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Outline

» Non-linear forward problem

» Non-linear optimization (Newton’s)
- Quadratic convergence

« Example problem: DC resistivity
- Physics
- Discretization
- Optimization
- 2D synthetic inversion
- 3D field example: Mt. Isa



Non-linear inversion

« Setinverse problem  minimize ¢ = ¢q + Bopm,

Fj(m) — dg¥® ) 2

=3 (P

j=1

Tx

/N /N /N AN

 For linear problem: d = Gm

- And quadratic regularization: /(m — Myer)*dv

- This is quadratic so we can solve in one step

f(x)

* Problem becomes non-linear if:

/(i) F[m] is non-linear h

(ii) B is not Iy (e.g. 3 (M‘)

ii1) ¢@,, 1s not quadratic
Qe q y




Non-linear inversion
e Data: d = ]:[m]

If F[-] is Linear operator ‘ d = Gm
Non-linear: Flam + bmq] # aF[m1] + bF[mo]

 Examples: - Seismic
- Maxwell’s (18t order wave equation)
- DC resistivity

* Solve optimization problem: minimize ¢(m) = ¢gq + Bdm(m)



Non-linear inversion
e Data: d = ]:[m]

If F[-] is Linear operator ‘ d = Gm
Non-linear: Flam + bmq] # aF[m1] + bF[mo]

 Examples: - Seismic
- Maxwell’s (18t order wave equation)
- DC resistivity

» Solve optimization problem: minimize ¢(m) = ¢g + Bdm(m)

(1) Discretize PDE and solve forward problem
(2) lteration




Non-linear optimization

* Single variable Z:

« Case I: f is quadratic

f(x) = ix2—3x+9: (%x—3)2

: 3)=0 mmp

fi(z) = (55’3 -

* SUPPOSE

minimize f(x)

r=0

f(x) = (1:13 —3)? +ax® + bx?

2

f(-): function

f(x)

X

=
(VAR

[ Minimum: f’(x)
o




Non-linear optimization

minimize f(x)

f(-): function

* Single variable Z:

« Case I: f is quadratic

f(x)

1 1
2 —3x+9= (=2 —3)°

f(x) = 1 5
1
fllo)=(Gz—-3)=0 mmp =06
* SUPPOSE Q
flx) = (%x—3)2+ax3+bx4 / N
LOC/al x Global



Non-linear optimization

* Newton’'s Method
Begin with Tk
Solve a local quadratic for 0x

Tpa1 = T + 0x

f(x)

Local Quadratic: f(zg + 0z) = f(xr) + f'(x)dx + %f”(xk)(SxQ %3)
)

p
f(xp)or = —f'(x)

_ f(xk)

dx that minimizes f’(:z:;C + dx) ‘
Or 0T = " (zk) Y

-



Quadratic convergence: Tpi1 — x| < clag — 2F|?

* Things can go wrong () <0

or = — ff,/,((zz)) Wrong direction

* |t wrong direction, negative curvature

=) usegradient: 0z = —cf’(x)

c. constant

Choose ¢
L |f(z +dx) — f(z)| > €

. , . : 7 ' 4 h
If right direction but f”(z) is wrong Scale

m) the step length is too large Tptl =Tk + 00 a<1

)




Convergence conditions

-

\

f'(x) < tolerance

|0z|| < tolerance

f(z) >0

~
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Summary: Newton’s method
Non-linear

Linear

Lk Thk+1

[ (xr)or = — f'(xx)
' (zk)

x*

. '@ 0T = =)
=
f’/(CC) Tht1 = Tk + Q0T a <1
[ Solution in one step j [Iterate to convergence ]1




Multivariate functions
Minimize  ¢(m) m € {my,ma,...,mpr}

Taylor expansion
o(m + 6m) = ¢p(m) + (Viod(m))! dm + %vamqb(m)(Sm + O(dm?)

Note similarity to single variable
1
[z +0x) = f(x) + ['(x)0x + S f" (x)0a” + O(62°)



Define

o
8m1
Gradient: g(m) =Vm¢ =] g € RM
o
6mM
. / 0% ¢ 02 ¢ 9% ¢
Hessian: om? Fma10ms 51 O
9% 0°¢ 02 ¢
m m m2 m m
H(m) =V Ve = | 7720 0™ omadmar | g pMXM
82:05 8% 8%
8mM 8m1 8mM 8m2 8m%\/] 82¢
Symmetric H; ;= o
(U1

Minimum defined: | g(m™) =0
H(m™) is positive definite




Finding a solution

(i) Begin with m®)
(ii) Solve H(m")om = —g(m®)  c.f. {f"(x)dz = —f'(z)}

(iii) m*E+D) = m*) 4 adm



Our inversion

Minimize:

Gradient:

Hessian:

Final

_1 __ _j0bs |2 é 2
d(m) = 5 |IFlm] — | + Z[Im| Sensitivity:
Vi F(m) =J
g(m) = Vi = J* (Flm] - d***) + pm Ji; = 8n;i[m]
o (977?,]'
HOm) = Vnglm) = I + (Vo= + 5
neglect
- A
(JTJ + B)om = —(JT6d + pm)

