Chapter 2
Skew-Ray Tracing of Geometrical Optics

In geometrical optics (or ray optics), light propagation is described in terms of
“rays”, where each ray is regarded as an idealized narrow bundle of light with zero
width [1]. This is different from beam, which is a concept used in almost all fields of
physics. Geometrical optics provides equations for predicting the paths followed by
the rays through an optical system. These equations are somewhat simplistic, and
cannot therefore accurately describe such effects as diffraction and polarization.
However, they nevertheless provide a powerful tool for investigating the perfor-
mance of optical systems during the initial design and analysis stage. Geometrical
optics in this book are applied to perform sequential raytracing based on Snell’s law
and a homogeneous coordinate notation, and then compute the first- and
second-order derivative matrices of various optical quantities. Notably, the equa-
tions of geometrical optics expressed in terms of homogeneous coordinate notation
are often far simpler than their vector counterparts; particularly for more complex
optical elements such as prisms.

2.1 Source Ray

In geometrical optics, rays are usually, but not necessarily, assumed to move from
left to right. In accordance with the homogeneous coordinate notation used in this
book, the incidence point £P; and unit directional vector 2/; at the ith boundary
surface are designated as €P; = [Pix Py Py, 11" and 26, = [ 4, by by, 0",

[Pt}

respectively, where the pre-superscript “g” of the leading symbols 2P; and &/;
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indicates that the components of the respective vectors are referred with respect to
coordinate frame (Xyz)g. The ray at the ith boundary surface can thus be denoted as

gRi = [gf’i gZi]T: [Pix Piy Piz éix éiy &Z]T. (21)

Note that when °R; (or °P; or %) is referred to the world coordinate frame
(xyz),, the pre-superscript “0” is omitted for reasons of simplicity.

An optical lens or prism (referred to simply as an optical element hereafter) is a
block of optical material possessing multiple boundary surfaces and having a
constant refractive index. To trace the path of a ray through an optical system with k
elements and n boundary surfaces, it is first necessary to label the individual ele-
ments within the system from j = 0 to j = k and the boundary surfaces fromi = 0 to
i = n. By convention, labels j = 0 and i = O are assigned to the source ray Ry,
which originates at point source

POX
Py = f)zy (2.2)

1

and travels along the unit directional vector

Lox CByC(90° + ap)

7 | oy | _ | CByS(90° +00)

b= by | SPBo ’ (23)
0 0

where B, is the angle between /, and the projection of £, on the horizontal plane
passing through the origin of a notional unit sphere centered at Py (see Fig. 2.1).
Furthermore, « is the angle between the meridional plane and £y, and is measured
along the zenith direction (i.e., the zy axis direction) of the unit sphere. For con-
venience, the cone shown in Fig. 2.1 is referred to hereafter as the o (3,) cone, and
is generated by sweeping £, with a constant value of B, around the zenith direction
of the unit sphere. It is noted that /, is parallel with the y, axis when
o9 = 0° and By = 0°. From Egs. (2.2) and (2.3), the variable vector X, of the
source ray Ry is obtained as

Xo=[Pox Poy Po. o0 Byl (2.4)

When a point source Py of an axis-symmetrical system is confined to the y,zo
plane (where y, points along the optical axis of the system), then a meridional ray
(or tangential ray) is the ray lying on that plane. Furthermore, the y,zo plane is
referred to as the meridional plane. It is noted that in an axis-symmetrical system,
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Fig. 2.1 Schematic representation of unit directional vector £, originating from point source P

any source ray originating from point source Py = [0 Poy Py, 1 }T with 0y = 0
always travels on the meridional plane.

The discussions above consider a single ray originating at a single point located

at an arbitrary location. Such a point source provides a good approximation for
finite but small sources. However, in many practical cases, an expression for the
path of perfectly collimated light within the optical system is required. This can
most conveniently be achieved by placing a number of source points, each emitting
a single ray with a fixed unit directional vector /, at several discrete locations in the
optical system (Fig. 2.2).

Fig. 2.2 Collimated light
comprising multiple parallel
light rays

Z

"

& &
\\\ p

"\
™,

»

.\
PR RVRVR VRV

"

|
™

e,
e e e o
~

T system



32 2 Skew-Ray Tracing of Geometrical Optics

2.2 Spherical Boundary Surfaces

Raytracing is a commonly used technique in geometrical optics for the design,
analysis and synthesis of optical systems. The basic foundations of raytracing were
presented originally by Hamilton [2] in 1830 and were then further developed by
Silverstein [3] in 1918. Raytracing forms the basis of many optical models and
techniques [2-33]; with outstanding basic documents written by Spencer et al. [4]
and Stavroudis [5] with vector analysis, but most of them use paraxial, meridional
or skew ray-tracing with approximations. Accordingly, this chapter presents an
analytical skew-ray tracing methodology which is more easily understandable and
applied.

2.2.1 Spherical Boundary Surface and Associated Unit
Normal Vector

Spherical lenses are one of the most common elements in optical systems. In such
lenses, the two boundary surfaces are formed by the partial surfaces of two notional
spheres, while the lens axis is ideally perpendicular to both boundary surfaces. The
boundary surfaces may be convex (i.e., the sphere center and incoming ray are
located on opposite sides of the vertex), concave (i.e., the sphere center and
incoming ray are located on the same side of the vertex), or planar (i.e., flat). The
line joining the centers of the two spheres making up the lens surfaces represents
the axis of the lens. As shown in Fig. 2.3, the generating curve 'g; of a spherical
boundary surface, denoted as the ith boundary surface in an optical system, is a
curve in the x;z; plane with the form

Fig. 2.3 Generating curve
and associated unit normal

Zo

Zj
vector of spherical boundary /]\ T
surface ~
Xa Yo - @i :
if.
1
1=
€
generating 1— v,
curve i—
a;
Xi boundary
surface
i
1




2.2 Spherical Boundary Surfaces 33

X IR|CB;
i 0 0 —T b8
ig = = < B < = 25
q1 Zi ‘R1|SBl Y 2 —Bl— 2’ ( )
1 1

where |R;| denotes the absolute value of the radius R;, and R; can be either positive
or negative, depending on whether the surface is convex or concave, respectively.
For any generating curve, there exist two possible unit normal vectors, which point
in opposite directions from one another. These unit normal vectors can be formu-
lated as

Mix dz; /dB; CB;

i= niy _ Si 0 _ 0
n, = = =5 ) (26>

' Niz ) 2 i 2 | —dxi/dB; SB;

b |t fa)? + (djapy)? | T !

where s; is set to either +1 or —1 to indicate the two possible directions of the
vector. Having formulated the two unit normal vectors of the generating curve, the
spherical boundary surface 'f; and associated unit normal vectors 'fi; can be obtained
by rotating ig; and 'n;, respectively, about the z axis through an angle o
0 <o;<2m), ie.,

Xi CO(i —SOLi 0 0 |R1| CB1
iz Yi _ = = SO(i CO(i 00 0
B Tt a =0t 0 o] | Ry S,
| 1 0 0 0 1 1
[Ri| CB;Co;
Ri| CB;So
_ i , 2.7
Ril SB 27)
I 1
Coi —Soy O O CBi CBiCOLi
i S SO(i COLi 0 0 0 e CBiSO(i
n; = rot(z, o4)'N; = s 0 0 1ol |sp |~ S Sp. (2.8)
0 0 0 1 0 0

Equations (2.7) and (2.8) describe a spherical boundary surface 'f; and its unit
normal vector 'fi; in terms of two parameters, o; and B;. Both equations are
expressed with respect to an arbitrary coordinate frame (xyz);. However, many
derivations in this book are built relative to the world coordinate frame (xyz);. The
following pose matrix of (xyz); with respect to (xyz), is thus required:
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OA; = tran(tiy, 0,0)tran(0, tiy, 0)tran(0, 0, t;, )rot(Z, o, )rot(¥, wiy )rot(X, miy)

