
Chapter 2
Skew-Ray Tracing of Geometrical Optics

In geometrical optics (or ray optics), light propagation is described in terms of
“rays”, where each ray is regarded as an idealized narrow bundle of light with zero
width [1]. This is different from beam, which is a concept used in almost all fields of
physics. Geometrical optics provides equations for predicting the paths followed by
the rays through an optical system. These equations are somewhat simplistic, and
cannot therefore accurately describe such effects as diffraction and polarization.
However, they nevertheless provide a powerful tool for investigating the perfor-
mance of optical systems during the initial design and analysis stage. Geometrical
optics in this book are applied to perform sequential raytracing based on Snell’s law
and a homogeneous coordinate notation, and then compute the first- and
second-order derivative matrices of various optical quantities. Notably, the equa-
tions of geometrical optics expressed in terms of homogeneous coordinate notation
are often far simpler than their vector counterparts; particularly for more complex
optical elements such as prisms.

2.1 Source Ray

In geometrical optics, rays are usually, but not necessarily, assumed to move from
left to right. In accordance with the homogeneous coordinate notation used in this
book, the incidence point g�Pi and unit directional vector g�‘i at the ith boundary
surface are designated as g�Pi ¼ Pix Piy Piz 1½ �T and g�‘i ¼ ‘ix ‘iy ‘iz 0½ �T,
respectively, where the pre-superscript “g” of the leading symbols g�Pi and g�‘i
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indicates that the components of the respective vectors are referred with respect to
coordinate frame ðxyz)g. The ray at the ith boundary surface can thus be denoted as

g�Ri ¼ g�Pi g�‘i
� �T¼ Pix Piy Piz ‘ix ‘iy ‘iz½ �T: ð2:1Þ

Note that when 0�Ri (or 0�Pi or 0�‘i) is referred to the world coordinate frame
ðxyzÞ0, the pre-superscript “0” is omitted for reasons of simplicity.

An optical lens or prism (referred to simply as an optical element hereafter) is a
block of optical material possessing multiple boundary surfaces and having a
constant refractive index. To trace the path of a ray through an optical system with k
elements and n boundary surfaces, it is first necessary to label the individual ele-
ments within the system from j = 0 to j = k and the boundary surfaces from i = 0 to
i = n. By convention, labels j = 0 and i = 0 are assigned to the source ray �R0,
which originates at point source

�P0 ¼
P0x
P0y
P0z
1

2
664

3
775 ð2:2Þ

and travels along the unit directional vector

�‘0 ¼
‘0x
‘0y
‘0z
0

2
664

3
775 ¼

Cb0Cð90� þ a0Þ
Cb0Sð90� þ a0Þ

Sb0
0

2
664

3
775; ð2:3Þ

where b0 is the angle between �‘0 and the projection of �‘0 on the horizontal plane
passing through the origin of a notional unit sphere centered at �P0 (see Fig. 2.1).
Furthermore, a0 is the angle between the meridional plane and �‘0, and is measured
along the zenith direction (i.e., the z0 axis direction) of the unit sphere. For con-
venience, the cone shown in Fig. 2.1 is referred to hereafter as the a0ðb0Þ cone, and
is generated by sweeping �‘0 with a constant value of b0 around the zenith direction
of the unit sphere. It is noted that �‘0 is parallel with the y0 axis when
a0 ¼ 0� and b0 ¼ 0�. From Eqs. (2.2) and (2.3), the variable vector �X0 of the
source ray �R0 is obtained as

�X0 ¼ P0x P0y P0z a0 b0½ �T: ð2:4Þ

When a point source �P0 of an axis-symmetrical system is confined to the y0z0
plane (where y0 points along the optical axis of the system), then a meridional ray
(or tangential ray) is the ray lying on that plane. Furthermore, the y0z0 plane is
referred to as the meridional plane. It is noted that in an axis-symmetrical system,
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any source ray originating from point source �P0 ¼ 0 P0y P0z 1½ �T with a0 ¼ 0
always travels on the meridional plane.

The discussions above consider a single ray originating at a single point located
at an arbitrary location. Such a point source provides a good approximation for
finite but small sources. However, in many practical cases, an expression for the
path of perfectly collimated light within the optical system is required. This can
most conveniently be achieved by placing a number of source points, each emitting
a single ray with a fixed unit directional vector �‘0, at several discrete locations in the
optical system (Fig. 2.2).

Fig. 2.1 Schematic representation of unit directional vector �‘0 originating from point source �P0

Fig. 2.2 Collimated light
comprising multiple parallel
light rays
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2.2 Spherical Boundary Surfaces

Raytracing is a commonly used technique in geometrical optics for the design,
analysis and synthesis of optical systems. The basic foundations of raytracing were
presented originally by Hamilton [2] in 1830 and were then further developed by
Silverstein [3] in 1918. Raytracing forms the basis of many optical models and
techniques [2–33]; with outstanding basic documents written by Spencer et al. [4]
and Stavroudis [5] with vector analysis, but most of them use paraxial, meridional
or skew ray-tracing with approximations. Accordingly, this chapter presents an
analytical skew-ray tracing methodology which is more easily understandable and
applied.

2.2.1 Spherical Boundary Surface and Associated Unit
Normal Vector

Spherical lenses are one of the most common elements in optical systems. In such
lenses, the two boundary surfaces are formed by the partial surfaces of two notional
spheres, while the lens axis is ideally perpendicular to both boundary surfaces. The
boundary surfaces may be convex (i.e., the sphere center and incoming ray are
located on opposite sides of the vertex), concave (i.e., the sphere center and
incoming ray are located on the same side of the vertex), or planar (i.e., flat). The
line joining the centers of the two spheres making up the lens surfaces represents
the axis of the lens. As shown in Fig. 2.3, the generating curve i�qi of a spherical
boundary surface, denoted as the ith boundary surface in an optical system, is a
curve in the xizi plane with the form

Fig. 2.3 Generating curve
and associated unit normal
vector of spherical boundary
surface

32 2 Skew-Ray Tracing of Geometrical Optics



i�qi ¼
xi
0
zi
1

2
664

3
775 ¼

Rij jCbi
0

Rij jSbi
1

2
664

3
775;�p

2
� bi �

p
2
; ð2:5Þ

where Rij j denotes the absolute value of the radius Ri, and Ri can be either positive
or negative, depending on whether the surface is convex or concave, respectively.
For any generating curve, there exist two possible unit normal vectors, which point
in opposite directions from one another. These unit normal vectors can be formu-
lated as

i�gi ¼
gix
giy
giz
0

2
664

3
775 ¼ siffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dxi=dbið Þ2 þ dzi=dbið Þ2
q

dzi=dbi
0

�dxi=dbi
0

2
664

3
775 ¼ si

Cbi
0
Sbi
0

2
664

3
775; ð2:6Þ

where si is set to either +1 or −1 to indicate the two possible directions of the
vector. Having formulated the two unit normal vectors of the generating curve, the
spherical boundary surface i�ri and associated unit normal vectors i�ni can be obtained
by rotating i�qi and i�gi, respectively, about the zi axis through an angle ai
(0� ai\2p), i.e.,

i�ri ¼
xi
yi
zi
1

2
664

3
775 ¼ rotð�z; aiÞi�qi ¼

Cai �Sai 0 0
Sai Cai 0 0
0 0 1 0
0 0 0 1

2
664

3
775

Rij j Cbi
0

Rij j Sbi
1

2
664

3
775

¼
Rij jCbiCai
Rij jCbiSai
Rij j Sbi

1

2
664

3
775; ð2:7Þ

i�ni ¼ rotð�z; aiÞi�gi ¼ si

Cai �Sai 0 0
Sai Cai 0 0
0 0 1 0
0 0 0 1

2
664

3
775

Cbi
0
Sbi
0

2
664

3
775 ¼ si

CbiCai
CbiSai
Sbi
0

2
664

3
775: ð2:8Þ

Equations (2.7) and (2.8) describe a spherical boundary surface i�ri and its unit
normal vector i�ni in terms of two parameters, ai and bi. Both equations are
expressed with respect to an arbitrary coordinate frame ðxyz)i. However, many
derivations in this book are built relative to the world coordinate frame ðxyz)i. The
following pose matrix of ðxyz)i with respect to ðxyz)0 is thus required:
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0 �Ai ¼ tranðtix; 0; 0Þtranð0; tiy; 0Þtranð0; 0; tizÞrotð�z;xizÞrotð�y;xiyÞrotð�x;xixÞ

¼

CxizCxiy CxizSxiySxix � SxizCxix CxizSxiyCxix þ SxizS xix tix
SxizCxiy SxizSxiySxix + CxizCxix SxizSxiyCxix � CxizSxix tiy
�Sxiy CxiySxix CxiyCxix tiz

0 0 0 1

2
6664

3
7775

¼

Iix Jix Kix tix
Iiy Jiy Kiy tiy
Iiz Jiz Kiz tiz
0 0 0 1

2
6664

3
7775;

ð2:9Þ

where tix; tiy; tiz;xix;xiy and xiz are the pose variables of the spherical boundary
surface. The unit normal vectors �ni of the boundary surface with respect to frame
ðxyz)o can then be obtained via the following transformation:

�ni ¼
nix
niy
niz
0

2
664

3
775 ¼ 0 �Ai

i�ni ¼ si

IixCbiCai þ JixCbiSai þKixSbi
IiyCbiCai þ JiyCbiSai þKiySbi
IizCbiCai þ JizCbiSai þKizSbi

