Remarks on Gaussian Noise Stability,
Brascamp-Lieb and Slepian Inequalities

Michel Ledoux

Abstract E. Mossel and J. Neeman recently provided a heat flow monotonicity
proof of Borell’s noise stability theorem. In this note, we develop the argument
to include in a common framework noise stability, Brascamp-Lieb inequalities
(including hypercontractivity), and even a weak form of Slepian inequalities. The
scheme applies furthermore to families of measures with are more log-concave than
the Gaussian measure.

1 Introduction

Borell’s noise stability theorem [12] expresses that if y is the standard Gaussian

measure dy(x) = dy"(x) = e lxl?/2 (2;’;‘,,/2 onR”, and if A, B are Borel measurable

sets in R” and H, K parallel half-spaces

H = {(xl,...,x,,) e R"; x; §a}, K = {(xl,...,xn) e R"; x; §b}

with respectively the same Gaussian measures y(H) = y(A4), y(K) = y(B), then,
for every t > 0,

/)ugmeys/lﬂquM% (1)
R” R”

Here (Q:);9 = (Q7),s is the Ornstein-Uhlenbeck semigroup defined, on suitable
functions f : R* — R, by

0.1 = [ FEx+VT=eT)dy(). 120 xeR. @)
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According to this representation, setting p = e, if X = X" and Y = Y" are
independent with distribution y = y",

/ 14 0/(1g)dy =P(X € A,pX + /1 —p>Y € B)
so that the conclusion (1) equivalently reads as
P(X € A, pX +/1-p*Y € B)<P(X e HpX +J1—-p’Y €K). (3)

The result then extends to any p € [—1, +1], with however the inequality in (3)
reversed when p € [—1, 0]. For simplicity in the exposition, we mostly only consider
p € [0,1] below (actually p € (0,1) since the cases p = 0 and p = 1 are
straightforward). The content of (3) is that the (Gaussian) noise stability (of a set A)

P(X € A, pX + 1 —p2Y € A)

is maximal for half-spaces.

Towards the proof of (1), C. Borell [12] developed symmetrization arguments
with respect to the Gaussian measure introduced by A. Ehrhard in [20] (see also
[10,15]). Recently, E. Mossel and J. Neeman [28] proposed an alternative semigroup
proof. The purpose of this note is to somewhat broaden their argument to cover in the
same mould various related inequalities such as hypercontractivity, Brascamp-Lieb
and Slepian inequalities. Heat flow arguments towards Brascamp-Lieb inequalities
[13] have been investigated in the recent years by E. Carlen et al. [16] and J. Bennett
et al. [8] (see also [5,7, 17]). Section 2 describes the main theorem of [28] as
an equivalent concavity property covering at the same time hypercontractivity and
Borell’s noise stability theorem. In Sect. 3, we consider multidimensional versions
which were recently emphasized in [30], and discuss their applications to various
families of concave functions towards Brascamp-Lieb and (a weak form of) Slepian-
type inequalities. In the next section, we address extensions from the Gaussian
model to families of measures diu = e~"dx with a lower bound on the Hessian
of V following the basic semigroup interpolation argument. Section 5 comments on
some analogous issues on the discrete cube which raise questions on a family of
concave functions in connection with the recent discrete proof by A. De et al. [18]
of the “Majority is Stablest” theorem of [29].

2 Hypercontractivity and Gaussian Noise Stability

The main result of E. Mossel and J. Neeman [28] expresses an integral concavity
property for correlated Gaussian vectors for a specific family of functions on R2.
Say thata C 2 function J on R2, or some openrectangle R = I} x I, C R?, where
I, and I, are open intervals, is p-concave for some p € R if the matrix
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( onJd padnJ )

poind 9pnJ

is (uniformly) semi-negative definite. p = 1 amounts to standard concavity while
p = 0 amounts to concavity along each coordinate.

Theorem 1. Let p € (0,1) and let J on R = I, x I, C R? be of class C?. Then,

/ \ / ([, g(px + V1= p?y))dy(x)dy ()

4)
SJ(/ fd%/ gdy)

for every suitably integrable functions f : R" — I}, g : R" — I, if and only if J
is p-concave.

Let us sketch at this stage the heat flow proof of Theorem 1 following [28], the
detailed argument being developed in the more general context of Sect. 4. Consider,
for ¢t (> 0) fixed and (smooth) functions f : R" — I}, g : R" — I,

v = [ [ 500 Quslox + VT= 2 )y )y, s =0,

By ergodicity, Qs f — [, fdy and Q;¢ — [, gdy ass — oo so that it is enough
to show that i is non-decreasing in order that y(0) < ¥/(o0). Differentiating  and
integrating by parts with respect to the infinitesimal generator L = A — x - V of the
Ornstein-Uhlenbeck semigroup (Qy),> yields

Vo= [ [ [0710. +0sL0glayay
- _/n / (0117 [VQ.f [ + pd12d VO, f -V Q.g]dy dy
+ /’1 g 0,J LQ,gdydy.
By Gaussian rotational invariance, setting (x, y), = px + /1 —p? y,
/” » 0,JLO,gdydy
= [ [ 92000500, Qultx. 1), )LQug (v 1))y v ()

= / / N J(Qs f((x,=)p), Qs8(x))LOsg(x)dy(x)dy(y)
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=- / ) / ) [p31zf (Qsf ((x.=9)p). Qs (D)) VO, f((x. =),) - VOs8(x)
+ 022 (O f ((r,=1)y). Q58(0)) [V Qg ()| |dy )y (7)
= —/n / [palZJ(st(x)vng((st)p))Vst(x)'VQSg((x,y)p)
+ 927 (5 f (x). 0s8((x.)0)) |V Qs ((x. 1)p)[Jdy .