[Cwi,Caoyy  CoiSwiySmix — S0;,Coix  Coi Swiy Cmix + Swi,S mix  tix
S, Coyy  Sw;,Swi,Sowx + Co;,Coix  So;,So;,Coix — Co;,Swi,  ty
- —Smiy CoiySoix CoiyCoix tiy
L 0 0 0 1
[Tix  Jix Kix i
Ly Jy Ky ty
N L, J, Ki t|
L0 0 O 1
(2.9)

where ti, tiy, t, ®ix, ®jy and ;, are the pose variables of the spherical boundary
surface. The unit normal vectors n; of the boundary surface with respect to frame
(xyz), can then be obtained via the following transformation:

Nix IxCB;Cosi + Jix CP;Soi; + Kin SP;

— My | _ogxis o IinBiCOti + JinBiSOti + KinBi

i = Nj, o Al M = Si IizCBiCO(i + JizCBisai + KizSBi (210)
0 0

2.2.2 Incidence Point

In Fig. 2.4, a ray originating from incidence point P;_; located on the previous
boundary surface 1;_; is directed along the unit directional vector 4, and is
reflected or refracted at boundary surface 7;. Any intermediate point PLI along this
ray is given by 13;71 = P;_; + Mf;_,. The parameter A = A;, for which the incoming
ray R;_; hits the current boundary surface 1 at incidence point

Pix Piix + i ficix

D Piy _ Pi—ly‘f’?\.i Ei—ly _ 5 7

Pi= P,|  |P_,+Ml ., | P + il (2.11)
1 1

can be obtained by equating Eq. (2.7) to 'P; = 'AqP; = (°A;)"'P;. That is,
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Yi
refracted ray
Xi medium i-1
E.-i-]
Fig. 2.4 Raytracing at spherical boundary surface 1;
(L Ly T, —(Litix + Ligtiy + Tistiy) Pi_ix +Aibicix
P, — T Ty Jo —(Qixtix +Jigtiy + Jistiz) Piiy +Ai by
Kix Kiy Kiy — (Kixtix + Kiytiy + Kiztiz) P+ 7\41 gi—lz
0 0 0 1 1
- (2.12)
Gi IRi| CB;Cos
_ Pi _in IR;| CB;Soy
T l IRi| SB; |
L1 1

where oj, p;, and T; are coordinates of incidence point expressed in boundary
coordinate frame (xyz);, given by
o = Lix(Pio1x + Gio1xhi) + iy (Pic1y + Gio1yhi)
+ Ly (Pi1z + lim1zi) — (Lixtix + Liytiy + Tiztiz) (2.13)
= IxPix + Iiniy + I, Py, — (Iixtix + Iiytiy + Iiztiz>7
pi:Jix( i—1x + Limixh 1 le( i— ly+£1 ly )
+ le( i—1z + El 1z ) ( tix + letly +letlz) (214)
= JixPix + Jiniy + i, Py, — ( ixtix + Jiytiy + Jiztiz)7
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T = Kix(Pic1x + i 1xM) + Kiy (Pic1y + Gi1yhi)
+ Kiz(Pic1z + fic124) — (Kixtix + Kigtiy + Ky ti,) (2.15)
= KixPix + Kiniy + KizPiz - (Kixtix + Kiytiy + Kiztiz) .

From the sum of 6?2, p? and 12, ; is obtained as

Ai = —D; + /D — E;, (2.16)

where
Di = 4i_ix(Picix — tix) + liciy (Picty — tiy) + 41, (Pic1, — tiz), (2.17)

Ei = Pi2—lx + Pi2—1y +Pi2—lz - Rl2 + ti2x + t12y + tizz - 2(tiXPi—1X + tini—ly + tiZPi—lZ)'
(2.18)

The non-negative parameter /; represents the geometrical path length from point
P;_, to point P;. Also note that the & sign in Eq. (2.16) indicates the two possible

intersection points of the ray with a complete sphere. More specifically, 4; =
-D; — Di2 —E; refers to the nearer intersection point while 4 =

—D; + W/Di2 — E; refers to the further point. Clearly, only one of these points is

useful in practical systems, and thus the appropriate sign must be chosen. When
p? + 0% # 0,05 (0< oy <2m) and B; (—n/2 < B, < /2) at the incidence point P; can
be solved from the following equations:

oy = atan2(p;, 6y), (2.19)

B; = atan2(t;, /0?2 + p2). (2.20)

It is noted from the third component of Eq. (2.12) that B; can also be determined
as B; = arcsin(t;/|R;|). However, B; cannot be obtained using this equation when
the incoming ray R;_ ;| does not intersect with the complete sphere of T; when
|Ri| <|ti|. Notably, Eq. (2.20) avoids this problem since it always yields a solution
provided that o7 + p? + 17 # 0.

The points located at f; = +n/2 on a spherical boundary surface are
pseudo-singular points (or irregular points), at which 9't; /0B; and 0'r; /Qa; are not
linearly independent. As a result, the cross product d't;/9B; x O't;/Oo; cannot be
performed. To avoid this problem, an assumption is made throughout this book that
the y; axis of the spherical boundary surface always coincides with the optical axis
of the system.
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2.2.3 Unit Directional Vectors of Reflected and Refracted
Rays

To trace a reflected or refracted ray at the current boundary surface 1j, the incidence
angle 0; (defined in geometrical optics as a non-obtuse angle, i.e., 0° < 6; <90°)
must first be known. In practice, C6; is determined via the dot product of 4y and
n;, i.e., CO; = |l71,1 -ﬁi| (Figs. 2.5 and 2.6). For every incidence point, there exist
two possible unit normal vectors, and thus for each particular application, it is
necessary to choose the correct one (referred to hereafter as the active unit normal
vector, nj). By default, this book always chooses the active unit normal vector
which forms an obtuse angle 90° <n < 180° with ¢;_;. Consequently,C0; can be
computed without the absolute symbol as

CO; = —li_y - 1y = — (Gio1xnix + bityhiy + 6i_1,0i,)
=i [6i-1x (IixCB;Cos + JixCP;Sot; + Kix SP;) + £i—1y (LiyCP;Cosi + JiyCB;Sat; + Kiy SP;)
+ gi—lz(IiZCBicai + JizCBiSOLi + Kizsﬁiﬂ .

(2.21)
Fig. 2.5 Reflected unit s
directional vector obtained by 0
rotating active unit normal ;
vector n; about m; by angle 6;
tangent line
boundary surface . 1
.
7]
- 1 . .
f | .El_x\ active unit
- normal _
vector nj

Fig. 2.6 Refracted unit
directional vector obtained by
rotating active unit normal
vector n; about m; by angle
n—0

active unit
normal _
vector nj
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The refraction angle 8; between two optical media satisfies Snell’s law, that is

1

1

S0, = &gl S0; = N;S6;, (2.22)

where & is the refractive index of medium i and N; = &;_, /&; is the refractive index
of medium i — 1 relative to that of medium i. Total internal reflection is a phe-
nomenon that the ray will not cross the boundary and instead be totally reflected
back internally. It happens when a ray strikes the boundary surface at an incident
angle 0; larger than the critical angle 0; crijca (Where SO, /crisicar = Ni) if & <&;_;.
To trace the reflected or refracted ray at the boundary surface, the common unit
normal vector m; of the active unit normal vector fi; and #_; (see Fig. 2.5) is
required, i.e.,
= 0 X 4

=0 (2.23)

m; = [mix mjy  Mig

It is useful to have the following equation, which is derived from Eq. (2.23),
when we determine the unit directional vectors #; of the reflected and refracted rays:
Sei(ﬁli X fli) = (ﬁi X Zifl) X nj = f_i,1 — (ﬁi . Zifl)ﬁi = Zifl +n; Cei. (224)

According to the reflection law of optics, the reflected unit directional vector /;
can be obtained by rotating the active unit normal vector n; about m; through an

angle 6; (Fig. 2.5 and Eq. (1.25)). In other words, ¢, is obtained as

b=[bx by b O]T:r()t(ﬁ‘hei)ﬁi

mg (1 —C6;) +C6; myymy, (1 — CO;) — my, SO my;my (1 — CO;) +myy S 0
mjmy (1 — CO;) +m;,SH; mizy(l — C6;) +C6; my,m;y (1 — CO;) — mySO; 0
[ mym (1 — C8;) — myy SO, myymy, (1 — CO;) +my, S8 m (1 — CO;) + C6; 0
0 0 0 1
Di
Njy
nj;
0
(2.25)