0

2
664

3
775: ð2:10Þ

2.2.2 Incidence Point

In Fig. 2.4, a ray originating from incidence point �Pi�1 located on the previous
boundary surface �ri�1 is directed along the unit directional vector �‘i�1 and is
reflected or refracted at boundary surface �ri. Any intermediate point �P0i�1 along this
ray is given by �P0i�1 ¼ �Pi�1 þ k�‘i�1. The parameter k ¼ ki, for which the incoming
ray �Ri�1 hits the current boundary surface �ri at incidence point

�Pi ¼
Pix
Piy
Piz
1

2
664

3
775 ¼

Pi�1x þ ki ‘i�1x

Pi�1y þ ki ‘i�1y

Pi�1z þ ki ‘i�1z

1

2
664

3
775 ¼ �Pi�1 þ ki�‘i�1; ð2:11Þ

can be obtained by equating Eq. (2.7) to i�Pi ¼ i �A0 �Pi ¼ ð0 �AiÞ�1�Pi. That is,
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i�Pi ¼

Iix Iiy Iiz �ðIixtix þ Iiytiy þ IiztizÞ
Jix Jiy Jiz �ðJixtix þ Jiytiy þ JiztizÞ
Kix Kiy Kiz �ðKixtix þKiytiy þKiztizÞ
0 0 0 1

2
6664

3
7775

Pi�1x þ ki ‘i�1x

Pi�1y þ ki ‘i�1y

Pi�1z þ ki ‘i�1z

1

2
6664

3
7775

¼

ri

qi
si
1

2
6664

3
7775 ¼ i�ri ¼

Rij j CbiCai
Rij j CbiSai
Rij j Sbi

1

2
6664

3
7775;

ð2:12Þ

where ri, qi, and si are coordinates of incidence point expressed in boundary
coordinate frame ðxyzÞi, given by

ri ¼ Iix Pi�1x þ ‘i�1xkið Þþ Iiy Pi�1y þ ‘i�1yki
� �

þ Iiz Pi�1z þ ‘i�1zkið Þ � ðIixtix þ Iiytiy þ IiztizÞ
¼ IixPix þ IiyPiy þ IizPiz � ðIixtix þ Iiytiy þ IiztizÞ;

ð2:13Þ

qi ¼ Jix Pi�1x þ ‘i�1xkið Þþ Jiy Pi�1y þ ‘i�1yki
� �

þ Jiz Pi�1z þ ‘i�1zkið Þ � ðJixtix þ Jiytiy þ JiztizÞ
¼ JixPix þ JiyPiy þ JizPiz � ðJixtix þ Jiytiy þ JiztizÞ;

ð2:14Þ

Fig. 2.4 Raytracing at spherical boundary surface �ri
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si ¼ Kix Pi�1x þ ‘i�1xkið ÞþKiy Pi�1y þ ‘i�1yki
� �

þ Kiz Pi�1z þ ‘i�1zkið Þ � ðKixtix þKiytiy þKiztizÞ
¼ KixPix þKiyPiy þKizPiz � ðKixtix þKiytiy þKiztizÞ:

ð2:15Þ

From the sum of r2
i , q

2
i and s2i , ki is obtained as

ki ¼ �Di �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � Ei

q
; ð2:16Þ

where

Di ¼ ‘i�1xðPi�1x � tixÞþ ‘i�1yðPi�1y � tiyÞþ ‘i�1zðPi�1z � tizÞ; ð2:17Þ

Ei ¼ P2i�1x þ P2i�1y þ P2i�1z � R2
i þ t2ix þ t2iy þ t2iz � 2ðtixPi�1x þ tiyPi�1y þ tizPi�1zÞ:

ð2:18Þ

The non-negative parameter ki represents the geometrical path length from point
�Pi�1 to point �Pi. Also note that the ± sign in Eq. (2.16) indicates the two possible

intersection points of the ray with a complete sphere. More specifically, ki ¼
�Di �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � Ei

q
refers to the nearer intersection point while ki ¼

�Di þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � Ei

q
refers to the further point. Clearly, only one of these points is

useful in practical systems, and thus the appropriate sign must be chosen. When
q2i þ r2i 6¼ 0, ai (0� ai\2p) and bi (�p=2� bi � p=2) at the incidence point �Pi can
be solved from the following equations:

ai ¼ atan2ðqi;riÞ; ð2:19Þ

bi ¼ atan2ðsi;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
i þ q2i

q
Þ : ð2:20Þ

It is noted from the third component of Eq. (2.12) that bi can also be determined
as bi ¼ arcsin(si= Rij jÞ. However, bi cannot be obtained using this equation when
the incoming ray �Ri�1 does not intersect with the complete sphere of �ri when
Rij j\ sij j. Notably, Eq. (2.20) avoids this problem since it always yields a solution
provided that r2

i þ q2i þ s2i 6¼ 0.
The points located at bi ¼ �p=2 on a spherical boundary surface are

pseudo-singular points (or irregular points), at which @i�ri=@bi and @i�ri=@ai are not
linearly independent. As a result, the cross product @i�ri=@bi � @i�ri=@ai cannot be
performed. To avoid this problem, an assumption is made throughout this book that
the yi axis of the spherical boundary surface always coincides with the optical axis
of the system.

36 2 Skew-Ray Tracing of Geometrical Optics



2.2.3 Unit Directional Vectors of Reflected and Refracted
Rays

To trace a reflected or refracted ray at the current boundary surface �ri, the incidence
angle hi (defined in geometrical optics as a non-obtuse angle, i.e., 0� � hi � 90�)
must first be known. In practice, Chi is determined via the dot product of �‘i�1 and
�ni, i.e., Chi ¼ �‘i�1 � �ni

�� �� (Figs. 2.5 and 2.6). For every incidence point, there exist
two possible unit normal vectors, and thus for each particular application, it is
necessary to choose the correct one (referred to hereafter as the active unit normal
vector, �ni). By default, this book always chooses the active unit normal vector
which forms an obtuse angle 90�\g\180� with �‘i�1. Consequently,Chi can be
computed without the absolute symbol as

Chi ¼ ��‘i�1 � �ni ¼ � ‘i�1xnix þ ‘i�1yniy þ ‘i�1zniz
� �

¼ �si ‘i�1x IixCbiCai þ JixCbiSai þKixSbið Þþ ‘i�1y IiyCbiCai þ JiyCbiSai þKiySbi
� ��

þ ‘i�1z IizCbiCai þ JizCbiSai þKizSbið Þ�:
ð2:21Þ

Fig. 2.5 Reflected unit
directional vector obtained by
rotating active unit normal
vector �ni about �mi by angle hi

Fig. 2.6 Refracted unit
directional vector obtained by
rotating active unit normal
vector �ni about �mi by angle
p� hi
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The refraction angle hi between two optical media satisfies Snell’s law, that is

Shi ¼
ni�1

ni
Shi ¼ NiShi; ð2:22Þ

where ni is the refractive index of medium i and Ni ¼ ni�1=ni is the refractive index
of medium i� 1 relative to that of medium i. Total internal reflection is a phe-
nomenon that the ray will not cross the boundary and instead be totally reflected
back internally. It happens when a ray strikes the boundary surface at an incident
angle hi larger than the critical angle hi=critical (where Shi=critical ¼ Ni) if ni\ni�1.

To trace the reflected or refracted ray at the boundary surface, the common unit
normal vector �mi of the active unit normal vector �ni and �‘i�1 (see Fig. 2.5) is
required, i.e.,

�mi ¼ mix miy miz 0½ �T¼ �ni � �‘i�1

Shi
: ð2:23Þ

It is useful to have the following equation, which is derived from Eq. (2.23),
when we determine the unit directional vectors �‘i of the reflected and refracted rays:

Shi �mi � �nið Þ ¼ ð�ni � �‘i�1Þ � �ni ¼ �‘i�1 � ð�ni � �‘i�1Þ�ni ¼ �‘i�1 þ �ni Chi: ð2:24Þ

According to the reflection law of optics, the reflected unit directional vector �‘i
can be obtained by rotating the active unit normal vector �ni about �mi through an
angle hi (Fig. 2.5 and Eq. (1.25)). In other words, �‘i is obtained as

�‘i ¼ ‘ix ‘iy ‘iz 0½ �T¼ rotð�mi; hiÞ�ni

¼

m2
ixð1� ChiÞþChi miymixð1� ChiÞ �mizShi mizmixð1� ChiÞþmiyShi 0

mixmiyð1� ChiÞþmizShi m2
iyð1� ChiÞþChi mizmiyð1� ChiÞ �mixShi 0

mixm izð1� ChiÞ �miyShi miymizð1� ChiÞþmixShi m2
izð1� ChiÞþChi 0

0 0 0 1

2
66664

3
77775

nix
niy
niz
0

2
6664

3
7775:

ð2:25Þ

Further simplification of Eq. (2.25) is possible by utilizing Eq. (2.24), resulting in

�‘i ¼
‘ix
‘iy
‘iz
0

2
664

3
775 ¼

‘i�1x þ 2Chi nix
‘i�1y þ 2Chi niy
‘i�1z þ 2Chi niz

0

2
664

3
775 ¼ �‘i�1 þ 2Chi �ni: ð2:26Þ
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Notably, �‘i can also be obtained by rotating �‘i�1 about �mi through an angle
pþ 2hi, i.e.,

�‘i ¼ rotð�mi; pþ 2hiÞ�‘i�1: ð2:27Þ

According to the refraction law of optics, the refracted unit directional vector �‘i
can be obtained by rotating the active unit normal vector �ni about �mi through an
angle p� hi (Fig. 2.6), i.e.,

�‘i ¼ ‘ix ‘iy ‘iz 0½ �T¼ rotð�mi; p� hiÞ�ni

¼

m2
ixð1þChiÞ � Chi miymixð1þChiÞ �mizShi mizmixð1þChiÞþmiyShi 0

mixmiyð1þChiÞþmizShi m2
iyð1þChiÞ � Chi mizmiyð1þChiÞ �mixShi 0

mixmizð1þChiÞ �miyShi miymizð1þChiÞþmixShi m2
izð1þChiÞ � Chi 0

0 0 0 1

2
66664

3
77775

nix
niy
niz
0

2
6664

3
7775:

ð2:28Þ

Again, further simplification of Eq. (2.28) is possible by utilizing Eq. (2.24) and
Snell’s law, Shi ¼ NiShi. The following refracted unit directional vector �‘i is thus
obtained:

�‘i ¼

‘ix

‘iy

‘iz

0

2
6664

3
7775 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i þðNiChiÞ2
q� 	

nix þNið‘i�1x þChi nixÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i þðNiChiÞ2
q� 	

niy þNið‘i�1y þChi niyÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i þðNiChiÞ2
q� 	

niz þNið‘i�1z þChi nizÞ
0

2
6666666664

3
7777777775

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i þðNiChiÞ2
q� 	

�ni þNi
�‘i�1 + Chi�ni
� �

;

ð2:29Þ

where �ni ¼ nix niy niz 0½ �T and Chi are given by Eqs. (2.10) and (2.21),
respectively. Of course, the refracted unit directional vector �‘i can also be deter-
mined by rotating �‘i�1 about �mi through an angle p� hi þ hi, i.e.,
�‘i ¼ rotð�mi; p� hi þ hiÞ�‘i�1.