Finally
Vo = [ [ [ConnIvest+ onnivor

—2p312] Vst . Vng:IdV d)/

From the hypothesis of p-concavity on J, it follows that ¢’ > 0 which is the result.

The converse was observed by R. O’Donnell, and communicated to us by
J. Neeman. Indeed, applying (4) to f(x) = a+ex and g(y) = b+¢y (in dimension
one) and letting ¢ — 0 shows that J is p-concave.

It may be mentioned that due to the product structure of the Gaussian measure
y", the inequality of Theorem 1 immediately tensorizes so that it is actually enough
to establish it in dimension one.

Let us now illustrate the application of Theorem 1 to two main examples of
p-concave function J, covering hypercontractivity and noise stability at the same
time.

Let first

T, v) = uP, (u,v) € [0, 00)%.
Since
It =a@—DuP, 9pJT =8B - DuvP2, 9" = afu WL,
JH is p-concave on (0, c0)? as soon as «, B € [0, 1] and
pPaf < (@ —1)(B —1). ®)

The function J will be called the hypercontractive function in this context.
Indeed,let 1 < p < g < ooand p =e™" € (0, 1) be such that

1 qg—1
2 p—l'

he)

Denote by ¢’ the conjugate of ¢, % + % = 1. Then, according to (5), the function

JH with @ = % and B = % is p-concave on (0, 00)?. By Theorem 1, for strictly
positive functions f, g : R" — R,
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/ S0 (e x + VT = e y) dy()dy ()
n RH

1/q' 1/p
< ( f dy) ( / gdy) :
Rl’l Rﬂ

In other words, changing f into f 4 and g into g7,

A;f@@wsnﬂukm.
By duality

10:gll, = ligl,

which amounts to hypercontractivity of the Ornstein-Uhlenbeck semigroup [23,31]
(cf. e.g. [3]). Clearly, the conclusion of Theorem 1 for J is actually equivalent to
hypercontractivity. Note that a prior to the proof of hypercontractivity along these
lines may be found in [24].

The second example involves a new function introduced in [28] defined for
(u,v) € [0, 1]* by

TPy = TP uv) =P(X' < @7'w).pX' + V1 -pY' < 7' (v))

where ®(a) = y!((—00,a)), a € R, is the distribution of the standard normal on
R and p € [—1, +1]. For the connection with Borell’s theorem, observe that if H
and K are the (parallel) half-spaces H = {x; < a} and K = {x; < b} for some
a,b € R, with p = ¢~ and the integral representation (2) of Q,,

JP(y(H).y(K)) =P(X' <a,pX'+ V1-p2Y' <b)

©)
_ / 1 0:(1x)dy.

Apply now Theorem 1 to the function JB. Since JB(u,0) = JB(0,v) = 0 and
JB(1,1) = 1, for f and g approaching 1, and 13 respectively,

/n /KJ(f(X),g(pX+ 1—p2y))dV(X)dV(y)=/R” 14 0/(1p)dy.

We then recover Borell’s noise stability theorem (1) since by (6),
([ rav [ gar) =2 Gapm) = 5w

=/gH@amw
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for parallel half-spaces H and K such that respectively y(A) = y(H) and y(B) =
y(K). When p € [—1, 0], observe that

B _ B
Jywv)=u—JZ, (u,1-v)

so that JB is p-convex in this case, and the conclusion of Theorem 1 for the function
J /? is thus reversed. As pointed out in [28], (1) on sets may actually be turned to

Theorem 1 (for JB) through epigraphs of functions on R"~!.
It remains to check the p-concavity of J B To this task, it is convenient to recall
that Q, f(x) may be given alternatively by the Mehler kernel

0. f(x) = / Fg:(x. y)dy(y) (7
Rn
where, fort > 0, (x,y) € R" x R",

q:(x,y) = qf(x,y)

1 e~ 2 2 ; )
zﬁexp —2(1_—6_2t)“x| +|y| _ZC)C'y] .

In particular, if p = ™/,

ol ,ro ()
TP(u,v) = / / gl (e )y dy' ).

Observe also that (&) = (po;)_l where ¢ = @' is the density of ' on R. Hence,

B _ Q)_I(V) 1 —1 1
0wy = [ q; (27 (), y)dy'(y)

o0

and

2B, v) = ¢} (7' (), 7' ().
On the other hand, by the integral representations (2) and (7), for 2 smooth enough,
Oy /}Rh(y)qf1 (. )dy'(y) =00/ h(x)=p Q;h' (x) =p /]R K (g (x. »)dy' ().

With & a smooth approximation of 1(_so 4],

b
8x/_ q; (x,y)dy' (v) = —pq, (x.b)p(b).
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Therefore,
B _ 11 —1 o @ '(v)
P w,v) =—pq, (27 (w), d'(v)) o)
Similarly,
po®'(u)

I, v) = —pg} (@' (w). ™' (v)) 0o ()

Hence, on (0, 1)2,
311JB 322JB — ,02(312JB)2 =0

and 9, J® <0, 3,JB < 0so that J®B is indeed p-concave.

