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• A Wheeler graph visualizer: bipartite representation

• Implemented the first Wheeler graph recognizer

•Wheeler graph generators: Random WG / Trie / DBG / RDG
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Wheeler Graph: beyond Definition 

• Mathematical rules of 

• whether we can sort all traversed paths in a graph (the suffix of T R )

• whether the graph is indexable

• whether the graph have all the great properties of Burrow Wheelers

3.

2.

1. Node with indegree 0 comes before every other nodes.
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Potential application of Wheeler graph ?

GCSA Reverse 
deterministic graphDe Bruijn Graph

=> All are WG ✅ => Not always WG ⛔

G A C G T A - C T G
G A C G T A - - - G

G A C - T A C C T G
G A T G T A - C T G

(1) genome coordinates are collapsed.

2014



GACGTA-CTG
GACGTA---G

GAC-TACCTG
GATGTA-CTG

K = 4
De Bruijn Graph



GACGTA-CTG
GACGTA---G

GAC-TACCTG
GATGTA-CTG

Remove gap & 
append $ 
at the end of the alignment

De Bruijn Graph
K = 4



GACGTACTG$
GACGTAG$

GACTACCTG$
GATGTACTG$

Remove gap & 
append $ 
at the end of the alignment

De Bruijn Graph
K = 4



GACGTAG$

GACTACCTG$
GATGTACTG$

De Bruijn Graph
K = 4



GACGTAG$

GACTACCTG$
GATGTACTG$

GAC ACG CGT GT
A TAC ACT CTG TG$ G$ $

De Bruijn Graph
K = 4



GACTACCTG$
GATGTACTG$

GAC ACG CGT GTA TA
C ACT CTG TG$ G$ $

GAC ACG CG
T GTA TAG AG$ G$ $

De Bruijn Graph
K = 4



GACTACCTG$

GAC ACG CGT GTA TAC ACT CT
G TG$ G$ $

GAC ACG CGT GTA TA
G AG$ G$ $

GAT ATG TGT GTA TA
C ACT CTG TG$ G$ $

De Bruijn Graph
K = 4



GA
C ACG CGT GTA TAC ACT CTG TG$ G$ $

GAC ACG CGT GTA TAG AG$ G$ $

GAT ATG TGT GTA TAC ACT CT
G TG$ G$ $

GAC ACT CTA TAC AC
C CCT TG$ G$ $CTG

De Bruijn Graph
K = 4



GAC ACG CGT GTA TAC ACT CTG TG
$ G$ $

GAC ACG CGT GTA TAG AG
$ G$ $

GAT ATG TGT GTA TAC AC
T CTG TG$ G$ $

GAC ACT CTA TA
C ACC CCT TG$ G$ $CTG

De Bruijn Graph
K = 4



GAC ACG CGT GTA TAC ACT CTG TG
$ G$ $

GAC ACG CGT GTA TAG AG
$ G$ $

GAT ATG TGT GTA TAC AC
T CTG TG$ G$ $

GAC ACT CTA TA
C ACC CCT TG$ G$ $CTG

De Bruijn Graph
K = 4



GAC ACG CGT GTA

TAC ACT CTG TG
$ G$ $

GAC ACG CGT GTA TAG AG
$

G$ $GAT ATG TGT

GTA

TAC AC
T CTG TG$ G$ $

GAC

ACT

CTA

TA
C
ACC CCT

TG$ G$ $CTG

De Bruijn Graph

Genome coordinates are collapsed.

K = 4



GAC

ACG CGT GTA

TAC

ACT

CT
G

TG$

G$

$GAC

ACG CGT GTA
TA
G AG$

G$

$

GAT ATG TGT

GTA

TA
C

ACT

CTG

TG$

G$

$GAC

ACT CT
A

TAC

ACC CCT TG$

G$

$CTG

De Bruijn Graph

Genome coordinates are collapsed.

K = 4



GAC

ACG CGT GTA

TAC

AC
T

CTG

TG$

G$

$GAC

ACG CGT GT
A

TAG AG$

G$

$

GAT ATG TGT

GT
A

TAC

ACT

CTG

TG$

G$

$GAC

AC
T CTA

TAC

ACC CCT TG$

G$

$CT
G

G

T

A

T

A

C A

CC
A

T

T
G

G

T

CA

G

AG

De Bruijn Graph

Genome coordinates are collapsed.

K = 4



GA
C

ACG CGT GTA

TAC

ACT

CTG

TG$

G$

$GAC

15 12 GTA
5 3

G$

$

17 16 13

8

TAC

ACT

CT
G

TG$

G$

$10

6 14

9

11 7 2

1

04
G

T

A

T

A

C A

CC
A

T

T
G

G

T

CA

G

AG

De Bruijn Graph

Genome coordinates are collapsed.