It is important to point out that total internal reflection occurs when
1� N2

i þðNiChiÞ2\0.
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Referring to Fig. 2.7, designate

�Xi ¼ tix tiy tiz xix xiy xiz ni�1 ni Ri½ �T ð2:30Þ

as the boundary variable vector of a spherical boundary surface, where this vector
comprises the six pose variables of Eq. (2.9), the refractive indices ni�1 and ni, and
the radius Ri of the boundary surface.

It is noted from Eqs. (2.11), (2.26) and (2.29) that the ray �Ri is a function of the
incoming ray �Ri�1 with the given source ray �R0 (Fig. 2.8). In other words, �Ri is a
recursive function, i.e., a function which operates in turn on another function (or
functions). It is like a Russian nesting doll. Each doll has a smaller and smaller doll
inside it. To evaluate a recursive function, it is first necessary to evaluate the
internal functions, and to then determine the outer function based on the results of
these internal functions.

Example 2.1 The raytracing equations for a meridional ray traveling through an
axis-symmetrical system can be obtained by setting the x0 components of
Eqs. (2.11), (2.26) and (2.29) to zero. However, in the following, these equations
are derived independently for the system shown in Fig. 2.9, in which a spherical

Fig. 2.7 Boundary variables
of spherical boundary surface

Fig. 2.8 Ray �Ri is function
of incoming ray �Ri�1 by given
source ray �R0
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boundary surface �ri ¼ 0 Rij jCbi þ vi Rij jSbi 1½ �T with center oi is located at
point y0 ¼ vi along the optical axis of an axis-symmetrical system. Assume that a
meridional ray �Ri�1 originating at point �Pi�1 ¼ 0 Pi�1y Pi�1z 1½ �T and direc-

ted along �‘i�1 ¼ 0 ‘i�1y ‘i�1z 0½ �T (‘2i�1y þ ‘2i�1z ¼ 1 with 0\‘i�1y and

‘i�1z\0) is reflected or refracted at boundary surface �ri. The incidence point �Pi at
which the ray strikes �ri is given by

�Pi ¼
0
Piy
Piz
1

2
664

3
775 ¼ �Pi�1 þ ki �‘i�1 ¼

0
Pi�1y þ ki ‘i�1y

Pi�1z þ ki ‘i�1z

1

2
664

3
775;

where the parameterki is obtained by setting �Pi ¼ �ri, yielding ki ¼ �Di �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � Ei

q
,

with Di ¼ ‘i�1yðPi�1y � viÞþ ‘i�1zPi�1z and Ei ¼ ðPi�1y � viÞ2 þ P2i�1z � R2
i .

Since the active unit normal vector is �ni ¼ 0 Cbi Sbi 0½ �T, the incidence
angle hi can be computed as

Chi ¼ �‘i�1 � �ni
�� �� ¼ �‘Ti�1�ni

�� �� ¼ ð��‘i�1Þ � �ni ¼ �ð‘i�1yCbi þ ‘i�1zSbiÞ:

It is noted from Fig. 2.9 that the reflected unit directional vector �‘i can be
obtained by rotating the active unit normal vector �ni about the x0 axis through an
angle hi. Thus, the reflected unit directional vector �‘i is obtained as

�‘i ¼
0
‘iy
‘iz
0

2
664

3
775 ¼ rotð�x; hiÞ�ni ¼

0
C hi þ bið Þ
S hi þ bið Þ

0

2
664

3
775:

Fig. 2.9 Tracing meridional
ray at spherical boundary
surface in axis-symmetrical
system
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According to the refraction law of optics, the refracted unit directional vector �‘i
can be obtained by rotating the active unit normal vector �ni about the x0 axis
through an angle p� hi. In other words,

�‘i ¼
0
‘iy
‘iz
0

2
664

3
775 ¼ rotð�x; p� hiÞ�ni ¼

0
�C hi � bið Þ
S hi � bið Þ

0

2
664

3
775;

where the refraction angle hi satisfies Snell’s law, i.e., Shi ¼ ðni�1=niÞShi ¼ NiShi.
It is noted that for the case where the source ray �Ri�1 travels in the upward

direction (i.e., 0\‘i�1z), the unit directional vectors of the reflected and refracted
rays are determined as �‘i ¼ rotð��x; hiÞ�ni and �‘i ¼ rotð��x; p� hiÞ�ni, respectively.
The example above shows that the raytracing equations for a meridional ray trav-
eling through an axis-symmetrical system can be easily obtained. However, caution
should be exercised when applying the rotation matrix since the rotation axis
depends on both �‘i�1 and the active unit normal vector �ni (see Eq. (2.23)).

Example 2.2 Skew-ray tracing in any element containing spherical boundary sur-
faces is comparatively difficult. As a result, only numerical examples are provided
here for illustration purposes. Consider the bi-convex element shown in Fig. 2.10,
with v1 ¼ 5, thickness qe1 ¼ 10, refractive index ne1 ¼ 1:5, and surface radii R1 ¼
50 and R2 ¼ �100. (1) Assign boundary coordinate frames ðxyzÞ1 and ðxyzÞ2 to
the two spherical boundary surfaces, �r1 and �r2: (2) Find the unit normal vectors 1�n1
and 2�n2. (3) Determine the pose matrix 0 �A1 and boundary variable vector �X1.
(4) Assign the pose matrix 0 �A2 and determine boundary variable vector �X2. (5) Find
the unit normal vectors �n1 and �n2. (6) Write out the source ray �R0 when �P0 ¼
0 �5 5 1½ �T and a0 ¼ 0�, b0 ¼ 5�. (7) Find k1, a1, b1, unit normal vectors �n1,
the value of s1 for the active unit normal vector, the incidence angle h1, the
refractive index N1, and the refracted ray �R1 when ray �R0 is refracted at the first
boundary surface, �r1. (8) Find k2, a2, b2, unit normal vectors �n2, the value of s2 for
the active unit normal vector, the incidence angle h1, the refractive index N2, and
the refracted ray �R2 when ray �R1 is refracted at the second boundary surface, �r2.

Fig. 2.10 Assigned
coordinate frames ðxyzÞ1 and
ðxyzÞ2 for bi-convex lens
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Solution

(1) The assigned coordinate frames ðxyzÞ1 and ðxyzÞ2 are shown in Fig. 2.10.
Note that their origins, o1 and o2, are located at the centers of �r1 and �r2,
respectively, while the y1 and y2 axes coincide with the y0 axis.

(2) 1�n1 ¼ s1 Cb1Ca1 Cb1Sa1 Sb1 0½ �T;
2�n2 ¼ s2 Cb2Ca2 Cb2Sa2 Sb2 0½ �T:

(3) 0 �A1 ¼ tranð0; v1 þR1; 0Þ ¼ tranð0; 5þ 50; 0Þ ¼
1 0 0 0
0 1 0 55
0 0 1 0
0 0 0 1

2
664

3
775;

�X1 ¼ t1x v1 þR1 t1z x1x x1y x1z n0 n1 R1½ �T
¼ 0 55 0 0 0 0 1 1:5 50½ �T:

(4) 0 �A2 ¼ tranð0; v1 þ qe1 þR2; 0Þ ¼ tranð0; 5þ 10� 100; 0Þ

¼

1 0 0 0

0 1 0 �85

0 0 1 0

0 0 0 1

2
6664

3
7775;

�X2 ¼ t2x v1 þ qe1 þR2 t2z x2x x2y x2z n1 n2 R2½ �T
¼ 0 �85 0 0 0 0 1:5 1 �100½ �T:

(5) The two unit normal vectors of �r1 are given as �n1 ¼ 0 �A1
1�n1 ¼

s1 Cb1Ca1 Cb1Sa1 Sb1 0½ �T. Similarly, the unit normal vectors of �r2 are
given as �n2 ¼ 0 �A2

2�n2 ¼ s2 Cb2Ca2 Cb2Sa2 Sb2 0½ �T.
(6) �R0 ¼ 0 �5 5 C5�C90� C5�S90� S5�½ �T:
(7) k1 ¼ 10:38951;

a1 ¼ �90�;
b1 ¼ 6:78304�:
The active unit normal vector of �r1 is �n1 ¼ Cb1Ca1 Cb1Sa1 Sb1 0½ �T,
leading to s1 ¼ 1,
h1 ¼ 11:78304�;
N1 ¼ n0=n1 ¼ 1=1:5;
�R1 ¼ 0 5:34997 5:90551 0 0:99983 0:01817½ �T:

(8) k2 ¼ 9:46673;

a2 ¼ 90�;
b2 ¼ 3:48433�:
The active unit normal vector of�r2 is �n2 ¼ �Cb2Ca2 �Cb2Sa2�Sb2 0½ �T,
leading to s2 ¼ �1;
h2 ¼ 2:44297�;
N2 ¼ n1=n2 ¼ 1:5;
�R2 ¼ 0 14:81515 6:07756 0 0:99999 �0:00317½ �T:
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2.3 Flat Boundary Surfaces

Many optical systems contain elements with flat boundary surfaces. Typical
examples include plano-convex lenses, plano-concave lenses, optical flats,
beam-splitters, and flat first-surface mirrors. Raytracing at a flat boundary surface is
thus of great practical interest. Most studies treat flat boundary surfaces as a
spherical surface with zero curvature (e.g., p. 312 of [34]). However, certain ray-
tracing equations for prisms cannot be obtained using such an approach.
Accordingly, a more different methodology for dealing with flat boundary surfaces
is required.