It would be of interest to find other relevant examples of function J. It is also of
interest to directly compare the conclusion of Theorem 1 for the hypercontractive
function J! and for the Borell noise stability function JB, and namely to show
that noise stability is a stronger statement implying hypercontractivity. One way
towards this end, however along a rather long detour, is to observe, as emphasized
in [26], that Borell’s noise stability theorem may be used to reach the Gaussian
isoperimetric inequality. Now, the latter implies in turn the standard logarithmic
Sobolev inequality for the Gaussian measure, equivalent to hypercontractivity
(ct. [3,26]).

There is an alternative direct argument towards this relationship, applying
Theorem 1 for JB to ¢f and 8g and letting £,§ — 0. To this task, it is necessary
to investigate the asymptotics of JB(eu, §v) as &,§ — 0. Similar asymptotics are
investigated in [19].

Setp =¢e" € (0,1) and fix 0 < u,v < 1. Let furthermore 0 < ¢ < 1,8 = &
where p < k < %, and

/ 1 1 1
Z =4/2log—, U=1log—-, V =Ilog-.
e u v

In this notation, after a change of variables,

uv [® [ Ux Vy
B _uv s _ o, YX VY
J7(eu,8v) = KZZ/C /d q,( Z Z kZ Kz)dxdy

where

c= —5 [Z+® "(ew)] and d =-— Z

— kZ + o7 v)],
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and
~ _ _ X2 2
G (x,y) = Q) 'g (x,y) eI (x,y) e RxR.

After some algebra,

Uv ocZ?
JB(eu, 8v) = ° / / e~ WUXTBVI=RGD) gy gy
27 /1= p2Z2
where
_1—2/(,0+/c2 a:l_K'O 5 1—«"1p
2(1=p?) 1—p?’ 1 — p?
and

1 U?x?  V2x? UVxy
R@x.y) = 2(1-p2) + K2Z2 —2 kZ? )

It is classical that

O l(e) = —\/210gé —l—o(\/Zlogé)

as ¢ — 0, so that
U
O (eu) = -7 — Z+ 0(Z)

as Z — 00. Moreover, 0(Z) can be made uniformover n <u < 1—nforn > 0
fixed. As a consequence, as ¢ — 0, c¢,d — 1 and

o0 o0
1
21 /1 —p? KZze_"ZzJB(su,8v) — UV/ / e U P ixdy = —ﬂe_“U_ﬁV.
1 J1

o
By definition of U and V, the right-hand side is # utvh.

Letnow f, g on R” suchthat n < f, g < 1 —n for some fixed n > 0. Translating
the preceding asymptotics into the inequality

/ . / TP(ef (). 8g(px + V1= p?y)) dy()dy ()

SJB(s fdy,S/ gd)f)
RI'I ]Rn
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yields

o B
/Rn /Rn Fe)gP (px + V1= p2y)dy(x)dy(y) < (/Rnfdy) (/]R"gdy) ,

This inequality extends to all positive measurable functions f,g:R" — R by
homogeneity. Now, as is immediately checked, for the values of «, § defined above,

(@—1D(B~1) = p’ap,

that is condition (5) of hypercontractivity holds. Given therefore any o, 8 € (0, 1)

satisfying this relation, one may choose p < k < % such that ¢ = }:';‘2’ and

B = ITKP £ as above. The announced claim follows.
It would be worthwhile to examine similarly noise stability for the Lebesgue
measure A with respect to the standard heat kernel expressing that for Borel sets 4,

B in R” with finite volume,

/IAHf(IB)dxs/ le H(1p)dx
n Rn

where

dy

HW = [ et 0 e,

and C and D are centered balls in R” such that A(4) = A(C) and A(B) = A(D).
This classical result is going back to the Riesz rearrangement inequality [33]
(see also [14,27,34]), and one might wonder for a heat flow proof. A similar question
may be formulated on the sphere (cf. [1, 10, 15]).

3 Multidimensional Extensions

On the basis of the heat flow proof of Theorem 1, we address in this section multidi-
mensional extensions and develop connections to Brascamp-Lieb and Slepian-type
inequalities. The multidimensional version of noise stability was already put
forward by J. Neeman in [30]. The Brascamp-Lieb applications are essentially
contained with the same approach in [8, 16] (see also [17]). At the same time, the
investigation provides a somewhat different analytical treatment of the conclusions
of Sect. 2.

Let J be a (smooth) real-valued function on some rectangle subset R of R™. It
will implicitly be assumed below that a composition like J o f is meant for functions
f with values in R.
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Let fi,..., fm be (smooth) functions on R" and consider, for f = (fi,..., fu),

vo = [ Jeoisan s=o

where (Q;);> is the Ornstein-Uhlenbeck semigroup on R” (extended to functions
with values in R™). Arguing as in Sect. 2, by integration by parts with respect to the
Ornstein-Uhlenbeck generator,

n

Z oxJ o st Lstk dV

k=1 R~

— Z . e o ststfk 'Vstde'

k=1

¥'(s)

€))

Definition. Given a smooth function J on an open subset of R™ and
I = (ka)lgk,£5m where [y, are p x p matrices (p > 1), say that J is I'-concave if

Z Oked Thevi -ve <0 (10
k=1
for all vectors vg, k = 1,...,m, in R?. If p = 1, the meaning of this condition is

that the point-wise (Hadamard) product Hess(J) o I" of the Hessian of J and of I"
is (semi-) negative definite.

