We list the roots that we declare positive:

i(by—by)£(ap—ay), i(b,+by)*(a,—a,) (p <gq), and2ib, (p.q=1,...,n).
Let ® ={ay,...,0p—1}, ¥ = {B1,..., Bu—1}, where
ap =i(by=bpy1)+ap,—aps1, Bp =i(bp—bpy1)—ap+ap1(p=1,...,n-1),

and let y = 2ib,. Then the set of simple roots IT is the union [T = & LW LI {y},
and W are orthogonal, t(a,) = —f, forall p and t(y) = —y.
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6 Matsuki Correspondence

Recall that Gy is a real form of a complex semisimple group G and both Gy and G
are connected. Let go = €, + mg be a Cartan decomposition, £ the complexification
in g of £, and K the corresponding connected reductive subgroup of G.

Theorem 6.1 (T. Matsuki [25]). Let O be a K-orbit and let O’ be a Gy-orbit on
G/ P, where P C G is a parabolic subgroup. The relation

0« 0 <<= 0NO #® and O N O'is compact

defines a bijection between K \ G /P and Go \ G / P.

A geometric proof of this result, using the moment map technique, is found in
[5,28]. Note that K is a spherical subgroup of G, i.e., a Borel subgroup of G has
an open orbit on G/ K. It that case B has finitely many orbits on G/ K, see [6,35].
Thus the set K \ G /P is finite, and so Go \ G /P is also finite (another proof
of Theorem 2.3).

It can happen that both K\ G /P and G\ G / P are one-point sets. For G simple,
there are only two types of such actions.

Theorem 6.2 (A.L. Onishchik [31], Theorem 6.1). If G is simple and Gy or,
equivalently, K is transitive on X = G/ P then, up to a local isomorphism,

(1) G = SLy(C), K = Sps,(C). Gy = SU;,, X =P>1(C), or
(2) G = S05,(C), K = $05,_1(C), Go = SO4,_, ,» X = SO2,(R)/U,.

There are two important cases of the correspondence O <> O’, namely, when
one of the two orbits is open or when it is compact. The first of the following two
propositions is evident, and the second is due to T. Matsuki [24].

Proposition 6.3. If O is open, then O’ is compact and O’ C O. If O is open, then
O is compactand O C O'. O

Proposition 6.4. If O is compact, then O’ is open and O C O’. If O’ is compact,
then O is open and O’ C O.

Proof. We prove the second statement. The proof of the first is similar. Take a base
point xo € O N O’ and let P be the isotropy subgroup of xo. Note that Go N P
has only finitely many connected components, since it is an open subgroup of a
real algebraic group. By a theorem of D. Montgomery [29], K| is transitive on the
compact homogeneous space Go/(Go N P), hence

go="% +goNpCt+p.

On the other hand, €, + imy is the Lie algebra of a maximal compact subgroup of
G, which is transitive on G/ P. Therefore

g=%8+imo+p
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or, equivalently,
g=ith+mo+p,

and it follows that g C €+go+p C £+p,i.e., g = £+p. This means that O = K(xy)
is open in G/ P, and the inclusion O’ C O follows from Proposition 6.3. (|

7 Cycle Spaces

First, we recall the definition of the complex crown of a real symmetric space
Go/ Ko, see [1]. Let a C mg be a maximal abelian subspace and let at C abe
g

the subset given by the inequalities | (Y)| < 7, where ¥ € a and « runs over all

restricted roots, i.e., the roots of gy with respect to a. Then the crown is the set
E = Go(expiat)o C G/K,

where 0 = e - K € G/K is the base point. The set E is open and the Gy-action
on Z is proper, see [1]. We discuss some properties of the complex manifold E in
the next section. Because all maximal abelian subspaces in my are Ky-conjugate,
it follows that & is independent of the choice of a and is therefore determined by
Go/ K itself. Some authors call E the universal domain, see [11]. We reserve this
term for the lift of E to G and define the universal domain by

Q = Go(expia™)K C G,

due to the properties of 2 which will soon become clear. Of course, €2 is invariant
under the right K-actionand Q/K = E.