Further simplification of Eq. (2.25) is possible by utilizing Eq. (2.24), resulting in

lix bi_1x +2C0; ni
7 _ | by | _ |Gy +2COingy | _ 5 .
b= [ = |0 e | = boa+2c0m, (2.26)

0
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Notably, ¢ can also be obtained by rotating ¢;_; about m; through an angle
n+26;, ie.,

4 = rot(my, T +26;) 6. (2.27)
According to the refraction law of optics, the refracted unit directional vector /;
can be obtained by rotating the active unit normal vector n; about m; through an

angle © — 6; (Fig. 2.6), i.e.,

b=[lx by b O]TZ rot(m;, T — 6;)1;

m (1+C6;) — Co, miymix (1 +CO;) — m;; SO,  mi;mix(1+ CO;) +myySH;, 0
mymiy (1 +CH;) + m;, S mizy(l +Co;) — Ch; m;,my (1 +C8;) — m; S, 0
| mymy, (14CO,) — my SO, myymy,(1+CO;) +my SO, m2 (14 Ch,) — Ch; 0
0 0 0 1
Nix
Ny
N

(2.28)

Again, further simplification of Eq. (2.28) is possible by utilizing Eq. (2.24) and
Snell’s law, SO; = N;S0;. The following refracted unit directional vector 7, is thus
obtained:

(—\/1 — Ni2 + (Nicei)z) Nix + Ni(fiflx + CH; nix)
Kix
i by | _ ( \/1 N? + (NiC6;) )nly+N i—1y +C6; niy)
1 g
iz 2.29
0 ( \/1 N? + (NiC6;) 2)nlz—FN i—12 +C0; n;,) (2:29)
L 0 i

(‘\/1 - N+ (Nicei)z) 0+ Ni (G- + CO),

where 0j = [nix Ny 10y, O]T and C6; are given by Egs. (2.10) and (2.21),
respectively. Of course, the refracted unit directional vector /; can also be deter-
mined by rotating #_; about m; through an angle m—0 +0;, ie.,
¢ = rot(m;, T — 0, + 0;)4;_,

It is important to p01nt out that total internal reflection occurs when
1 — N2+ (N;C#;)* <0
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Fig. 2.7 Boundary variables
of spherical boundary surface The ith boundary

surface

Referring to Fig. 2.7, designate

X;

= [tix ty G, Oix Oy O E»ifl E:i R; ]T (230)
as the boundary variable vector of a spherical boundary surface, where this vector
comprises the six pose variables of Eq. (2.9), the refractive indices &;_; and &;, and
the radius R; of the boundary surface.

It is noted from Eqs. (2.11), (2.26) and (2.29) that the ray R; is a function of the
incoming ray R;_; with the given source ray Ry (Fig. 2.8). In other words, R; is a
recursive function, i.e., a function which operates in turn on another function (or
functions). It is like a Russian nesting doll. Each doll has a smaller and smaller doll
inside it. To evaluate a recursive function, it is first necessary to evaluate the
internal functions, and to then determine the outer function based on the results of
these internal functions.

Example 2.1 The raytracing equations for a meridional ray traveling through an
axis-symmetrical system can be obtained by setting the Xo components of
Egs. (2.11), (2.26) and (2.29) to zero. However, in the following, these equations
are derived independently for the system shown in Fig. 2.9, in which a spherical

Fig. 2.8 Ray R; is function
of incoming ray R;_; by given I
source ray Ry ) R
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Fig. 2.9 Tracing meridional
ray at spherical boundary
surface in axis-symmetrical
system

boundary surface T; = [0 |Ri|CB;+vi |Ri|SB; 1]" with center o; is located at
point y, = v; along the optical axis of an axis-symmetrical system. Assume that a
meridional ray R;_; originating at point P,_; = [0 Pi_;y Pi_y, I]T and direc-
ted along Gy =[0 fiyy, fLig, 0] (., +2,=1 with 0<f_j, and
li_1,<0) is reflected or refracted at boundary surface ;. The incidence point P; at
which the ray strikes 1; is given by

0 0
— P. _ _ P.71 + A 6.71
P— || —p ol = | iy T A by
' P, i1 A Pi_i,+Xibioy,
1 1

where the parameter A; is obtained by setting P; = t;, yielding A; = —Dj; = 4 /Di2 —E;,
with D; = &,W (Pifly — Vi) +4;_1,P;_1; and E; = (Pifly — Vi)2 +P2 — R12

i—1z
Since the active unit normal vector is n; = [0 CB; SB; O]T, the incidence
angle 0; can be computed as

CO; = |6y - 0y| = |00 = (—bioy) -1y = — (6o 1yCB; + bi-1,SBy).

It is noted from Fig. 2.9 that the reflected unit directional vector /; can be
obtained by rotating the active unit normal vector n; about the x( axis through an
angle 6;. Thus, the reflected unit directional vector ¢; is obtained as

0 0
iy | ik ae — | COEB)
b = e | = rot(X, 0;)n; = S(6;+ B)

0 0
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According to the refraction law of optics, the refracted unit directional vector l;
can be obtained by rotating the active unit normal vector n; about the xy axis
through an angle © — ;. In other words,

0 0
7y e ave | —C(O = B)
b= by | rol(X, 7 — 8;); = SO, —B) |’

0 0

where the refraction angle 0; satisfies Snell’s law, i.e., S8; = (&;,_,/&;)S6; = N;S6;.
It is noted that for the case where the source ray R;_; travels in the upward
direction (i.e., 0 </;_y,), the unit directional vectors of the reflected and refracted
rays are determined as /; = rot(—X, 0;)n; and #; = rot(—X, n — 0,)n;, respectively.
The example above shows that the raytracing equations for a meridional ray trav-
eling through an axis-symmetrical system can be easily obtained. However, caution
should be exercised when applying the rotation matrix since the rotation axis
depends on both ?¢i_; and the active unit normal vector ; (see Eq. (2.23)).

Example 2.2 Skew-ray tracing in any element containing spherical boundary sur-
faces is comparatively difficult. As a result, only numerical examples are provided
here for illustration purposes. Consider the bi-convex element shown in Fig. 2.10,
with v = 5, thickness q,; = 10, refractive index &,; = 1.5, and surface radii R; =
50 and R, = —100. (1) Assign boundary coordinate frames (xyz), and (xyz), to
the two spherical boundary surfaces, T; and T,. (2) Find the unit normal vectors 'n,
and 2. (3) Determine the pose matrix °A; and boundary variable vector X;.
(4) Assign the pose matrix °A, and determine boundary variable vector X5. (5) Find
the unit normal vectors n; and 0,. (6) Write out the source ray Ry when Py =
[0 =5 5 l]T and o9 = 0°, B, = 5°. (7) Find /4, o1, By, unit normal vectors n;,
the value of s; for the active unit normal vector, the incidence angle 0;, the
refractive index Ny, and the refracted ray R; when ray Ry is refracted at the first
boundary surface, 1;. (8) Find A,, oy, B,, unit normal vectors 1y, the value of s, for
the active unit normal vector, the incidence angle 6, the refractive index N,, and
the refracted ray R, when ray R, is refracted at the second boundary surface, 1.

Fig. 2.10 Assigned
coordinate frames (xyz); and
(xyz), for bi-convex lens
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Solution

D

(@)

3

)

®)

(©)
(M

®)

The assigned coordinate frames (xyz), and (xyz), are shown in Fig. 2.10.
Note that their origins, o; and 0,, are located at the centers of 1; and 1,
respectively, while the y; and y, axes coincide with the y, axis.

