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Some backgrounds

Doug inspired by Bob Parker, Freeman Gilbert and George Backus:
The Geophysical Inverse Problem

Multiprocessors
Workstation GIF JACI
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(~50 variables) (~1000 variables)

3D Grav, Mag, DC, IP 3D FDEM, TDEM
(~10° variables) (with a few sources)

3D FDEM, TDEM
(with lots of sources)

Result: Computing power + advances in inversion methodology
-> we can now solve most EM geophysics problems
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Inverse Theory:
Overview




Outline

* Problems where inversion is needed
* Define some terms

e Linear problem

» Understand origin of non-uniqueness
e |ll-conditioning

* Types of constraint information

* Topics for course




some problems of relevance ...



Finding resources

Hydrocarbons
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Natural hazards

\Volcanoes
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Tsunami
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Environmental

Water contamination
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Salt water intrusion

Unexploded Ordnance (UXO)
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Surface or underground storage

CO2 sequestration

Mineralization

Aquifer Storage and Recover

Radioagtive \Waste
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What do these problems have in common®?

All require ways to see into the earth without direct sampling.

Physical
Properties
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Some experiments and data

Cross-well tomography

m

Direct Current (DC) Resistivity
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Some experiments and data

Airborne Time Domain EM

pY

Magnetics

. ¥
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INnversion
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Measurements over
the Earth are data.
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Model Inversion estimates Earth models
based upon data and prior knowledge.




Seismic refraction ix ;
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Inverse problem
|  Given data t,(j =1, N)
r(z1) A » Estimates of uncertainties (data errors)
(25) A . * Ability to forward model
. ty -
) 1 A What is the model / velocity structure,
TN tn 7

v(z) that produce d the data”?
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Forward problem: simulate data

Convenient notation

Properties model space data space

M : model space D : model space
« Earth model: physical properties

 Experiment: transmitters, receivers, m. ?”y element d : ?ﬂy element
geometry in M in D

* Physics: how energy propagates
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Model space

S <

Xz

>

Seismic %/ v(z)/

v(2)

model: function of v(z)

or discretize

V — (”Ul, ...,”UM)

Model space is a vector space with
* rules of inner products (angles between vector elements)

* norms to measure length
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Data space

F
M D

Depends upon:

Elements of data space:

d=(di,...,dn) e RY
Each datum:
dj = Fj|m|

Fjl-]: forward mapping

« Physics of experiment

« Geometry

 Details about source and receiver
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Two types of mapping: linear and non-linear

Linear mapping: If f and g are two elements of model space, & and g are constants

Flaf + Bg] = aF|f] + BF|g]

If it does not hold then F is non-linear mapping

Examples of linear functionals:

Biot-Savart: (75) — m=J
|7‘j— /’2

b
d; = j(x)m(x)dx
/a ? ( ) ( ) Convolution: y(tj) :/ h( ) (tj —T)dT m = h

d;: j-th data .
{ g;: kernel RMS-to-interval V2 (t;) = l/ vi ()H(t—t;)dt m = U?m
0

int

m: model velocity: s



So, two models:  mq(xz), meo(x)

b b
17 = [ g @yms(a)ds 1) = [ g@ym(a)ds
i b
inear d; = / g, (z) [@ml(x) +5m1(q;)}da:
b Most PDE’s are non-linear
i = / g; (g;)m3(x)dg; (e.g. DC resistivity)
Non-linear



Inverse Problem

M D « Find the model that give rise to the data

1 tmaac
Vi) =7 [ v~ )

t
—1
F « Forward problem: Given vin: compute Vi
* Inverse problem: Given Vi,.find vint
F 1D M

Questions: Answers depend upon available data:

- Does a solution exist? - Infinite amount of accurate data

- How to construct a solution? - finite amount of accurate

- s it unique? - finite amount of inaccurate data

- How to handle non-uniqueness



Inversion with perfect data /f\

Forward problem: / \

1 t
V() = 5 [ vhulud

Vint (t)
Vims(t)

Vims: rms velocity n 1 n
Vint: interval velocity J

Analytic inverse: _
What is learned

- Vems Known exactly = vint recovered uniquely

2tV
Uint = Vrms (1 + Vrms

(t))1/2

- Forward problem “smooths”

Term tV,ms ' magnifies small changes - Inverse problem must “roughen

in V.ms at late times
—> large changes in Ujnt 24



Inversion with finite number of accurate data

Vims(t)

=== Vrms( t) fund:ion

X accurate data

— interpolated curve 1

t

» Interpolate to obtain V,.,,s(t), then use analytic solution:

» Each interpolation = different vin:(?)