Next, we define the (linear) cycle space for an open Gy-orbit on X = G/P,
see [37]. Since full cycle spaces (in the sense of D. Barlet) are not discussed here,
we will omit the adjective “linear”. Let D be such an orbit and let Cy be the
corresponding K-orbit, so that if O < O’ for O = Cy and O’ = D. The orbit
Cy is a compact complex manifold contained in D. Consider the open set

GID!=1{geG|gCyC D}CG

and denote by G{D}° its connected component containing e € G. Observe that
G{D} is invariant under the right multiplication by L = {g € G | gCy = Cp} and
left multiplication by Gy. Since L is a closed complex subgroup of G, we have a
natural complex structure on G/ L. By definition, the cycle space Mp of D is the
connected component of Co(= e - L) in G{D}/L with the inherited Gy-invariant
complex structure.

In what follows we assume g simple. We will say that Gy is of Hermitian type
if the symmetric space G/ K, is Hermitian. If this is the case, then g has three
irreducible components as an (ad £)-module, namely, g = s~ + € + sT, where
sT,5™ are abelian subalgebras. The subalgebras £ 4+ s and £ + s~ are parabolic.
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The corresponding parabolic subgroups are denoted P+ and P~. We have two flag
manifolds X* = G/P*, X~ = G/P~ with base points x* = e- P*, x~ =
e- P~ and two Gy-invariant complex structures on Go/ Ky defined by the equivariant
embeddings g - Ko — gx* € X*. Each of the two orbits B = Go(xT) and
B = Gy(x™) is biholomorphically isomorphic to the bounded symmetric domain
associated to Gy. The Lie algebra [ of L contains €. If Gy is of Hermitian type and [
coincides with p* or p~, then we say that D and, also, the corresponding compact
K-orbit Cy is of (Hermitian) holomorphic type. If Gy is of non-Hermitian type,
then ¢ is a maximal proper subalgebra of g. Thus, if [ # g, then [ = ¢ For Gy
of Hermitian type, each flag manifold has exactly two K-orbits of holomorphic
type. All other K-orbits for Gy of Hermitian type and all K-orbits for Gy of non-
Hermitian type are said to be of nonholomorphic type. In the following theorem, we
exclude the actions listed in Theorem 6.2. The symbol >~ means a Gy-equivariant
biholomorphic isomorphism.

Theorem 7.1 (G. Fels, A. Huckleberry and J.A. Wolf [11], Theorem 11.3.7).
Assume G simple and suppose Gy is not transitive on X = G/P. Let D be an
open Gy-orbit on X. If D is of holomorphic type, then Mp ~ B or Mp ~ B.
In all other cases G{D}° coincides with the universal domain Q C G. Moreover,
w : G/K — G/L is a finite covering map, which induces a Gy-equivariant
biholomorphic map w|z : € — Mp.

If Gy is of Hermitian type then E >~ B x B, see [7], Sect. 3, [13], Proposition 2.2,
or [11], Proposition 6.1.9. The cycle space in that case was first described by J. Wolf
and R. Zierau [39,40]. Namely, in accordance with the above theorem, M p >~ Bx B
if D is of nonholomorphic type and M p ~ B or Mp ~ Bif D is of holomorphic
type. For Gy of non-Hermitian type, the crucial equality

G{D}° = Q

is proved by G. Fels and A.T. Huckleberry, using Kobayashi hyperbolicity of certain
Gy-invariant domains in G/ K, see [10], Theorem 4.2.5. In the next section we
consider some properties of the crown &, which are important for that proof and are
interesting in themselves. After that, we explain the strategy of their proof without
going into the details.

Meanwhile the notion of the cycle space has been generalized to lower-
dimensional orbits and it turned out that its description in terms of the universal
domain holds in this greater generality. Namely, given any K-orbit O on X = G/ P,
S.G. Gindikin and T. Matsuki [13] defined a subset of G by

C(0)={geG|g0ONO #@and gO N O is compact},

where O’ is the corresponding Gy-orbit, i.e., O <> O’. Let C(O)° be the connected
component of C(Q) containing e € G. Of course, if D = O’ is open, then C(0) =
G{D} is the open set considered above. The following theorem was stated as a
conjecture in [13], see Conjecture 1.6.
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Theorem 7.2 (T. Matsuki [27]). Let G, Gy and X be as above. Then C(0)° = Q
for all K-orbits on X of nonholomorphic type.