', =s,[CB,Cay CP,Say SP, 0],

iy = 52[CP,Con CB S SP, O]

1 0 0 O
- 0 1 0 55
N B _
A; = tran(0, v; + Ry, 0) = tran(0,5 +50,0) = 001 0}
0 0 0 1

._’._]

X;=[tx Vi+R; t, o oy o, & & R
=[0 55 000 0 1 15 50]".
A, = tran(0,v; +q,, +R»,0) = tran(0,5 4 10 — 100, 0)

100 0
01 0 -85
“loo 1 o |
000 1

XzZ[tzx Vi+qe+Ry o, ma myy o, & & Rz]T

=0 =85 0 0 0 0 1.5 1 —100]".
The two unit normal vectors of T} are given as n =0A, I, =
si[CB,Coy  CB,Sory  SB;, 0]". Similarly, the unit normal vectors of T, are
given as fi; = %A, 2fi, = s,[CB,Coy;  CPB,Saz SP, 0]".
Rop=[0 -5 5 (C5°C90° C5°S90° SSO}T.

A = 10.38951,
oy = 7900,
B, = 6.78304°.

The active unit normal vector of T, is ii; = [CP;Coy CB,;Sa;  SB; 0],
leading to s; =1,

0, = 11.78304°,

Ny =& /& =1/15,

R; =[0 5.34997 5.90551 0 0.99983 0.01817]T.

A = 9.46673,

Ol = 900,

B, = 3.48433°.

The active unit normal vector of ¥, is i, = [—CB,Co,  —CB,So,—SB, 0 ]T,
leading to s, = —1,

0, = 2.44297°,

Ny = il/iz =15,
Rz = [O 14.81515 6.07756 0 0.99999 —0.00317]T.
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2.3 Flat Boundary Surfaces

Many optical systems contain elements with flat boundary surfaces. Typical
examples include plano-convex lenses, plano-concave lenses, optical flats,
beam-splitters, and flat first-surface mirrors. Raytracing at a flat boundary surface is
thus of great practical interest. Most studies treat flat boundary surfaces as a
spherical surface with zero curvature (e.g., p. 312 of [34]). However, certain ray-
tracing equations for prisms cannot be obtained using such an approach.
Accordingly, a more different methodology for dealing with flat boundary surfaces
is required.

2.3.1 Flat Boundary Surface and Associated Unit Normal

Vector

As stated in Sect. 2.2, the y; axis of boundary coordinate frame (xyz); in an
axis-symmetrical optical system is assumed to coincide with the optical axis of the
system. If f; is the length parameter along y; axis measured from the origin of (xyz);, a
flat boundary surface can be obtained simply by rotating its generating line (Fig. 2.11)

G = B, 0<B) (2.31)

about the y; axis through an angle o; (0 <o; <2n), i.e.,

Xi COLi 0 SO(i 0 0 BiSOLi
iz yi _ _ ) i—' _ O 1 O 0 0 _ 0 2 2
= VA - r0t<y7 Otl) a9 = —Soy 0 Coy O Bl o BiCO‘i ' ( 3 )
1 0 0 0 1 1 1
Fig. 2.11 Generating line 7.
and associated unit normal 4
vector of flat boundary surface
1 q:
- » 1§i
£ &
[ 5
G
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The two possible unit normal vectors 'j; of the generating curve 'g; are given by

MNix 0

in My | |1

n; = ., =5 E (2.33)
0 0

where, again, s; is set to +1 or —1 to show that there exist two possible unit normal
vectors pointing in opposite directions from one another. The unit normal vectors
in; of boundary surface '; are then determined by rotating '; about the y; axis
through an angle o, i.e.,

CO(,‘ 0 SO 0 0 0

- o Nie |0 10 01| _ |-1

n; = rot(y, 04) 'y = s S 0 Cu 0 o | =5i| o (2.34)
0 0 0 1 0 0

Equations (2.32) and (2.34) describe the flat boundary surface 'f; and its unit
normal vector 'i; with respect to the boundary coordinate frame (xyz);. However, as
discussed earlier, many derivations in this book are built relative to the world
coordinate frame (xyz),. The following pose matrix of frame (xyz); with respect to
(xyz), is thus required:

OA; = tran(tix, 0, 0)tran(0, tiy, 0)tran(0, 0, t;,)rot(Z, o, )rot(§, wiy )rot(X, mix)

[Cwi,Coiy CoiSoiySoix — Swi,Coix  CoiSoiy Coig + S, Swiy ik
Sw;,Cwyy S, SwiySwix + Cw;,Coix S0y, Sw;yCox — CoiSwix iy
I Swjy Caoiy Swix CoiyCoig ti,
L 0 0 0 1
[Tx  Jix Kix i
Ly Jy Ky ty
N L, J, Ki t|
L0 0 0 1
(2.35)

where tiy, tiy, tiz, Oix, @y and wj, are the pose variables of the flat boundary surface.
The unit normal vector 1; can then be obtained with respect to (xyz), as

Nix Iix I ix Kix tix 0 J ix

S| iy oxis _ o Dy Jiy Ky ty [ =1 _  |Jy

= nj; N Al i = si Iiz Jiz Kiz tiz 0 - Jiz (236)
0 0 O 1 0
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2.3.2 Incidence Point

Assume in Fig. 2.12 that a ray originating at point P;_; on the previous boundary
surface 1;_; is directed along the unit directional vector £, and is reflected or
refracted at current flat boundary surface r;. Any intermediate point Pg_] lying along
this ray as it travels from P;_; is given by P, | = P; | +Af_;. Moreover, the
incidence point P; at which the ray hits the flat boundary surface is given by

Pix Pi_ix + i lizix

5 _ | Py | _ Pi—1y+)vi éi—ly —_ P 7.

Pl — Piz — Piflz +)~i €i71Z — Pl—l +/11£1—17 (237)
1 1

where the parameter A; can be obtained by equating Eq. (2.32) to
ip; = 1A(P; = (°A)'P,, ie.,

(G Ly T, —(Tictix + Lty + Tisti,) Pi_ix+Aibiix
ip. Jx iy T —Qictix +Tigtiy + Jisti) Pioiy +Aibioyy
' Kix Kiy Kii —(Kitix +Kigtiy + Kiztiz) | | Piciz +Ai b1z
0 0 o0 1 1 238)
Pi iz 0
= =T = ;
T Bicai
B 1
Fig. 2.12 Raytracing at flat .
boundary surface P Z I
Zs A
7 P; T
" Z0aNI
i+ r Y
0; % s 0
Z
reflected ’
ray -é_|| Y 1
medium i Ei

mediumi-1
E‘:-I

flat boundary
T,

surface
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in which oj, p; and 7; are given in Eqs. (2.13), (2.14) and (2.15), respectively. A;
can be solved from the second component of Eq. (2.38) (i.e., p; = 0) as

p= [TixPicix + iy Picty + T Pici, — (Jixtix + Jigtiy + Jistis) | _—bi (239)
Jiclicix + Jiglicty +Jilizi, E;
where
Di = IixPi_ix +JiyPio1y +Ji.Pi—12 + 6, (2.40)
Ei = Jixliix + Jigliziy +Jilic1s. (2.41)

Note that parameter ¢; in Eq. (2.40) is defined as e; = — (i tix + Jiytiy + Jiztiz)
and is adopted in this book as a means of lumping six parameters together, thereby
reducing the total number of variables to be considered. As discussed in Sect. (1.7,
—e; represents the distance from the origin of coordinate frame (xyz), to the origin
of coordinate frame (xyz); along the direction of the unit normal n; (Fig. 1.16 with
g =0).

The parameters o; (0 < o <27) and B, (0 < B;), where incidence point P; hits the
xizi plane, are determined respectively by

B =/or +17, (2.42)
| = atan2(ci,1;) whenB; # 0
a‘{ = any value when B, =0 (2.43)

Notably, even though the point at B; =0 of a flat boundary surface is a
pseudo-singular point, it poses no computational problem.