K = 4



GCSA Reverse Deterministic Graph

G
G
G
G

T
-
T
T

C
-
C
C

-
-
-
C

A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G



G
G
G
G

T
-
T
T

C
-
C
C

-
-
-
C

A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

$
$
$
$

#
#
#
#

Process direction

GCSA Reverse Deterministic Graph



G
G
G
G

T
-
T
T

C
-
C
C

-
-
-
C

A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direc9on

$

GCSA Reverse Deterministic Graph



T
-
T
T

C
-
C
C

-
-
-
C

A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

$G

GCSA Reverse Deterministic Graph



T
-
T
T

C
-
C
C

-
-
-
C

A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

$G
Find the previous 
first ungap

GCSA Reverse Deterministic Graph



C
-
C
C

-
-
-
C

A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

$GT

GCSA Reverse Deterministic Graph



-
-
-
C

A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

$GTC

GCSA Reverse Deterministic Graph



A
A
A
A

T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

$GTCC

GCSA Reverse Deterministic Graph



T
T
T
T

G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

$GTCCA

GCSA Reverse Deterministic Graph



G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

T $GTCCA

GCSA Reverse Deterministic Graph



G
G
G
-

C
C
T
C

A
A
A
A

G
G
G
G

#
#
#
#

Process direction

T $GTCCA

GCSA Reverse Deterministic Graph



A
A
A
A

G
G
G
G

#
#
#
#

Process direc9on

T $GTCCAG
C

T

GCSA Reverse Deterministic Graph



A
A
A
A

G
G
G
G

#
#
#
#

Process direction

T $GTCCAG
C

T

GCSA Reverse Deterministic Graph



Process direc9on

T $GTCCAG
C

T
AG#

GCSA Reverse Deterministic Graph



T $GTCCAG
C

T
AG#

GCSA Reverse Deterministic Graph

Automaton A is reverse deterministic if, for every node 
v ∈ # and every character c ∈ Σ	 ∪ {#, $} , there exists at 
most one node - such ./01. u = c and (-, 5) ∈ 7
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Potential application of Wheeler graph ?

GCSA Reverse 
Deterministics Graph

De Bruijn Graph
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Given an edge-labelled graph, is it a Wheeler graph?
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If we can come up a valid ordering =>

  it is a Wheeler Graph

If not =>

  it is not a Wheeler Graph
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If we can come up a valid ordering =>

  it is a Wheeler Graph
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Given an edge-labelled graph, is it a Wheeler graph?
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State-of-the-art WG recognition algorithm
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How to encode a Wheeler Graph?

O = 0001  001   01   1  001  001  001   01
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Gibney’s & Thankachan’s algorithm (G&T)
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Gibney’s & Thankachan’s algorithm (G&T)
|O| = 13 + 8  (e + n)
|I| = 13 + 8  (e + n)
|L| = 13 * 2  (e * log(sigma))
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Wheelie: WG recogni8on algorithm
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Renaming heuris4c

Permutation solver
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SMT solver:
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+
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3.
2.
1. Node with indegree 0 comes before every other nodes.
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Renaming heuristic :  Sorting in-node list in a level

3.
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1. Node with indegree 0 comes before every other nodes.
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8 8
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c
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[5 ~ 6]

[7 ~ 8]

2:  1
3:  1, 4
4:  6, 8 

6:   1, 3
6:   6, 8

8:   2, 6
8:   6, 8

In-node list:
a level b level c level

start level

1:  ∅
start level

Renaming heuristic :  Sor3ng in-node list in b level

3.
2.
1. Node with indegree 0 comes before every other nodes.
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2 3 4

5 6

8 8

a

b

c

[2 ~ 4]

[5 ~ 6]

[7 ~ 8]

2:  1
3:  1, 4
4:  6, 8 

5:   1, 3
6:   6, 8

8:   2, 5
8:   6, 8

In-node list:
a level b level c level

start level

1:  ∅
start level

Renaming heuristic :  Relabel nodes in b level

3.
2.
1. Node with indegree 0 comes before every other nodes.
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2 3 4

5 6

8 8

a

b

c

[2 ~ 4]

[5 ~ 6]

[7 ~ 8]

2:  1
3:  1, 4
4:  6, 8 

5:   1, 3
6:   6, 8

8:   2, 6
8:   6, 8

In-node list:
a level b level c level

start level

1:  ∅
start level

Renaming heuristic :  Sorting in-node list in c level

3.
2.
1. Node with indegree 0 comes before every other nodes.
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2 3 4

5 6

7 8

a

b

c

[2 ~ 4]

[5 ~ 6]

[7 ~ 8]

2:  1
3:  1, 4
4:  6, 8 

5:   1, 3
6:   7, 8

7:   2, 6
8:   6, 8

In-node list:
a level b level c level

start level

1:  ∅
start level

Renaming heuristic :  Relabel nodes in c level

3.
2.
1. Node with indegree 0 comes before every other nodes.



