(1)

Let {f.} be a sequence in L'(R) which converges to f in L'(R).
Which of the following are correct?

(A) Ji [fa(2)| dz converges to [ |f(z)| dx
(B) {fn} converges to f almost everywhere on R
(C)

There exists a subsequence of {f,} which converges to f
almost everywhere on R
D) [; fu(®) g(x) dx converges to [, f(z) g(z) dx for any
g9 € L>(R)

Solutions: A,C,D
A LUl = S < Tl = 11| < Sl = 110
B) Consider the sequence f, = X[0,4]5 fa= X[d1) f3= X[0,1]5 Ji=
X[%,%pfs) = X[%,%}afﬁ = X[g,u,f? = X4 Then f, converges
to 0 in L'(R) but does not converge pointwise at any point in
[0, 1].
C) Refer Theorem 3.12 of Rudin-Real and Complex
D) [ fug = J 9l < J1(fu = Fgl < llglloe [ 1 fu — f1 =0

Let v(A) = [, 1= dx for A € B(R). Which of the following
are correct?

(A) v is absolutely continuous with respect to the Lebesgue
measure on R

(B) Lebesgue measure on R is absolutely continuous with re-
spect to v

Solutions: A,B
. 1 . oL
Since 177 is positive everywhere.

Which of the following are correct statements?

(f) = fo x)dx is a continuous linear functional on
(f) = fol f(x)dz is a continuous linear functional on

) T(f) = fo f(z)dz is a continuous linear functional on
P[0,1] for all 1 <p < o0

Solution: A,B,C
A and B follows directly

C)It is a finite measure space and hence, LP C L' for all p > 1.
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(4) Let T be an n x n invertible real matrix. Let p be the measure

defined by p(A) = m(T'A) where m is the Lebesgue measure on
R"™. Which of the following are correct?

(A) p is absolutely continuous with respect to m
(B) m is absolutely continuous with respect to u

Solution: A,B
w(A) = m(TA) = det(T)m(A) and det(T) # 0. Hence u(A) =
0 <= m(A)=0

For A € B(R?) define Ag = {(z,0) € A: z € R} = AN (R x
{0}). Define a measure v on B(R?) by v(4) = [, e du.
Which of the following statements are correct?

(A) v is absolutely continuous with respect to the Lebesgue
measure on R?

(B) p is mutually singular with respect to the Lebesgue mea-
sure on R?

Solutions: B
A) [0,1] x {0} gives counter example.
B)u concentrates on R x {0} while Lebesgue Measure concen-
trates in its complement.

Let p be a non-zero complex measure on (R, B(R)) which is
absolutely continuous with respect to the Lebesgue measure m
on R. Let h denote the Radon-Nikodym derivative j—f;. Which
of the following are possible?

(A) h is zero outside [0, 1]
(B) h is zero on irrationals
(C) h is one on the set { : n € N} and zero otherwise

Solutions: A
B and C implies p is zero.

Let m be the Lebesgue measure on R and g be the measure
defined by pu(A) =m(A)+1if 0 € A, p(A) = m(A) otherwise.
Which of the following are correct?

(A) m is not absolutely continuous with respect to u
(B) m is absolutely continuous with respect to u



(C) u is absolutely continuous with respect to m

Solutions: B
Follow directly from definitions.

Let 0y be the measure on (R, B(R)) defined by do(A) = 1 if
0 € A and zero otherwise. Which of the following is correct?

(A) m — &y is absolutely continuous with respect to m
(B) m — dp is not absolutely continuous with respect to m

Solutions: B
Follows directly from definitions.

Let f € LP[0, 1] for some 1 < p < 00. Define T'(g) = fol f(z)g(x)dx.
Which of the following are correct?

(A) T defines a continuous linear functional on L*[0, 1]

(B) T defines a continuous linear functional on L?[0, 1]

(C) T defines a continuous linear functional on L4[0, 1] for all
qZp*where%—i—#:l

Solutions: A,C

1
A)Tgl < Jo [fal < 11fllp Nlglly < 1 flpllglloc where §+ = =1
B)If p < 2 then it is not even well defined.

C)Tgl < [y 19l < £l lglly < 1f1llglle

Let fi, f> € L*(R) and let T(g) = [ fi(z)fo(2x)g(x)dz. Which
of the following is correct?

(A) T defines a continuous linear functional on L?(RR)
(B) T defines a continuous linear functional on L*(R)
(C) T defines a continuous linear functional on L*(R)

Solutions: C
A) Product of 3 L? functions need not be integrable and hence
T is not well defined.
B) Same reason as A
C)Since fi, fo € L*(R), fifo € L}(R) and hence T is a continu-
ous linear functional.