2.3.1 Flat Boundary Surface and Associated Unit Normal
Vector

As stated in Sect. 2.2, the yi axis of boundary coordinate frame ðxyz)i in an
axis-symmetrical optical system is assumed to coincide with the optical axis of the
system. If bi is the length parameter along yi axis measured from the origin of ðxyz)i, a
flat boundary surface can be obtained simply by rotating its generating line (Fig. 2.11)

i�qi ¼
0
0
bi
1

2
664

3
775ð0� biÞ ð2:31Þ

about the yi axis through an angle ai 0� ai\2pð Þ, i.e.,

i�ri ¼
xi
yi
zi
1

2
664

3
775 ¼ rotð�y; aiÞi�qi ¼

Cai 0 Sai 0
0 1 0 0

�Sai 0 Cai 0
0 0 0 1

2
664

3
775

0
0
bi
1

2
664

3
775 ¼

biSai
0

biCai
1

2
664

3
775: ð2:32Þ

Fig. 2.11 Generating line
and associated unit normal
vector of flat boundary surface
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The two possible unit normal vectors i�gi of the generating curve i�qi are given by

i�gi ¼
gix
giy
giz
0

2
664

3
775 ¼ si

0
�1
0
0

2
664

3
775; ð2:33Þ

where, again, si is set to +1 or −1 to show that there exist two possible unit normal
vectors pointing in opposite directions from one another. The unit normal vectors
i�ni of boundary surface i�ri are then determined by rotating i�gi about the yi axis
through an angle ai, i.e.,

i�ni ¼ rotð�y; aiÞ i�gi ¼ si

Cai 0 sai 0
0 1 0 0

�Sai 0 Cai 0
0 0 0 1

2
664

3
775

0
�1
0
0

2
664

3
775 ¼ si

0
�1
0
0

2
664

3
775: ð2:34Þ

Equations (2.32) and (2.34) describe the flat boundary surface i�ri and its unit
normal vector i�ni with respect to the boundary coordinate frame ðxyzÞi. However, as
discussed earlier, many derivations in this book are built relative to the world
coordinate frame ðxyz)o. The following pose matrix of frame ðxyz)i with respect to
ðxyz)0 is thus required:

0 �Ai ¼ tranðtix; 0; 0Þtranð0; tiy; 0Þtranð0; 0; tizÞrotð�z;xizÞrotð�y;xiyÞrotð�x;xixÞ

¼

CxizCxiy CxizSxiySxix � SxizCxix CxizSxiyCxix þ SxizSxix tix
SxizCxiy SxizSxiySxix þCxizCxix SxizSxiyCxix � CxizSxix tiy
� Sxiy CxiySxix CxiyCxix tiz

0 0 0 1

2
6664

3
7775

¼

Iix Jix Kix tix
Iiy Jiy Kiy tiy
Iiz Jiz Kiz tiz
0 0 0 1

2
6664

3
7775;

ð2:35Þ

where tix; tiy; tiz;xix;xiy and xiz are the pose variables of the flat boundary surface.
The unit normal vector �ni can then be obtained with respect to xyzð Þ0 as

�ni ¼
nix
niy
niz
0

2
664

3
775 ¼ 0 �Ai

i�ni ¼ si

Iix Jix Kix tix
Iiy Jiy Kiy tiy
Iiz Jiz Kiz tiz
0 0 0 1

2
664

3
775

0
�1
0
0

2
664

3
775 ¼ �si

Jix
Jiy
Jiz
0

2
664

3
775: ð2:36Þ
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2.3.2 Incidence Point

Assume in Fig. 2.12 that a ray originating at point �Pi�1 on the previous boundary
surface �ri�1 is directed along the unit directional vector �‘i�1 and is reflected or
refracted at current flat boundary surface �ri. Any intermediate point �P0i�1 lying along
this ray as it travels from �Pi�1 is given by �P0i�1 ¼ �Pi�1 þ k�‘i�1. Moreover, the
incidence point �Pi at which the ray hits the flat boundary surface is given by

�Pi ¼
Pix
Piy
Piz
1

2
664

3
775 ¼

Pi�1x þ ki ‘i�1x

Pi�1y þ ki ‘i�1y

Pi�1z þ ki ‘i�1z

1

2
664

3
775 ¼ �Pi�1 þ ki�‘i�1; ð2:37Þ

where the parameter ki can be obtained by equating Eq. (2.32) to
i�Pi ¼ i �A0�Pi ¼ ð0 �AiÞ�1�Pi, i.e.,

i�Pi ¼

Iix Iiy Iiz �ðIixtix þ Iiytiy þ IiztizÞ
Jix Jiy Jiz �ðJixtix þ Jiytiy + JiztizÞ
Kix Kiy Kiz �ðKixtix þKiytiy þKiztizÞ
0 0 0 1

2
6664

3
7775

Pi�1x þ ki ‘i�1x

Pi�1y þ ki ‘i�1y

Pi�1z þ ki ‘i�1z

1

2
6664

3
7775

¼

ri

qi
si
1

2
6664

3
7775 ¼ i�ri ¼

biSai
0

biCai
1

2
6664

3
7775;

ð2:38Þ

Fig. 2.12 Raytracing at flat
boundary surface
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in which ri, qi and si are given in Eqs. (2.13), (2.14) and (2.15), respectively. ki
can be solved from the second component of Eq. (2.38) (i.e., qi ¼ 0) as

ki ¼
� JixPi�1x þ JiyPi�1y þ JizPi�1z � ðJixtix þ Jiytiy þ JiztizÞ
� �

Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z
¼ �Di

Ei
; ð2:39Þ

where

Di ¼ JixPi�1x þ JiyPi�1y þ JizPi�1z þ ei; ð2:40Þ

Ei ¼ Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z: ð2:41Þ

Note that parameter ei in Eq. (2.40) is defined as ei ¼ �(Jixtix þ Jiytiy þ Jiztiz)
and is adopted in this book as a means of lumping six parameters together, thereby
reducing the total number of variables to be considered. As discussed in Sect. (1.7,
�ei represents the distance from the origin of coordinate frame ðxyz)o to the origin
of coordinate frame ðxyz)i along the direction of the unit normal �ni (Fig. 1.16 with
g = 0).

The parameters ai 0� ai\2pð Þ and bi 0� bið Þ, where incidence point �Pi hits the
xizi plane, are determined respectively by

bi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
i þ s2i

q
; ð2:42Þ

ai
¼ atan2 rið ; siÞ when bi 6¼ 0
¼ any value when bi ¼ 0



: ð2:43Þ

Notably, even though the point at bi ¼ 0 of a flat boundary surface is a
pseudo-singular point, it poses no computational problem.

2.3.3 Unit Directional Vectors of Reflected and Refracted
Rays

The incidence angle hi, whose domain is 0� � hi � 90�, can be computed as
Chi ¼ �‘i�1 � �ni

�� ��. Again, at every incidence point, there exist two possible unit
normal vectors aligned in opposite directions to one another. To choose the correct
unit normal vector, let the active unit normal vector �ni be once again defined as the
vector possessing an obtuse angle 90�\g\180� with �‘i�1. Having chosen the
active unit normal vector �ni, Chi can be computed without the absolute symbol as
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Chi ¼ �‘i�1 � �ni
�� �� ¼ ��‘i�1 � �ni ¼ si Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z

� � ¼ siEi: ð2:44Þ

The refraction angle hi between two optical media must satisfy Snell’s law, i.e.,
Shi ¼ ðni�1=niÞShi ¼ NiShi. As for the case of a spherical boundary surface, the
reflected unit directional vector �‘i at a flat boundary surface can be obtained by
rotating the active unit normal vector �ni about the unit common normal vector �mi

(given in Eq. (2.23)) through an angle hi, yielding

�‘i ¼
‘ix
‘iy
‘iz
0

2
664

3
775 ¼

‘i�1x þ 2Chi nix
‘i�1y þ 2Chi niy
‘i�1z þ 2Chi niz

0

2
664

3
775 ¼ �‘i�1 þ 2Chi �ni: ð2:45Þ

Similarly, the refracted unit directional vector �‘i can be obtained by rotating the
active unit normal vector �ni about the unit common vector �mi through an angle
p� hi (its detailed derivations were presented in Eq. (2.28)), giving

�‘i ¼

‘ix

‘iy

‘iz

0

2
6664

3
7775¼

�nix
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i + (NiChiÞ2
q

+Nið‘i�1x + nixChiÞ

�niy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i + (NiChiÞ2
q

+Nið‘i�1y + niyChiÞ

�niz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i + (NiChiÞ2
q

+Nið‘i�1z + nizChiÞ
0

2
66666664

3
77777775

¼ NiChi�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i + (NiChiÞ2
q� 	

�ni þ Ni
�‘i�1:

ð2:46Þ

Note that total internal reflection occurs at this boundary surface when
1� N2

i þðNiC hiÞ2\0.
It is noted from Eqs. (2.37), (2.45) and (2.46) that only six variables (i.e.,

Jix; Jiy; Jiz; ei; ni�1; ni) are needed to completely describe the effects of a flat
boundary surface. The boundary variable vector of a flat boundary surface can thus
be defined as

�Xi ¼ Jix Jiy Jiz ei ni�1 ni½ �T: ð2:47Þ

It is noted that not all of the variables in �Xi are independent since
J2ix þ J2iy þ J2iz ¼ 1. Another example is ni�1 ¼ ni for a reflective boundary surface.