* Non-unique, even with accurate data
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Inversion with finite number of inaccurate data

Vims(t)
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V. (#) vi(t)
V2 (1)
_ D M
;é
t
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* |Increases non-unigueness

 Infinite number of ways to interpolate

JT_’
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Visualizing non-uniqueness

accurate data

inaccurate data
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ll-conditioning

| et dobs _ dtrue 1+ 5d

Fd"¢] =m, (constructed model)

FHdo%) = FHd"™ ¢ 4 6d] = me + 6m

Suppose |[|dd|| is small

Does that mean ||dm||is small?



Return to RMS problem

Suppose Vint(t) = vo (constant) j
Vrms (t) = Vo
t
Perturbation Vims(t) = vo + asin(wot) a: constant
{ wq: arbitrary value

Vims ' (t) = awgcos(wot)

2tV s (1) ) t/2

Analytic solution  vipt = Vims (1 + %

tawy

0Vint OX ) Can be arbitrarily large even if ‘a’ is small

Vo



Return to RMS problem

Suppose Vint(t) = vo (constant) j
Vrms (t) = Vo
t
Perturbation Vims(t) = vo + asin(wot) a: constant
{ wq: arbitrary value

Vims ' (t) = awgcos(wot)

Small changes in the data can result in large changes in the recovered model
Inverse problem is ill-conditioned

tawy

0Vint OX ) Can be arbitrarily large even if ‘a’ is small

Vo



Summary for inverse problem

« Non-unique
* |ll-conditioned ?

The Inverse Problem is ill-posed

Any inversion approach must address these issues
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Constraining the inversion

What information is available?

Structural characteristics Prior information
GeothyaSlcal — Inversion

l

Physical property
model

20 30 40 50 60 70 80
x (m)



Constraining the inversion

What information is available?

Geologic constraints Prior information
Rock #1 l
—> Boundary
Rock #1 Geoggésical Inversion
Borehole l

Physical property
model



Constraining the inversion

What information is available?

Reference model

True

——

40 50 60 70
Reference

z (m)

20 30 40 50 60 70 80

Prior information

Geophysical
data

l

Inversion

l

Physical property
model
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Constraining the inversion

What information is available?

Physics
- Magnetic susceptibility is positive
k>0

- Or values must lie between certain
bounds

mp < m < My,

0.10

0.05

0.00

Geophysical
data

—_—

Prior information

|

Inversion

l

Physical property
model



Constraining the inversion

What information is available?

- Joint data sets connected with
same property

(e.g. electric conductivity)

Geotem Resolve
TXQ
Rx
Tx
NanoTEM X S~ = N@

Prior information

|

— Inversion

l

Physical property
model

Geophysical
data
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Constraining the inversion

What information is available?

- Joint data sets from different Fhlel (iRITEleH
properties
EM conductivity l
db Geophysical :
. . at data —> Inversion

x l

Magnetics - susceptibility Physical property
\p » S model
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Constraining the inversion

What information is available?

- Petrophysics
- Well-logs

Multiple properties

102 ®

nV/V)
[
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Bl % ‘. 4 © BTHM
10" 4 5 s, 4

® Volcanic Dike

10! 102 103 10* 10° 100
Rho(Ohm-m)

Geophysical
data

—

Prior information

|

Inversion

l

Physical property
model
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Constraining the inversion

What information is available?

- Geologic structure Fhlel (iRITEleH
- Geologic constraints l
- Reference model U
eogaésma —> Inversion
- Bounds
- Multiple data sets l

Physical property

- Physical property measurements model



Framework for Inverse Problem

Tikhonov (deterministic)

Find a single “best” solution by solving
optimization

minimize ¢ = ¢gq+ Bom,

subject to mp <m < mpg

¢q: data misfit

®.m: regularization

(. trade-off parameter

myr,,mg: lower and upper bounds

Bayesian (probabilistic)
Use Bayes’ theorem

P(m|d°®®) oc P(d°®*|m)P(m)

P(m): prior information about m
P(d°®*|m): probability about the data errors (likelihood)

P(m|d°®®): posterior probability for the model

Two approaches:
(a) Characterize P(m|d°")

(b) Find a particular solution that
maximizes P(m|d°®®)
(MAP: (maximum a posteriori) estimate



This course

 Tikhonov style inversion

 Linear and non-linear problems

* Progressively incorporate different types of a priori information
» Thematic examples (1D, 2D, 3D)

 Case histories

« Open source resources (Jupyter notebooks)



Major components for the week

R I ol

Overview Tikhonov Linear Nonlinear Lp-norms Field scale The future
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Next up

|
@KIHI\/ VAR

Overview Tikhonov Linear Nonlinear Lp-norms Field scale The future
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