Whenm =2, p =n and I is the 2n X 2n matrix
Id, pld,
11
(p Id, Id, ) (n
where p € R, the I'-concavity of J (on R?) amounts to its p-concavity.

In (9), replace now n by gn, g >1 integer, and assume that for every
k=1,...,m,

Ji = gk o Ak

where g : R? — R and Ay is a (constant) p X gn matrix such that Ay’ Ay is the
identity matrix (of R?). By the integral representation (2) of Oy,

VO, fi =’ "Ar(VQ,gk) o Ak

where on the left-hand side the semigroup Q; is acting on R?" and on the right-hand
side, it is acting on R”. Hence

V6 == Y [ 0 0 0 f T(VQu) 0 Ac- (VQug) o ey

k=1
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where T'y¢ = Ay " Ar (whichis a p X p matrix).
With this choice of I' = (T'k¢) 1< ¢<,»> the following proposition summarizes the
conclusion at this level of generality.

Proposition 2. In the preceding setting, assume that J is I'-concave. Then
Jgan J o fdy < J([ge f dy), that is

/J(gloAl,...,gmoAm)dny(/ gloAld)/,...,/ gmoAmdy).
Ra" Ran Ryn

To connect with Sect. 2, take for example p = n and g = m = 2 and let A; and
Aj be the n x 2n matrices A; = (Id,;0,) and 4, = (pId,; /1 — p21d,) so that

filx.y) =gi(x) and  fo(x,y) = g2(px + V1—p?y), (x,y) eR" xR".

Since I' is given by (11), the monotonicity property follows from the p-concavity
of J.

We next systematically investigate illustrations of Proposition 2 for some main
examples of interest. For simplicity, we only consider p = g = 1, the multidimen-
sional cases being often obtained by tensor products with the identity matrix (as in
the preceding example). The I"-concavity thus amounts to Hess(J) o I" < 0 in the
following.

(i) The first illustration examines Brascamp-Lieb inequalities under geometric

conditions. Consider unit vectors Aj, ..., A,, which decompose the identity in R”
in the sense that for0 < ¢, < 1,k =1,...,m,
> A ® A =1d,. (12)
k=1
Then, for
J(ur, .o ) = ul' - -ugr

on (0,00)" and fi(x) = gk (Ar - x), gx : R > R, k = 1,...,m, the I"-concavity

with respect to Tyg = Ay - Ay, k,£ = 1,...,m, is expressed by
Z ckCpAr - Agvive < chvi (13)
kl=1 k=1

forall vi,...,vy, € R. Now, if x = >} cx Axvi,

m m /2 , m 1/2
x> = chAka x < (chvi) (ch(Ak 'X)z)
k=1 k=1 k=1
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Since, by the decomposition (12), |x|> = Y7, ¢k (A - x)?, it follows that

m 2 m
D adive| < an
k=1 k=1

which is precisely the requested condition (13). We therefore conclude to the
following result.

|x|? =

Corollary 3. Under the decomposition (12), for non-negative functions gr on R,
k=1,...,m,

m m Ck
[ Tlei¢aenar <] (/gkdy) .
R =1 k=1 'R

This inequality is part of the Brascamp-Lieb inequalities under the geometric
Ball condition (12) [4] (cf. e.g. [7, 8]). It is more classically stated with respect to
the Lebesgue measure as

/Rn L[l £ (A - x)dx < L[l (/R fkdx)

which is immediately obtained after the change fi(x) = gx (x)e_“"z/ 2

STy e = ).

The heat flow proof of Corollary 3 is thus going back to [16] and [8] in which
more general statements are considered and achieved in this way. One of the
motivations of [16] was actually to investigate similar inequalities for coordinates
on the sphere. Let S"~! be the standard n-sphere in R” and denote by o the uniform
(normalized) measure on it. In this framework, one result then reads as follows. If
gk, k = 1,...,n, are, say bounded measurable, functions on R, then

L et < [ atndo.. [ awdo)

as soon as J on R”, or some open (convex) set in R", is separately concave in any
two variables. The proof proceeds as the one of Proposition 2 along now the heat
flow of the Laplace operator

(using that

n

1
A=— § : — 2
5 H=1(xk3z X¢0k)

on S"~!. The monotonicity condition on J then takes the form

n
D 0ed Ske — Xixe)vive <0
Ki=1
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which is easily seen to be satisfied under concavity of J in any two variables. The
case considered in [16] simply corresponds to

Jy, ..., uy) = (ul-'-u,,)l/2

on R, . More general forms under decompositions (12) of the identity have been
considered in [6, 7].

In the further illustrations, consider X = (Xi,...,X,;) a centered Gaussian
vector on R™ with covariance matrix I' = A’A such that Ty, = 1 for every
k =1,...,m. The vector X has the distribution of Ax, x € R", under the standard
normal distribution y on R". Applying the general Proposition 2 to the unit vectors
(1 x n matrices) Ax, k = 1,...,m, which are the lines of the matrix A4, and to
fr(x) = gk(Ar - x), x € R", where g : R —> R, k = 1,...,m, with respect to
y, yields that whenever Hess(J) o I' < 0, under suitable integrability properties on
the gi’s,

E(J(g1(X). - gn(Xn)) = T (E(@1(XD). .. E(gn(Xn)).  (14)

Note that, as in Sect. 1, the condition Hess(J) o I' < 0 is actually necessary and
sufficient for (14) to hold.