2.3.3 Unit Directional Vectors of Reflected and Refracted
Rays

The incidence angle 0;, whose domain is 0° <0; <90°, can be computed as
Co;, = |l71,1 -ﬁi|. Again, at every incidence point, there exist two possible unit
normal vectors aligned in opposite directions to one another. To choose the correct
unit normal vector, let the active unit normal vector n; be once again defined as the
vector possessing an obtuse angle 90° <1 <180° with /;_,. Having chosen the
active unit normal vector 1;, C6; can be computed without the absolute symbol as
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CO = |6y - 0i| = —bioy - 0y = s;(ixlioix + Tyliory +Iinlio1,) = siEi. (2.44)

The refraction angle 8; between two optical media must satisfy Snell’s law, i.e.,
SO; = (&_1/&)SH; = N;SO;. As for the case of a spherical boundary surface, the
reflected unit directional vector /; at a flat boundary surface can be obtained by
rotating the active unit normal vector n; about the unit common normal vector m;
(given in Eq. (2.23)) through an angle 6;, yielding

lix li_1x +2C0; njy
7 _ by | _ | iy +2COiny | _ 5 =
b= [ = |0 Docen | = foa+2c0m, (2.45)
0

Similarly, the refracted unit directional vector #; can be obtained by rotating the
active unit normal vector n; about the unit common vector m; through an angle
n — 0, (its detailed derivations were presented in Eq. (2.28)), giving

’ —nix\/ 1—N? +(N;CO;)* +Ni(fi1x + niCO;)
1X
7= giy _ —niy\/l —Niz + (NiCGi)Z +Ni(€1,1y +nin61)
' eiz
0 —niz\/ 1—N2 + (NCO;)? +Ni(6i1, +n;,CO) (2.46)
0

= (NiCGi—\/l —Niz + (NiCOi)z)ni—i— Nigifl-

Note that total internal reflection occurs at this boundary surface when
1 — N2+ (N;C 6;)* <0.

It is noted from Eqgs. (2.37), (2.45) and (2.46) that only six variables (i.e.,
T, Jiy, Jiz, €, &i—1, &) are needed to completely describe the effects of a flat

boundary surface. The boundary variable vector of a flat boundary surface can thus
be defined as

Xi=[Jx Jy T & & éi]T' (2.47)

It is noted that not all of the variables in X; are independent since
32 4—]12y +1J2 = 1. Another example is &_; = &, for a reflective boundary surface.
However, the inter-dependence of some of the components in X; presents no
computational difficulties if a system variable vector Xy containing all of the
independent variables of interest of the optical system is defined.

The discussions above consider the raytracing problem for a reflected or
refracted ray R; at a single boundary surface. However, the same approach can be
applied successively to trace rays in an optical system containing n boundary
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optical
Xo axis

Fig. 2.13 Sequential tracing of ray R, through optical system using proposed approach

surfaces. To trace a ray reflected or refracted at the gth boundary surface, it is first
necessary to label the boundary surfaces of the system sequentially from 1 to n. The
preceding raytracing methodology can then be applied sequentially with i =1,
i=2, ..., until i = g to obtain the ray R, refracted or reflected at the gth boundary
surface (see Fig. 2.13), where

_ng Pg—lx + 7\4g eg—lx Pg—Zx + 7\4g—1 ég—Zx + 7\'g Eg—lx

p. — Pgy _ Pe_1y + 7‘g egfly _ Py oy + lgfl Zg%y + 7Lg ggfly

¢ sz nglz + 7‘«g nglz Pg72z + )ngl ngzz + 7‘1g ggflz
1 1 1

[Pox + Ailox + - . + holy_ix
_ | Poy+boy 4o Aglyy =Py +Mlo+ ...+ haly 1.
Po, + hilo, + -+ hely_1, e

1

(2.48)

Example 2.3 Skew-ray tracing in an optical element possessing only flat boundary
surfaces is much simpler than in the case of an optical element containing spherical
boundary surfaces. Consider the rectangular optical flat shown in Fig. 2.14 with
separation vy, thickness q.;, and refractive index &.;. (1) Assign boundary coor-
dinate frames (xyz), and (xyz), to the two flat boundary surfaces, T; and T,.
(2) Find their unit normal vectors 'f; and 2fi,. (3) Determine the pose matrix “A;
and boundary variable vector X;. (4) Assign the pose matrix °A, and determine
boundary variable vector X;. (5) Find unit normal vectors iy, Dy, By, A1, By, o4,
CO;, Ny, the value of s; for the active unit normal vector, and /; when source ray
Ro=1[0 0 0 0 CB, SPBy]".0<py, is refracted at the first boundary surface,
t1. (6) Find unit normal vectors n,, D,, E, Ay, CO,, N», the value of s, for the active
unit normal vector, and ¢, when ray R, is refracted at the second boundary surface,
5. (7) Determine the ray displacement D.
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Z2
QCl—q

Fig. 2.14 Assigned
coordinate frames (xyz), and
(xyz), for rectangular optical
flat

Zo ,Z]

Solution

(1) The assigned coordinate frames (xyz), and (xyz), are shown in Fig. 2.14 with
their origins, o, and o;, located at any convenient in-plane points on boundary
surfaces T; and T, respectively. Note that the y, and y, axes are both aligned
with the y, axis of the world coordinate frame (xyz),,.

@ 'm=s[0 -1 0 0],
21_12=S2[0 -1 0 O]T

(3) If o; lies on the y, axis, then

1 0 00

- 01 0 v
OA; = tran(0,v;,0) = : )

0010

0 0 0 1

Xp=[In Jiy Ji e & §I'=[0 1 0 —v 1 &I".
(4) If o, lies on the y, axis, then

1 0 0 0
- 01 0 vi+gq
0 el
A, =t 0, ,0 - ’
= tan(0,vi+40.0) = [ o
0 0 1

Xo=[Jx Ty Jon e §& E:z]T:[O I 0 —(Vi+qy) 1 1]T-
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G) i ="A'a =50 -1 0 0],

Dy = —vy,
El = CBO?
A = vi/CBy,

Pr=[0 vi viSB/CB, 1",
B1 = viSBy/CBy,
o = atan2(0, v1SB,/CB,) = 0°,
CO;, = CB,.
Ni=&/& = 1/&,
The active unit normal vector of ¥ isn; = [0 —1 0 O}T, yielding s; = 1,
hi=|o V1- N+ (NiCBy)® NSy o]T.
©) i, =AM =0 —1 0 0],
D; = —q.1,

E, = \/1 — N3+ (N;CB,)?,

M = du/y/1 = N2+ (NGB,
€0z = /1 — N2 + (N, CBy)”.
N =¢§,/& =&y = 1/Ny,

The active unit normal vector of T isn, = [0 —1 0 0 ]T, yielding s; = 1,
6=10 CBy SB, 0]". i i
It is thus proven that the exit ray R, is parallel to Ry.

(7) From Fig. 2.14, it follows that

Sg,Cp

D = [q,, tan By — (P2, — P1,)]CBy = quSPy — ——der2bobo

[9er tan By — (P22 — P12)|CBy = qei SPBy N+ (N,Cpor

After expansion of S(0; — 0,) and substitution of 8, from S8; = N;S6, and
0, = By, D can be reformulated as

CB 9e1SBoCP
s = qe1SBy — L

D=q,SB| 1 - > > > >
N? — (SPo) V1= N2+ (N CBy)

Example 2.4 Consider the triangular prism shown in Fig. 2.15 with vertex angle
Ne; and refractive index &, = 1.5. (1) Assign boundary coordinate frames (xyz),
and (xyz)2 to the two flat boundary surfaces, r; and 1,. (2) Determine the pose
matrices °A; and °A,. (3) Find the unit normal vectors n;, Dy, E, A1, By, o, COy,
N,, the value of s; for the active unit normal vector, and ¢; when ray Ry =
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Fig. 2.15 Assigned
coordinate frames (xyz), and
(xyz), for triangular prism

[0 Poy Py, O CBy SBy]" (Poy<0, Py, <0,Py, —Po,SB,/CPy<0, and
0<By) is refracted at the first boundary surface, ;. (4) Find the unit normal vectors
Ny, Dy, Bz, A2, By, oa, CO,, the value of s for the active unit normal vector when ray
R, is refracted at the second boundary surface, T,. (5) Determine the ray deviation
angle \ (0 <y <180°) in terms of 6y, M., and Nj.

Solution

(1) The assigned coordinate frames (xyz), and (xyz), are shown in Fig. 2.15 with
their origins both coinciding with the origin of (xyz),.