Hém = —g mmpy

N

Sd — f[m] . dobs

/
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Comparison to linear problem

Nonlinear Problem: (J'J + 8)ém = —(J* §d + Bm)
(Flm] = d) 5d = Flm] — d°°

Linear Problem: (GT'G + B)om = —(GTd + pm)
(Gm = d)

Sensitivity J acts as a local linear for non-linear operator
Jom = od




General a|QOI’i’[hm: minimize ¢ = ¢4 + Bd,
/Initialize m(0)75(0) N

) (m(0)7 5(0))

until convergence

Hom = —g

m*H) = mF) L o§m (line search)

Pm

Many variants: - Solving system
- Cooling rate



Summary

1
6(m) = ]| Flm] — | + 2 fm]
Linear Non-linear
d=Gm d = F|m|]

(GTG+ B)om = —(Grd+pm)  (J'T+B)ém = —(J'dd + pm)
od = Flm] — d°°

m* Y = mE) 4 adm

[ All understanding from linear problems is valid for nonlinear problems }




DC resistivity

p=1/c
p : resistivity

o : electrical conductivity
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Electrical conductivity

» DC resistivity is sensitive to:

» o: Conductivity [S/m]
« p: Resistivity [©2m]
co=1/p

e \Varies over many orders of
magnitude

* Depends on many factors:
» Rock type. porosity, fluid...

* Has many applications: Mineral

exploration, ground water, geotechnical, ...:

Resistivity (Qm)

0.01 0.1 1 10 100 1000 10 000 100 000
massive sulfides—} | l !

|
shield
unweathered rocks

igneous and

graphite metamorphic rocks

(igneous rocks: mafic felsic) mottled duricrust

] rore [

|
saprolite {r weathered layered

(metamorphic rocks)

clays gravel and sand

glacial sediments

tills

shales sandstone and conglomerate

lignite, coal dolomite, limestone

sedimentary rocks

salt water fresh water

I
| !
seaice
100 000 10 000 1 000 100 10 1 0.1
Conductivity (mS/m)

water, aquifers
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Elura Orebody Electrical resistivities

Basic Experiment

 Target:

- Ore body. Mineralized regions less resistive than
host
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Elura Orebody Electrical resistivities

Basic Experiment

 Target:
- Ore body. Mineralized regions less resistive than
host
« Setup:
- Tx: Current electrodes
- Rx: Potential electrodes
 Currents:
- Preferentially flow through conductors
» Charges:
- Build up at interfaces
 Potentials:

- Associated with the charges are measured at the
surface




(a) j_\-+1/2 (b)

Forward problem ]
Jen—> ¢7\” | —
T
Continuous Discrete (FV)
V-oVV =16(r)=q GTMJGu:q
j’: o generically,
&=-VV A(m)u=q
j\- n = 0 at boundary G: gradient matrix

M, : conductivity inner product matrix
q: source term



Forward problem

e Matrix A :

- Sparse

- Symmetric

- Positive definite

- Real-valued (can be complex sometimes)

A(m)u=q

A: system matrix (nN x niV)
m: model (M x 1)

u: potentials to solve (nlV x 1)
q: righthand side (nN x 1)

« Solve forward problem:

u=A(m) 'q

[ Use iterative or direct solver } ,
,




Inverse problem

° SO|V€ (JTJ _|_ 6)5m — _(JTéd _I_ 6m) Predicted data: d = f[m]
Residual: §d = F[m] — 4003
. . od,;
« How to compute sensitivity matrix J Jij = 5—
J
» Forward modelling:  A(m)u = ¢ . 4 e RN
W)
u: potential on the nodes o fi'j e w e
- data are potential difference between two nodes P (01 0 0 00 8)

d = Pu P: projection matrix



Inverse problem: computing sensitivity

* Find  V,,u(m)

 Chain rule:

d = Pu
od,;
Jij 8mj



Examine sensitivity

J=—PA(m) 'G(m,u)

P: projection matrix
A(m)~!: forward modelling

G(m,u) = Vi [A(m)u(m)fixed| =

* For DC problem
A =G'M,G
M, = diag (AVTdiag(O' ® vol))
G’ diag(Gu)Av'diag(vol)

Av: averaging matrix
vol: volume of cells



Putting everything together

-Solve  (JTJ + B)dm = —(J1éd + Sm)

- Using CGweneed: Jly gy & RN
Jv v € RM

e but, J=—PA(m) 'G(m,u) all sparse matrices



z (m)

Example 2D DC resistivity

Conductivity model

20

40 60 80 100 120 140 160
x (m)

Apparent resistivity pseudo-section

n-spacing

20 40 60 80 100 120 140 160 180
x (m)

180

175
15.0
125

§ 10.0
75

5.0

25

0.0

Conductivity (S/m)

Dipole-Dipole

» Dipole-dipole array
- n-spacing = 10

Data histogram

60 80 100 120
Apparent Resisitivty (Qm)

20.0
175
15.0

8 125

c

=]