(ii) This illustration deals with a correlation inequality for Gaussian vectors which
covers in particular the classical hypercontractivity property. For a Gaussian vector
X as above, let as in the first illustration,

i, .o t) = i upn

on (0,00)", with 0 < ¢ < 1,k = 1,...,m. This function J is the suitable
multidimensional analogue of the hypercontractive function J¥. For this choice of

J, the condition Hess(J) o I < 0 (where I is the covariance matrix of X') amounts
to

m m
> e Trevive £ ey 5)
k=1 k=1
for all vy € R, k = 1,...,m. Note that this condition expresses equivalently

that ' < A, in the sense of symmetric matrices where A, is the diagonal matrix
(i)l<k<m. While the next Corollary 4 is somewhat part of the folklore (implicit for
example in [7]), it has been emphasized recently in [17] together with reverse and

multidimensional versions (in particular, if I' > A, the conclusion is reversed in

(16)).
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Corollary 4. Under (15), for all non-negative functions g :R—->R, k =1,...,m,

E(ngzk (Xk)) < HE(gk(Xk))Ck- (16)
k=1 k=1
One application concerns the Ornstein-Uhlenbeck process Z = (Z;),5, (in

dimension one) with stationary measure y = y' and associated Markov semigroup
(Q0)i=0 = (0}),¢- If X is the vector (Z,, ..., Z;,) with0 < ; < -+ < 1, the

covariance matrix I' has entries I'y; = el _’4‘, k,2 = 1,...,m. In particular, for
ti=0andt, =1t > 0, (15) reads

2elcicovivy < c1(1— cl)v% + (1 — Cz)v%
for all vi, v, € R which amounts to (5)

e cier < (c1 = D(ea—1)

and the conclusion of Corollary 4 leads to hypercontractivity. The condition

m m
Z CrCe e_lt"_’”vkw < ZC]{VI%
kl=1 k=1

yields a multidimensional form of hypercontractivity

IE( [ (Zsk)) < [TE(sx(Z5))*.
k=1 k=1

In terms of the Mehler kernel (8),

// ]_[gZ"(xk)qzz_n(xl,xz)---qrm_tm,l(xm_l,xm)dy(xl)---dy(xm)
R R k=1

< kli[l (/ngd)/)ck-

(iii) We next turn to the multidimensional versions of Gaussian noise stability

following [30]. As above, let X = (Xi,..., X,;) be a centered Gaussian vector
on R with (non-degenerate) covariance matrix I'. Define, for u;,...,u, in
0, 1),

Ji, ... um) =P(X) <oq(uy),.... Xy < am(um)) a7
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where a4, ..., o, are smooth functions on (0, 1). For specific choices of ay, this
function will turn as the multidimensional analogue of the noise stability function
JB. Denoting by p the density of the distribution of X with respect to the
Lebesgue measure, elementary (although a bit tedious, see [30]) differential calculus
leads to

, , ay (ur) QU ()
Oked = ak(“k)a((ué)/ / Pie dx
—00 —00

for k # £ and

ag (up)o, (u)®\ o) ot (1m)
oud = (a;{’ uy) — F—k / / i dx
Kk oo oo

Fk( oy (ur) o (i)
_ali(uk)zzr—kk/ / Pie dx
—00 —0o0

(#k
where
P =pxr .ok, ..o X)),
Pkt = p(xl, v o (ug), .o ae(ug), .. .,xm).
Choose now oy = @', k = 1, ..., m, where we recall the distribution function

® of the standard normal, and ¢ its derivative. Since

qD—l
" o__
and o, = W s

r_
%= @ o ®~!
in order for the condition Hess(J) o I" < 0 to hold it is thus sufficient that Iy, = 1
foreveryk = 1,...,m and

m
Z Z Tkt Pie Vi = Z Pit Tkg vieve = 0

k=1 £k ke

forallvq,...,v,; € R. This holds as soon as I';; > 0 for all k, £.

For the application to the following corollary, recall that for the choice of
oy = @1, the function J of (17) is equal to O if one of the u;’s is (approaches)
0, and is equal to (approach) 1 if all the u;’s are equal to 1. The following corollary,
thus due to J. Neeman [30], is then a consequence of (14) applied to g = 1p,,
k =1,...,m.Therestriction ['yy = 1,k = 1,...,m, s lifted after a simple scaling
of the Gaussian vector and the Borel sets.
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Corollary 5. Let X = (Xy,...,X;n) be a centered Gaussian vector in R™ with
(non-degenerate) covariance matrix U such that Ty > 0 forall k., = 1,...,m.
Then, for any Borel sets By, ..., B, in R,

P(XIEBI,...,XmGBm)f]P)(Xl fb],...,mebm)

where P(Xk (S} Bk) = @(bk/crk), O = «/Fkky k= 1,... ,m.