However, the inter-dependence of some of the components in �Xi presents no
computational difficulties if a system variable vector �Xsys containing all of the
independent variables of interest of the optical system is defined.

The discussions above consider the raytracing problem for a reflected or
refracted ray �Ri at a single boundary surface. However, the same approach can be
applied successively to trace rays in an optical system containing n boundary
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surfaces. To trace a ray reflected or refracted at the gth boundary surface, it is first
necessary to label the boundary surfaces of the system sequentially from 1 to n. The
preceding raytracing methodology can then be applied sequentially with i = 1,
i = 2, …, until i = g to obtain the ray �Rg refracted or reflected at the gth boundary
surface (see Fig. 2.13), where

�Pg ¼

Pgx
Pgy
Pgz
1

2
6664

3
7775 ¼

Pg�1x þ kg ‘g�1x

Pg�1y þ kg ‘g�1y

Pg�1z þ kg ‘g�1z

1

2
6664

3
7775 ¼

Pg�2x þ kg�1 ‘g�2x þ kg ‘g�1x

Pg�2y þ kg�1 ‘g�2y þ kg ‘g�1y

Pg�2z þ kg�1 ‘g�2z þ kg ‘g�1z

1

2
6664

3
7775 ¼ . . .

¼

P0x þ k1�‘0x þ . . .þ kg�‘g�1x

P0y þ k1�‘0y þ . . .þ kg�‘g�1y

P0z þ k1�‘0z þ . . .þ kg�‘g�1z

1

2
6664

3
7775 ¼ �P0 þ k1�‘0 þ . . .þ kg�‘g�1:

ð2:48Þ

Example 2.3 Skew-ray tracing in an optical element possessing only flat boundary
surfaces is much simpler than in the case of an optical element containing spherical
boundary surfaces. Consider the rectangular optical flat shown in Fig. 2.14 with
separation v1, thickness qe1, and refractive index ne1. (1) Assign boundary coor-
dinate frames ðxyzÞ1 and ðxyzÞ2 to the two flat boundary surfaces, �r1 and �r2.
(2) Find their unit normal vectors 1�n1 and 2�n2. (3) Determine the pose matrix 0 �A1

and boundary variable vector �X1. (4) Assign the pose matrix 0 �A2 and determine
boundary variable vector �X2. (5) Find unit normal vectors �n1, D1, E1, k1, b1, a1,
Ch1, N1, the value of s1 for the active unit normal vector, and �‘1 when source ray
�R0 ¼ 0 0 0 0 Cb0 Sb0½ �T, 0\b0, is refracted at the first boundary surface,
�r1. (6) Find unit normal vectors �n2, D2, E2, k2, Ch2, N2, the value of s2 for the active
unit normal vector, and �‘2 when ray �R1 is refracted at the second boundary surface,
�r2. (7) Determine the ray displacement D.

Fig. 2.13 Sequential tracing of ray �Rg through optical system using proposed approach
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Solution

(1) The assigned coordinate frames ðxyzÞ1 and ðxyzÞ2 are shown in Fig. 2.14 with
their origins, o1 and o2, located at any convenient in-plane points on boundary
surfaces �r1 and �r2, respectively. Note that the y1 and y2 axes are both aligned
with the y0 axis of the world coordinate frame ðxyzÞ0.

(2) 1�n1 ¼ s1 0 �1 0 0½ �T;
2�n2 ¼ s2 0 �1 0 0½ �T:

(3) If o1 lies on the y0 axis, then

0 �A1 ¼ tranð0; v1; 0Þ ¼

1 0 0 0

0 1 0 v1
0 0 1 0

0 0 0 1

2
6664

3
7775;

�X1 ¼ J1x J1y J1z e1 n0 n1½ �T¼ 0 1 0 �v1 1 ne1½ �T:
(4) If o2 lies on the y0 axis, then

0 �A2 ¼ tranð0; v1 þ qe1; 0Þ ¼

1 0 0 0

0 1 0 v1 þ qe1
0 0 1 0

0 0 0 1

2
6664

3
7775;

�X2 ¼ J2x J2y J2z e2 n1 n2½ �T¼ 0 1 0 �ðv1 þ qe1Þ 1 1½ �T:

Fig. 2.14 Assigned
coordinate frames ðxyzÞ1 and
ðxyzÞ2 for rectangular optical
flat
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(5) �n1 ¼ 0 �A1
1�n1 ¼ s1 0 �1 0 0½ �T;

D1 ¼ �v1;

E1 ¼ Cb0;

k1 ¼ v1=Cb0;
�P1 ¼ 0 v1 v1Sb0=Cb0 1½ �T;
b1 ¼ v1Sb0=Cb0;

a1 ¼ atan2 0ð ; v1Sb0=Cb0Þ ¼ 0�;
Ch1 ¼ Cb0:

N1 ¼ n0=n1 ¼ 1=ne1;

The active unit normal vector of �r1 is �n1 ¼ 0 �1 0 0½ �T, yielding s1 ¼ 1,

�‘1 ¼ 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

N1Sb0 0
h iT

:

(6) �n2 ¼ 0 �A2
2�n2 ¼ s2 0 �1 0 0½ �T;

D2 ¼ �qe1;

E2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

;

k2 ¼ qe1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

;

Ch2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

:

N2 ¼ n1=n2 ¼ ne1 ¼ 1=N1;

The active unit normal vector of �r2 is �n2 ¼ 0 �1 0 0½ �T, yielding s2 ¼ 1,
�‘2 ¼ 0 Cb0 Sb0 0½ �T:
It is thus proven that the exit ray �R2 is parallel to �R0.

(7) From Fig. 2.14, it follows that

D ¼ qe1 tan b0 � P2z � P1zð Þ½ �Cb0 ¼ qe1Sb0 � qe1Sb0Cb0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�N2

1 þðN1Cb0Þ2
p :

After expansion of Sðh1 � h1Þ and substitution of h1 from Sh1 ¼ N1Sh1 and
h1 ¼ b0, D can be reformulated as

D ¼ qe1Sb0 1� Cb0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

1 � ðSb0Þ2
q

0
B@

1
CA ¼ qe1Sb0 �

qe1Sb0Cb0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q :

Example 2.4 Consider the triangular prism shown in Fig. 2.15 with vertex angle
ge1 and refractive index ne1 ¼ 1:5. (1) Assign boundary coordinate frames ðxyzÞ1
and ðxyzÞ2 to the two flat boundary surfaces, �r1 and �r2. (2) Determine the pose
matrices 0 �A1 and 0 �A2. (3) Find the unit normal vectors �n1, D1, E1, k1, b1, a1, Ch1,
N1, the value of s1 for the active unit normal vector, and �‘1 when ray �R0 ¼
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0 P0y P0z 0 Cb0 Sb0½ �T (P0y\0, P0z\0, P0z � P0ySb0=Cb0\0, and
0\b0) is refracted at the first boundary surface, �r1. (4) Find the unit normal vectors
�n2, D2, E2, k2, b2, a2, Ch2, the value of s2 for the active unit normal vector when ray
�R1 is refracted at the second boundary surface, �r2. (5) Determine the ray deviation
angle w (0�w� 180�) in terms of h1, ge1 and N1.

Solution

(1) The assigned coordinate frames ðxyzÞ1 and ðxyzÞ2 are shown in Fig. 2.15 with
their origins both coinciding with the origin of ðxyzÞ0.

(2) 0 �A1 ¼ �I4�4 ¼

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775;

0 �A2 ¼ rotð �x;ge1Þ ¼

1 0 0 0

0 Cge1 �Sge1 0

0 Sge1 Cge1 0

0 0 0 1

2
6664

3
7775:

(3) �n1 ¼ s1 0 �1 0 0½ �T with s1 ¼ �1
D1 ¼ P0y;
E1 ¼ Cb0;
k1 ¼ �P0y=Cb0;
�P1 ¼ 0 0 P0z � P0ySb0=Cb0 1½ �T;
b1 ¼ �ðP0z � P0ySb0=Cb0Þ;
a1 ¼ atan2 0ð ; P0z � P0ySb0=Cb0

� ¼ 180�;
Ch1 ¼ Cb0:
N1 ¼ n0=n1 ¼ 1=ne1;
The active unit normal vector of �r1 is �n1 ¼ 0 �1 0 0½ �T, leading to
s1 ¼ 1,

Fig. 2.15 Assigned
coordinate frames ðxyzÞ1 and
ðxyzÞ2 for triangular prism
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�‘1 ¼ 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

N1Sb0 0
h iT

:

(4) �n2 ¼ s2 0 �Cge1 �Sge1 0½ �T with s2 ¼ �1;
D2 ¼ Sge1 P0z � P0ySb0=Cb0

� �
;

E2 ¼ Cge1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

þN1Sge1Sb0;

k2 ¼
�Sge1 P0z � P0ySb0=Cb0

� �
Cge1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

þN1Sge1Sb0

;

Ch2 ¼ Cge1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

1 þðN1Cb0Þ2
q

þN1Sb0Sge1:

The active unit normal vector of �r2 is �n2 ¼ 0 �Cge1 �Sge1 0½ �T,
leading to s2 ¼ 1.