Remark. The proof in [27] uses combinatorial description of the inclusion relations
between the closures of K-orbits on the flag manifolds of G. As a corollary,
we get that C(O)° is an open set, which is not clear a priori. If this is known,
then Theorem 7.2 follows from [15] or from Theorem 12.1.3 in [11]. The latter
asserts that the connected component of the interior of C(O), containing the neutral
element e € G, coincides with 2.

8 Complex Geometric Properties of the Crown

The following theorem proves the conjecture stated in [1].

Theorem 8.1 (D. Burns, S. Halverscheid and R. Hind [7]). The crown E is a
Stein manifold.

The crucial ingredient of the proof is the construction of a smooth strictly
plurisubharmonic function on E that is Go-invariant and gives an exhaustion of
the orbit space Gy \ E. We call such a function a BHH-function. Let ' C Gy be
a discrete cocompact subgroup acting freely on Go/ Ky. Then I' acts properly and
freely on E and any BHH-function induces a plurisubharmonic exhaustion of "\ E.
Thus I\ E is a Stein manifold and its covering E is also Stein.

We now want to give another application of BHH-functions. Let Gy = KyAoNp
be an Iwasawa decomposition and let B be a Borel subgroup of G containing
the solvable subgroup AgNy. Then B is called an Iwasawa—Borel subgroup, the
orbit B(0) C G/K is Zariski open and its complement, to be denoted by #, is a
hypersurface. The set

W= () gBlo)= () kB(o)

g€Gy keKy

is open as the intersection of a compact family of open sets. Let E; be the connected
component of W containing o. L. Barchini [3] showed that E; C E. The reverse
inclusion was checked in many special cases including all classical groups and all
real forms of Hermitian type, see [13, 19]. The proof in the general case is due to
A. Huckleberry, see [10, 14] and [11], Remark 7.2.5. His argument is as follows.
It is enough to prove that H N & = @. Assuming the contrary, observe that H N & is
AgNy-invariant and so Gy - (H N E) is closed in E. Pick a BHH-function, restrict it
to H N E and take a minimum point x« € H N & of the restriction. Then all points
of the orbit A9Ny(x«) are minimum points. Therefore A¢Ny(xx) is a totally real
submanifold of dimension equal to dim Gy/ Ky = dim¢ G/K that is contained in
‘H, contrary to the fact that  is a proper analytic subset. From these considerations
we get the following description of E, see Theorem 8.2.
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Remark. For a proof of the inclusion & C & in a more general setting see [26].
Namely, the result is true for a connected real semisimple Lie group with two
commuting involutions whose product is a Cartan involution. The corresponding
fixed point subgroups generalize Gy and K. The universal domain is defined
similarly. The proof is based on a detailed study of double coset decompositions.
Complex analytic techniques and, in particular, the existence of BHH-functions are
not used.

Theorem 8.2.

= =
— =]

]

Since E; is a connected component of the open set W, which is obtained by
removing a family of hypersurfaces from the affine variety G/ K, we see again that
E is Stein. Since W is the set of all points for which the k Bk~!-orbit is open for
every k € Ky, we have

U ={xeG/K|gy+ (Adk)-b =g forall k € Ko}.

Let N be the normalizer of K. Then I' = N/K is a finite group with a free action
x — x? on G/K. From the last description of W, it follows that ¥ = W for all
y € I'. Thus I' interchanges the connected components of W. It follows from the
definition that 2 is contractible, so a nontrivial finite group cannot act freely on E.
Hence I interchanges simply transitively the open sets &7. Moreover, for any group
K C G with connected component K the covering map G/K — G/K induces a
biholomorphic map of E onto its image, cf. [11], Corollary 11.3.6.

Theorem 8.3 (A. Huckleberry [14]). E is Kobayashi hyperbolic.