When I’y < 0 whenever k # £, the inequality in the conclusion of Corollary 5
is reversed. As developed in [30], the result applies similarly to Gaussian vectors
X1, ..., X, with covariance identity matrix. A related work by M. Isaksson and
E. Mossel [25] establishes the conclusion of Corollary 5 under the (stronger)
hypothesis that the off-diagonal elements of the inverse of I" are non-positive. Their
approach relies on a rearrangement inequality for kernels on the sphere. Corollary 5
(as well as actually, after some work, the result of [25]—see [30]) covers the
example of the Ornstein-Uhlenbeck process, and thus of C. Borell’s result [12] in
the form of the following corollary.

Corollary 6. Let (Z,),- be the Ornstein-Uhlenbeck process on the line, and let
0<t <---<ty. Forany Borel sets By, ..., B, in R,

]P)(Z[l S Bls---sZtm S Bm) E ]P)(Z[l E bl,...,Z{m E bm)

where P(Z;, € By) = y(By) = ®(bx), k =1,....m.

(iv) This illustration is a variation on the previous multidimensional noise stability
result which actually leads to a weak form of the classical Slepian inequalities. Let
as above X = (X1,..., X,;) be a centered Gaussian vector on R™ with covariance
matrix I' = I'* such that I} = 1 for every k = 1,...,m. Consider furthermore
Y = (Y1,...,Y,) a centered Gaussian vector on R” with covariance matrix rY
also such that F,(Y,( = 1forevery k = 1,...,m, yielding a J function (17)

JWuy, ... uy) = ]P’(Yl <o (u),....Ym < otm(um)), uy,...,un €(0,1).

Choose now again oy = ®~!. Arguing as in (iii) towards Hess(J) o 'Y < 0, the
condition is now that

m
erzfzpkz\i—z pre T vive = 0
k=1 t#k k#e

for all vi,...,v, € R (where p is here the density of the law of Y'). This holds as
soonas I'Y, > 0 and

()" = (0

for all k£ # £. As a conclusion
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Corollary 7. Let X = (Xy,..., X)) andY = (Yy,...,Yy) be centered Gaussian
vectors on R™ with respective (non-degenerate) covariance matrices T'X and T'Y .
Assume that Fka = Fk);( = land

ITie = Tt
forallk,t =1,...,m. Then, for any Borel sets By, ..., B, in R,
P(Xi € By,....Xn € By) <PY1<b1,.... Y <bp)
where P(Xy, € By) = ®(by), k = 1,...,m. In particular, for everyry, ..., 1y in R,
PXi<ri,e... Xm <rm) <PY1<ri,....Ym <Im).

This result is of course a weak form, in particular due to the constraint F,fl >0
(with however a somewhat stronger conclusion), of the classical Slepian lemma
which indicates that for Gaussian vectors X and Y in R™, the conclusion of
Corollary 7 holds whenever F,f,i = Fkl;c and F,g(z < F,f{ forall k,£ = 1,...,m.
Note that the traditional proof of Slepian’s lemma [21,22,32,36] is an interpolation
between the covariances I'* and I'Y which is not exactly the same as the one at the
root of Corollary 7.

4 Log-Concave Measures

In this section, we develop the heat flow proof of Theorem 1 of E. Mossel and
J. Neeman in the somewhat extended context of probability measures dju = e~" dx
on R” such that V' is a smooth potential with a uniform lower bound on its Hessian.
The typical application actually concerns potentials V' which are more convex
than the quadratic one, corresponding to Gaussian measures. The argument may
be extended to the more general context of Markov diffusion semigroups and the
I"-calculus as exposed in [3] although for the simplicity of this note, we stay in the
familiar Euclidean setting.

Consider therefore a probability measure du = e~ "dx on the Borel sets of
R”", invariant and symmetric measure of the second order differential operator
L = A —VV .-V where V is a smooth potential on R”. The (symmetric) semigroup
(P;);>o with generator L may be represented by (smooth) probability kernels

Ph(x) = /R hO) piCr, ). (18)

. 2, .
It will be assumed that V — ¢ % is convex for some ¢ € R, in other words the

Hessian of V is bounded from below by cId, as symmetric matrices. It is by
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now classical (cf. [3]) that this convexity assumption ensures that for all (smooth)
h:R" - R,

|VPh| < e P,(|Vh]). (19)

The Gaussian example of the Ornstein-Uhlenbeck semigroup (Q;),, with invariant
measure y is included with ¢ = 1. In this case, due to the representation (2), the
gradient bound (19) actually turns into the identity VQ,h = e Q,(Vh).

We start with the analogue of Theorem 1 in this context following therefore the
argument of [28].

Theorem 8. Let J be p-concave, p > 0,on R = I} x I, C R2 where I, and I, are
open intervals. Then, for every f : R" — I, g : R" — I, suitably integrable, and
withp =¢e™“, t >0,

/n /R J(f(x).g() pe(x.dy)dp(x) < J(/}R fdu,/Rnng),

Proof. Tt is enough to assume that f and g are taking values in respective compact
sub-intervals of /; and /,. Set

v© = [ [ I P, s =0,
The task is to show that i is non-decreasing. Taking derivative in time s,
Vo = [ [ 0. PEOILP AW i)

+ / ” / 820 (Pof (), PigO)LPg () pi (v, d)da(x).