(5) It is possible to obtain �‘2 from Eq. (2.46) so as to determine w as Cw ¼ �‘0 � �‘2.
Alternatively, Snell’s law can be applied successively at the two boundary
surfaces to give Sh1 ¼ N1Sh1 and Sh2 ¼ N2Sh2 ¼ Sh2=N1, respectively.
Applying h2 ¼ ge1 � h1, it follows that

w ¼ h1 � h1 þ h2 � h2 ¼ h1 þ h2 � ge1

¼ h1 � ge1 þ sin�1 Sge1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2e1 � ðSh1Þ2

q
� Cge1Sh1

� 	
:

In general, the refraction index is higher for short wavelengths (blue light) than
for long wavelengths (red light). Therefore, the deviation angle w will be greater for
blue light than for red.

The minimum deviation angle wmin i is found to occur when h1 ¼ h2 by setting
@w=@h1 ¼ 0. Under this condition, the refractive index of the prism is given as

ne1 ¼
S ðwmini þge1Þ=2ð Þ

Sðge1=2Þ
:

It is noted that this formulation provides a precise and convenient approach for
measuring the refractive index ne1 since the minimum deviation angle wmini can be
readily determined using a spectrometer.

Example 2.5 The following example derives the raytracing equations for a
meridional ray �Ri�1 incident on a flat boundary surface �ri in an axis-symmetrical
system. As shown in Fig. 2.16, the flat boundary surface �ri is located at y0 ¼ vi and
is oriented perpendicularly to the optical axis. The meridional ray �Ri�1 originates at
point �Pi�1 ¼ 0 Pi�1y Pi�1z 1½ �T, travels along �‘i�1 ¼ 0 ‘i�1y ‘i�1z 0½ �T
(‘2i�1y þ ‘2i�1z ¼ 1 with 0\‘i�1y and ‘i�1z\0), and is then reflected or refracted at �ri
with a unit normal vector �ni ¼ si 0 �1 0 0½ �T (si ¼ �1). The incidence point
�Pi at which the ray strikes �ri is given by
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�Pi ¼
0
Piy
Piz
1

2
664

3
775 ¼ �Pi�1 þ ki�‘i�1 ¼

0
Pi�1y þ ki‘i�1y

Pi�1z þ ki‘i�1z

1

2
664

3
775;

where the parameter ki is obtained by setting Pi�1y þ ki‘i�1y ¼ vi, yielding

ki ¼ vi � Pi�1y

‘i�1y
:

The incidence angle hi is given by Chi ¼ �‘i�1 � �ni
�� �� ¼ ð��‘i�1Þ � �ni ¼ ‘i�1y,

where the active unit normal vector has the form �ni ¼ 0 �1 0 0½ �T. The
reflected unit directional vector �‘i is then obtained by rotating the active unit normal
vector �ni about the x0 axis through an angle hi. Imposing ‘2i�1y þ ‘2i�1z ¼ 1, the

reflected unit directional vector �‘i is thus obtained as

�‘i ¼
0
‘iy
‘iz
0

2
664

3
775 ¼ rotð�x; hiÞ �ni ¼

0
�Chi
�Shi
0

2
664

3
775 ¼

0
�‘i�1y

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ‘2i�1y

q
0

2
6664

3
7775:

The refracted unit directional vector �‘i can be obtained by rotating the active unit
normal vector �ni about the x0 axis through an angle p� hi, i.e.,

Fig. 2.16 Tracing meridional
ray at flat boundary surface of
axis-symmetrical system
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�‘i ¼
0
‘iy
‘iz
0

2
664

3
775 ¼ rotð�x; p� hiÞ�ni ¼

0
Chi
�Shi
0

2
664

3
775:

The refraction angle hi must satisfy Snell’s law, i.e., Shi ¼ ðni�1=niÞShi ¼ NiShi.
Consequently, the refracted unit directional vector �‘i can be formulated as

�‘i ¼
0
‘iy
‘iz
0

2
664

3
775 ¼

0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N2

i þðNi‘i�1yÞ2
q

�Ni

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ‘2i�1y

q
0

2
6664

3
7775:

It is noted that when the source ray �Ri�1 travels in the upward direction (i.e.,
0\‘i�1z), the unit directional vectors of the reflected and refracted rays are com-
puted as �‘i ¼ rotð��x; hiÞ�ni and �‘i ¼ rotð��x; p� hiÞ�ni, respectively, where �ni ¼
0 �1 0 0½ �T is the active unit normal vector.

2.4 General Aspherical Boundary Surfaces

Most optical systems comprise flat or spherical boundary surfaces since such sur-
faces are easily manufactured with low cost. However, certain systems also contain
aspherical boundary surfaces. Accordingly, this section extends the raytracing
methodology described above to the case of aspherical boundary surfaces ([10, 35–
37], p. 312 of [34]). In practice, the ability to trace rays at aspherical boundary
surfaces is highly important since even though such surfaces are difficult and
expensive to manufacture, there are cases where elements with aspherical boundary
surfaces have significant advantages over those with spherical boundary surfaces.

2.4.1 Aspherical Boundary Surface and Associated Unit
Normal Vector

While in principle an aspherical surface can take a wide variety of forms, any
aspherical boundary surface can be designed with a generating curve i�qi of the form

i�qi ¼
0
yiðbiÞ
ziðbiÞ
1

2
664

3
775 0� ziðbiÞð Þ; ð2:49Þ
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where the optical axis is presumed to lie in the yi axis direction and yiðbiÞ is the sag
(i.e., the yi component of the displacement from the vertex at distance ziðbiÞ from
the optical axis) (Fig. 2.17, in which ðxyzÞi is the boundary coordinate frame). The
two unit normal vectors of the generating curve have the form

i�gi ¼

gix

giy

giz

0

2
6664

3
7775 ¼ siffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d yiðbiÞð Þ=dbi½ �2 þ d ziðbiÞð Þ=dbi½ �2
q

0

�d ziðbiÞð Þ=dbi
d yiðbiÞð Þ=dbi

0

2
6664

3
7775

¼ siffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y02i þ z02i

p
0

�z0i
y0i
0

2
6664

3
7775;

ð2:50Þ

where si is again set to either +1 or −1 to indicate the existence of two possible unit
normal vectors with directions opposite to one another. The aspherical boundary
surface i�ri and its two unit normal vectors i�ni can be obtained by rotating i�qi and

i�gi,
respectively, about the yi axis through an angle ai (0� ai\2p), i.e.,

i�ri ¼

xi
yi
zi
1

2
6664

3
7775 ¼ rotð�y; aiÞi�qi ¼

Cai 0 Sai 0

0 1 0 0

�Sai 0 Cai 0

0 0 0 1

2
6664

3
7775

0

yiðbiÞ
ziðbiÞ
1

2
6664

3
7775

¼

ziðbiÞSai
yiðbiÞ

ziðbiÞCai
1

2
6664

3
7775;

ð2:51Þ

Fig. 2.17 Generating curve
for aspherical boundary
surface
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i�ni ¼ rotð�y; aiÞi�gi ¼

Cai 0 Sai 0

0 1 0 0

�Sai 0 Cai 0

0 0 0 1

2
6664

3
7775

gix

giy

giz

0

2
6664

3
7775

¼ siffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y02i þ z02i

p
y0iSai
�z0i
y0iCai
0

2
6664

3
7775:

ð2:52Þ

Equations (2.51) and (2.52) give i�ri and i�ni with respect to the coordinate frame
ðxyzÞi. However, many derivations in this book are referred to the world coordinate
frame ðxyzÞo. Consequently, the pose matrix 0 �Ai of ðxyzÞi with respect to ðxyzÞ0
given in Eq. (2.9) is required. The unit normal vectors of the aspherical surface
relative to the world coordinate frame ðxyzÞ0 can then be obtained from the fol-
lowing transformation:

�ni ¼

nix
niy
niz
0

2
6664

3
7775 ¼ 0 �Ai

i�ni ¼ siffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y02i þ z02i

p
Iix Jix Kix tix
Iiy Jiy Kiy tiy
Iiz Jiz Kiz tiz
0 0 0 1

2
6664

3
7775

y0iSai
�z0i
y0iCai
0

2
6664

3
7775:

¼ siffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y02i þ z02i

p
Iixy0iSai � Jixz0i þKixy0iCai
Iiyy0iSai � Jiyz0i þKiyy0iCai
Iizy0iSai � Jizz0i þKizy0iCai

0

2
6664

3
7775:

ð2:53Þ

2.4.2 Incidence Point

Figure 2.18 shows a typical ray path at an aspherical boundary surface. As shown,
the ray originates from point �Pi�1 on the previous boundary surface �ri�1 and travels
along the unit directional vector �‘i�1 until it is reflected or refracted at current
boundary surface �ri. Any intermediate point �P0i�1 lying along this ray as it travels
from �Pi�1 toward �ri is given by �P0i�1 ¼ �Pi�1 þ k�‘i�1. Let ki represent the geomet-
rical path distance from point �Pi�1 to the incidence point �Pi on boundary surface �ri.
The incidence point �Pi on the boundary surface is given as �Pi ¼ �Pi�1 þ ki�‘i�1. To
solve for ki, ai and bi, it is necessary to transform �Pi to coordinate frame ðxyzÞi and
then equate the result with the boundary surface i�ri (Eq. (2.51)), i.e.,
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i�Pi ¼ i �A0�Pi ¼ ð0 �AiÞ�1�Pi ¼
ri

qi
si
1

2
664

3
775 ¼i �ri ¼

ziðbiÞSai
yiðbiÞ
ziðbiÞCai

1

2
664

3
775; ð2:54Þ

where ri, qi and si are defined in Eqs. (2.13), (2.14) and (2.15), respectively. The
value of parameter ai at incidence point �Pi can then be obtained from the first and
third components of Eq. (2.54) using the following function:

ai ¼ atan2(ri;siÞ when zi ðbiÞ[ 0
ai ¼ any value when zi ðbiÞ ¼ 0:



ð2:55Þ

Meanwhile, the values of parameters ki and bi at incidence point �Pi can be
determined from the following two independent equations:

ziðbiÞ2 ¼ r2
i þ s2i ; ð2:56Þ

yiðbiÞ ¼ qi: ð2:57Þ

The difficulty in tracing a skew-ray at a general aspherical surface lies in
determining ki from Eqs. (2.56) and (2.57) since the solution cannot usually be
determined directly. In other words, some form of numerical method is required
(e.g., p. 314 of [34]). However, by adopting a similar procedure to that described in
Sect. 2.2, the expressions given in Eqs. (2.26) and (2.29) are still valid for the
reflected and refracted unit directional vectors �‘i, respectively.