1 0 0 O
o - 010 0
2) A =T4a = 001 o0l
0 0 0 1
1 0 0 0
[)A2 _ rOt(X_,T]el) _ 0 Cnel _Snel 0
0 Snel Cnel 0
0 0 0 1
(B) i =s[0 —1 0 0] withs, = +1
Dl = P0y7
El = CBOv
M= _POY/Cﬁo,

Pi=[0 0 Py, —PySPy/CBy 1],

B1 = —(Po, — PoySB,/CBy),

oy = atan2(0, Py, — PoySBO/CBO) = 180°,

Co; = CBy.

Nl = éO/E.\l = l/éelv

The active unit normal vector of 1; is ny =[0 —1 O O]T, leading to
S1 = 1,
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T

b = [o \/1 — N34 (N;CBy)* NiSB, 0
(4) i, =s[0 —Cn, —Sn., 0] withs, = +1,
Dy = Sn.; (Po, — PoySBy/CPy),
Es = Cnigpy/ 1 — N2 4 (NiCBy)? + NiSniy SP,
7¥2 _ _Snel (POZ - POySBO/CBO>
Cﬂel\/l — N7+ (N1CBy)” +NiSne; By

€O, = Cnigpy/1 = N2 (N CBy) + Ny SBySm-
The active unit normal vector of T, is fi, = [0 —Cn,, —Sn., 0],
leading to s, = 1.

(5) Ttis possible to obtain ¢, from Eq. (2.46) so as to determine s as C\y = £ - /5.
Alternatively, Snell’s law can be applied successively at the two boundary
surfaces to give SO; =N;S0;, and SO, = N,SO, = S8, /N;, respectively.
Applying 6, = n,; — 0, it follows that

V=0 -6,+6,-6,=6,+6, —ny
=0, - MNer + Sin71 (Snel E.:zl - (891)2 - Cnelsel>'

In general, the refraction index is higher for short wavelengths (blue light) than
for long wavelengths (red light). Therefore, the deviation angle \y will be greater for
blue light than for red.

The minimum deviation angle \,;; is found to occur when 6; = 8, by setting
O/00; = 0. Under this condition, the refractive index of the prism is given as

g _ S((\ljmini + nel)/z)
o S(nel/z) .

It is noted that this formulation provides a precise and convenient approach for
measuring the refractive index &,; since the minimum deviation angle \,,,;,; can be
readily determined using a spectrometer.

Example 2.5 The following example derives the raytracing equations for a
meridional ray R;i_; incident on a flat boundary surface T; in an axis-symmetrical
system. As shown in Fig. 2.16, the flat boundary surface t; is located at y, = v; and
is oriented perpendicularly to the optical axis. The meridional ray R;_; originates at
point P,_; =[0 Pi_;y Piy, I]T, travels along /_; = [0 by oy, 0]T
(Ki{ly + 2, = 1 with 0</{_,y and ¢;_;, <0), and is then reflected or refracted at T;
with a unit normal vector n; = 5[0 —1 0 0]T (s; = £1). The incidence point
P; at which the ray strikes T; is given by
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Fig. 2.16 Tracing meridional

A7y
ray at flat boundary surface of "
axis-symmetrical system g
E_)I 1 ‘g:-l
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T Pi
1 - ‘ ‘ 6
a, » 2
Z A
1 ‘gl
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mediumi &
mediumi-1 =
E|-I flat boundary

surface T;

0

Pi_iy +Nibioty
P+l |7
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=P+ Ml =

&

sl
Il

— o
~«

where the parameter }; is obtained by setting Pi_y + Aifi_y = vj, yielding

vi — Pi_yy
po= i Tl
by

The incidence angle 6; is given by CO = |6, - 0| = (=f_y) - 0y = by,
where the active unit normal vector has the form @i; = [0 —1 0 0]". The
reflected unit directional vector ¢; is then obtained by rotating the active unit normal

vector i; about the xo axis through an angle 6;. Imposing ¢ | +£ |, = 1, the
reflected unit directional vector #; is thus obtained as

0 0 0
7 Eiy —Co; _ei*IY

= =rot(X, 0;) n; = =
ty, U —S6; —J1=0
0 0 o

The refracted unit directional vector /; can be obtained by rotating the active unit
normal vector n; about the x( axis through an angle © — 8;, i.e.,
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0 0
i |G| _ X = | €O
b = e | = rot(X, © — 0,)n; = —36,

0 0

The refraction angle 8; must satisfy Snell’s law, i.e., S8; = (&;_,/&;)S6; = N;S6;.
Consequently, the refracted unit directional vector #; can be formulated as
0 - ;
_ /- \/1 — N + (Ni4i_1y)

gz —Niy /1= 62,
0

It is noted that when the source ray R;_; travels in the upward direction (i.e.,
0</;_1,), the unit directional vectors of the reflected and refracted rays are com-

puted as ¢ = rot(—x,0,)n; and ¢ = rot(—X,n — 0,)n;, respectively, where fi; =
0 -1 0 O]T is the active unit normal vector.

2.4 General Aspherical Boundary Surfaces

Most optical systems comprise flat or spherical boundary surfaces since such sur-
faces are easily manufactured with low cost. However, certain systems also contain
aspherical boundary surfaces. Accordingly, this section extends the raytracing
methodology described above to the case of aspherical boundary surfaces ([10, 35—
37], p. 312 of [34]). In practice, the ability to trace rays at aspherical boundary
surfaces is highly important since even though such surfaces are difficult and
expensive to manufacture, there are cases where elements with aspherical boundary
surfaces have significant advantages over those with spherical boundary surfaces.

2.4.1 Aspherical Boundary Surface and Associated Unit
Normal Vector

While in principle an aspherical surface can take a wide variety of forms, any
aspherical boundary surface can be designed with a generating curve g, of the form

0
= | VP 0<zp), (2.49)

zi(B;)
1
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Fig. 2.17 Generating curve
for aspherical boundary
surface

where the optical axis is presumed to lie in the y; axis direction and y,(;) is the sag
(i.e., the y; component of the displacement from the vertex at distance z;(};) from
the optical axis) (Fig. 2.17, in which (xyz); is the boundary coordinate frame). The
two unit normal vectors of the generating curve have the form

Mix 0
i, = Niy | _ Si —d(z(B;))/dp;
M |03 aB [0/ | PR
0 (2.50)
S| |
0

where s; is again set to either +1 or —1 to indicate the existence of two possible unit
normal vectors with directions opposite to one another. The aspherical boundary
surface 'f; and its two unit normal vectors 'fi; can be obtained by rotating 'g; and 'n;,
respectively, about the y; axis through an angle «; (0 <o; <2m), i.e.,

[ x; Coy O So4 O 0
i | Yi| _ _ e |0 10 01 | vi(B)
I = = rot(y, 0)'q; =
Z; —SOti 0 COLi 0 Zi(Bi)
1 0 0 0 1 1
- 2.51
[7i(B;)Sos (251)
_ Yi(Bi)
Zi(Bi)CCXi ’
L 1
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Coi O Soy 07 [Ny
. . 0 1 0 O
' = rot(y, 04)'N; = iy
—Sa; 0 Coy Of|my
0 0 o0 1][0
, (2.52)
yiSoi
s |
CVYP+ 22 | yiCoy
0

Equations (2.51) and (2.52) give it, and n; with respect to the coordinate frame
(xyz),. However, many derivations in this book are referred to the world coordinate
frame (xyz),. Consequently, the pose matrix °A; of (xyz); with respect to (xyz),
given in Eq. (2.9) is required. The unit normal vectors of the aspherical surface
relative to the world coordinate frame (xyz), can then be obtained from the fol-
lowing transformation:

Dix Iix Jix Kix tix y{SO(i
A= |™ | Z0Aif — i Ly Jy Ky ty -7
i ny, i Ij \/m L, J, Ky t y;CQLi
0 0 0 0 1 0 (2.53)
Iixy;SO(i — JiXZ{ =+ Kixygcai :
s LiyyiSei — Jiyz; + Kiyy;Coy
VP +22 | LiyiSoi — Iz + KiyiCoy
0