Proof. By Frobenius reciprocity, there exist a G-module V' and a vector vy € V
such that K C G,, # G. If Gy is of non-Hermitian type, then K is a maximal
connected subgroup of G. If Gy is of Hermitian type, then there are precisely two
intermediate subgroups between K and G, both of them being parabolic. In any
case the connected component of the stabilizer of the line [vy] equals K and the
natural maps G/ K — Gvg — GJvo] are finite coverings. Let C[V]; C C[V] be
the subspace of homogeneous polynomials of degree d, let I, be the intersection of
C[V]4 with the ideal of (the closure of) G [v] and let M; be a G-stable complement
to I; in C[V],. The space of all polynomials in M, vanishing on Glvo] \ B[vo] is
B-stable and nontrivial for some d, so B has an eigenvector ¢ in that space. The
zero set of ¢ on the orbit G [vy] is exactly the complement to the open B-orbit B[v].
Replacing V by its symmetric power S¥V and vy by vk € S¥V, we obtain a linear
form ¢ with the same property. Now let 14 be the intersection of all hypersurfaces
g*¥¢ = 0, g € G. Then 1} is a G-stable linear subspace of V' and we have the
G-equivariant linear projection map 7w : V. — W = V/V,. Let wo = m(vp)
and let ¥ € W™ be the linear form defined by 7*¢ = ¢. Then K C G,, and
G, # G, because ¢ is nonconstant on the orbit Gvy. Therefore 7 gives rise to the
finite coverings Gvy — Gwy and G[vog] — G[wo]. By construction, the orbit Gy =
{g*V | g € G} generates W* and the same is true for Goy. By Huckleberry [14],
Corollary 2.13, there exist hyperplanes H; = {g*y =0} C P(W), gi € Go, i =
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1,....2m + 1,m = dim P(W), satisfying the normal crossing conditions. It is
then known that P(W) \ Ui ‘H; is Kobayashi hyperbolic, see [17], Corollary 3.10.9.
The intersection of this set with the orbit G [wy] equals (), g; B[wo] and is likewise
hyperbolic. Recall that we have an equivariant fibering G/K — G/K = G[wy].
As we have seen before stating the theorem, & is mapped biholomorpically onto its
image. The latter is contained in the connected component of (1), g; B[wo] at [wo]
and is therefore hyperbolic. O

Theorem 8.4 (G. Fels and A. Huckleberry [10]). If B’ is a Go-invariant, Stein,

—~ ~

and Kobayashi hyperbolic domain in G/ K that contains E, then ' = E.

The proof requires analysis of the boundary bd(E). First, one considers the
special case of Gp = SL,(R) and proves Theorem 8.4 for the crown E4, of
SL,(R)/SO,(R). Note that G = SL,(C) has precisely two non-isomorphic affine
homogeneous surfaces. Namely, if 7 >~ C* is a maximal torus in SL,(C) and
N C SL,(C) is the normalizer of T, then these surfaces are of the form Q; =
SLy(C)/T ~ (PY(C) x P(C))\ A and Q, = SL,(C)/N ~ P*(C) \ C, where A
is the diagonal and C is a nondegenerate curve of degree 2. The crown E;, can be
viewed as a domain in Q; or in Q5. In the general case one constructs a Gy-stable
open dense subset bd®*"(E) C bd(E), such that for z € bd®*"(E) there exists a
simple 3-dimensional subalgebra 5o C go with the following properties:

(i) The orbit of the corresponding complex group S = exp(s5) C G through z is
an affine surface, i.e., Sz >~ Q; or Sz >~ Q»;
(ii) Under this isomorphism Sz N & is mapped biholomorphically onto Z 4, .

Now, if 2’ \ E # @, then one can find a point z as above in E’ N bd(E). Then
SzNE’ properly contains SzNE, contrary to the fact that E 5, is a maximal SL,(R)-
invariant, Stein and Kobayashi hyperbolic domain in Q; or in Q,. The details are
found in [11], see Theorem 10.6.9.

—

Remark. In fact, E is the unique maximal Gy-invariant, Stein, and Kobayashi
hyperbolic domain in G/ K that contains the base point o, see [11], Theorem 11.3.1.

