
(1) Let (X,F , µ) be a measure space. Then,

(A) f, g ∈ L1(µ) implies fg ∈ L1(µ)
(B) f, g ∈ L2(µ) implies fg ∈ L2(µ)
(C) f, g ∈ L1(µ) implies fg ∈ L1(µ)
(D) f ∈ L1(µ) and f ∈ L∞(µ) implies f ∈ L2(µ)

Solutions: C,D.
Reason:
(A) x−

1
2 ∈ L2(0, 1) but x−1 /∈ L1(0, 1)

(B) x−
1
4 ∈ L2(0, 1) but x−

1
2 /∈ L1(0, 1)

(C) By Holder’s inequality.
(D)

∫
|f |2dµ ≤‖ f ‖∞

∫
|f |2dµ <∞

(2) Which of the following are true?

(A) L1[0, 1] ⊂ L2[0, 1]
(B) L1[0,∞) ⊂ L2[0,∞)
(C) L2[0, 1] ⊂ L1[0, 1]
(D) L2[0,∞) ⊂ L1[0,∞)

Solutions: C
Reason:
(A) Counter example: 1√

x

(B) Counter example: 1√
x
χ(0,1)

(C)
∫ 1

0
|f |dµ = (

∫ 1

0
|f |2dµ)

1
2 (
∫ 1

0
12dµ)

1
2 <∞

(D) Counter example: 1
x
χ(1,∞)

(3) Let f = χ[0, 1
2
]. Then,

(A) f is continuous almost every where with respect to the
Lebesgue measure on R
(B) f can be approximated by continuous functions in the L∞

norm
(C) There exists a continuous function g such that f = g almost
every where

Solutions: C
Reason:
(A) f is continuous except at 0 and 1

2
.

1



2

(B) Limit of continuous functions in sup norm is also continu-
ous.
(C) Since there is a jump at 2 points we can’t find such a func-
tion.

(4) Which of the following are correct?

(A) χ|x|≤1(x) |x|a ∈ L1(Rn) iff a > −n
(B) χ|x|≤1(x) |x|a ∈ L1(Rn) iff a < −n
(C)χ|x|≥1(x) |x|a ∈ L1(Rn) iff a > −n
(D) χ|x|≥1(x) |x|a ∈ L1(Rn) iff a < −n

Solutions: A,D
Reason:
It is a well known result.

(5) Let f : R→ R be a measurable function. Then,

(A)f ∈ L1(R) implies f is bounded.
(B)f ∈ L1(R) and f is continuous implies f is bounded.
(C)f ∈ L1(R) and f is continuous implies lim|x|→∞ |f | = 0.
(D)f ∈ L1(R) and f is uniformly continuous implies f is bounded.

Solutions: D
Reason:
Counter example for (A), (B) and (C) is the following function:
f : R → R+ where f(x) = 0, x ∈ [−∞, 1], f(n) = n for n ≥ 2,
f(n− 1

n3 ) = 0 = f(n+ 1
n3 ), f is affine (tent-like) in the interval

[n− 1
n3 , n+ 1

n3 ] and f = 0 elsewhere.
(D) Show that lim|x|→∞ |f | = 0 and hence, the conclusion fol-
lows.

(6) Let fn : [0, 1] → R be defined by fn(x) = xn, x ∈ [0, 1] for
n = 1, 2, 3, · · · . Which of the following are correct?

(A) fn converges to zero uniformly in [0, 1]
(B) fn converges to zero in L1[0, 1]
(C) fn converges to zero in Lp[0, 1] for all 1 ≤ p <∞

Solutions: B,C
Reason:
Follows from direct arguments.



3

(7) Let fn : [1,∞) → R be defined by fn(x) = x−n, x ∈ [1,∞) for
n = 1, 2, 3, · · · . Which of the following are correct?

(A) fn converges to zero uniformly
(B) fn converges to zero in L1[1,∞)
(C) fn converges to zero in Lp[1,∞) for all 1 ≤ p <∞

Solutions: B,C
Reason:
Follows from direct arguments.

(8) Let fn : [2,∞) → R be defined by fn(x) = x−n, x ∈ [2,∞) for
n = 1, 2, 3, · · · . Which of the following are correct?

(A) fn converges to zero uniformly
(B) fn converges to zero in L1[2,∞)
(C) fn converges to zero in Lp[2,∞) for all 1 ≤ p ≤ ∞

Solutions: A,B,C
Reason:
Follows from direct arguments.

(9) Let (X,F , µ) be a measure space and 1 ≤ p, r, s ≤ ∞. Which
of the following are correct?

(A) If p < r < s, then Lp ∩ Ls(µ) ⊂ Lr(µ)
(B) If µ(X) <∞, then Lp(µ) ⊂ Lr(µ) if r < p
(C) If µ(X) <∞ and f ∈ L∞(µ) then ‖f‖p → ‖f‖∞ as p→∞

Solutions: A,B,C
Reason:
(A) Let 0 < p < q <∞ and r = λp+(1−λq). Take f ∈ Lp∩Lq
then ∫

|f |r =

∫
|f |pλ|f |q(1−λ)dµ

Then by applying Holder’s inequality∫
|f |r ≤ (

∫
|f |p)λ(

∫
|f |q)1−λ = ‖ f ‖ppλ‖ f ‖qq(1−λ)
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In the case q =∞,

‖ f ‖r=
∫
X

|f(x)|r−p|f(x)|p = (esssupx∈X |f(x)|r−p)
1
r (

∫
X

|f(x)|pdx)
1
r

= ‖ f ‖p
p
r ‖ f ‖∞1− p

r

(B)
∫
|f |rdµ =

∫
(|f |p)

r
pdµ ≤

∫
(|f |r) prµ(X)1−

r
p <∞

(C) Let δ > 0 and let Xδ := {x ∈ X : |f(x)| >‖ f ‖∞ −δ} then,

‖ f ‖p≥ (

∫
Xδ

(‖ f ‖∞ −δ)pdµ)
1
p = (‖ f ‖∞ −δ)µ(Xδ)

1
p

hence, lim infp→∞ ‖ f ‖p≥‖ f ‖∞.
But, again we have for p > q

‖ f ‖p≤ (

∫
X

|f(x)|p−q|f(x)|qdµ)
1
p ≤‖ f ‖

p−q
p
∞ ‖ f ‖

q
p
q .

Hence, the conclusion follows.

(10) Let (X,F , µ) be a measure space and let f and g be positive
measurable functions such that fg ≥ a for some a > 0. Then,

(A) If µ(X) = 1,
(∫

X
fdµ

) (∫
X
g dµ

)
≥ a

(B) If µ(X) < 1,
(∫

X
fdµ

) (∫
X
g dµ

)
≥ a

Solutions: A
Reason:
(A) Apply Holder’s inequality to

√
(fg)

(B) Counter example: X = [0, 1
2
], f = g = 1

2
, a = 1
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