  Done!1

2 3 4

5 6

7 8

a

b

c

[2 ~ 4]

[5 ~ 6]

[7 ~ 8]

2:  1
3:  1, 4
4:  6, 8 

5:   1, 3
6:   7, 8

7:   2, 6
8:   6, 8

In-node list:
a level b level c level

start level

1:  ∅
start level All nodes 

stabled

Solvers

False

True

Renaming heuris/c

Wheelie-PR
Wheelie-SMT



Renaming heuristic

Wheelie

Our Contribution

• A Wheeler graph visualizer: bipartite representation

• Implemented the first Wheeler graph recognizer

•Wheeler graph generators: Random WG / Trie / DBG / RDG



Renaming heuristic

Wheelie

Our Contribution

• A Wheeler graph visualizer: bipartite representation

• Implemented the first Wheeler graph recognizer

•Wheeler graph generators: Random WG / Trie / DBG / RDG
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25 multiple orthologue alignments 
(GENCODE REST API), 

DNA & amino acid (AA) sequences.

Timeout: 30 !"#



Comparing Wheelie-PR to G&T’s algorithm

25 multiple orthologue alignments 
(GENCODE REST API), 

DNA & amino acid (AA) sequences.

Timeout: 30 !"#



Comparing Wheelie-PR to G&T’s algorithm

25 multiple orthologue alignments 
(GENCODE REST API), 

DNA & amino acid (AA) sequences.

Timeout: 30 !"#



Comparing Wheelie-PR to G&T’s algorithm



Hardness of Wheeler Graphs: d-NFA
• A linear sequence can always be encoded as a Wheeler graph

• Sorted Suffix order of reversed T (T R )

• It is 1-NFA  (simplest Wheeler Graph)

• Harder graph: d-NFA, d > 1
• 2 edges labelled as a coming out from the node

• Other 1-NFA Wheeler graphs
• DeBruijn graph z

a

a

a

a

a

b

b

b

b

c

c

c

c

d-NFA : describing a Wheeler Graph where all nodes have ≤ d outgoing same-label 
edges, and at least one node has exactly d outgoing same-label edges.

Definition

CGT

TGT
GTA

T

C



Satisfiability modulo theories ( SMT )

• SAT (Boolean satisfiability problem / propositional satisfiability)
• is the problem of determining if there exists an interpretation that satisfies a given Boolean formula.

• SAT solver: program to solve SAT. Determining the 'satisfiability' of boolean set of equations for a set of inputs.

• SMT (Satisfiability modulo theories)

• SMT generalizes SAT to more complex formulas involving real numbers, integers, and/or data structures such as lists, arrays, 
bit vectors, and strings.

• decides the satisfiability of a first-order formula with respect to one or more background theories.

• An atom is a basic unit of a logical expression (predicate) which can be True or False 

• A literal is either an atom or its negation (¬).

• A formula is a set of literals (atoms) connected by Boolean connectives (∧, ∨, ¬),

• A theory is a set of formulas in the formal language

• An interpretation is an assignment of meanings to a theory and predicate symbols within the theory.

!	 ∧ 	¬	%
!	 ∨	¬	'	

!: 	$%&'
(: 	$%&'
): 	$%&'

*+,-'

$%&'



Satisfiability modulo theories ( SMT )
• SAT (Boolean satisfiability problem / propositional satisfiability)

• is the problem of determining if there exists an interpretation that satisfies a given Boolean formula.

• SAT solver: program to solve SAT. Determining the 'satisfiability' of boolean set of equations for a set of inputs.

• SMT (Satisfiability modulo theories)

• SMT generalizes SAT to more complex formulas involving real numbers, integers, and/or data structures such as lists, arrays, 
bit vectors, and strings.

• decides the satisfiability of a first-order formula with respect to one or more background theories.



Satisfiability modulo theories ( SMT )

• Only consider the theory of Integer Difference Logic (IDL), 
• requires atoms to be of the form !"	 − 	!%	 ≤ 	'

• A theory solver decides the saIsfiability of a conjuncIon of literals. 
• IDL theory solver  => the Bellman-Ford algorithm (polynomial Pme). 

• SMT solver = SAT solver + IDL theory solver
• Input: a formula

• Output: an assignment to the variables if the formula is saPsfiable / unsaPsfiable.

• SAT (Boolean satisfiability problem / propositional satisfiability)
• is the problem of determining if there exists an interpretation that satisfies a given Boolean formula.

• SAT solver: program to solve SAT. Determining the 'satisfiability' of boolean set of equations for a set of inputs.

• SMT (Satisfiability modulo theories)

• SMT generalizes SAT to more complex formulas involving real numbers, integers, and/or data structures such as lists, arrays, 
bit vectors, and strings.

• decides the satisfiability of a first-order formula with respect to one or more background theories.



Wheelie_SMT  vs  Wheelie_PR ( d-NFA )

Timeout: 100 !"#



Wheelie_SMT  vs  Pure SMT



● A new Wheeler graph recognizer
○ Renaming heuristic + SMT

● A Wheeler graph visualizer: bipartite representation

● Wheeler graph generators: Random WG / Trie / DBG / RDG

● the recognizer is effective up to 3-NFA’s, xx nodes.

Conclusion
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