2.4.2 Incidence Point

Figure 2.18 shows a typical ray path at an aspherical boundary surface. As shown,
the ray originates from point P;_; on the previous boundary surface ;_; and travels
along the unit directional vector f;_; until it is reflected or refracted at current
boundary surface 7j. Any intermediate point l_DLl lying along this ray as it travels
from P;_; toward T is given by P | = P;_j +\f_;. Let /; represent the geomet-
rical path distance from point P;_; to the incidence point P; on boundary surface ;.
The incidence point P; on the boundary surface is given as P; = P;_; + Aifi_;. To
solve for 4;, o and B, it is necessary to transform P; to coordinate frame (xyz)i and
then equate the result with the boundary surface % (Eq. (2.51)), i.e.,
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X

Fig. 2.18 Raytracing at aspherical boundary surface

Gi Zi(Bi)Sal
B ='AP = ("A) 'Pi= | V| =n= Z((BB))COL . (254)
1 1

where oj, p; and t; are defined in Eqs. (2.13), (2.14) and (2.15), respectively. The
value of parameter o; at incidence point P; can then be obtained from the first and
third components of Eq. (2.54) using the following function:

o; = atan2(oj,t;)  whenz; (B;) >0 (2.55)

o; = any value  whenz; (B;) = 0. ’

Meanwhile, the values of parameters J; and P; at incidence point P; can be
determined from the following two independent equations:

z(B)’ = o’ + 12, (2.56)
yi(Bi) = pi- (2.57)

The difficulty in tracing a skew-ray at a general aspherical surface lies in
determining A; from Egs. (2.56) and (2.57) since the solution cannot usually be
determined directly. In other words, some form of numerical method is required
(e.g., p- 314 of [34]). However, by adopting a similar procedure to that described in
Sect. 2.2, the expressions given in Egs. (2.26) and (2.29) are still valid for the
reflected and refracted unit directional vectors /;, respectively.
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The boundary variable vector X; of the aspherical boundary surface is given as

Xi= [ G tiy ti;  Oix Wiy Wi E.;i—l E.>i coef; ] Ta (258)

where tiy, tiy, ti;, 0ix, @y and ;, are the six pose variables of the boundary surface;
&_, and &; are the refractive indices of media i — 1 and i, respectively; and coef;
contains the independent coefficients of y;(B;) and z(B;).

Example 2.6 For an ellipsoidal boundary surface (Fig. 2.19), the generating curve
is given as
‘G =[0 y(B) =) 11"
o T
=[0 aSp; biCB 1f®<mﬁ<bb—§§B¢§?,

where the geometrical path length %;, B;, and boundary variable vector X; are given
respectively as

-D; + 1/D? — HiE;
A=

H; ’

) 2 2
o (pl | GH) |
aj bi

3, T
Xi - [tix tiy ti; Oix (Diy iz E.;i—l éi aj bl] 5

=
\

reflected
ray zi

Zi-1

medium i-1 )
refracted
ray g

1

ellipsoidal mediumi
boundary
surface

Fig. 2.19 Raytracing at ellipsoidal boundary surface
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in which

1 1
Hi=2 <a7 - ?) (Tidiglioixliory + idiliixlioig + T lioiybiory)

i i

1 1 1
+ b_12 + <¥ - b_lz) (Jizxgizflx + JizyéiZ—ly +Jizz€i2—lz> ’

i
D= (—-_3x4dx)\p g Y Y p g 2 e e \p
i (blz b12 + alz) i—1xbi—1x T+ <b12 blz + aiz i—1y%ti 1y+ blz blz —+ aiz 112

1 1
+ (3_2 - b_z) [Tixdiy (Picixlizty + bio1xPicty) + Jidiz(Picixbiz1z + Gio1xPiz1z)
i

i

tixli_1x + tiyli—1y + tizli
+JiyJiz(Pi—1y€i—1z+€i—1ypi—1z)] _ ( ixti—1x 1yb1'2 ly izt lz)
1
1 1
+ 2 (Jixtix 4 Jigtiy + Jiztiz) (Jixlio1x + Jigliz1y +Jibio1z),
1

i

N A LR O A P LA A
e (i (e (i )
+ti2x+ti2}’+ti22 (tixPio1x + tiyPioty + t,Pi_y,) — 1
blz aiz blz bf ixTi—1x iyli—1ly izli—1z

1 1
+2 (; - ?) (JidigPic1xPic 1y + JidioPio ixPic 1, 4 Ty JioPio 1y Pic1,)

1 1

1 1
-2 <a_2 - ?) (tixJix + tiyJiy + tiniz) (JixPi—lx +JiyPi_1y +JizPi—lz)~
i

i

B, = £m/2 are two pseudo-singular points on the ellipsoidal boundary surface.
The cross product 9'f; /OB; x d't;/Oo; cannot be obtained at these two points, and

thus some difficulties occur in computing the point spread function and modulation
transfer function.

Example 2.7 The boundary variable vector X; of a paraboloidal boundary surface
defined by generating curve (see Fig. 2.20)

G =10 vi(B) a(B) 1'=[0 ap B 1] (0<P,0<u)
is given by

T
Xi=[tix ty ti; ok oy o &, & al.

Its geometrical path length A; is given as follows:
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Fig. 2.20 Raytracing at
paraboloidal boundary surface Zy ~
reflected ray ,E’i

paraboloidal
boundary
surface

refracted ray ,{f_i

medium 1

medium
i-1

(@) If Jixlioix +Jigli1y +Jislio1, # %1, then

-D; +,/D? - HE;
Ai

= H ,

where

H = 1— (Jxlioix +Tiylioty +Jiz£i—lz)2y

Di=(1 — )P ixbliix + (1 - Jizy)Piflygifly + (1= T)Pi b1,
— (tixli1x + tiylioty + tiolio1z) — Jiddiy (Picixlic1y + Piciylio1x)
= Jidiz(Picixlict, + Picizbio1x) — Jigdiz (Piciylioi, + Pici,fioty)
+ (Jixtix + Jigtiy +Jistiz) Jilioix + Jiglicty +Jibio1z)
- (Jixei—lx + Jiyfi—ly +J1Z£i—lz)/(2ai)7

Ei = (Pizflx +Py, + Pizflz) 8t 1, — 2P+ tyPioty +6Pio)

+ [Jix(tix + Piflx) + Jiy (tiy + Pifly) + Jiz(tiz + Piflz)] ?
+ [Jix(tix — Pimix) +Jiy (ty — Picty) +Jia(t, — Pisy,)] /.
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(b) If Jilioix + Jigbioiy +Jilic1, = £1, then

where

D;j = Jix(tix — Picix) + Jiy (tiy — Piziy) + Jin (ti, — Pioyy)

+ g [(tix —Pi)? + (ty — Piogy)® + (b, — Piflz)z}

2
— a[Tix (tix — Pizix) +Jiy (tiy — Pity) +Jin (ti, — Pii)] 7,

H; = Lilioix +Tiylio 1y + il 1y,

B; = 0 is the only pseudo-singular point on the paraboloidal boundary surface.

Example 2.8 The geometrical path length A; of a hyperboloidal boundary surface
defined by the generating curve (see Fig. 2.21)

g =[0 vi(B) z(B) 1]
=[0 a/CP; biSP;/CP 1]"(0<P,<m/2,0<a;,0<b;)

is given by
—D; + 1/D? — HiE;
)"1 = )
H;
7. hyperboloidal
T boundary surface
1ai
_ medium 1
nj a i
reflected
ray g, \E
¥ ,gl i

medium

: refracted
1-1

ray ’e‘
1

Fig. 2.21 Raytracing at hyperboloidal boundary surface
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where

H = 1 J12x J12x £2 1 le)’ ley £2 1 lez lez £2
i = g_bfz—g i—ix T RS R i_1y T b2 h a2)in

1 1 1 1 1 1

1 1
-2 (; + bj) (Tidiglioixliory + Tidilioixlio1, + Ty Jibiybiory),

1 2 2 155 1 2 2
D; = (g*ﬁ*ﬁ)ﬁ—lx&—lx+ (?%% Pi_iylio1y + (Q*ﬁ*ﬁ)ﬂ—lzﬂi—lz

1 1 1 1 1 1

1 1
— (; + ?) [JixJiy(Pi—lxeifly +Piiybicix) + Tidi(Picixbiz1, + Picizbi—1x)

i i

+ JiyJiz(Piflyei—lz + Piflzéifly)] - (ei—lxtix + gi—lytiy + Ziflztiz) /blz

1 1
+ <_2 + ?) (Jixgiflx + Jiygifly +Jiz€i—lz) (Jixtix + Jiytiy + Jiztiz)7
i

1 1
- 2(—2 + ?> (TidiyPicixPicty + JiddisPicixPic1z + Jiy i Pio1yPic12)

ai i
1 1

+ 2(; + ?) (JixPizix + TiyPic1y + Ji,Pio1,) Jixtix + Jigtiy + Jiztiz)
i i

— 2(Pisiatix + Pioiytiy + Pio1,i,) /07 + (6 + 6, +1,) /2] + 1.