By integration by parts in space with respect to the operator L, expressed (for smooth
functions £, ¢ : R” — R) by

/ E(-LO)dp = / VE-VEdy.
R» R
it holds
/ \ / 00T (Pof(x), Pig()LPyf (x) pi (x, dy)dpu(x)
= —/n g 311J(Psf(X), P"g(y))ivPvf(x)FPz(X,dy)d,u(x)

- /Rn - 01J (Ps f(x). Psg(»)) VP f(x) - Viepi(x. dy)dju(x).
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For x € R” fixed, consider h(y) = 0, J(Ps f(x), Psg(y)), ¥ € R". Since

VPh() = / hO)Vopi(ady). 2 € R,
]Rn

atz = x,

/Rn 91J (Ps f(x), Psg(y)) VP f(x) - Vip,(x,dy) = VPih(x) - VP f(x).

Now, by (19),

|VPh(x)| <e P(IVh])(x) = e_“/ |Vh(y)|pi(x. dy).
RI‘I
Since

Vi(y) = d12J (P f(x), Psg(»)) VPsg(y).

it follows that
/ ” / 00T (P f (), Pog () Vopi () - VP, f () ()
<o / / 19027 1(P5 £ (). Prg(0)) [V Pag(0)]|V P £ (6)| pr e dy) dja ().
R? JR?

Summarizing, and by the symmetric conclusion in the y variable, ¥’'(s) is
bounded from below by

[ [ [EnmnIVes P + (onn)V P ~ 260 [V P A1V Pegl]

X pi(x, dy)du(x).

From the hypothesis on the Hessian of J, it follows that ¥’ > 0 which is the result.
O

As in the Gaussian case, the examples of illustration of Theorem 8§ cover both
hypercontractivity and noise stability for the choices of J = JH or J = JB. Under
¢ > 0, the choice of JH yields hypercontractivity of the semigroup associated
to this family of invariant measures, and thus the equivalent logarithmic Sobolev
inequality for p (cf. [3]). On the other hand, the noise stability part actually turns
into a comparison theorem.

Corollary 9. Let (P;),> be the Markov semigroup with invariant reversible mea-
sure dpn = e~V dx where V is a smooth potential on R" such that Hess(V) > c1d,
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with ¢ > 0. Then, whenever A, B are Borel sets in R" and H, K are respective
parallel half-spaces such that u(A) = y(H), w(B) = y(K), then

/n 1Py (1p)dp < /R 1y Qullx)dy.

Again, as in the Gaussian setting (cf. [26]), the comparison property of
Corollary 9 may be shown to imply the isoperimetric comparison theorem of [2]
(see [3]) comparing the isoperimetric profile of measures du = e~ "dx to the
Gaussian one.

Next, we turn to the multidimensional version of the preceding result, with
therefore in the following ¢ > 0. Let X = (X;),~, be the Markov process with
generator L = A — VV -V and initial invariant distribution du = e~V dx. We
are interested in the distribution of (X;,...,X;,) where 0 < #; < -+ < 1.
Consider the covariance matrix I' the Ornstein-Uhlenbeck process at speed ct, that
is [y = el _’”, k,£ = 1,...,m. In the Gaussian case, this extension (for thus
the Ornstein-Uhlenbeck process) was achieved by the study of general Gaussian
vectors. In the present case, we deal with the kernels as given by (18), for simplicity
one-dimensional.

Theorem 10. In the preceding notation, assume that the Hadamard product of
(19keJ )1 <k .o<m and T is (semi-) negative-definite. Then, for every fi : R — I,
i =1,...,m, suitably integrable,

/ / TCAGD- s Fon Com)) s Comt e ) -+ Pra—s (1 )t (1)
R R

5](/Rf1d,u,...,/Rfmdu).

We outline the argument when m = 3. Consider

W(s) = /R /R /R (P, f(). Pog (). Psh(D)) pru(yd2) pr (x.d)dpt(x). s = 0,

fort > u > 0 and three functions f, g, h. Differentiating ¥ and integrating by parts
in space leads to consider expressions such as

/R/R/R&J Pi—u(y,dz)dx pu(x,dy)dy Py f dj(x).

Arguing as in the proof of Theorem 8, this expression is equal to

/ 3. Pok 3, P, f dju(x)
R



Remarks on Gaussian Noise Stability, Brascamp-Lieb and Slepian Inequalities 329

where k = k(y) = [ 81/ pi—u(y.dz). Now by (19)
10, Pk| < e~ Py (|0, k]).

Since

0k = / 812J Pru(y.d2) + / 017 9, pra(y, d2),
R R

similarly

|9y k]| f/|312J|pt—u(y,d2)+e“'”‘“)/I813J|3ypt_u(y,dz).
R R

The proof is then completed in the same way.
With the J function (17) associated to a finite-dimensional distribution of the
Ornstein-Uhlenbeck process, the following consequence holds true.

Corollary 11. Letc > 0 and 0 < t; < --- < ty,. For any Borel sets By, ..., B,
in R,

P(th € Bla L) Xtm € Bm) S P(ZCtl S bla DR ZCtm S bm)
where P(X,, € Br) = u(By) = ®(bi), k = 1,...,m and where (Z), is the
Ornstein-Uhlenbeck process with speed ct.

As suggested by J. Neeman following his arguments developed in [30], Corol-
lary 11 may be used towards a comparison property between hitting times. For a
Borel set B in R, let eg = inf{t > 0;X, ¢ B} be the exit time of the Markov
process X = (X;),>, from the set B.

