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Which of the following are true 7

(A)xpei<1(z) |z|* (1 = |z|)> € LY(R") iff @ > —n and b > —1
(B)Xjzj<1(z) |z]* (1 = |z|)? € LY(R™) iff a > —n and b > 0

Solutions: A

Jan Xpg<r (@) 2]% (1= |2)? = [ ro(1 — r)br"—tdr

= f()l raJrnfl(l—’r’ vdr = fO ratn— 1(1_7, de’—f—fl TaJrnfl(l_T)de
2

= foé ratn=l(1 — r)odr + foé rb(1 — r)etn=ldr
<xiffa+n—-1,b>—-1liffa>—nand b > —1

Which of the following are correct?

(A) B(R) x B(R) = B(R?)
(B) £(R) x L(R) = L(R?)

Solutions: A

A is mentioned in Lectures.

N x{0} is a counter example for B where N is a non-measurable
subset of R

Which of the following are correct?

(A) The sigma algebra generated by {[a1,b1] X -+ X [an, by :
Qj, bj S Q} is B(Rn)

(B) The sigma algebra generated by {[a1,b1] X -+ X [an, by, :
a;, bj c Q} is £(Rn)

(C) If £ € L(R?) then E, € L(R) for all z € R

Solutions: A A we have discussed already. Hence B is not
true.
C is true for z ae only. Not for all x.

Let f : R?> — R be Lebesgue measurable. Which of the follow-
ing are correct?

(A) For each z € R, f, : R — R (defined by f.(y) = f(x,y) is
Lebesgue measurable

(B) If f is Borel measurable,then for each x € Rf, is Borel
measurable

Solutions: B
A)Consider f = xjo1xn is Lebesgue Measurable, but fo = xn
1



is not measurable where N C R is non-measurable. B)Since
B(R) x B(R) = B(R?), it follows by theorem 8.2 of Real and
Complex analysis by Rudin.

Consider the measure spaces (R, B(R), m) where m is the Lebesgue

measure on R and (R, B(R), ) where p is the measure de-
fined by p(A) = number of rationals in A N [0,1]. Let m x p
be the corresponding product measure on (R?, B(R?)). Let D =
{(z,z): 0 <x <1} CR? which of the following is correct?

(A) mx p(D) =0
(B) m x p(D) = o0
(C) mx pu(D) =1

Solution: A
Follows from the definition of product measures

Consider the measure space (R,2%, 1) where p is the measure
defined by pu(A) = number of rationals in A. Let p X u be the
corresponding product measure on R?. Let D = {(z,z) : 0 <
x < 1}. Which of the following is correct?

(A) px pu(D)=0
(B) px u(D) = <1>o

(C) px u(D) =

Solution: B
Follows from the definition of product measures

Let X =Y = [0,1], m Lebesgue measure on [0, 1], u counting
measure on Y. Put f(z,y) = 1 if x = y and zero otherwise.
Which of the following are correct?

(A) [y f(z,y) dm(z)=0forally eV

B) [y f xy d,u()—lforalleX

(©) Jx Jy fla,y) duly =y Jx f(x,y) dm(z) du(y)
(D) p is not o—finite so the 1terated mtegrals are not same

Solutions: A,B,D

A and B follows by direct computations.

C)LHS=1 and RHS=0 D)Counting measure is not ¢ — finite
and fubini theorem is valid for o — finite spaces only.
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Let f : R — R be a Borel measurable non-negative function.
Let A(f) = {(z,y) : 0 <y < f(z)}. Which of the following are
correct?

(A) A(f) € B(R?)
(B) Lebesgue measure of A(f) equals [, f(x) dx

Solutions: A,B
Proved Theorem in Real Analysis by Stein and Sackarchi(Refer
applications of Fubini theoem)

f : R — R be a continuous function. Which of the following
are correct?

(A) The graph of f, G(f) = {(z, f(z)) : = € R} is a Borel set
in R?

(B) Lebesgue measure of G(f) is zero

(C) Lebesgue measure of G(f) is infinity

A.B
A)It is the zero set of the continuous function F'(x,y) = y— f(z)
B)By Fubini’s theorem m(G(f)) = [ m(G(f)s)dz =0

Let (X, F,u) be a 0 — finite measure space and f a positive
measurable function on X. For ¢t > 0 define F¢(t) = u{x €
X : f(z) > t}. Which of the following are correct?

(A) Fy is non-increasing and hence Borel measurable

B) [y fdu= [ F(t) dt

Solutions: A,B
Refer Distribution functions form chapter 8 of Real and Com-
plex analysis by Rudin



