(1) Let u be a complex measure on (X, F). For £ € F define v(FE)

to be the supremum of {)|u(E;)|} where the supremum is
taken over finite measurable partitions {£;} of E. Which of the
following are correct?

(A) v = |p|
(B) There exists £ € F such that v(E) < |u|(E)
(C) v is not a measure

Solution: A
From the definition we have v(E) < |u|(E) for E € F.
Now let {E;} be a countable partition of £ and € > 0. The
series Y |u(E;)| is convergent, hence there is an N such that
|W(En)| + |(Eny1| + - -+ < €. Define the finite partition {F;}
of Eby F; = By fori=1,2,---N —1, Fy= E, UExs U---.
It follows that 3 |u(E)| < SN, [w(F)| + e. Hence |u|(F) <
V(E)+e = |u|(E) <v(E) for E€F. Hence v =p

Let 41 be a real measure defined on (N, 2Y), u({j}) = a; where
a; € Rand )’ |a;| < oco. Which of the following are correct?

(A) p(A) = Z{jeA;ajzo} aj
(B) H_(A) == Z{jeA;aj<0} aj
(C) [1l(A) = Xjen laj|

Solutions: A,B,C
Follows directly from definitions.

Which of the following are correct?

(A) For a complex measure A, A is concentrated on A then |\
is concentrated on A

(B) For a complex measure A, if |A| is concentrated on A then
S0 is A

Solutions: A,B
Refer Theorem 6.8 of Rudin-Real and Complex analysis

Let A be the Borel measure defined by AM(A) = > .4 %
A € B(R). Which of the following are correct?

Y

(A) X is concentrated on the set {5 : n € Z}

(B) A is concentrated on Z
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(C) |A] is concentrated on Z

Solutions: B,C
Follows directly from definition.

Let m be the Lebesgue measure on R and let i be the measure
defined by p(A) = number of rationals in A, for A € B(R).
Which of the following is correct?

(A) p is mutually singular to m
(B) p is absolutely continuous with respect to m

Solutions: A
A)p is concentrated on rationals and m is concentrated on Ir-
rationals.
B)Singleton set {1} is a counter example

Let (X, F, 1) be a positive measure space. Which of the follow-
ing sets are convex?

(M) {fel?(w: [y |f?Pdu<1}
B){f e L*(w): [y [fI?du=1}
C){fel?(pw: 1< [y [fIPdu<2}

Solutions: A
A is the unit ball in the Hilbert space and hence convex.
For B and C we can find counter examples from R? which also
can be considered as L? space.

Let (X, F,u) be a positive measure space and let f € L*(u).
Which of the following are convex sets?

(A) {ge L*(p): [y fgdu=2}
B) {ge L) : |[y fo| <1}
(C){geL(w: |[y fo] =2}

Solutions: A,B
A and B follows from direct computation.
For C we can get counter example from R which is also a L2
space.
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Let (X, F,u) be a positive measure space and f € L?(u) be
a non-zero function. Let M = {g € L*(n) : [, fgdp = 0}.
Which of the following is correct?

(A) M is closed
(B M is closed and convex
(C) The vector with minimal norm in M is f

Solution: A,B
Here M is the null space of a continuous linear functional hence
it is closed and convex.
Vector with minimal norm in M is 0, not f.

Which of the following sets have a vector with minimal norm?

(AL fus fo € L200,0) | fulls = 1, (s fr) = O for m # m}
(B) {g € L*(®): | [ glt) dt| > 1)
(C) {g € L*0,1] : T(g) = 2} where T : L*[0,1] — C is a

ontinuous linear functional.

Solutions: C
A)Minimum norm is 1, but all the elements in set have norm
greater than 1.
B)Consider the sequence g, = (1++)x(0, in L*(R) with [|g, || =
1+ % and hence belongs to the given set. But 1 < |folg| <
lgll2 for all g in the given set. Hence there is no element with
minimum norm.
C)Closed and convex set in a Hilbert space has an element with
minimum norm by projection theorem.

Let (X, F,u) be a positive measure space and X = UX A,
where A, € F and A,NA; = ¢ if k # j. Let {a,} be a sequence
of complex numbers and consider the map T : L?*(u) — C
defined by T'(f) = >_, an [, [ du. Which of the following
are correct?

(A) T is a continuous linear functional if and only if Y |a,,| < oo
(B) T is continuous linear functional if and only if 3 |a,|* < oo

(C) T is a continuous linear functional if and only if Y |a, |*u(A,) <

(0. 9]



Solutions: C

T(f) = Zaannf d,u = ZfXxAnf dﬂ = Zan<f7XAn> =
>0 (franxan) < NFIE lanxadllz = 1£13 32 lanl*1(An)