Remark. We refer the reader to [12] for the definition of the Shylov-type boundary
of the crown and to [20] for its simple description and applications to the estimates
of automorphic forms.

9 The Schubert Domain

We assume here that Gy is of non-Hermitian type. Then the map G/ K — G/L is a
finite covering. We have an open Gy-orbit D C X = G/P and the corresponding
compact K-orbit Co C D. Let g denote the complex dimension of Cy. Translations
gCo, g € G, are called cycles and are regarded as points of My := G/ L. The cycle
space M p is a domain in My and the crown E is mapped biholomorphically onto
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a domain & C¢ M x. We want to prove the statement of Theorem 7.1, namely,
that G{D}° agrees with €. Equivalently, we will prove that M, agrees with Z.
A. Huckleberry and J. Wolf [16] defined the Schubert domain Sp in My as follows.
Let B be an Iwasawa—Borel subgroup of G. The closures of B-orbits on X are called
Schubert varieties (with respect to B). The group B has an open orbit on any such
variety S. Since the open orbit is affine, its complement S’ is a hypersurface in S.
For topological reasons the (finite) set S¢, of Schubert varieties of codimension ¢
intersecting Cy is non-empty. One shows that S’ N D = @ for any S € S¢,. Thus
the incidence variety

H(S) :=1(S") ={gCoe Mx | gCoNS" # 0}

is contained in M x \ M p. Clearly, H(S) is B-invariant. Furthermore, one can show
that H(S) is an analytic hypersurface in My, see [11], Proposition 7.4.11. For any
k € Ko we have Mp C My \ kH(S). The set

U (U kH©S)}

SeSc, keKo

is closed in Mx. Its complement is denoted by Sp and is called the Schubert
domain. By construction, Sp is a Gy-invariant Stein domain and

Mp C Sp. (%)

On the other hand, for any boundary point z € bd(D) there exist an Iwasawa
decomposition Go = KyAoNy, an Iwasawa—Borel subgroup B containing AyNy
and a B-invariant variety S, of codimensiong + 1, suchthatz € S;and DN S, = @
(a supporting Schubert variety at z), see [11], Proposition 9.1.2. Take a boundary
point of M p and consider the corresponding cycle. It has a point z € bd(D), hence
is contained in the incidence variety

1(S;) == {gCo | gCo N S: # B}.

Obviously, /(S;) is B-invariantand /(S;) C Mx\Mp, in particular, 1(S;) # Mx.
But E is contained in the open B-orbit by Theorem 8.2. Thus a point of & cannot
be a boundary point of M p, and it follows that

E C Mp. (%)

Finally, one can modify the proof of Theorem 8.3 to show that Sp is hyper-
bolic. Namely, take the linear bundle L. over G/L defined by the hypersurface
#(S), which appears in the definition of Sp. Then some power L* admits a G-
linearization. Thus we obtain a nondegenerate equivariant map G/L — P(W),
where a G-module W is generated by a weight vector of B. The map is in fact a
finite covering over the image, which is a G-orbit in (W) containing the image of
H(S) as a hyperplane section. Since W is irreducible, the same argument as in the



Real Group Orbits on Flag Manifolds 21

proof of Theorem 8.3 shows that Sp is hyperbolic. The inclusions (*) and (%),
together with Theorem 8.4, imply

[

:MD :SD.

10 Complex Geometric Properties of Flag Domains

An open Gy-orbit in a complex flag manifold X = G/P is called a flag domain.
One classical example of a flag domain is a bounded symmetric domain in the
dual compact Hermitian symmetric space. In this example a flag domain is a Stein
manifold. However, this is not the case for an arbitrary flag domain D, because
D may contain compact complex submanifolds of positive dimension. As we have
seen, the cycle space of D is always Stein. Here, we consider the properties of D
itself.

An open orbit D = Gy(x9) C X is said to be measurable if D carries a G-
invariant volume element. We retain the notation of Sect.2. In particular, xo =
e- P, p =ype, where p and P satisty (i), (ii) of Theorem 2.4.