Corollary 12. Under the preceding notation, for any s > 0,
P(ey > s) < P(ef; > s)

where H is a half-line in R such that y(H) = w(B) and Z = (Zu),( the
Ornstein-Uhlenbeck process at speed ct.

5 The Discrete Cube

To conclude this note, we briefly address in this last section the corresponding noise
stability issue on the discrete cube, and collect a few remarks in connection with the
recent development [18] on the “Majority is Stablest” theorem.
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By Theorem 1, a function J is p-concave in the sense that
( onJ PaIZJ) <0
PO 0nJ
if and only if for all suitable functions f and g on R",

/ n /R (0. g(px + VT2 3))dy(0dy ()

fJ(/nfd%/”gdy).

The analogue of the Gaussian couple (X, pX + /1 — p?Y) with correlation
pld,, p € [—1, 1], on the discrete cube X" = {—1, +1}", with n = 1 to start with,
leads to consider a couple with distribution

(20)

(I + pxy)dp(x)dp(y)

on %2, where p is the uniform probability measure on ¥ = {—1, 41}. The latter
inequality (20) on the two-point space ¥ = {—1, +1} therefore amounts to

/E /E J(f(x),g(y>)1<p(x,y)du(x)du(y)sJ( /Z £ dp. /E gdu) @

for every functions f, g : ¥ — R, where K,(x, y) = 1 + pxy. This inequality (21)
is stable under product. On X" = {—1, +1}" equipped with the uniform product
measure (", let forp € Rand x = (x,...,x,) € ¥", vy = (y1,...,yn) € X",

n
Ko(x,y) = [ [0+ pxiyi).
i=1
If (21) holds, for every f, g on X",

/ n / (). 80N K )i ()i () < J( /E g, /E ” gdu")-

One may of course wonder for the equivalence of (21) with the p-concavity of
J. Actually, (21) expresses equivalently a 4-point inequality similar to the standard
characterization of concavity. Say namely that a function J on some open convex
set O of R? is strongly p-concave for some p € R if for all (u,v) € O, (u',V') € O,

L2 J(uov) + 52 T V) + 2 T + 2 W)

4
4 /
< utu’ vtV
= J (5, ),

(22)
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Lemma 13. Strong p-concavity implies p-concavity (for smooth functions).

Proof. By a Taylor expansion, at any (a,b) € O, (h,k) € R2, such that
(axhbtk)eO,

A+p[J@+hb+k)+Ja—hb—k)—2J(a,b)]
+(A=p|Ja+hb—k)+Ja—hb+k)—2J(a.b)]
= 2h%011J(a,b) + 4phkdinJ(a,b) + 2k>d2J(a, b) + o(h* + k).

Withu =a+h,v=b+k,u =a—h,Vv =b—k, (22) implies the p-concavity
of Jash, k — 0. ]

It is a main result, namely the Bonami-Beckner hypercontractivity theorem
[9,11], that the hypercontractive function J! is strongly p-concave under (5) (along
the equivalence between hypercontractivity and Theorem 1 described in Sect. 2 for
the Ornstein-Uhlenbeck semigroup). However, we could not establish directly the
strong p-concavity of J in this case. Such a proof could give a better understanding
of the strong p-concavity property.

On the other hand, it is not true in general that p-concavity implies back strong
p-concavity and one example, taken from [18], is simply Borell’s noise stability
function JB (with parameter p € (0, 1)). Indeed, foru = v =1and '’ =V = 0 (in
the Boolean analysis terminology, this choice corresponds to the dictator functions
f(x) =14 % g(y) = 5+ 2),(22) would imply that

11
B — —
1+p=<4J (2,2) (23)
since JB(1,1) = 1 and JB(1,0) = JB(0,1) = JB(0,0) = 0. But

JBG, %) = /_ OOO /_ Ooo g; (x. y)dy' ()dy'(v) = /0 " oy ()

P

1—p?

where o = and p = e™". Taking the derivative in « easily shows that

gl 1 1 1 1 1
J ( , ) =12 + o arctan(a) = 77 5 arccos(p)
so that (23) indeed fails as p — 0. This value of J B(%, %) appears in Sheppard’s
formula put forward in [35] as early as 1899 as the asymptotic noise stability of the
Majority function (see [18,29]).

It would be of interest to understand which additional property to p-concavity
ensures strong p-concavity. A. De et al. [18] recently observed by a suitable Taylor
expansion that there exists, for any p € (0, 1), C(p) > 0 such that

33Jl?(u, V)

< (] — ]
| = C) (=01 )]
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foralli, j > Owithi 4+ j = 3. This property then implies the approximate validity
of (22) in the sense that for every u, u’, v,V € [¢, 1 — ¢] for some ¢ > 0,

1+ B 1— B 1— B 1+ B
B2 JB(u,v) + 52 TR v) + 2 TR ) + 2 TR )

8wt iy o \ \ (24)
= (S ) + CUp e O (u—ulP + Iy =),

As a main achievement, the authors of [18] develop from this conclusion and

tensorization a fully discrete proof of the “Majority is Stablest” theorem of [29]

(with Sheppard’s constant J B(%, %) as stability value) by suitably controlling the

error term via the influences of the Boolean functions under investigation.

One further observation of [18] is that the preceding two-point inequality (24) is
still good enough to reach, after tensorization and the central limit theorem, Borell’s
noise stability theorem for the Ornstein-Uhlenbeck semigroup.
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