(1)

Let (X, F, u) be a measure space. Then,

(A) f,g € L*(p) implies fg € L'(n)
(B) f,g € L*(n) implies fg € L*(n)
(C) f.g € L'(n) implies fg € L' ()
(D) f € LY (u) and f € L>(pn) implies f € L?(u)

Solutions: C,D.

Reason:

(A) 272 € L2(0,1) but ' ¢ L'(0,1)
(B) 71 € L2(0,1) but 2—2 ¢ L'(0,1)
(C) By Holder’s inequality.

(D) [1fPdu <|| f lloe [ 1fPdp < o0

Which of the following are true?

Solutions: C
Reason:
(A) Counter example:

Sl

(B) Counter example: \/LEX(OJ)

1 1 101 1
(C) fo ’f|du - (fo |f‘2d:u)2(fo 12dﬂ>2 <0
(

D) Counter example: %X(l,oo)
Let f = X[0,4]- Then,

(A) f is continuous almost every where with respect to the
Lebesgue measure on R

(B) f can be approximated by continuous functions in the L
norm

(C) There exists a continuous function g such that f = g almost
every where

Solutions: C
Reason:

(A) f is continuous except at 0 and %
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(B) Limit of continuous functions in sup norm is also continu-
ous.
(C) Since there is a jump at 2 points we can’t find such a func-
tion.

Which of the following are correct?

) Xlzj<1(2) |2]|* € LY(R") iff a > —n
) Xjzj<a () Jz|* € LYR™) iff a < —n
)Xjzi>1(2) |z|* € LYR™) iff a > —n

) Xjz>1(z) |2]* € LY(R™) iff a < —n

Solutions: A,D
Reason:
It is a well known result.

Let f: R — R be a measurable function. Then,

(A)f € L*(R) implies f is bounded.

(B)f € L*(R) and f is continuous implies f is bounded.

(C)f € L'(R) and f is continuous implies lim; o | f| = 0.
(D)f € L'(R) and f is uniformly continuous implies f is bounded.
Solutions: D

Reason:

Counter example for (A), (B) and (C) is the following function:
f:R = Rt where f(x) =0,z € [-00,1], f(n) =n for n > 2,
f(n—=5)=0= f(n+ =5), f is affine (tent-like) in the interval
[n— &, n+ 5] and f = 0 elsewhere.

(D) Show that lim|,— | f| = 0 and hence, the conclusion fol-
lows.

Let f, : [0,1] — R be defined by f,(z) = 2™, 2 € [0,1] for
n=1,2,3,--- . Which of the following are correct?

(A) f. converges to zero uniformly in [0, 1]
(B) f, converges to zero in L0, 1]
(C) fn converges to zero in LP[0,1] for all 1 < p < oo

Solutions: B,C
Reason:
Follows from direct arguments.



(7)
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Let f, : [1,00) — R be defined by f,(z) = 27",z € [1,00) for
n=1,2,3,--- . Which of the following are correct?

(A) f, converges to zero uniformly
(B) f. converges to zero in L'[1,00)
(C) fn converges to zero in LP[1,00) for all 1 < p < oo

Solutions: B,C
Reason:
Follows from direct arguments.

Let f, : [2,00) = R be defined by f,(z) = 27",z € [2,00) for
n=1,2,3,--- . Which of the following are correct?

(A) f, converges to zero uniformly
(B) f, converges to zero in L'[2,c0)
(C) fn converges to zero in LP[2,00) for all 1 < p < oo

Solutions: A,B,C
Reason:
Follows from direct arguments.

Let (X, F,u) be a measure space and 1 < p,7, s < co. Which
of the following are correct?

(A) If p<r <s, then LP N L¥(u) C L™ ()
(B) If u(X) < oo, then LP(u) C L™(p) if r <p
(C) If u(X) < oo and f € L*(p) then [|f[|, = [|f]l as p = o0

Solutions: A,B,C
Reason:
(A)Let 0 <p<g<oocandr = Ap+(1—Aq). Take f € LPN LA

then
1= [18 00N

Then by applying Holder’s inequality

Jur < (LA fumsr =1 1,200



In the case ¢ = o0,

I f = / |f(2)]" 7P| f(x)P = (esssup,ex|f(z)]7 % / | f(z)[Pdx) %
=11 £l f Hool‘?

B) J |f7di = J(17)5de < J(F1)Ep(X)" 5 < o0
(C) Let 8> 0 and let X; := (i € X ¢ [ ()] > f [l 0} then.

11> ( /X (1 £ lloo —6)7dp)> = (|| £ lloo —6)pu(Xs)7

hence, liminfy o || f =] f [l
But, again we have for p > ¢

1 p—q q
I f 1< (/le(x)l”_qlf(x)lqdu)p <[ Sl I1f G-
Hence, the conclusion follows.

(10) Let (X, F,u) be a measure space and let f and g be positive
measurable functions such that fg > a for some a > 0. Then,

(A) If u(X) =1, ([ fdp) ([x gdpu) >a
(B) If w(X) <1, (Jy fdu) (Jx gdp) >a

Solutions: A

Reason:

(A) Apply Holder’s inequality to \/_ (f9)

(B) Counter example: X =[0,1], f=g=1,a=

AN,