Fig. 2.18 Raytracing at aspherical boundary surface
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The boundary variable vector �Xi of the aspherical boundary surface is given as

�Xi ¼ tix tiy tiz xix xiy xiz ni�1 ni coefi
� �T

; ð2:58Þ

where tix; tiy; tiz;xix;xiy and xiz are the six pose variables of the boundary surface;
ni�1 and ni are the refractive indices of media i − 1 and i, respectively; and coefi
contains the independent coefficients of yiðbiÞ and ziðbiÞ.
Example 2.6 For an ellipsoidal boundary surface (Fig. 2.19), the generating curve
is given as

i�qi ¼ 0 yiðbiÞ ziðbiÞ 1½ �T
¼ 0 aiSbi biCbi 1½ �Tð0\ai; 0\bi;� p

2
� bi �

p
2
Þ;

where the geometrical path length ki, bi, and boundary variable vector �Xi are given
respectively as

ki ¼
�Di �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � HiEi

q
Hi

;

bi ¼ atan2
qi
ai
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
i þ s2i

p
bi

 !
;

�Xi ¼ tix tiy tiz xix xiy xiz ni�1 ni ai bi½ �T;

Fig. 2.19 Raytracing at ellipsoidal boundary surface
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in which

Hi ¼ 2
1
a2i

� 1

b2i

� 	
JixJiy‘i�1x‘i�1y þ JixJiz‘i�1x‘i�1z þ JiyJiz‘i�1y‘i�1z
� �

þ 1

b2i
þ 1

a2i
� 1

b2i

� 	
J2ix‘

2
i�1x þ J2iy‘

2
i�1y þ J2iz‘

2
i�1z

� �
;

Di ¼ 1

b2i
� J2ix

b2i
þ J2ix

a2i

� 	
Pi�1x‘i�1x þ 1

b2i
� J2iy

b2i
þ J2iy

a2i

 !
Pi�1y‘i�1y þ 1

b2i
� J2iz

b2i
þ J2iz

a2i

� 	
Pi�1z‘i�1z

þ 1
a2i

� 1

b2i

� 	
JixJiy Pi�1x‘i�1y þ ‘i�1xPi�1y

� �þ JixJiz Pi�1x‘i�1z þ ‘i�1xPi�1zð Þ�
þ JiyJiz Pi�1y‘i�1z þ ‘i�1yPi�1z

� ��� ðtix‘i�1x þ tiy‘i�1y þ tiz‘i�1zÞ
b2i

þ 1

b2i
� 1
a2i

� 	
Jixtix þ Jiytiy þ Jiztiz
� �

Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z
� �

;

Ei ¼ 1

b2i
� J2ix

b2i
þ J2ix

a2i

� 	
P2i�1x þ

1

b2i
� J2iy

b2i
þ J2iy

a2i

 !
P2i�1y þ

1

b2i
� J2iz

b2i
þ J2iz

a2i

� 	
P2i�1z

þ t2ix
b2i

þ t2iy
a2i

þ t2iz
b2i

� 2

b2i
tixPi�1x þ tiyPi�1y þ tizPi�1z
� �� 1

þ 2
1
a2i

� 1

b2i

� 	
JixJiyPi�1xPi�1y þ JixJizPi�1xPi�1z þ JiyJizPi�1yPi�1z
� �

� 2
1
a2i

� 1

b2i

� 	
tixJix þ tiyJiy þ tizJiz
� �

JixPi�1x þ JiyPi�1y þ JizPi�1z
� �

:

bi ¼ �p=2 are two pseudo-singular points on the ellipsoidal boundary surface.
The cross product @i�ri=@bi � @i�ri=@ai cannot be obtained at these two points, and
thus some difficulties occur in computing the point spread function and modulation
transfer function.

Example 2.7 The boundary variable vector �Xi of a paraboloidal boundary surface
defined by generating curve (see Fig. 2.20)

i�qi ¼ 0 yiðbiÞ ziðbiÞ 1½ �T¼ 0 aib
2
i bi 1

� �Tð0� bi; 0\aiÞ

is given by

�Xi ¼ tix tiy tiz xix xiy xiz ni�1 ni ai½ �T:

Its geometrical path length ki is given as follows:
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(a) If Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z 6¼ �1, then

ki ¼
�Di �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � HiEi

q
Hi

;

where

Hi ¼ 1� Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z
� �2

;

Di¼ 1� J2ix
� �

Pi�1x‘i�1x þ 1� J2iy
� �

Pi�1y‘i�1y þ 1� J2iz
� �

Pi�1z‘i�1z

� tix‘i�1x þ tiy‘i�1y þ tiz‘i�1z
� �� JixJiy Pi�1x‘i�1y þ Pi�1y‘i�1x

� �
� JixJiz Pi�1x‘i�1z þ Pi�1z‘i�1xð Þ � JiyJiz Pi�1y‘i�1z þ Pi�1z‘i�1y

� �
þ Jixtix þ Jiytiy þ Jiztiz
� �

Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z
� �

� Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z
� �

= 2aið Þ;
Ei ¼ P2i�1x þ P2i�1y þ P2i�1z

� �
þ t2ix þ t2iy þ t2iz � 2 tixPi�1x þ tiyPi�1y þ tizPi�1z

� �
þ Jix tix þ Pi�1xð Þþ Jiy tiy þ Pi�1y

� �þ Jiz tiz þ Pi�1zð Þ� �2
þ Jix tix � Pi�1xð Þþ Jiy tiy � Pi�1y

� �þ Jiz tiz � Pi�1zð Þ� �
=ai:

Fig. 2.20 Raytracing at
paraboloidal boundary surface
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(b) If Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z ¼ �1, then

ki ¼ Di

Hi
;

where

Di ¼ Jixðtix � Pi�1xÞþ Jiyðtiy � Pi�1yÞþ Jizðtiz � Pi�1zÞ
þ ai ðtix � Pi�1xÞ2 þðtiy � Pi�1yÞ2 þðtiz � Pi�1zÞ2

h i
� ai Jixðtix � Pi�1xÞþ Jiyðtiy � Pi�1yÞþ Jizðtiz � Pi�1zÞ

� �2
;

Hi ¼ Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z;

bi ¼ 0 is the only pseudo-singular point on the paraboloidal boundary surface.

Example 2.8 The geometrical path length ki of a hyperboloidal boundary surface
defined by the generating curve (see Fig. 2.21)

i�qi ¼ 0 yiðbiÞ ziðbiÞ 1½ �T
¼ 0 ai=Cbi biSbi=Cbi 1½ �Tð0� bi\p=2; 0\ai; 0\biÞ

is given by

ki ¼
�Di �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � HiEi

q
Hi

;

Fig. 2.21 Raytracing at hyperboloidal boundary surface
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where

Hi ¼ 1

b2i
� J2ix

b2i
� J2ix

a2i

� 	
‘2i�1x þ

1

b2i
� J2iy

b2i
� J2iy

a2i

 !
‘2i�1y þ

1

b2i
� J2iz

b2i
� J2iz

a2i

� 	
‘2i�1z

� 2
1
a2i

þ 1

b2i

� 	
JixJiy‘i�1x‘i�1y þ JixJiz‘i�1x‘i�1z þ JiyJiz‘i�1y‘i�1z
� �

;

Di ¼ 1

b2i
� J2ix

b2i
� J2ix

a2i

� 	
Pi�1x‘i�1x þ 1

b2i
� J2iy

b2i
� J2iy

a2i

 !
Pi�1y‘i�1y þ 1

b2i
� J2iz

b2i
� J2iz

a2i

� 	
Pi�1z‘i�1z

� ð 1
a2i

þ 1

b2i
Þ JixJiyðPi�1x‘i�1y þ Pi�1y‘i�1x
� Þþ JixJizðPi�1x‘i�1z þ Pi�1z‘i�1xÞ

þ JiyJizðPi�1y‘i�1z þ Pi�1z‘i�1yÞ
�� ‘i�1xtix þ ‘i�1ytiy þ ‘i�1ztiz

� �
=b2i

þ 1
a2i

þ 1

b2i

� 	
Jix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1z
� �

Jixtix þ Jiytiy þ Jiztiz
� �

;

Ei ¼ 1

b2i
� J2ix

b2i
� J2ix

a2i

� 	
P2i�1x þ

1

b2i
� J2iy

b2i
� J2iy

a2i

 !
P2i�1y þ

1

b2i
� J2iz

b2i
� J2iz

a2i

� 	
P2i�1z

� 2
1
a2i

þ 1

b2i

� 	
JixJiyPi�1xPi�1y þ JixJizPi�1xPi�1z þ JiyJizPi�1yPi�1z
� �

þ 2ð 1
a2i

þ 1

b2i
ÞðJixPi�1x þ JiyPi�1y þ JizPi�1zÞðJixtix þ Jiytiy þ JiztizÞ

� 2ðPi�1xtix þ Pi�1ytiy þ Pi�1ztizÞ=b2i þðt2ix þ t2iy þ t2izÞ=a2i þ 1:

Its boundary variable vector �Xi is

�Xi ¼ tix tiy tiz xix xiy xiz ni�1 ni ai bi½ �T:

bi ¼ 0 is the only pseudo-singular point on the hyperboloidal boundary surface.