§ 100
7.5
5.0
25
0.0

- Electrode-spacing = 10m
- #of data = 135

* 5% Gaussian noise added

Voltage

30 -25 -20 -15 -10 -05

Log10 Voltage (V)
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DC inversion: iteration 1

Tikhonov curve
¥

7000
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True model oo
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X =] 10e+02 o
2x 1072 _;i g 80:01 % 1000
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x (m) Om
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120402 \
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LE g g o 10e+00
6x107¢ U 2 8.0e+01 £ g 0.0e+00
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2x 1023
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DC inversion: iteration 2

Tikhonov curve
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4x lO:i ‘E 12e+02 E 2000
3% 10 B o L0402 = 1000
2x 1072 _§ & 80e+01 £
% c
10-2 8 & 6.0e+01 & 0
a T T T
100 40e+01 § 500 1000 1500
x (m) ¢m
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12e402 E '
10! —_ <] 2.0e400
6x 102 % g 10e+02£ o 100400
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DC inversion: iteration 3

Tikhonov curve
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DC inversion: iteration 4

Tikhonov curve
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z(m)

z(m)

DC inversion: iteration 5

Tikhonov curve
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DCR Case History: Mt. Isa

Mt. Isa (Cluny prospect)
Seven Steps

4. Data
Observed magnetic data

2. Properties 3. Surveys

¥ Field measurements

Senept
1810’ 51)

5. Processing

£ 7. Synthesis - =
= frmangerhc _suscuc;ptlblllv tr}m)ddgtl
'JE - Integration of geophysics with all other QI TIEAEOh O BEIIE S 08
2 O Deposits knowledge about the project.

Roads - Do results correlate with prior and «

alternative information?
- Is the outcome adequate for the project?
B - Iteration back to previous steps is
expected before finalizing the work.

—— Cluny Outline

e Suryey Lines

: 1 ’
<700 ﬂﬂuslllnl

10,000 12,500
Easting [m)
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Setup

Mt. Isa (Cluny prospect)

Question

Geologic model

DH
TD122-ED1

600m
v
Native Bee - Surprise Creek
Siltstone Formation
- Breakaway Eastern Creek
Shale Volcanics
Moondarra Siltstone Eastern Creek
and Mt Novit Horizon Volcanics - Quartzite

« (Can conductive units, which would be potential targets within the
siltstones, be identified with DC data?

39



Properties

Geologic model

DH
TD122-ED1

Native Bee - Surprise Creek
Siltstone Formation
- Breakaway Eastern Creek
Shale Volcanics
Moondarra Siltstone Eastern Creek

and Mt Novit Horizon Volcanics - Quartzite

Conductivity table

Rock Unit Conductivity
Native Bee Siltstone Moderate
Moondarra Siltstone Moderate
Breakaway Shale Very High

Mt Novit Horizon High
Surprise Creek Formation Low

Eastern Creek Volcanics Low

Surface topography

A

MNorthing [m]
15,000

-y ‘I’
-
: . 4
s Y
5

20,000

10,000

12,500
Easti ng [rn]

10,000
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Survey and Data

 Eight survey lines

 Two survey configurations.

Surface topography

MNorthing (m)
15,000

10,000

W |
.,.c

12,500

Easting [m]

Data set #1;
Apparent resistivity,

pole - dipole.

N-spacing N-spacing

N-spacing N-spacing

N-spacing

11(;00 115‘00 12(;00 125'00
Easting (m)

11000 11500 12000 12500

Easting (m)

mS/m
1410.000

562.000
224.000
§9.100
35.500
14.100
5.620
2.240
0.891
0.355

0.141
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Survey and Data

 Eight survey lines

 Two survey configurations.

Surface topography

MNorthing (m)

15,000

10,000

l:,
R

12,500

Easting [m]

“

Data set #2;
Apparent resistivity,

dipole - pole

N-spacing N-spacing

N-spacing N-spacing

N-spacing

[+

11000 11500 12000 12500

Easting (m)

11000 11500 12000 12500

Easting (m)

mS/m
1410.000
562.000
224.000
83.100
35.500
14.100
5.620
2.240
0.891
0.355

0.141
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Processing and interpretation

3D resistivity model Animation

nnnnnn

nnnnnnn
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Synthesis

* |dentified a major conductor - black shale unit
« Some indication of a moderate conductor

3D resistivity model Geologic section
DH
TD122-ED1 I
600m
Sim }
‘ Wy W
I
ndarra Si r

Bt Novit Horizon ] Volcanics - Quartzite
ooats Resistivity section
0.00464 DH

TD122-ED1 B

0.00068
0.0001

Eastern Creek
Horizon .
Volcanics
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Summary

» Non-linear forward problem

» Non-linear optimization (Newton’s)
- Quadratic convergence

« Example problem: DC resistivity
- Physics
- Discretization
- Optimization
- 2D synthetic inversion
- 3D field example: Mt. Isa



Next up ...

|
@KIHI\/ VAR

Overview Tikhonov Linear Nonlinear Lp-norms Field scale The future
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The end