Its boundary variable vector X; is
< T
Xi= [ti ty G, O Oy O &l & & bi] .

f; = 0 is the only pseudo-singular point on the hyperboloidal boundary surface.

Example 2.9 The geometrical path length /; of a cylindrical boundary surface
defined by the generating curve (see Fig. 2.22)

‘G=[0 vi(B) zB) 1]'=[0 B R 1]"(0<B;, 0<R))

is given by

—D; + 1/D? — HiE;
A=

H; ’
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Fig. 2.22 Raytracing at
cylindrical boundary surface fJ]._l ni

A reflected ray ¢ :

medium
1-1

=

I
e
-—P"
:_C:"

refracted
medium i ray g,
4

where

Hi =1 — (Jixlizix +Jiyliziy +Jilio1)?,
Di = (Pi—ix — ti)licix + (Pic1y — tiy)li—1y + (Pic1z — ti,) 612
+ [ix(tix — Picix) + Ty (tiy — Pic1y) +Jiz(tiz — Pici2)] Jixlizix +Jiybicty + Jizlio12),
Ei =P}, + Py + Py, + G+t 1, — RY = 2(6xPioix + tiyPioty + t,Pi 1)
— [Tix(tix = Picix) 4+ Jiy (tiy — Pizy) + Jiz (tiz — Pi—lz)]2~
Its boundary variable vector X; is

T
Xi=[tix ty t; ox oy o, &, & Ri].

There are no pseudo-singular points on the cylindrical boundary surface.

2.5 The Unit Normal Vector of a Boundary Surface
for Given Incoming and Outgoing Rays

In the sections above, Snell’s law is used to determine the unit directional vectors E
of the reflected and refracted rays for an incoming ray impinging on a boundary
surface 1; between two different isotropic media. In this section, Snell’s law is used
to derive the active unit normal vector 1 at incidence point P; on a boundary surface
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t; given the unit directional vectors of the incoming and outgoing rays (i.e., _; and
) [38—41]. Note that this problem has important applications in the design and
fabrication of aspherical surfaces, since the surface normal vectors determine not
only the optical performance of the surface, but also the cutting tool angles required
to machine the surface.

2.5.1 Unit Normal Vector of Refractive Boundary Surface

As shown in Fig. 2.6, the design of a refractive surface requires a knowledge of the
incidence angle 6; and refraction angle 9; corresponding to the unit directional

vectors of the incoming and outgoing rays (i.e., #_; and #). In accordance with
Snell’s law (Eq. (2.22))

= ﬁsei = N;S6;,

1

So;

the refraction phenomenon at the interface between two different isotropic media
can be modeled as follows:

by -4 = C(Gl — Ql) = CGICQI + SGISQI (259)

In geometrical optics, the incidence angle 6; and refraction angle 6; lie in the
domains of 0° < 0; <90° and 0° < 6; <90°. Since the trigonometric functions of 6;
and 0, are positive, the following four equations can be obtained from Egs. (2.59)
and (2.22):

L= (liy - 6)°
S0, = - 7) _ (2.60)
YN 1= NGy - )
Nl_ Eif g1
Co [N — (-6 , (2.61)

VN1 2Ni(B - D)

Niy/1 — (6 é)z
S, = , (2.62)

B \/Niz-&- 1 —2Ni(4y - &)

|1 —Ni(by - &)

VNG 1= 2Ni( - D)

Co, = (2.63)




66 2 Skew-Ray Tracing of Geometrical Optics

Referring to Fig. 2.6, to determine the active unit normal vector n; at any
incidence point P; on a refractive surface T, it is first necessary to compute the
common unit normal m; of the unit directional vectors ¢_; and #; of the incoming
and outgoing rays, respectively. Given the assumption 6; # 8; when N; # 1, m; can
be obtained as

Gy x 6
My = [my my  my O]TZS(e-life-)' (2.64)

To simplify the expression for the unit normal vector nj, it is useful to have the
following equation, obtained by taking the post cross product of Eq. (2.64) by

S(Gl — Qi)gifl, i.e.,

SO — 6;) (mi X bioy) = (bioy x G) x by =G0y - biy) — Gy (6 - Gy)

(2.65)

Note that f; ;-f_; =1 and ¢ -4 | =C(6; —0,) are used in deriving
Eq. (2.65). As shown in Fig. 2.6, the active unit normal vector n; can be obtained

by rotating —¢;_; about m; through an angle 6; (see Eq. (1.25)). This leads to

0 =[Ny Ny N O}T:mt(ﬁlhei)(—lzq)

m? (1 — C6;) + C6; miymix (1 — C6;) — m, SO my;mix (1 — CO;) + myySH; 0
mjxmiy (1 — CO;) +m;,S6; m?y(l — C6;) +C6; mj;miy (1 — CO;) — my,SO; 0
mixm;, (1 — CO;) — miySO;,  miym;, (1 — CO;) + mi SO,  m2 (1 — CO;) + CH; 0

0 0 0 1
—fiix
—li_1y
—li_1,

0
(2.66)
Utilizing Eq. (2.65), Eq. (2.66) can be simplified as

_ C6;CH; + S6;S6;)S6; — S6; —
n- | S6,C; — Ceiéz)i B Cei} b1 - {seicei - Ceisei]gi’ (2.67)

where SO;, CO;, SO, and C6, are given in Egs. (2.60), (2.61), (2.62) and (2.63),
respectively.
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2.5.2 Unit Normal Vector of Reflective Boundary Surface

Referring to Fig. 2.5, to determine the active unit normal vector n; at any incidence
point P; on a reflective surface T, it is first necessary to calculate the common
normal vector m; of the unit directional vectors of the incoming and outgoing rays
(i.e., _; and 4;). Given the assumption 0; # 0, m; can be obtained as

b x b
m; = [mix mjy Mz O]TZ WG-)I’ (2.68)
where the incidence angle 6; is determined by
C20) = |6y - &)- (2.69)

Note that Eq. (2.69) is also applicable for an incidence angle equal to zero.
To simplify the expression for the unit normal vector nj, it is useful to have the
following equation, obtained by taking the post cross product of Eq. (2.68) by

S(2Gi)£i,1, i.e.,

S(26;) (m; x fiy) = i . (2.70)

Note that ;_; - 4_; = 1 and ¢; - /;_; = —C(26;) are used in deriving Eq. (2.70).
As shown in Fig. 2.5, the active unit normal vector n; can be determined by rotating
—/;_, about m; through an angle 0; (i.e., Eq. (2.66)). Simplifying Eq. (2.66) using
Eq. (2.70), the following expression is obtained for the unit normal vector n; at any
incidence point on the reflective surface when £l and ¥; are given:

r - - 1
n; = (ti—bi) = —F——m———e
2CH; 2(1— 0y - 1)

G-G). @

The fabrication of aspherical surfaces requires the use of high-precision manu-
facturing techniques in order to achieve the necessary surface accuracy and
smoothness. Large aspherical lenses are typically produced using grinding and
polishing techniques. Single-point diamond turning [35] is an emerging technique
for fabricating large aspherical surfaces, and typically results in a better metallur-
gical structure than that produced by polishing and lapping. However, in using such
a method, precise tool angle settings must be determined in advance in order to
obtain the desired surface profile [40, 41]. The setting angles are determined by
both the tool geometry and the normal vectors of the aspherical surface. Thus, as
described above, Egs. (2.67) and (2.71) are important not only in predicting the
optical performance of the surface, but also in formulating the numerical codes
required to machine the surface during the fabrication process.
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