Theorem 10.1 (J. Wolf [38], Theorem 6.3). The open orbit Gy(xy) is measurable
if and only if t®" = ®" and 1" = —P“. Equivalently, Go(xo) is measurable if
and only if p N tp is reductive.

Since two fundamental Cartan subalgebras in go are conjugate by an inner
automorphism of Gy, it follows from the above condition and from Theorem 2.4
that all open Gy-orbits on X are measurable or nonmeasurable simultaneously. The
proof of Theorem 10.1 can be also found in [11], Sect. 4.5.

Example 10.2. Let gy be a real form of inner type. Since the Cartan subalgebra
t C g contains a compact Cartan subalgebra j C go, it follows that 7(e) = —« for
any root . Thus the open orbit Gy(xy) is measurable.

Example 10.3. If P = B is a Borel subgroup of G, then ® = @, ®* = X7 and
7®" = —®*. Therefore an open Gy-orbit in G/ B is measurable.

A complex manifold M is said to be g-complete if there is a smooth nonnegative
exhaustion function o : M — R, whose Levi form has at least n — g positive
eigenvalues at every point of M. A fundamental theorem of A. Andreotti and
H. Grauert says that for any coherent sheaf F on a g-complete manifold and for
all k > g one has H*(M, F) = 0, see [2]. Note that in the older literature including
[2] the manifolds that we call g-complete were called (g + 1)-complete.

Theorem 10.4 (W. Schmid and J. Wolf [33]). If D is a measurable open Gy-orbit
in a flag manifold of G and q is the dimension of the compact K -orbit in D, then D
is q-complete. In particular, H*(D, F) = 0 for all coherent sheaves on D and for
allk > q.
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The authors of [33] do not say that D is measurable, but they use the equivalent
condition that the isotropy group of D is the centralizer of a torus. The proof of
Theorem 10.4 can be also found in [11], see Theorem 4.7.8.

Example 10.5. Let X = P"(C), G = SL,+1(C), and Gy = SL,+1(R). Let
{e1.es,...,e,+1} beabasisof R"T! Ifn > 1, then G, has two orbits on X, the open
one and the closed one, with representatives xo = [e; + i e;] and [e;], respectively.
The isotropy subgroup (Gy)y, is not reductive. Its unipotent radical consists of all
g € Gy, such that

gle)) = e (i =1.2), g(e;) = e; mod (Re; + Rey) (j > 3).

Hence the open orbit D = Go(xo) = P*(C) \ P"(R) is not measurable. Note
that K = SO, +(C). Thus the compact K-orbit Cy C D is the projective quadric
Z% + Z% + ...+ Z,%H = 0 and its dimension equals # — 1. In this case, we have
n —q = 1 and we show how to construct a smooth nonnegative exhaustion function
o : P"(C) \ P"(R) — R, whose Levi form has at least one positive eigenvalue at
every point. For z = x +iy € C"*! put

0@ =) xi+Y Vi 0@ = \/Z (Xk Y1 — X1 YK)%

and note that

0162 = [£Pa1(2), 02(82) = [¢[02(2) forany { € C*.

Thus

01(2)

02(2)
is well-defined for all [z] € P"(C) \ P"(R). Obviously, o is a smooth exhaustion
function for P"(C) \ P"(R). Given a point [z] = [x + iy] € P"(C) \ P*(R), take the
line L in P"(C), connecting [z] with [x] € P"(R), and restrict o to that line. Clearly,
L is the projective image of the affine line

o(lz) =

A=a+ifr>w=x+ily=x—8y +iay
and the restriction g|; equals

1

) > (v — B,

o) = ol = 23737 +

where D = 0,(x + iy). Computing the Laplacian
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for o # 0, we get

2 2
Ap = ——3 (=) + =— > 37 >0,
¢ Dol (e = Byi)” + Dla| Yk

showing that ¢ is strictly subharmonic. Hence the Levi form of ¢ has at least one
positive eigenvalue at [z] = [W]|o=1=0-

Concluding remark. The open orbit in the last example is not measurable. As a
matter of fact, the conclusion of Theorem 10.4 holds true in this case. In general,
the author does not know whether one can drop the measurability assumption in
Theorem 10.4.
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