Example 2.9 The geometrical path length ki of a cylindrical boundary surface
defined by the generating curve (see Fig. 2.22)

i�qi ¼ 0 yiðbiÞ ziðbiÞ 1½ �T¼ 0 bi Ri 1½ �T ð0� bi; 0\RiÞ

is given by

ki ¼
�Di �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

i � HiEi

q
Hi

;
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where

Hi ¼ 1� ðJix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1zÞ2;
Di ¼ ðPi�1x � tixÞ‘i�1x þðPi�1y � tiyÞ‘i�1y þðPi�1z � tizÞ‘i�1z

þ ½Jixðtix � Pi�1xÞþ Jiyðtiy � Pi�1yÞþ Jizðtiz � Pi�1zÞ�ðJix‘i�1x þ Jiy‘i�1y þ Jiz‘i�1zÞ;
Ei ¼ P2i�1x þ P2i�1y þP2i�1z þ t2ix þ t2iy þ t2iz � R2

i � 2ðtixPi�1x þ tiyPi�1y þ tizPi�1zÞ
� Jixðtix � Pi�1xÞþ Jiyðtiy � Pi�1yÞþ Jizðtiz � Pi�1zÞ
� �2

:

Its boundary variable vector �Xi is

�Xi ¼ tix tiy tiz xix xiy xiz ni�1 ni Ri½ �T:

There are no pseudo-singular points on the cylindrical boundary surface.

2.5 The Unit Normal Vector of a Boundary Surface
for Given Incoming and Outgoing Rays

In the sections above, Snell’s law is used to determine the unit directional vectors �‘i
of the reflected and refracted rays for an incoming ray impinging on a boundary
surface �ri between two different isotropic media. In this section, Snell’s law is used
to derive the active unit normal vector �ni at incidence point �Pi on a boundary surface

Fig. 2.22 Raytracing at
cylindrical boundary surface
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�ri given the unit directional vectors of the incoming and outgoing rays (i.e., �‘i�1 and
�‘i) [38–41]. Note that this problem has important applications in the design and
fabrication of aspherical surfaces, since the surface normal vectors determine not
only the optical performance of the surface, but also the cutting tool angles required
to machine the surface.

2.5.1 Unit Normal Vector of Refractive Boundary Surface

As shown in Fig. 2.6, the design of a refractive surface requires a knowledge of the
incidence angle hi and refraction angle hi corresponding to the unit directional
vectors of the incoming and outgoing rays (i.e., �‘i�1 and �‘i). In accordance with
Snell’s law (Eq. (2.22))

Shi ¼
ni�1

ni
Shi ¼ NiShi;

the refraction phenomenon at the interface between two different isotropic media
can be modeled as follows:

�‘i�1 � �‘i ¼ Cðhi � hiÞ ¼ ChiChi þ ShiShi: ð2:59Þ

In geometrical optics, the incidence angle hi and refraction angle hi lie in the
domains of 0� � hi � 90� and 0� � hi � 90�. Since the trigonometric functions of hi
and hi are positive, the following four equations can be obtained from Eqs. (2.59)
and (2.22):

Shi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð�‘i�1 � �‘iÞ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

i þ 1� 2Nið�‘i�1 � �‘iÞ
q ; ð2:60Þ

Chi ¼
Ni � ð�‘i�1 � �‘iÞ
�� ��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N2
i þ 1� 2Nið�‘i�1 � �‘iÞ

q ; ð2:61Þ

Shi ¼
Ni

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð�‘i�1 � �‘iÞ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

i þ 1� 2Nið�‘i�1 � �‘iÞ
q ; ð2:62Þ

Chi ¼
1� Nið�‘i�1 � �‘iÞ
�� ��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N2
i þ 1� 2Nið�‘i�1 � �‘iÞ

q : ð2:63Þ
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Referring to Fig. 2.6, to determine the active unit normal vector �ni at any
incidence point �Pi on a refractive surface �ri, it is first necessary to compute the
common unit normal �mi of the unit directional vectors �‘i�1 and �‘i of the incoming
and outgoing rays, respectively. Given the assumption hi 6¼ hi when Ni 6¼ 1, �mi can
be obtained as

�mi ¼ mix miy miz 0½ �T¼
�‘i�1 � �‘i
Sðhi � hiÞ

: ð2:64Þ

To simplify the expression for the unit normal vector �ni, it is useful to have the
following equation, obtained by taking the post cross product of Eq. (2.64) by
Sðhi � hiÞ�‘i�1, i.e.,

Sðhi � hiÞ �mi � �‘i�1
� � ¼ ð�‘i�1 � �‘iÞ � �‘i�1 ¼ �‘ið�‘i�1 � �‘i�1Þ � �‘i�1ð�‘i � �‘i�1Þ

¼ �‘i � �‘i�1Cðhi � hiÞ:
ð2:65Þ

Note that �‘i�1 � �‘i�1 ¼ 1 and �‘i � �‘i�1 ¼ Cðhi � hiÞ are used in deriving
Eq. (2.65). As shown in Fig. 2.6, the active unit normal vector �ni can be obtained
by rotating ��‘i�1 about �mi through an angle hi (see Eq. (1.25)). This leads to

�ni ¼ nix niy niz 0½ �T¼ rotð�mi; hiÞð��‘i�1Þ

¼

m2
ixð1� ChiÞþChi miymixð1� ChiÞ �mizShi mizmixð1� ChiÞþmiyShi 0

mixmiyð1� ChiÞþmizShi m2
iyð1� ChiÞþChi mizmiyð1� ChiÞ �mixShi 0

mixmizð1� ChiÞ �miyShi miymizð1� ChiÞþmixShi m2
izð1� ChiÞþChi 0

0 0 0 1

2
66664

3
77775

�‘i�1x

�‘i�1y

�‘i�1z

0

2
6664

3
7775:

ð2:66Þ

Utilizing Eq. (2.65), Eq. (2.66) can be simplified as

�ni ¼ ðChiChi þ ShiShiÞShi
ShiChi � ChiShi

� Chi


 �
�‘i�1 � Shi

ShiChi � ChiShi


 �
�‘i; ð2:67Þ

where Shi, Chi, Shi and Chi are given in Eqs. (2.60), (2.61), (2.62) and (2.63),
respectively.
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2.5.2 Unit Normal Vector of Reflective Boundary Surface

Referring to Fig. 2.5, to determine the active unit normal vector �ni at any incidence
point �Pi on a reflective surface �ri, it is first necessary to calculate the common
normal vector �mi of the unit directional vectors of the incoming and outgoing rays
(i.e., �‘i�1 and �‘i). Given the assumption hi 6¼ 0, �mi can be obtained as

�mi ¼ mix miy miz 0½ �T¼
�‘i � �‘i�1

Sð2hiÞ ; ð2:68Þ

where the incidence angle hi is determined by

Cð2hiÞ ¼ �‘i�1 � �‘i
�� ��: ð2:69Þ

Note that Eq. (2.69) is also applicable for an incidence angle equal to zero.
To simplify the expression for the unit normal vector �ni, it is useful to have the

following equation, obtained by taking the post cross product of Eq. (2.68) by
Sð2hiÞ�‘i�1, i.e.,

Sð2hiÞ �mi � �‘i�1
� � ¼ ð�‘i � �‘i�1Þ � �‘i�1

¼ �‘i�1ð�‘i � �‘i�1Þ � �‘ið�‘i�1 � �‘i�1Þ ¼ �Cð2hiÞ�‘i�1 � �‘i:
ð2:70Þ

Note that �‘i�1 � �‘i�1 ¼ 1 and �‘i � �‘i�1 ¼ �Cð2hiÞ are used in deriving Eq. (2.70).
As shown in Fig. 2.5, the active unit normal vector �ni can be determined by rotating
��‘i�1 about �mi through an angle hi (i.e., Eq. (2.66)). Simplifying Eq. (2.66) using
Eq. (2.70), the following expression is obtained for the unit normal vector �ni at any
incidence point on the reflective surface when �‘i�1 and �‘i are given:

�ni ¼ 1
2Chi

�‘i � �‘i�1
� � ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 1� �‘i�1 � �‘i
� �q �‘i � �‘i�1

� �
: ð2:71Þ

The fabrication of aspherical surfaces requires the use of high-precision manu-
facturing techniques in order to achieve the necessary surface accuracy and
smoothness. Large aspherical lenses are typically produced using grinding and
polishing techniques. Single-point diamond turning [35] is an emerging technique
for fabricating large aspherical surfaces, and typically results in a better metallur-
gical structure than that produced by polishing and lapping. However, in using such
a method, precise tool angle settings must be determined in advance in order to
obtain the desired surface profile [40, 41]. The setting angles are determined by
both the tool geometry and the normal vectors of the aspherical surface. Thus, as
described above, Eqs. (2.67) and (2.71) are important not only in predicting the
optical performance of the surface, but also in formulating the numerical codes
required to machine the surface during the fabrication process.
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